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Abstract. We characterize the finiteness of the topological entropy of con-
tinuous automorphisms of locally compact nilpotent p-groups (p prime) via the
notion of p-rank. Considering upper unitriangular matrices over the p-adic inte-
gers and p-adic rationals, we present an algorithmic criterion in order to produce
nilpotent locally compact p-groups of large nilpotency class and with continuous
automorphisms of finite topological entropy. The procedure allows us to generalize
the construction of large families of totally disconnected locally compact Heisen-
berg p-groups. It should be also mentioned that alternative arguments have been
proposed, in order to avoid the use of the p-rank for the finiteness of the topolog-
ical entropy of the continuous automorphisms, but these arguments involve the
notion of topologically capable group, which wasn’t explored for locally compact
groups (except for the discrete case).

1. Motivations and main results

In the present paper we consider only topological groups whose topol-
ogy is both Hausdorff and locally compact. Hood’s Topological Entropy [15]
has been extensively studied in the last decades for locally compact groups
and uniform spaces, after the fundamental contributions of Bowen [5], Adler
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2 F. G. RUSSO and O. WAKA

and others [1]. As illustrated by a classical reference of Schmidt [27], the dy-
namical systems can be studied with tools which are proper of the topology
and Hood’s Topological Entropy moves around this principle of studying the
dynamics via topological techniques.

Given a locally compact group G, we denote by CT (G) the collection
of all compact neighborhoods of the identity element of G, and by µ a left
invariant Haar measure on G, following terminology and notations in [9,17,
20,21,26]. Given a continuous endomorphism φ of G, an element U ∈ CT (G)
and an n ∈ N (here N denotes the set of all positive integers), we call

(1.1) Cn(φ,U) = U ∩ φ−1(U) ∩ · · · ∩ φ−n+1(U) ∈ CT (G)

the n-th φ-cotrajectory of U and it serves to introduce the Hood’s Topological
Entropy of φ (briefly, topological entropy of φ) with respect to U

(1.2) htop(φ) = sup

{
lim sup
n→∞

− logµ(Cn(φ,U))

n

∣∣ U ∈ CT (G)

}
.

Of course, φ−2(U) = (φ−1 ◦ φ−1)(U), φ−3(U) = (φ−2 ◦ φ−1)(U) and so on in
(1.1), so that fully invariant elements of CT (G) (or fully invariant subgroups
of G) have a privileged role in the description of (1.2).

Continuous homomorphisms between two locally compact groups can
be very different from the abstract homomorphisms: in other words, if we
ask that a homomorphism between two locally compact groups preserves
just the algebraic structure of group (this is an abstract homomorphism) we
clearly ask less than preserving both the algebraic and the topological struc-
ture (this is a continuous homomorphism). Several authors investigated the
continuity of the abstract homomorphisms of locally compact groups (the so-
called automatic continuity), since certain topologies have nice behaviours
and imply “automatically” the continuity of the abstract homomorphisms,
see [6]. Following [9,17,21,26], we introduce the topological entropy of a lo-
cally compact group G as the set of all the topological entropies arising from
continuous endomorphisms of G

(1.3) Etop(G) =
{
htop(φ) | φ ∈ End(G)

}
,

where End(G) denotes the ring of all φ : G → G continuous endomorphisms
of the locally compact group G with respect to the strong operator topology
(i.e., the induced topology from the product topology on GG) and where
Aut(G) denotes the group of all φ : G → G continuous isomorphisms of the
locally compact group G (i.e., the invertible elements in End(G)).

In the present paper we go ahead with investigations on (1.3) in connec-
tion with previous results in [9,17,20,21,26,30], however we do not involve
the notion of scale function in [3,11], even if there are important relations
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NILPOTENT LOCALLY COMPACT GROUPS 3

as discussed in [9, §5]. For a long time it was known that htop(φ) is finite
for any φ ∈ End(R), that is, continuous endomorphisms of the real line with
the usual topology have finite topological entropy, see [5,15,17,21], hence it
was interesting to see whether the finiteness of the topological entropy would
have had some influence at the level of geometric structures which were close
to the additive group R of the real numbers. It was begun a study of the
families of groups in

E0 =
{
G locally compact group | Etop(G) = {0}

}
;(1.4)

E<∞ = {G locally compact group | Etop(G) = [0,+∞)} ;(1.5)

mostly when G was a locally compact abelian group.
The presence of groups in E0 indicates very often restrictions on the

structure. For instance, finite (and finitely generated discrete) abelian groups
are in E0 and split into direct product of finitely many copies of the free
abelian discrete group Z by finitely many copies of finite abelian groups
Z(n). Also connected locally compact abelian groups which have restric-
tions on the topological dimension are known to be in E<∞, see [14, Def-
inition 8.23, Scholium 8.25] for the notion of topological dimension; these
groups are also subject to structural decompositions, see [9,20,26]. On the
other hand, very little is known in the nonabelian case in E<∞ and E0,
mostly arising from the considerations of Heisenberg groups in [9,26,30].

Following [13], if p is a prime, an element g of a locally compact group G
is called p-element, if

(1.6) lim
k→∞

gp
k

= 1 ∈ G

and we say that G is a p-group, If G coincides with

(1.7) Gp =
{
g ∈ G | lim

k→∞
gp

k

= 1
}

which is called p-primary component of G. Of course, If G has the discrete
topology, then the only converging sequences are the eventually constant se-
quences, and so Gp agrees with the usual notion of p-group in the abstract
sense, see [25, Chapters 1, 4]. On the other hand, Gp turns out to be a closed
subgroup of G when G is totally disconnected [13, Lemma 2.6]. Note also
from [13,14] that G0 is the connected component of the identity in a locally
compact group G and by [13, Proposition 1.3] we call periodic those locally

compact groups G such that G0 = 1 and the subgroup 〈g〉 topologically gen-
erated by a single element is compact for any g ∈ G.

Periodic locally compact groups are totally disconnected, so their p-sub-
groups are closed. Note that a locally compact group G is topologically

finitely generated, if there exists a finite subset X of G such that G = 〈X〉.
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4 F. G. RUSSO and O. WAKA

In particular, a locally compact p-group G has finite p-rank rankp(G) = n if
the positive integer n is such that every topologically finitely generated sub-
group of G is generated by at most n elements, and n is the smallest positive
integer with such property. Briefly we write rankp(G) < ∞ to indicate this
fact, or rankp(G) = ∞ otherwise. Explicitly,

(1.8) rankp(G) = max
{
rankp(H) : H closed subgroup of G

}
,

where we have

(1.9) rankp(H) = min
{
|Y | : Y ⊆ H and 〈Y 〉 = H

}
.

See [14,16,18,24] for topologically finitely generated compact p-groups.
For locally compact nonabelian groups, it turns out to be relevant to

measure how far the group is from being abelian in an appropriate way.
We firstly introduce the commutator subgroup G′ = [G,G] = 〈[x, y] | x, y ∈
G〉 of a locally compact group G, i.e., the smallest normal subgroup whose
quotient is abelian. Here for x, y ∈ G, the element [x, y] = x−1y−1xy is called
commutator of x and y and of course [x, y] = 1 if and only if xy = yx.

Following [29, Section 7], the definition of nilpotency can be given as a
topological property, considering

(1.10) G = γ1(G) ≥ γ2(G) ≥ · · · ≥ γm(G) ≥ γm+1(G) ≥ · · · ,

where γ2(G) = [G,G] is the closed commutator subgroup of G and γm+1(G) =

[G, γm(G)] for all m ≥ 2. This is the so-called Hausdorff lower central series
of G (in the terminology of Stroppel [29]) and if there is some c ∈ N such

that γc+1(G) = 1, we say that G is Hausdorff nilpotent. The terms of (1.10)
are fully invariant closed subgroups of G and in general Hausdorff nilpotent
groups are nilpotent groups (i.e., γc+1(G) = 1 a fortiori implies γc+1(G) = 1),
but the viceversa is not guaranteed and [29, Theorem 7.12] shows when the
two notions may be different.

Now we are ready to formulate our main results. The first deals with an
implication which is proved in [26, Second Main Theorem], since we are able
to show that it is in fact a characterization:

Theorem 1.1. Continuous automorphisms of a periodic locally compact
nilpotent p-group G have finite topological entropy if and only if rankp(G) is
finite.

We may generalize with the help of the representation theory, some con-
structions which have been found in [12,26], looking at Heisenberg groups.
Given a topological ring R with identity, we recall from [14, Definition 2.1]
that a continuous injective homomorphism ρ : G → Gl(n,R) from a locally
compact group G in the group of continuous automorphisms Gl(n,R) =
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NILPOTENT LOCALLY COMPACT GROUPS 5

Aut(Rn) with the strong operator topology is called faithful representation
of G.

Theorem 1.2. Let G be a locally compact nilpotent p-group with p 6= 2.
(i) If G has a faitfhul representation via upper unitriangular matrices

in Gl(n,Zp), then the continuous automorphisms of G have zero topological
entropy.

(ii) If G has a faitfhul representation via unitriangular matrices in
Gl(n,Qp), then the continuous automorphisms of G have finite topological
entropy.

Note that topological groups which are isomorphic to some closed sub-
group of Gl(n,Zp) are exactly the compact p-adic analytic groups studied by
Segal and others in [28, p. 106], hence we find nilpotent compact p-adic ana-
lytic groups with finite topological entropy, whenever they possess a faithful
representation as per Theorem 1.2(i).

After a short review of the main ingredients for the proofs of Theorems
1.1 and 1.2 in Section 2, we pass to Section 3 which contains the relevant
proofs, namely we provide an algorithmic construction of periodic nilpotent
locally compact groups which possess representations as per Theorem 1.2.
Examples and counterexamples are placed in Section 3, showing the margin
of generalizations of our arguments to the infinite dimensional case. Finally
we collect some useful information on the projective limits which appear in
the constructions of the locally compact groups of matrices under consider-
ation. Most of our terminology and notation is standard and follows [13,14,
16,18,24,29].

2. Finite topological entropy of automorphisms

of locally compact groups

Following the notations in [13,14,16,24,26], we denote the cyclic group
of prime order p by Z(p), the Prüfer group by Z(p∞), the ring of p-adic in-
tegers by Zp and the field of p-adic rationals by Qp. By R we mean any
commutative unitary topological ring, and so we denote by Rn×n the ring
of all n× n matrices over R and its subsets Gl(n,R) of all invertible matri-
ces M ∈ Rn×n with nonzero determinant and Sl(n,R) that of all invertible
matrices with determinant equal to one.

Van Dantzig Theorem [8] shows that in a totally disconnected locally
compact group G

(2.1) U(G) =
{
V | V is a compact open subgroup of G

}

is contained in CT (G) and forms a local basis. In particular, this allows
us to simplify (1.2), reducing the computation to appropriate finite index
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6 F. G. RUSSO and O. WAKA

subgroups

(2.2) htop(φ) = sup

{
lim
n→∞

(
log |V : Cn(φ, V )|

n

) ∣∣ V ∈ U(G)

}
,

where Cn(φ,V ) ∈ U(G) and the index |V : Cn(φ,V )| is finite. In fact, the set
Etop(G) turns out to be a countable subset of the real line in this situation.

Some relevant facts are reported below from [1,5,9,15,17,20,21,26].

Remark 2.1. From [9, Corollary 2.2, Remark 2.4] we know that discrete
groups belong to E0. Moreover continuous endomorphisms of p-adic integers
also have small topological entropy, since

Zp × · · · × Zp︸ ︷︷ ︸
n-times

= Zn
p

belongs to E0 as well.

The computation of the topological entropy of continuous endomor-
phisms is harder than the case of continuous automorphisms, but we have
results for totally disconnected groups.

Corollary 2.2 [9, Lemma 2.3, Theorem 3.11]. Let G be a locally com-
pact group and φ ∈ End(G).

(a) If H is a φ-invariant closed subgroup of G, then htop(φ|H
) ≤ htop(φ),

and, if in addition H is normal, then htop(φ̄G/H) ≤ htop(φ), where φ̄G/H :
G/H → G/H is induced by φ.

(b) If S ⊆ U(G) is a local basis of G such that φ−n(V ) is normal in G
for all n and V ∈ S , then htop(φ) = htop(φ̄G/ kerφ).

(c) If G is totally disconnected and φ ∈ Aut(G), then htop(φ) = htop(φ|N )

+htop(φ̄G/N ), where N is a closed normal subgroup of G.

Denoting the p-adic norm with |·|p, [17] helps with the following compu-
tations for Etop(Q

n
p).

Theorem 2.3 [17, Yuzvinski’s Formula]. For n ∈ N and φ ∈ End(Qn
p ),

we have

(2.3) htop(φ) =
∑

|λi|p>1

log |λi|p,

where λi (with 1 ≤ i ≤ n) is eigenvalue of φ in a finite extension of Qp. In
particular, we have that Qn

p ∈ E<∞.

Theorem 2.3 answers Theorem 1.2 partially. In fact if X is a locally
compact group, then we do not know whether X ≃ Aut(X), or not. If this
happens, then it is equivalent to look either at the topological entropy of
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continuous automorphisms of X , or at the topological entropy of continu-
ous automorphisms of Aut(X), because we may identify elements of X with
continuous automorphisms on X . When we are in this situation, it is irrele-
vant to have (or not) a faithful representation via unitriangular matrices as
per Theorem 1.2, because Theorem 2.3 helps.

Corollary 2.4. If G is a locally compact group which is topological iso-
morphic to Gl(n,Qp), then the continuous automorphisms of G have finite
topological entropy.

Proof. First of all Aut(Qn
p) = Gl(n,Qp) is a locally compact group,

since it is topologized with the strong operator topology induced by End(Qn
p ).

Now we may identify the elements of Gl(n,Qp) with matrices Aλ which are
n× n of coefficients in Qp. These are associated uniquely to the values of λ
once a basis of the Qp-vector space Qn

p is assigned via the continuous linear
map

λ : (x1, x2, . . . , xn) ∈ Qn
p 7→ λ(x1, x2, . . . , xn)(2.4)

= (y1, y2, . . . , yn) = Aλ · (x1 x2 . . . xn)
t ∈ Qn

p ,

where (x1, x2, . . . , xn)
t denotes the transpose of (x1 x2 . . . xn) and the

symbol · the usual product row by column of matrices. In other words
End(Qn

p) may be regarded as topological Qp-vector space of dimension n2.
Now a closed subgroup H of G may be identified with a closed subgroup
of Aut(Qn

p) = Gl(n,Qp) and so we may identify elements of H as continu-
ous automorphisms on Qn

p which have finite topological entropy by Theorem
2.3. This happens in particular to H = G, so the result follows. �

The argument of the previous proof involves closed subgroups of general
linear groups over Qp and is more general that we really need.

Example 2.5. If n = 1, then Gl(1,Qp) is the group of continuous au-
tomorphisms of Qp. This turns out to be isomorphic to the multiplicative
group Q×

p of the p-adic, described originally by Hensel [10, Theorem 127.5,
Vol. II]

(2.5) Q×
p ≃ Z× Z(p− 1)× Zp.

In fact, the map f : A ∈ Gl(1,Qp) 7→ f(A) = A ∈ Q×
p sends a nonzero ele-

ment of Gl(1,Qp), seen as a Qp-linear continuous automorphism of Qp, to
itself in Q×

p . Since the two groups possess the same topology, induced by Qp

removing the zero element, we deduce that f is a continuous isomorphism
of locally compact groups. Moreover Gl(1,Qp) is a totally disconnected lo-
cally compact abelian group, but is not a p-group so we may consider its
p-primary component and find that rankp(Gl(1,Qp)p) = 1, see also Theorem
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8 F. G. RUSSO and O. WAKA

2.14 later on. Now we may apply Theorem 2.3 and find that Q×
p ≃ Gl(1,Qp)

∈ E∞ (and in fact belongs to E0 by Remark 2.1). Already when we pass to
Gl(2,Qp) the previous argument doesn’t work. The nonabelian case appears
for n ≥ 2 and different considerations should be done.

It should be noted that the continuous inner automorphisms

(2.6) Inn(G) =
{
ϕx | x ∈ G and ϕx is a continuous inner automorphism

}

of a locally compact group G form a locally compact group which is topologi-
cally isomorphic to G/Z(G) via the continuous homomorphism of topological
groups

(2.7) τ : x ∈ G 7−→ τ(x) = ϕx ∈ Aut(G)

where G/Z(G) = G/ker τ ≃ τ(G) = Inn(G). However one should make care-
ful observations, in order to have Aut(G) which is locally compact in (2.7).
We know that Aut(G) ⊆ End(G) ⊆ GG is topologized with the strong oper-
ator topology, but If G is a locally compact group, then the set GG of all
functions from G to G may be written more conveniently as

GG =
{
fx : y ∈ G 7−→ fx(y) ∈ G

}
=

{
(fx)x∈G | fx(y), y ∈ G

}
(2.8)

=
{
(gx)x∈G | gx ∈ G

}
=

∏

x∈G

Gx, where Gx ≃ G for all x ∈ G,

that is, the cartesian product of copies of G (with the product topology)
turns out to be locally compact if and only if each Gx is locally compact, and
all but finitely Gx are compact, see details in [14,29]. If (2.7) is a continuous
homomorphism of locally compact groups and Aut(G) is locally compact,
then one can consider the continuous outer automorphisms

(2.9) Out(G) =
Aut(G)

Inn(G)

since Inn(G) is a closed normal subgroup of Aut(G) now. Following the orig-
inal ideas of Baer, Beyl, Felgner, Schmidt and Wielandt for discrete groups,
there are some relevant concepts, which appear in [2,4] and [25, Chapter 13]
that should be mentioned.

Definition 2.6 (topologically selfautomorphic groups and topologically
capable groups). A locally compact group X is topologically selfautomor-
phic, if X is topologically isomorphic to the locally compact group Aut(X).
On the other hand, we say that a locally compact group X is topologically
capable if X is topologically isomorphic to the locally compact group Inn(Y )
≃ Y/Z(Y ) for some other locally compact group Y .
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NILPOTENT LOCALLY COMPACT GROUPS 9

We haven’t found literature on the notions above within the category of
locally compact groups which are nondiscrete, so we think that the following
problem deserves interest at a general level and not only for the purposes
of dynamical behaviours of topological structures, such as the concept of
topological entropy which we are discussing here.

Problem 2.7. The classification of topological selfautomorphic locally

compact groups and the classification of topological capable locally compact

groups are open problems.

For discrete groups (finite or infinite), the classifications are available,
see [2,4,25] and even for Lie algebras there are results in [19]. The dihedral
group D8 of order 8 fits Definition 2.6, since it is topologically selfauto-
morphic, i.e., Aut(D8) ≃ D8 (see [25, Exercises 1.5, No. 5, No. 6]). On the
other hand, one can observe from Example 3.3 and Theorem 2.19 below (see
also [30]) that Q2

p turns out to be topologically capable, since Inn(H(Qp))

≃ H(Qp)/Z(H(Qp)) ≃ Q2
p, where we involve the Heisenberg group H(Qp).

These are relevant examples of locally compact nondiscrete groups which
are topologically capable and satisfy Theorems 1.1 and 1.2.

We briefly mention two classical results for discrete groups, where it is
referred to complete groups as discrete groups where both the center and the
outer automorphism group are trivial.

Proposition 2.8 (Baer–Hölder theorem on complete groups, see [25,
Theorem 13.5.7]). A discrete group G is complete if and only if whenever

G ≃ N and N is normal in some group H it follows that N is a direct factor

of H .

Especially in our present context of linear groups, such as Theorem 1.2,
it is useful to note that:

Proposition 2.9 (Burnside theorem on complete groups, see [25, Theo-
rem 13.5.8]). For a discrete nonabelian simple group G with Aut(G) endowed
by the discrete topology, Aut(G) is a complete group.

Again what happens to the nondiscrete group is an open problem, to the
best of our knowledge:

Problem 2.10. What is the analogue of Proposition 2.8 for those locally

compact groups which are nondiscrete?

Let’s add considerations to what we have just discussed from the angle
of the topological entropy.

Corollary 2.11. If G is a compact group which is topological isomor-

phic to Gl(n,Zp), then the continuous automorphisms of G have zero topo-

logical entropy.
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Proof. The argument of Corollary 2.4 works here, too. We shall repeat
it verbatim, using Zp instead of Qp, and consequently Remark 2.1 instead
of Theorem 2.3. �

Involving the notion of Definition 2.6, we find that:

Corollary 2.12. If X is a locally compact group which is topologically
capable for some other locally compact group Y in E∞ (or in E0 respectively),
then X is in E∞ (or in E0 respectively).

Proof. We have X ≃ Inn(Y ) and know that Y ∈ E∞. In this situation
if φ ∈ Aut(Y ) and observe that Z(Y ) is a closed characteristic subgroup
of Y , then Inn(Y ) ≃ Y/Z(Y ) and we find that

htop(φ) < ∞ =⇒ htop(φ) = htop(φ|Z(Y )
) + htop(φ̄Y/Z(Y )) < ∞(2.10)

=⇒ htop(φ̄Y/Z(Y )) < ∞.

We may conclude that any element of X , which can be identified with an
inner automoprhism of Y , should have finite topological entropy, so the re-
sult follows. We omit the details of the case E0 since the argument is the
same. �

The argument of the proof of Corollary 2.12 is elementary, but the ideas
follow those in the proof of Corollary 2.2 and the splitting conditions which
are mentioned in (2.21) later on. It is instructive to recall information on
the multiplicative group of Z×

p at this stage.

Remark 2.13. If G = Zp, then we know from [10, Vol. I, Ch. VIII, Ex-
ample 5], or [13, Ch. 4], or even [24, Theorem 4.4.7] that End(Zp) ≃ Zp.
Now the multiplicative group of units Z×

p is Aut(Zp) = Gl(1,Zp) ≃ Z×
p and

has some well known properties. The multiplicative subgroup (1 + pZp,×)
of Z×

p is written as

(2.11) Pp = (1 + pZp,×) for all primes p.

This is a characteristic subgroup of Z×
p and for p 6= 2 it is the p-primary

component of Z×
p , in fact

(2.12) Z×
p = Pp × Z(p− 1).

The case p = 2 is slightly different, but conceptually similar, so the reader
may refer to [13, Chapter 4] for details which we omit here. Therefore we
have just seen that

N is a nilpotent compact p-group(2.13)

6=⇒ Aut(N) is a nilpotent compact p-group
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NILPOTENT LOCALLY COMPACT GROUPS 11

in the specific case of N = Zp which is actually a compact abelian p-group.
However

N is a nilpotent compact p-group(2.14)

=⇒ Inn(N) is a nilpotent compact p-group

is again illustrated by the case of Heisenberg groups, that is, by N = H(Zp)
and more, see [26,30]. It is also useful to mention here the exponential func-
tion

(2.15) exp: pz ∈ pZp 7→ exp(pz) = 1 + pz +
1

2
(pz)2 + · · · ∈ Pp

which is an isomorphism of compact abelian groups and has inverse

(2.16) 1− pz ∈ Pp 7→ log(1− pz) = pz +
1

2
(pz)2 +

1

3
(pz)3 + · · · ∈ pZp.

In particular, Pp is isomorphic to the additive group Zp. Moreover the iso-
morphism exp: pZp → Pp maps the subgroups pmZp isomorphically onto the
subgroups

(2.17) P[m]
p = (1 + pmZp,×), m = 1, 2, 3, . . . .

Since z ∈ Zp 7→ pz ∈ pZp is an isomorphism, all subgroups are isomorphic
to Zp, hence

(2.18) P[m]
p ≃ Pp ≃ Zp for all primes p.

It should be noted that rankp(Zp) = 1 and rankp(Aut(Zp)p) = rankp(Pp) = 1.

In fact, given a factorization in distinct prime powers p− 1 = pα1

1 pα2

2 . . . pαt

t
for some α1, . . . , αt ∈ N0, then rankpi

(Z(p− 1)) ≤ t for all pi and 1 ≤ i ≤ t,
we may conclude that rankp(Aut(Zp)p) is finite for any possible choice of p

among the p-primary components of Aut(Zp).

Further criteria of finiteness are related to the notion of finite p-rank.

Theorem 2.14 (see [13, Theorem 3.97], [9, Theorem 1.5]). A locally

compact abelian p-group G has rankp(G) < ∞ if and only if G ≃ Zα
p ×Q

β
p

×Z(p∞)γ ×Ep for some nonnegative integers α, β, γ, δ and a finite p-group
Ep of rankp(Ep) = δ. In particular, G ∈ E<∞ and rankp(G) = α+β+γ+ δ,
where G ∈ E0 if and only if β = 0.

It is worth to mention that the p-rank is preserved under Pontryagin
duality. Indeed,

(2.19) Ĝ = (Zα
p ×Qβ

p × Z(p∞)γ ×Ep)
∧
≃ Zγ

p ×Qβ
p × Z(p∞)α ×Ep,

Acta Mathematica Hungarica



12 F. G. RUSSO and O. WAKA

and so rankp(Ĝ) = rankp(G). In particular, it is known that

(2.20) Qβ
p ∈ E<∞ \ E0, Zγ

p ∈ E0, Ep ∈ E0 and Z(p∞)α ∈ E0.

We reported below some additional results in the abelian case.

Theorem 2.15 (see [9, Theorems 1.1 and 1.2]). Let G be a locally com-
pact abelian group.

(i) If G belongs to E<∞, then its dimension should be finite;
(ii) The viceversa of (i) above is true when G is compact and G/G0 be-

longs to E<∞;
(iii) If G belongs to E0, then G is totally disconnected; moreover a profi-

nite group belongs to E0 if and only if it belongs to E<∞;
(iv) If G is periodic, then G is in E0 if and only if all its p-Sylow subgroups

Gp do the same.

In the arguments which are used to prove Theorem 2.15, the main logic
is to find decompositions of the endomorphisms in portions where we can
control the finiteness of the topological entropy. In fact we say that the
Addition Theorem holds for (G,φ,N) in a locally compact group G with
φ ∈ End(G) and φ-invariant closed normal subgroup N of G, if

(2.21) htop(φ) = htop(φ|N
) + htop(φ̄G/N ).

We say that the Addition Theorem holds for G if it holds for all (G,φ,N),
that is, independently on the choice of φ and N . Note that we used such
a logic in the argument of Corollary 2.12. The finiteness of the topological
entropy is relatively clear for a locally compact group G which is compactly
generated, that is, such that G = 〈C〉 for some compact subset C of G.

Example 2.16. The free abelian compact p-group Z
(N)
p has rankp(Z

(N)
p ) =

|N| and is an example of compactly generated compact abelian group, which
is not topologically finitely generated, if it is considered with the compact

product topology. As mentioned in [9, Example 4.7], one can see that Z
(N)
p

(and also ZN
p ) has infinite topological entropy as compact group, so it does

not belong to E∞, but the same group Z
(N)
p with the discrete topology has

(infinite rank in the sense of Prüfer, see [10,25,30]) finite p-rank and belongs
to E0. See details in [9, Remark 2.4]. Note also that compactly gener-
ated and topologically finitely generated locally compact abelian groups are
well known in the literature, but in the nonabelian case they deserve more
interest, see [13,14,16,24,26].

Theorem 2.17 (Sse [26, Theorem 1.3(b)]). Let G be a compactly gen-
erated locally compact abelian group. Then G ∈ E<∞ if and only if G ≃ Rd

⊕ Zm ⊕ Ts for some nonnegative integers d, m, s.
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Note that computations of the topological entropy of continuous au-
tomorphisms (not endomorphisms) of Rd ⊕ Zm ⊕ Ts are available in [21,
pp. 475-476]. Also [20] contain computations of the topological entropy of
continuous endomorphims, but mostly of Lie groups. The nonabelian case
is more interesting, in fact we have that:

Theorem 2.18 (see [26, Theorem 1.4]). The continuous automorphisms
of a periodic locally compact nilpotent p-group G have finite topological en-

tropy whenever rankp(G) is finite.

We can always find locally compact abelian groups G of arbitrary large
rankp(G) = r in E<∞ and continuous automorphisms of small topological en-
tropy, looking at G = Zr

p, but this is still valid for large classes of nonabelian
locally compact groups:

Theorem 2.19 (see [9, Example 6.7], [26, Theorem 1.5]). The Heisen-
berg group H(Qp) is a periodic locally compact nonabelian p-group of nilpo-

tency class 2 with rankp(H(Qp)) = 2. Moreover H(Qp) ∈ E<∞ \ E0. On the
other hand, the Heisenberg group H(Zp) is a compact nonabelian p-group of

nilpotency class 2 with rankp(H(Zp)) = 2 and H(Zp) ∈ E0.

Working with Heisenberg groups which are bigger than H(Qp), [26, The-
orem 1.5] described formula for the p-rank which turns out to be large and
finite. In fact Theorems 2.14, 2.17 and 2.19 (along with Theorem 1.1) sug-
gest to believe that:

Conjecture 2.20 (see [9, Conjecture 6.9]). Every locally compact nilpo-
tent p-group with finite p-rank has continuous endomorphisms of finite topo-
logical entropy.

The main issue is really concentrated on those continuous endomor-
phisms which aren’t continuous automorphisms. We end this section with
a couple of technical results, which play a fundamental role in the main
proofs. Note from [24, §2.1(C3)] that profinite groups which are realized as
projective limits of finite solvable groups are called prosolvable groups.

Lemma 2.21 (see [24, Theorem 4.8.1], Nikolov–Segal’s theorem). Let G
be a topologically finitely generated prosolvable group. Then γm(G) is closed

for all m ≥ 1.

The terms of the derived series of a locally compact group G, that is,
the terms of the series G ≥ [G,G] ≥

[
[G,G], [G,G]

]
≥ · · · , are very similar

to γm(G) but are not necessarily closed for topologically finitely generated
prosolvable groups, see [24, Open Questions 4.8.2 and 4.8.3]. On the other
hand, Lemma 2.21 holds in the version of the so-called “Closed Commuta-
tor Subgroup Theorem” for compact groups: applying [14, Theorem 6.11,
Corollary 6.12] and the definition of γm(G) we get the following result.
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Lemma 2.22 (closedness of the commutator subgroup). Let G be a con-

nected compact Lie group. Then γm(G) is closed for all m ≥ 1.

We report an example which one can encounter, dealing with locally
compact p-groups which have infinite p-rank, so this shows the favourable
circumstances of Lemmas 2.21 and 2.22.

Example 2.23. We are going to recall [14, Exercise E6.6]. Take an n-
dimensional vector space of prime characteristic Vn over GF(p) and consider

(2.22) Pn = Vn ⊕ (Vn ∧ Vn),

where Vn ∧ Vn denotes the exterior algebra obtained with two copies of Vn.
For instance, we may think at

(2.23) Vn ≃ GF(p)n and Vn ∧ Vn ≃ GF(p)
n(n−1)

2 .

In this situation

(2.24) [(x, v), (y,w)] = (0, x ∧ y) for all (x, v), (y,w) ∈ Pn

and so

(2.25) [Pn, Pn] = {0} ⊕ (Vn ∧ Vn)

has finite dimension n(n− 1)/2. Note that the set

(2.26) Sn = {x ∧ y | x, y ∈ Vn}

is closed under scalar multiplication and contains at most p2n elements, while

(2.27) [Pn, Pn] contains p
n(n−1)

2 elements.

Note also that

(2.28) Vn ∧ Vn = Sn + Sn + · · ·+ Sn,

that is, we may also obtain Vn ∧ Vn as the sum of k copies of Sn, where
k ≥ (n− 1)/4. We conclude that there are elements in [Pn, Pn] which are
product of no less than (n− 1)/4 commutators. Therefore

(2.29) in H =
∏

n∈N

Pn we have [H,H] strictly contained in [H,H].

Note that H has infinite p-rank.
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3. The proof of the main results

The proof of our first main result is limited to an implication, where we
may argue by contradiction. We essentially construct what is called a “one-
sided left Bernoulli shift”, that is, a special continuous automorphism which
turns out to have infinite topological entropy.

Proof of Theorem 1.1. First of all we must note that If G is dis-
crete, then U(G) in (2.1) becomes U(G) = {V ≤ G | V is finite} and so if
φ ∈ End(G) and V ∈ U(G), then |V : Cn(φ,V )| ≤ |V | for every n ≥ 1, hence
htop(φ) = 0 and G ∈ E∞. This means that discrete groups have automati-
cally zero topological entropy, so we exclude them a priori, since the result
is clear for these.

If G is a nondiscrete periodic locally compact nilpotent p-group with
finite rankp(G), then Theorem 2.18 applies and we have finite topological
entropy for the continuous automorphisms.

Conversely, assume that G is a nondiscrete nilpotent periodic locally
compact p-group and each continuous automorphism of G has finite topo-
logical entropy.

By contradiction, consider G minimal abelian counterexample. Then
G would be a nondiscrete locally compact abelian p-group of rankp(G) =
∞ and its continuous automorphisms would have finite topological entropy.
As a consequence of Theorem 2.14 we have that G cannot be topologically
finitely generated (otherwise rankp(G) < ∞). This allows us to assume at
least countably many distinct generators and so we have

(3.1) G = 〈x1, x2, . . . , xn, . . .〉 ⊇ H ≃ 〈x1〉 × 〈x2〉 × · · · × 〈xn〉 × · · · .

Note that H , if nondiscrete and if all its continuous automorphisms would
be of finite topological entropy, then it is also a periodic locally compact
abelian p-group of infinite p-rank. Therefore there is no loss of generality in
replacing G with H in our argument. Now h ∈ H (from the definition of pe-

riodic locally compact abelian p-group) should be such that 〈h〉 is either a
finite cyclic p-group, or Zp. Therefore we may write h = lim

←−j∈N
hj , where hj

can be written in a unique way as product of powers of the topological gen-
erators, that is, hj = xε1j1x

ε2
j2
. . . xεkjk for some xεkjk and ε1, ε2, . . . , εk ∈ Z and of

course j depends on k ≥ 1. In this situation, we may extend the continuous
automorphism

σ : hj = xε1j1x
ε2
j2
. . . xεkjk ∈ H 7→ σ(hj) = σ(xε1j1 ) σ(x

ε2
j2
) . . . σ(xεkjk )(3.2)

= xε2j2 . . . x
εk
jk
x
εk+1

jk+1
= hj+1 ∈ H
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to the continuous automorphism of the whole H

(3.3) τ : h = lim
←−
j∈N

hj ∈ H 7→ τ(h) = lim
←−
j∈N

σ(hj) ∈ H.

The computation of the topological entropy of τ gives

(3.4) htop(τ) = sup

{
lim
n→∞

( log |V : Cn(τ, V )|

n

) ∣∣ V ∈ U(H)

}
= ∞

(the computation is the same of Example 2.16) and this is in contradiction
with the fact that we are assuming that each continuous automorphism of
H must be of finite topological entropy. So the result follows in the abelian
case.

It remains to check what happens If G is no longer abelian, but a nilpo-
tent minimal counterexample of nilpotency class c = 2. Then

(3.5) G = γ1(G) ≥ γ2(G) ≥ γ3(G) = 1

and write N = γ2(G). Since N is a closed abelian normal subgroup of G and
G is totally disconnected, we may apply Corollary 2.2(c), defining φN = τ
and concluding that

(3.6) htop(φ) = htop(φ|N ) + htop(φ̄G/N ) ≥ htop(φ|N ) = ∞,

hence G has again a continuous automorphism of infinite topological en-
tropy, and this would be another contradiction. Of course, we may apply a
similar argument to the case of c ≥ 3, constructing

G = γ1(G) ≥ γ2(G) ≥ · · · ≥ γc(G) ≥ γc+1(G) = 1

with N = γc(G) and applying Corollary 2.2 (c) in order to get to the same
contradiction.

We conclude that rankp(G) should be finite, so the result follows. �

From the proof of Theorem 1.1, we observe that the p-rank may influ-
ence strongly the topology of locally compact groups of finite topological
entropy. In fact the condition of belonging to E∞ implies that the continu-
ous automorphisms should have finite topological entropy.

Corollary 3.1. Let G be an infinite periodic locally compact nilpo-
tent p-group with continuous automorphisms of finite topological entropy. If
rankp(G) = ∞, then G possesses an elementary abelian p-subgroup of count-
able rank.

Combining [13, Corollary 3.53] and Theorem 1.1, we get the following
result.
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Corollary 3.2. For a locally compact abelian torsion-free divisible

p-group G, the following conditions are equivalent :
(i) rankp(C) < ∞ for every open compact subgroup C of G;
(ii) G is a topological Qp-vector space;
(iii) the scalar multiplication x ∈ G → p · x ∈ G is a continuous automor-

phism;
(iv) all the continuous automorphisms of G have finite topological entropy ;
(v) G ≃ Qn

p for some positive integer n.

Concerning the proof of our second main result, we need to use some
arguments of linear algebra, which can be found in [25, Chapters 3, 5, Exer-
cises 5.1.13, 5.1.14] for C, Q, R (or even for finite fields). These arguments
are quite classical, but are adapted here to Zp and Qp. Consider the group
of upper triangular matrices over Zp assuming that p 6= 2,

(3.7) U(n,Zp) =








1 a12 · · · a1n

0 1
. . .

...
... · · ·

. . . an−1 n

0 · · · 0 1




∣∣ aij ∈ Zp





then groups of upper triangular matrices which rescale by first superdiago-

nal (a12, . . . , an−1 n), by second superdiagonal (a13, . . . , an−2 n) and so on,
that is,

U1(n,Zp) = U(n,Zp),(3.8)

U2(n,Zp) =








1 0 a13 · · · a1n

0 1 0
. . .

...
... · · ·

. . . an−2 n

0
0 · · · 0 1




∣∣ aij ∈ Zp





,

U3(n,Zp) =








1 0 0 a14 · · · a1n

0 1 0 0
. . .

...
... · · ·

. . . 0 an−3 n

0 0

0 · · · 0 1




∣∣ aij ∈ Zp





,

Acta Mathematica Hungarica



18 F. G. RUSSO and O. WAKA

. . . , Un−1(n,Zp) =








1 0 0 · · · a1n

0 1 0
. . .

...
... · · ·

. . . 0
0

0 · · · 0 1




∣∣ aij ∈ Zp





and finally the sets of upper triangular matrices

(3.9) UT (n,Zp) =








0 a12 · · · a1n
0 0 · · · a2n
...

...
. . .

...
0 0 · · · 0




∣∣ aij ∈ Zp





with zeros in the main diagonal. One can note that

(3.10) U(n,Zp) =
{
In +M | M ∈ UT (n,Zp)

}

and that Um(n,Zp) ≤ U(n,Zp) ≤ Sl(n,Zp) is a chain of normal subgroups of
Gl(n,Zp) for all m = 1, 2, . . . , n.

Example 3.3. Since the case of n = 3 repeats the well known construc-
tion of Heisenberg groups (see [12,14,26]), we report briefly the case of n = 4
so the process will follow in analogy when n ≥ 5. One begins with p 6= 2 and

UT (4,Zp) =







0 a12 a13 a14
0 0 a23 a24
0 0 0 a34
0 0 0 0




∣∣ aij ∈ Zp





,(3.11)

UT (3,Zp) =







0 0 a13 a14
0 0 0 a24
0 0 0 0
0 0 0 0




∣∣ aij ∈ Zp





,

UT (2,Zp) =







0 0 0 a14
0 0 0 0
0 0 0 0
0 0 0 0




∣∣ aij ∈ Zp





, UT (1,Zp) =







0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0








and U(4,Zp) becomes
(3.12)

U(4,Zp) =







1 a12 a13 a14
0 1 a23 a24
0 0 1 a34
0 0 0 1




∣∣ aij ∈ Zp





=
{
I4+M | M ∈ UT (4,Zp)

}
.
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Note that

(3.13) U2(4,Zp) =







1 0 a13 a14
0 1 0 a24
0 0 1 0
0 0 0 1




∣∣ aij ∈ Zp





.

Consider for some a1, a2, . . . , a6 ∈ Zp an element

(3.14) u(4,Zp) =



1 a1 a2 a3
0 1 a4 a5
0 0 1 a6
0 0 0 1




and check that

(3.15) u(4,Zp) U2(4,Zp) u(4,Zp)
−1 ∈ U2(4,Zp)

in order to verify that U2(4,Zp) is a normal subgroup of U(4,Zp). By
analogy one can also verify (with the usual row-by-column product of ma-
trices) that Um(4,Zp) is a normal subgroup for all m = 1, 2, 3, 4. Note also
that for all possible choices of m we have

(3.16)
[
Um(4,Zp), U(4,Zp)

]
≤ Um+1(4,Zp)

and so a lower central series of U(4,Zp) is given by

γ1(U(4,Zp)) = U(4,Zp) ≥ γ2(U(4,Zp)) = U2(4,Zp)(3.17)

≥ γ3(U(4,Zp)) = U3(4,Zp) ≥ γ4(U(4,Zp)) = I4

which turns out to be a nilpotent group of nilpotency class 3.

Lemma 3.4. Given p 6= 2 and R ∈ {Zp,GF(p)} and m ∈ {1, 2, . . . , n},
we have

(3.18)
[
Um(n,R), U(n,R)

]
≤ Um+1(n,R).

In particular, G = U(n,R) has Hausdorff nilpotency class c = n− 1 with

lower central series

G = U1(n,R) = γ1(G) ≥ U2(n,R) = γ2(G) ≥ U3(n,R)(3.19)

= γ3(G) ≥ · · · ≥ Un(n,R) = γn(G) = 1.

Moreover each γm(G) is a characteristic subgroup of G and γm(G) = γm(G).
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Proof. Apply the computations of Example 3.3, using R instead of Zp

and n ≥ 4, in order to verify (3.18) and (3.19). On the other hand, the
terms γm(G) are characteristic (hence normal) subgroups of G, since for
every continuous automorphism φ ∈ Aut(G) we have φ(G) ⊆ G,

φ(γ2(G)) = φ([G,G]) ⊆ [φ(G), φ(G)] ⊆ γ2(G),

φ(γ3(G)) = φ([[G,G], G]) ⊆ [[φ(G), φ(G)], φ(G)] ⊆ γ3(G)

and so on. In particular, if R = Zp or R = GF(p), then one can easily
check that G is a (profinite) prosolvable group, and so Lemma 2.21 implies

γm(G) = γm(G). �

On the basis of the previous considerations, we may assert that:

Corollary 3.5. There are nilpotent compact p-groups of arbitrary large
nilpotency class with continuous automorphisms of zero topological entropy.

Proof. Take p 6= 2 and apply the procedure in Example 3.3 to G =
U(n,Zp) with n ≥ 4. Lemma 3.4 and Remark 2.1 conclude the remaining
part of the proof. The fact that these compact p-groups have zero topologi-
cal entropy can be checked at each step, or, as we will see later on, looking
at the proof of Theorem 1.2(i). �

From Lemma 3.4, we realize Um(n,R) = γm(U(n,R)) for each possible
choice of m ∈ {1,2, . . . , n}; this means that the subgroups Um(n,R) obtained
by removing progressively superdiagonals are nothing else than iterated com-
mutators of U(n,R).

Remark 3.6. We may begin Example 3.3 if we choose R = Qp. We
would still be able to perform a proof of Lemma 3.4, in order to check (3.18)
and (3.19). Again (3.18) and (3.19) would be satisfied with the same al-

gorithmic procedure, but γm(G) = γm(G) could give problems since Lemma
2.21 fails now. From Lemma 2.22 we could also begin with a connected com-
pact Lie ring L which is constructed with upper triangular matrices as in
Example 3.3, but connected locally compact rings are Euclidean (i.e. topo-
logically isomorphic to some Rn), and this isn’t significant, see [29, Theorem
26.8].

Remark 3.7. We may also look at upper triangular bounded matri-
ces with countably many rows, countably many columns and with 1 on
the main diagonal, namely U(N,Zp), in order to check analogs of (3.18)
and (3.19). Now the matrices U2(N,Zp) would be produced accordingly,
that is, putting zeros in the first superdiagonal and rescaling progres-
sively by first superdiagonal, second superdiagonal until we would arrive
to a point where successive processes of rescaling of superdiagonals pro-
duce the identity matrix. In other words we may produce in a simi-
lar way U3(N,Zp), U4(N,Zp) and so on. The formalization of “bounded
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matrix” can be found in terms of “bounded p-adic operator” in [7, §2.1,
§2.2]. We are making this digression, just to observe that the representa-
tion theory for Aut(Zn

p) = Gl(n,Zp) and Aut(Qn
p ) = Gl(n,Qp) may be used

as alternative methodology in our investigations, see details in [16,18,29] in
terms of unipotent matrices, characters, Bruhat decompositions and Iwa-
sawa decompositions. It is still more subtle the representation theory for

Aut(Z
(N)
p ) = Gl(N,Zp) and Aut(Q

(N)
p ) = Gl(N,Qp), which is typical of the

p-adic Lie theory and p-adic analysis. Therefore it is appropriate to note
that we rely on structural information of Aut(Zn

p) and Aut(Qn
p ) at the level

of topology and projective limits, using very little representation theory for
these objects. It is instructive to note also the recent approach in [22,23]
where classifications are obtained via combinatorial arguments, projective
limits and topological considerations on large classes of second countable
locally compact groups.

Proof of Theorem 1.2(i). From the assumption we have a periodic
locally compact nilpotent p-group G and a faithuful representation ρ : G →
Gl(n,Zp) such that G ≃ ρ(G) which is in particular a compact p-group with
the induced topology from the product topology on Zn×n

p . Note that G ≃
U(n,Zp) is a totally disconnected with lower central series as per Lemma 3.4.
We have seen in Remark 2.13 that Gl(n,Zp) is compact, but not necessarily a
p-group, however our initial assumptions on ρ and G give that G ≃ U(n,Zp)
is a compact p-group, that is, a pro-p-group.

Let Eij ∈ Zn×n
p be an elementary matrix defined to be 1 at (i, j)-position

and zero elsewhere. Then we consider the matrices 1 +Eij (which are
transvections) and 1+Eij ∈ Sl(n,Zp) whenever i 6= j. If 1 +Eij ∈ U(n,Zp),
then a basic computation shows that

(3.20) (1 + zEij)
−1 = 1 + (−z)Eij

and so we have that

(3.21)
[
1 +E12, 1 +E23, . . . , 1 + E(n−1)n

]
= 1 +E1n.

In case n = 3 we get U(3,Zp) = H(Zp) and Theorem 2.19 shows that the
result is true. Now consider Example 3.3 and n = 4. Then

(3.22) M = (1 + E34)(1 +E24)(1 + E23)(1 +E14)(1 +E13)(1 +E12),

and by matrix multiplication we have that

(3.23) M =



1 a12 a13 a14
0 1 a23 a24
0 0 1 a34
0 0 0 1


 ∈ U(4,Zp).
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This shows that

(3.24)
{
1 + E34, 1 + E24, 1 +E23, 1 +E14, 1 +E13, 1 + E12

}

is a generating set for U(4,Zp). In addition now one can observe that (3.24)
topologically generates U(4,Zp). In fact we have for larger n ≥ 4 that

(3.25)





〈
{1 + zE(l−1)l | 2 ≤ l ≤ n, z ∈ Zp}

〉
= U(n,Zp),

〈
{1 + zEij | j − i ≥ m, z ∈ Zp}

〉
= Um(n,Zp).

This allows us to conclude that

(3.26)

{
rankp(U(n,Zp)) ≤

∣∣{1 + zE(l−1)l | 2 ≤ l ≤ n, z ∈ Zp}
∣∣ < ∞,

rankp(Um(n,Zp)) ≤
∣∣{1 + zEij | j − i ≥ m, z ∈ Zp}

∣∣ < ∞.

We have until this point that Um(n,Zp) is a nilpotent compact p-group of
finite p-rank for all possible choices of m = 1, 2, . . . , n. Since the procedure
is elementary for n ≤ 1, 2, 3 we provide details on the construction for n = 4.
We have

(3.27)





U1(4,Zp) = U(4,Zp)

=
{
1 +E34, 1 +E24, 1 +E23, 1 +E14, 1 +E13, 1 +E12

}
,

U2(4,Zp) =
〈
1 +E13, 1 +E24, 1 +E14

〉
,

U3(4,Zp) = 〈1 +E14〉,

U4(4,Zp) = 1 = {I4}.

Wemay apply Corollary 2.2(c) toN = U2(4,Zp) = γ2(U(4,Zp)) = H(Zp),
which is a compact nonabelian p-group of finite p-rank and nilpotency class
two. We know from the previous step that N has all its continuous auto-
morphisms of zero topological entropy. On the other hand U(4,Zp)/N is
a compact abelian p-group which it topologically generated by a single el-
ement, so it still has zero topological entropy by Remark 2.1. Then for all
φ ∈ Aut(U(4,Zp))

(3.28) htop(φ) = htop(φ|N ) + htop(φ̄U(4,Zp)/N ) = 0.

Then the result follows for n = 4. In the arbitrary case that n ≥ 5 we
may develop the same procedure, in order to find a closed normal subgroup
N = γ2(U(4,Zp)), which turns out to be closed by Lemma 2.21 (or by di-
rect construction), and the quotient group U(4,Zp)/N is always a compact
abelian p-group which is topologically generated by a single element, so
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we may apply again Corollary 2.2 (c) concluding that the continuous auto-
morphsims have zero topological entropy.

(ii) We shall note that also here our initial assumptions on ρ and G
give that G ≃ U(n,Qp) is a locally compact p-group. We cannot perform
the same argument of (i) above since Qp is a locally compact noncompact
p-group, but still large part of the construction remains valid, namely

(3.29)

{
rankp(U(n,Qp)) ≤

∣∣{1 + zE(l−1)l | 2 ≤ l ≤ n, z ∈ Qp}
∣∣ < ∞,

rankp(Um(n,Qp)) ≤
∣∣{1 + zEij | j − i ≥ m, z ∈ Qp}

∣∣ < ∞.

If n = 3, then the result follows from Theorem 2.19 and the case n = 2 fol-
lows from the fact that any matrix in U(2,Qp) may be identified with a
block matrix in U(3,Qp) = H(Qp)

(3.30)




1 a12 | a13
0 1 | a23
− −
0 0 1




and from the definitions along with Theorem 2.19 we have rankp(U(2,Qp))
≤ rankp(U(3,Qp)) = 2, hence Theorem 1.1 shows that we have a periodic lo-
cally compact nilpotent p-group of finite p-rank, consequently G ≃ U(2,Qp)
should have continuous automorphisms of finite topological entropy.

For the general case we may consider rankp(U(n,Qp)) = rankp(G) and

note that the dimension of the topological Qp-vector space is dimQp
(Qn2

p ) =

n2. On the other hand, we know that every continuous endomorphism of Qn
p ,

and in particular every continuous automorphism of Qn
p , must be Qp-linear,

see [29, Corollary 27.13]. Since Qn
p is a maximal abelian closed subgroup

of Gl(n,Qp), we have rankp(Q
n
p) ≤ n2 and generally rankp(G) ≤ rankp(Q

n
p)

≤ n2. Therefore we apply Theorem 1.1 in presence of G which is a periodic
locally compact nilpotent p-group of finite p-rank, concluding that the con-
tinuous automorphisms have finite topological entropy. The result follows.
�

4. Appendix on the general linear group of the p-adic rationals

We shall review some facts on the structure of the p-adic rationals from
[13,14,30], in order to give an appropriate feedback to the proof of the main
results of the present paper.

If we consider

(4.1) ϕn : u+ pn+1Z ∈ Z(pn+1) 7−→ ϕn(u+ pn+1Z) = u+ pnZ ∈ Z(pn),

Acta Mathematica Hungarica



24 F. G. RUSSO and O. WAKA

which is a surjective homomorphism of finite p-groups realizing Zp, then we

get the inverse limit {(Z(pn), ϕn) : n ∈ N} and so Zp = lim←−
n∈N

Z(pn). Now we

go ahead and consider

(4.2) Φn : v + pn+1Z ∈

1
p∞

Z

pn+1Z
7−→ Φn(v + pn+1Z) = v + pnZ ∈

1
p∞

Z

pnZ

which is also a surjective homomorphism of abstract abelian p-groups real-

izing the inverse system

(4.3)

{( 1
p∞

Z

pnZ
,Φn

)
: n ∈ N

}
=⇒ Qp = lim

←−
n∈N

1
p∞

Z

pnZ
.

It should be also note that

(4.4) Zp ∪
1

p
Zp ∪

1

p2
Zp ∪ · · · ∪

1

pn
Zp ∪

1

pn+1
Zp ∪ · · · = Qp.

In this situation

1

p∞
Z =

⋃

n∈N

1

pn
Z ⊆ Q,

1
p∞

Z

Z
= Z(p∞),

1

p∞
Z

pn+1Z

Z
pn+1Z

∼= Z(p∞),(4.5)

incl : a+ pn+1Z ∈
Z

pn+1Z
7→ a+ pn+1Z ∈

1
p∞

Z

pn+1Z
,

quot : b+ pn+1Z ∈

1
p∞

Z

pn+1Z
7→ b+ Z ∈

1
p∞

Z

Z
.

We may observe the Prüfer group

(4.6) Z(p∞) = lim
−→
n∈N

Z(pn) = lim
−→
n∈N

〈gn〉,
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where 〈gn〉 = Z(pn) and summarise the information in the following diagram:

(4.7)

· · · ←−−−−− 0 ←−−−−− 0 ←−−−−− 0 ←−−−−− · · · ←−−−−− 0




y





y





y





y

· · · ←−−−−−
Z

pn−1Z

ϕn−1
←−−−−−

Z

pnZ

ϕn
←−−−−−

Z

pn+1Z
←−−−−− · · · ←−−−−− Zp





y
incl





y
incl





y
incl





y
incl

· · · ←−−−−−

1
p∞

Z

pn−1Z

Φn−1
←−−−−−

1
p∞

Z

pnZ

Φn
←−−−−−

1
p∞

Z

pn+1Z
←−−−−− · · · ←−−−−− Qp





y

quot





y

quot





y

quot





y

quot

· · · ←−−−−− Z(p∞) Z(p∞) Z(p∞) · · · Z(p∞)




y





y





y





y

· · · ←−−−−− 0 ←−−−−− 0 ←−−−−− 0 ←−−−−− · · · ←−−−−− 0

Now we observe that

(4.8) Q×
p ≃ Gl(1,Qp) ≃ Aut(Qp) = Aut

(
lim
←−
n∈N

( 1
p∞

Z

pnZ

))
≃ lim

←−
n∈N

Aut

( 1
p∞

Z

pnZ

)

and the previous diagram induces the following at the level of automorphisms

(4.9)

· · · ←−−−−− Aut
(

Z

pn−1Z

)

ϕ
∗

n−1
←−−−−− Aut

(

Z

pnZ

)

←−−−−− · · · ←−−−−− Aut(Zp)




y

incl





y

incl





y

incl

. . . ←−−−−− Aut
( 1

p∞
Z

pn−1Z

)

Φ∗

n−1
←−−−−− Aut

( 1
p∞

Z

pnZ

)

←−−−−− · · · ←−−−−− Aut(Qp)

Above we have the induced maps

ϕ∗
n : u+ pn(p− 1)Z ∈ Aut

( Z

pn+1Z

)
≃

Z

pn(p− 1)Z
(4.10)

7−→ u+ pn−1(p− 1)Z ∈ Aut
( Z

pnZ

)
≃

Z

pn−1(p− 1)Z

and

Φ∗
n : v + pn+1Z ∈ Aut

( 1
p∞

Z

pn+1Z

)
≃

1
p∞

Z

pn+1Z
(4.11)

7−→ v + pnZ ∈ Aut

( 1
p∞

Z

pnZ

)
≃

1
p∞

Z

pnZ
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In fact we have

ϕ∗
n : (u+ pnZ, v + (p− 1)Z) ∈ Z(pn)× Z(p− 1)(4.12)

7−→ (u+ pn−1Z, v + (p− 1)Z) ∈ Z(pn−1)× Z(p− 1)

which is extended naturally with continuity to Q×
p .

Once we increase n ≥ 2, the scenario changes dramatically.
We still get the isomorphism of locally compact groups:

Gl(n,Qp) ≃ Aut(Qn
p ) = Aut

(
lim
←−
m∈N

( 1
p∞

Z

pmZ
×

1
p∞

Z

pmZ
× . . .×

1
p∞

Z

pmZ︸ ︷︷ ︸
n−times

))
(4.13)

≃ lim
←−
m∈N

Aut

(
1
p∞

Z

pmZ
×

1
p∞

Z

pmZ
× · · · ×

1
p∞

Z

pmZ︸ ︷︷ ︸
n−times

)

≃ lim
←−
m∈N

Aut

(( 1
p∞

Z

pmZ

)n)
≃ lim

←−
m∈N

Gl

(
n,

1
p∞

Z

pmZ

)

but now the group is locally compact nonabelian and we do not get only the
commutative diagram at the level of maximal closed abelian subgroups (the
so-called maximal tori)
(4.14)

· · · ←−−−−− Aut
(

Z

pn−1Z

)

n

←−−−−− Aut
(

Z

pnZ

)

n

←−−−−− · · · ←−−−−− Aut(Zp)
n





y
incl





y
incl





y
incl

· · · ←−−−−− Aut
( 1

p∞
Z

pn−1Z

)n

←−−−−− Aut
( 1

p∞
Z

pnZ

)n

←−−−−− · · · ←−−−−− Aut(Qp)
n

but we have of course much more.
It is however useful to note that UT(n,Qp) is closed in Gl(n,Qp), so we

get an approximation also at the level of unitriangular matrices

(4.15) UT(n,Qp) ≃ lim
←−
m∈N

UT

(
n,

1
p∞

Z

pmZ

)
.

It can be instructive to note here that in the argument of the proof
of Theorem 1.2(ii) we may alternatively repeat the first part of the proof
of Lemma 3.4 with R = Qp and get that Um(n,Qp) is a nilpotent locally
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compact noncompact p-group of finite p-rank for all possible choices of
m = 1, 2, . . . , n, observing for n = 4 that

(4.16)





U1(4,Qp) = U(4,Qp) decomposes to

1 +E34, 1 +E24, 1 +E23, 1 +E14, 1 + E13, 1 +E12,

U2(4,Qp) decomposes to 1 +E13, 1 + E24, 1 +E14,

U3(4,Qp) decomposes to 1 +E14,

U4(4,Qp) = 1 = {I4}.

This decomposition (in finitely many transvections) indicates the finiteness
of the p-rank at each step of the construction of the above subgroups and
allows us to get another constructive argument for the finiteness of the p-
rank, in order to apply Theorem 1.1 which would allow to conclude the proof
of Theorem 1.2 as well.
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