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Abstract

In recent years, two estimators have been proposed to toneebias exhibited by the least-
squares (LS) estimator of the lagged dependent variabl®IcDefficient in dynamic regres-
sion models when the sample is finite. They have been terntetkas-unbiased’ and ‘median-
unbiased’ estimators. Relative to other similar procedurdbe literature, the two location-
based estimators have the advantage that they offer anaxdaetniform methodology for LS
estimation of the LDV coefficient in a first order autoregressnodel with or without exoge-

nous regressors i.e. ARX(1).

However, no attempt has been made to accurately establisbrasompare the statistical prop-
erties among these estimators, or relative to those of thestiBator when the LDV coefficient
is restricted to realistic values. Neither has there beeatteampt to compare their performance
in terms of their mean squared error (MSE) when various fafiise exogenous regressors are
considered. Furthermore, only implicit confidence int&\@ave been given for the ‘median-
unbiased’ estimator. Explicit confidence bounds that arectly usable for inference are not

available for either estimator.

In this study a new estimator of the LDV coefficient is propigbe ‘most-probably-unbiased’
estimator. Its performance properties vis-a-vis the ggststimators are determined and com-
pared when the parameter space of the LDV coefficient isice=dr In addition, the following
new results are established: (1) an explicit computabia flor the density of the LS estimator
is derived for the first time and an efficient method for its ruical evaluation is proposed; (2)
the exact bias, mean, median and mode of the distributioheoL. & estimator are determined
in three specifications of the ARX(1) model; (3) the exactaace and MSE of LS estimator

is determined; (4) the standard error associated with tterméation of same quantities when



simulation rather than numerical integration method isduse established and the methods
are compared in terms of computational time and effort; (6¢x@act method of evaluating the
density of the three estimators is described; (6) their telims, mean, variance and MSE are
determined and analysed; and finally, (7) a method of obitgithe explicit exact confidence

intervals from the distribution functions of the estimata proposed.

The discussion and results show that the estimators aréiaskd in the usual sense: ‘in ex-
pectation’. However the bias is substantially reduced amegbto that of the LS estimator. The
findings are important in the specification of time-seriegg@ssion models, point and interval

estimation, decision theory, and simulation.
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Preface

A well-known approach to modelling time series is to consithe series as a sum of a deter-
ministic time trend and a stochastic term. Within this apytg there are two competing models
which depend on the nature of the process driving the latemd stationary (TS3pecification
anddifference stationary (DS3pecification (Dejonget al. 1992; Hamilton 1994, pp. 435f).
A TS model is also referred to as amegrated process of order zer®(0). A DS model is
variously termed as aintegrated process of order ong 1), or aunit root procesdecause one

of the roots or eigenvalues of the autoregressive polynamégual to unity.

Usually, the substantive issue has been to determine wheetheries is best characterized as a
TS or DS process. The essential difference between the tvaelsds their persistence prop-
erties subject to a random shock/innovation or impulse. Iamodel, each shock has some
permanent effect on the level of the series: the series fiag@gmemory. However, a TS model
has short memory, the effect of a shock is transitory andinsiehted since the reversion to a

deterministic trend eventually dominates in the infiniteife (Rudebusch 1993).

The model selection criteria are formalized loyit root testsand stationarity tests The dis-
tinction as to whether a series is best characterized as TEas important in subsequent
application of asymptotic theory to obtain distributioristimators and test statistics (Hamil-
ton 1994), and in theoretizing of financial cycles for valéslbsuch as futures contracts, stock
prices, dividends, spot and forward exchange rates ancggtg economic variables such as

gross domestic product and real consumption (Phillips 1988

Typically, one wishes to test for a unit root in the presenica deterministic trend (Schmidt
& Phillips 1992). Neverthelessinit root tests have low power againstplausible TS alter-

natives that are distinguishable, in behaviour, from aplausible DS null model (Dejonget
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al. 1992). The same conclusion applies to stationarity testepl® power studies are insuffi-
cient to answer the question of the specification of timéeseregression models (Rudebusch
1992, 1993). The tests must be supplemented by a companagigeure of persistence of the
dynamic responses - to random disturbances or shocks - ifiStend DS specifications over
a relevant horizon of practical interest. Such a measurbBesumulative impulse response
(CIR) (Andrews 1993; Patterson 2000). The estimated TS and DSl have similar or
different implications for persistence, depending on thki@s taken by the model parameters
(Rudebusch 1993).

Given the autoregressive structure, thain problem is estimation of model parameters
Common estimators, such as the least-squares (LS) esttmadgrbe significantly biased in fi-
nite samples, since the presence of the lagged dependaitledt.DV) violates the assumption
of non-stochastic regressors in the classical linear ssgye model. Therefore, the estimated
models (TS and DS) are not the ‘best’ candidates for the T&kpresentations of the data.
Better representations woutdrrect the coefficient estimates of the model parameters fo

finite-sample bias

As shown later, the bias is most severe in the presence oftaagt] where it is known as

“Dickey-Fuller bias” (Dickey & Fuller 1979; Rudebusch 199Furthermore, it is shown that
the LS estimator may be seriously biased in finite samples, mvuch of the relevant parameter
space. As such, for the unit root hypothesis, the estimdtias implies that the LS estimated

models probably under-state the amount of persistencesitridle TS and DS specifications.

This study examinesstimation rules that aim to improve on the bias exhibited byLS es-
timators of the LDV coefficient in various formulations of an autoregsive process of order
one; [AR(1)]. The CIR is not examined. In particular, the statal properties of the estimators
proposed by Andrews (1993) and Tanizaki (2000) are estadgiand compared. No restriction
is made to the unit root case. The study considers a reaigsige of the parameter space over
which the LDV coefficient is defined. In addition, the methddscussed are independent of the
LS estimated TS or DS specifications, and of the extent of tias (as implied by the distance

of the roots of their associated lag-polynomials, from thi circle). Furthermore, an assump-

LIn the classical regression framework, the LS estimatoséul because th@auss-Markov theoremguaran-
tees that within the class of linear estimators, it is cdesisand has minimum variance.
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tion is made that the AR(1) model specifications have enoughtifrom the data: they are

correctly specified.



Chapter 1

Introduction

In many applications, a more general formulation than the pR(1) series is preferred. The

dependent variable can be expressed in a partial regression framewdrk as

| y = XG+ oy +u, | (1.1)

wherey = (ya,...yr) is a vector of observations on the dependent variable, implkeaof
sizeT,y_1= (y1...yr—1)" is the vectoty lagged one periody is the coefficient of the LDV,
g is ak x 1 vector of unknown coefficientX is a full column-rank(7" — 1) x k matrix of
observations ok fixed exogenous regressoisis a(7" — 1) x 1 disturbances vector, which is

considered to be Gaussian white noise, that is N(0, o?Ir_,).

It is well known that the LS estimators of the regression ftciehts in (1.1) may be seriously
biased in small samples. This is because the assumptionne$tochastic regressors in the
classical linear regression model, as required byGhass-Markov theorenare not satisfied.

The LDV can neither be treated as fixed in repeated samplingsdistributed independently

of the disturbances.

When (1.1) is expressed as

y = 2T +u, (1.2)

1The linear dynamic regression model (1.1) is sometimesadrARX(1). It accommodates more explanatory
variables which may be endogenous, i.e. effects deriviagfwithin the system. The matriX can also be
stochastic. In generaK may comprise constants, linear trend, step-, impulse-saadonal- dummy variables or
other covariates which do not derive from the dependenablei It is quite useful in modelling a wide variety of
dynamical systems, in practice.




whereZ = [X,y_4], the LS estimator of the coefficient vectordenoted’, is given by
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«

=
I

= (2'2)"'2y. (1.3)

In (1.3), 3 is the LS estimator of the coefficient vectdranda is the LS estimator of the LDV

coefficienta. In this study, only the bias correction of the latter estiona considered.

This bias ina is usually large near the unit root border and varies withféien of X in (1.1).

The form of the bias is unknown; it is a function of unknowngraeters.

Various bias correction mechanisms have been proposegeFf@mance of the resultant bias-
corrected estimators, in terms of variance and mean sqeared(MSE), has been studied for

example in:

1. Orcutt and Winokur (1969), where the bias-correctedredtirs are based on first-order
large<" approximations in Marriott and Pope (1954), and the jaekestimator in Que-
nouille (1949).

2. MacKinnon and Smith (1998), where the bias-correcteithesbrs are established using

thebias-function which relates the bias of the estimator to the true paramete

3. Kiviet and Phillips (2003, 2005), where the correctioms determined using explicit

expressions obtained from higher-order asymptotic expass

Corrections based on asymptotic expansions lead to appatxibias-correction. With the
exception of the estimators in Kiviet and Phillips (200302)) the other modified estimators
listed above apply corrections in simpler models than (1ld)addition, the mechanisms are
subject to specific conditions on the initial observationtfe seriesy(;) and are also restricted

to specific forms of the exogenous veckXr

However, all the correction mechanisms apply in a specifigeaon the parameter space of
the LDV coefficient and improve bias to different orders of gample size. For example, the
jacknife estimator does not accommodate any exogenousssmrin the model specification.

It is unbiased to ordefr'~!. On the other hand, the Kiviet and Phillips (2003) bias-ected



estimator applies to stationaryy( < 1) specifications in (1.1), whereas the estimator in Kiviet
and Phillips (2005) applies to the unit root case= 1) in the same model. The estimators are

unbiased to orders—! and7 2, respectively.

Over a decade ago, Andrews (1993) proposed a ‘median-wgtbiastimator of the LDV co-
efficient in different formulations of (1.1). Subsequenil@nizaki (2000) proposed a ‘mean-
unbiased’ estimator for the coefficient. In contrast to thdier procedures, these correction

mechanisms

1. Provide a general methodology to correct for bias in fisdeples, irrespective of the
form of X in (1.1).

2. Are impartial to the values of the LDV coefficientin the space in which it is defined.

3. Are exact in the case of AR(1) series and are approximatadber-order autoregressive

processes.

4. Utilize reasonable assumptions about the initial ceowljiwhere a stationary initial con-

dition is allowed if|a| < 1 and a fixed initial condition otherwise.

Tanizaki (2000) analyzed the performance of the bias-cteteestimators usingsmulation
method. He considered an unrestricted space for the LDV coefficidie author analyzed
the MSE and root mean squared (RMS), of the ‘median-’ and ‘madriased’ estimators, for
various forms ofX in (1.1). However, no attempt has been made to establish dtegistical
properties in the practically relevant case when the spateged_ DV coefficient is restricted.
The present work seeks to establish the MSE and RMS of thesebieected olocation-based

estimators for this case.

Different unbiasedness restrictiorexe related to the definition of the ‘median-" and ‘mean-
unbiased’ estimators in Andrews (1993) and Tanizaki (20f#pectively. A new estimator is
proposed, themost-probably-unbiasedéstimator of the LDV coefficient in an AR(1) series.

Its MSE and RMS properties are studied.

Finally, the problem of inference is considered. Here, ficatinterest is focussed on the

situation where the LDV coefficient is near the unit root @r¢Rudebusch 1992, 1993). In
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this case, unit root tests have low power against plausibteltstationary alternatives whereas
stationarity tests also have low power against plausiliieginated alternatives (Dejoreg al.
1992). The power of the tests diminishes as more exogengusssors are added to the test
regression. Unless the tests are supplemented by exanti@r@IR over a given horizon, the
guestion of existence of a unit root remains uncertain. Heweoint and interval estimators

do provide additional information.

Therefore, the determination of these estimators is iraratpd without restriction to the unit
root case, but rather over the entire space of the LDV coeffici In contrast to the bounds
given in Andrews (1993) for the LS estimator and the imphatinds for the ‘median-unbiased’
estimator, accurate determination of the explicit boundsli of the bias-corrected estimators is

illustrated here for a givei. These are directly usable for inference about the LDV caiefit.

The rest of Chapter 1 is organized as follows. In section 1fferdnt forms for the AR(1)
model to be considered are defined. Section 1.2 discussémitleesample properties of the
LS estimator. Section 1.3 reviews the literature on biags loorrection and work related to

performance evaluation in terms of MSE.

In Chapters 2 and 3, the computational aspects of the estignate dealt with in detail. In
Chapter 4, the performance properties of the bias-correxgohators as well as the LS esti-
mator are established and compared, in terms of MSE. Ekplicifidence bounds for all the

estimators are also determined and analysed. Chapter Sudesabur quest in the topic.

1.1 The models: AR(1)

Following Andrews (1993), the following forms of an AR(1) &=y are considered.

Yo = QY1+ U, ae=(-1,1) : Modell. (1.4)
Y = P+ oy + ug, ac=(-1,1] : Model2. (1.5)
ye = p+o0t+ ay1 + ug, aeQ=(-1,1 : Model3. (1.6)

(fort = 2,...,7). In(1.4) - (1.6),{w} is a zero-mean white noise process &hds the

parameter space of the LDV coefficient. The initial valuenaf series is either random or fixed,

4



depending on the value of (see below).

Following the vector notation in (1.1), the LS estimator loé DV coefficientoa in Model 7,
denotedy; (j = 1,2,3) in (1.4) - (1.6) is
4 - Y'd-Pj)y
Ty TPy’
whereP; = X (X’ X)X/ for modelsj = 1,2, 3. Matrix X; = 0, 1 and[1 t] in modelsl, 2

(1.7)

and3 respectively: see Appendix A for the derivations.

Conditional ony; andX, the LS estimator in (1.7) is also the maximum likelihoodreator
(MLE) of o when the disturbance, is normally distributed (Ali 2002; Kiviet & Phillips 2003).

For Model 1, in (1.4), {y;} is a zero-mean strictly stationary, normal, AR(1) procesbe T
nonstationary case (when = 1) is not considered since the distribution of the LS estimato

depends on the initial observatign

In (1.5), 1 gives rise to a non-zero mean wheréas (1.6) represents a deterministic trend. In
this context{y, } in Model?2 is a strictly stationary, normal AR(1) process with meaiil — «)
when|a| < 1 whereas it is a random walk with an arbitrary initial conafitivhena = 1. For
Model 3, if || < 1, {y;} is a strictly stationary, normal, AR(1) process about a deigstic

trend. It is a normal random walk with dridtand arbitrary initial condition whea = 1.

The case ofa| > 1, where{y, } is non-stationary and the variance of the series grows epon
tially ast increases, is not considered. The choic€afill follow from the discussion of bias

in the next section.

The initial observation plays an important role in the statal behaviour of the LS estimator
in finite samples: MacKinnon and Beach (1978) discuss thetediiey; on the MLE ofa. In
contrast, disregarding or fixing the first observation maieslifference, asymptotically. That

is, its effect disappears in large sample theory.

Here, reasonable assumptions abguare utilized by allowing a stationary initial condition
when the series is stationary and a fixed start-up othenkiggarticular,y; ~ N(E[y,], w?c?)
where0 < w < oco. If w = 0 the series has a fixed initial condition. df # 0 the start-up is
random. In the latter case? = 1/(1 — «)? in order that the variance of, is equal to that of

all othery,.



1.2 Finite sample properties

1.2.1 Bias of the LS estimator

The LS estimator in (1.7) may be significantly biased in sreathples. The magnitude of the
bias depends on the form &f in (1.1). In particular, bias increases when a constargr(@efpt)

and/or time-trend is included in the model.
a = 0.8, N = 20000
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Figure 1.1: Size of the bias of the LS estimator in the modelB mxreases.

Figure? 1.1 is a convenient summary of absolute sizes of bias in eaxtehasT increases.
N = 20000 replicates for the sampling distribution of the LS estimate considered when the

true LDV coefficiento = 0.80. The following features are apparent:

1. In comparison to the other models, the bias in MddglhereX = 0) is small. Even for
a sample of sizd" = 20 the magnitude of bias is approximatély6. However, for the

sameT’ in Models2 and3, the biases are approximately 3 and 5 as large.

2. Bias decreases d5— oo: Hurwicz (1950) and Kendall (1954) established that the bia
of the LS estimator is(71).

Figure 1.2 compares th®as functions

bT(Oé) = ]E[OAé]} —a for 3=1,23, (18)

2The computer programs used to obtain most of the figures &hektare given Appendix C.
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whereE denotes the usual expectation operator.
T = 40, N = 20000
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Figure 1.2: Comparison of bias functions for the LS estimator in different taod@iee domain has been
extended for illustrative purposes.

For the sample size consideréd £ 40), again with20000 replications, it can be noted that:

1. The LS estimator is positively biased for< —0.5 and negatively biased far > 0 in

the three models. This shows a slight disagreement with thed\® simulation results

in Orcutt and Winokur (1969) where negative bias is clain@dfl « > —0.5.

2. Itis also evident that bias significantly increases as. i coefficient approaches unity.
Greater bias is observed for close to+1 than at—1. This is because of increased

correlation between the numerator and the denominator. M {ar positivea.

For Model1, the bias is less than05 over the range of shown. Investigations at moderately
larger sample sizes, sdy = 100, show the LS estimator to be essentially unbiased, with the
size of the bias less than01. However, the model is usually inadequate for practicappses
(although it is useful for theoretical considerations agmadhmark model). In fact, the mean of
a series is seldom known in practice.

Clearly, for|a| > 1, the bias of the LS estimator decreases steeply. Random icdtnditions
are used over all values shown. Figure 1.2 is used here onijiUstrative purposes, on the
nature of the LS estimators’ bias over an unrestricted spBlee results ato| = 1, where the

assumption of a fixed initial condition is used, were omitletiberately.
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Figure 1.3: Probability that the LS estimator underestimates the true LDV deeffic € (2.

Due to the bias, the LS estimator is not a good estimator dftieeparameter. Figure 1.3 depicts
the propensity of the estimator to underestimate the tru¢ coefficient over2. In general,
except nearr = —1, the probability increases as— 1. Whena > 0, there is more than&0%
chance that the LDV coefficient is under-estimated. Compiar&tbdel1, for a givena andT’,
the probability of under-estimation in Modelsand3 are much higher. For example, for Model

3, the LS estimator will almost inevitably under-estimate ttue parameter when= 1.

From the above discussion, bias correction is useful eajyeerhenX incorporates a constant
or time-trend. Therefore, regard should be placed on ther@and size of bias and their
possible consequences for inference(s) based on the LBagsti Bias is also a factor in the

error of prediction (Harvey 1981; Yule & Kendall 1948).



1.2.2 Variance of the LS estimator

In general, estimators with small variance are desirabsesuth, a trade-off between unbiased-

ness and variance is inevitable.

Figure 1.4 shows the variance of the LS estimator. Figur@)lghows decreasing variance in
different models a%’ — oo. More replications § = 50000) are used to minimize the influence
of the random initial conditions in Figure 1.4(b). As— 1 the variance of the LS estimator
increases as more exogenous regressors are included irotle. it is higher whenv is close

to zero than at alternative values in the parameter spademodels.
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Figure 1.4: Variance of the LS estimator in different models. A larger nurobeplicatesV is used in
(b) than in (a) to enhance accuracy and ensure smooth curves i.e. elir@natslity due to the random

initial condition(s).



1.3 Literature review

In dynamic regression models, the bias property is not jpercia the LS estimator af. Other
estimators share this behaviour especially near the namsaay border. The literature on bias,

bias-correction and analysis of performance (in terms oEMG&Ill be reviewed.

Approximate procedures

Apart from the jacknife estimator (Quenouille 1949, 19%@)ly approaches to bias-correction
utilized asymptotic expansions (in stationary models) Ttethods did not allow for trend and
a =1 (i.e. they considered Modélonly). Emphasis was on establishing the first and second

moments of estimators at high accuracy in finite samples.

Hurwicz (1950), Marriott and Pope (1954), Kendall (1954 &Vhite (1961) established large-
T approximations of bias to first-order in stationary moddlse resultant bias-corrected esti-

mators are unbiased to the same order.

Orcutt and Winokur (1969) used Monte Carlo experiments testigate bias in Modé. Based

on results in Quenouille (1949) and Marriott and Pope (19%#)y proposed two bias-corrected
estimators and evaluated their performance in terms of t8& M he bias-corrected estimators
were noted to have larger MSE farclose to zero than the LS estimator, but showed better
performance for other values afin all sample sizes. Furthermore, they showed that the LS
estimator and the estimator in Marriott and Pope (1954) maallsr MSE than the jacknife
estimator in Quenouille (1949), for allandT'.

Grubb and Symons (1987) used larfjeasymptotics and derived an expression for bias to the
orderT—!. Shaman and Stine (1988), and Stine and Shaman (1989) di¢higefirst-order
term of bias of the LS estimator as a function of unknown pa&tens. They gave expressions
for bias for both the LS estimator and the Yule-Walker estonan stationary models. Using
approximations to the Yule-Walker estimator, they showet the LS estimator has smaller
bias. Le Breton and Pham (1989) calculated the exact asyimptases of the LS estimator in

stationary and unit root models.

10



Abadir (1993) gave a closed form analytical expression fas lgiven that Model 1 has a unit
root, and developed a simple approximation. Abadir (19%5jvéd the minimum MSE unbi-
ased estimator for the same model. The latter estimator yas®sed in terms of exponential
functions in polynomials of~! and7-2. The author stressed the need for bias-correction

through the use of procedures such as those in Andrews (1993)

Near the unit root border, first order approximations to treamand variance break down
meaning that adequate correction cannot be based on suahstaps. Alternative techniques

have been investigated and are summarized below.

Kiviet and Phillips (2003) gave explicit expressions foadyi variance and MSE of the LS es-
timator of the LDV coefficient in (1.1) calculated from lardéfirst-order approximations. In
contrast to earlier procedures, the results were obtaisiad Taylor-type expansions containing
guadratic forms in standard normal vectors. They proposestdorrected estimators and gave
analytical expressions, to first-order, for their variesmead MSEs in stationary models. The
estimators were analyzed numerically for the case of MBdEbr alla andT’, they established
that bias-corrected estimators resulting from Marriott Bope (1954) and Kendall (1954) using
largel’, first-order approximations, had uniformly smaller seconder bias [Theorem 4.2 in
Kiviet and Phillips (2003)] than the estimators based orlaimapproximations when expressed

in quadratic forms. However, the latter were uniformly mefcient in terms of MSE.

Recently, Kiviet and Phillips (2005) extended the resultthi® unit root case in (1.1). They
determined the bias to ord@t2, variance and MSE to ordéf—3, and provided numerical
illustrations of the relevance and accuracy of the analgtioressions in finite samples. The
expressions were obtained using higher-order asymptqgti@resions. These have the advantage
of allowing further theoretical investigations into theltations of first-order asymptotics, the

nature of bias in standard estimators, and thus suggesictions.

However, even though the second-order approximations are accurate than those to order
T-1, the former are of limited use whenis close to unity. In particular, for near-unit root
models, the approximations to ord&r? are much more vulnerable to the magnitude of the

LDV coefficient than the latter (Kiviet and Phillips 2005).
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Exact Procedures

Sawa (1978) evaluated the exact bias and variance of thetlo®agsr using numerical integra-
tion of the moment generating function (MGF) of the estimatdviodels1 and2 (stationary
cases). The LS estimator was represented as a ratio of dgigefdrans in normally distributed
variables, assuming fixed initial conditions for the seridankervis and Savin (1988) corrected

and extended the results in Sawa (1978).
Andrews (1993) proposed the ‘median-unbiased’ estimatiossfor AR(1) models.

MacKinnon and Smith (1998) used an alternative techniqubifs correction using properties
of the bias function and the variance of the parameters, evtieyse can be estimated using
computer simulation or otherwise. They showed that biasbesareduced by ordeéf and in
some cases eliminated. The authors also analyzed the iparioe of the resultant estimators
in terms of variance and MSE. The MSE is smaller in the neightiad of|«| = 1 but higher

for o close to zero.

Tanizaki (2000) introduced the ‘mean-unbiased’ estimfaioAR (1) models based on Andrews
(1993).
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Chapter 2

CDF and PDF of the LS Estimator

2.1 Introduction

The location statistics (mean, median and mode of the biigtan of the LS estimator) can be

obtained using:

1. Simulation.

2. Numerical Integration.

The simulation method is discussed in Chapter 3. This Chaptesiders the numerical inte-

gration method. The method is exact since the actual acgcaeachbe controlled precisely.

For a giver € 2,7 and Modelj (j = 1,2, 3), the notationy;, &; and¢; for the mean, median
and mode, respectively, is used. The corresponding lotétiactions are determined, over
asg(«) = a;|a for the meang(a) = a;|a for the median, ang(«) = ¢;|a for the mode. The

functions relate the true value of the coefficient to thestias.

The present Chapter is organized as follows. Section 2.&ietathe derivation of the finite
sample distribution of the LS estimator. The LS estimatat ¢f shown to be a function of the
residuals. If the residuals are invariant, interest is cataon of the distribution function of the

estimators. Implementation of the CDF is discussed withaetsjo computational efficiency.
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In section 2.3, the exact density of the LS estimator is @ekithis is a new result. An efficient
method for its computation is also established. Finallypatical evaluation of the location

functions is discussed in section 2.4.

2.2 Exact CDF of the LS estimator

The finite sample distribution of the LS estimator can bew@erdirectly from the form of the

e estimatory; in (1.7) or

e regressiont-statistic fora [see (NB2) on page 98, for the unit root case].

Both methods exploit the invariance property to restate tBeektimator or the statistic in a
form which is invariant with respect to the nuisance paramsan 3, through the application of

partitioned or partial regression theory, i.e. equatiat)(1

The result of the theory - accredited to thesch-Waugh theoreniGreene 2003, pp. 27f) -
applies in a time-series setting whether the regressiotiad fivith a time-trend variable or not.
The partial regression coefficient of the LDV can be obtaimeidolation by regressing and
y_1 onX, separately. The procegsrtialling outor netting outinvolves eliminating the effect
of X and using the resultant residuals which are invariant tactedgficients ofX in a simple

regression.

The partial regression coefficient; (j = 1,2, 3) in (1.7), can be written as

/ ~/ ~
b = Y- MXy _ulquQ
J

§(u), (2.1)

yo/'Mxy; 0 Mxna

whereu; = Mxy_; anda, = Mxy are the residual vectors from least squares regression of
y_1 andy on X alone, respectivelyMx = I — X'(X'X)~*X’ may be termed as the “residual
maker” defined on the columns o (Greene 2003). The RHS follows from the properties of

Mx i.e. itis symmetric anddempotent

However, as stated in (2.1), the residuals (and hence thebdison of &;) depend on the

unknown parameter vectgr because it is incorporated jn_;, the variancer?, and are also
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influenced by assumptions abaut(Kiviet & Phillips 1992). Therefore, an additional transfo

mation is necessary to render them invariant to these paeasne

Kiviet and Phillips (1992) established statistics éxact and/orsimilar inference in an AR(1)
multiple regression model when the innovation process iiabwhite noise. They are gener-
alizations of the statistics (NB1) and (NB2) discussed in Nade page 97 below. The statistics
are obtained by decomposing the LDV into parts which depenti® fixed partX ), stochas-

tic part @), the initial observationyf), and introducing a redundant regressor. The resultant

residuals are invariant to the coefficientsiimnd the initial variabley; .

Dejonget al. (1992) and Andrews (1993) proved the same distributionariance. The statis-
tics can be used to test the hypothesis thatj = 1,2, 3) equals any value, say. Dickey and

Fuller (1979) cited invariance of test statistics whgn= 1.

Kiviet and Phillips (1992) gave the LS estimator and theesgiont-statistic in terms of resid-

uals derived from those in (2.1) as

WM VMO i
N — = B where v=—~ N(0,I) and 2.2
GTE T MGG | MY y=5~NOD (2.2)
1
T—H=1} v/ MV
t — r{»2 } with 7= ——— 1% (2.3)
1=7 Vv (VM3v) (v M3v)

whereu ~ N(0,0%I) are the residuals vector fromor y_; regressed oiX, separately. H
satisfiesk < H < 2k + 1 andM?, M5 and M are transformation matrices. The superscript

indicates dependence ap.
We note thati = 0, or a = u,, depending on the context.

Kiviet and Phillips (1992) showed that the LS estimator S&$ (2.2) - where(z) = &,
&(z) = xo and the RHS{J (), is a function of zero-mean residuals (Harvey 1981; Kramer &
Sonnberger 1986; Butler & Paolella 1999).

It follows from (2.2) that the distribution ofi; (j = 1,2,3) can be obtained by establishing
that of U (0 — z) for all zy. This is discussed in the next section. The consequencatishi

evaluation of the location statistics can proceed undeeaast where both the parameter and

1They areexactsince actual significance levels can be controlled preciaet similar because the null-
distribution is invariant to the nuisance parameters @& Phillips 1992).
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the estimator are subjected to the same one-to-one tramastion. That is, using,(0) or its

corresponding densityi; (0).

The RHSs in (2.2) and (2.3) are ratios of quadratic forms indsied normal variates. They are
completely determined b¥X, x, and the sample siZE (Kiviet & Phillips 1992, p. 352). Their
distribution can be evaluated numerically subject to areptable degree of accuracy using
Monte-Carlo techniques. However, use of (2.3) is problethativing to its form. Existing
methods of evaluation rely on re-writing the statisticgi¢raf quadratic forms) as a single
guadratic form in standard variates. The transformatioammaitio of quadratic forms to a single

guadratic form is clarified in section 2.2.1, as the notatsontroduced.

2.2.1 Derivation of the exact CDF

Andrews (1993) used (2.2) to establish the distributiorhefltS estimator ofr using the Imhof
(1961) technique. As a consequence of invariance, it ssfficeconsiders = 0 when de-
termining the distribution of the LS estimator. THeobservations of the series denoted by

Y = (y1,¥2, ... yr) can be expressed in terms of the underlying errors as
Y =R,V, (2.4)

where the matribR, is defined for each € Q2 by

b 0 e e 0
ba 1 0
Ro=| ba? « .00 (2.5)
baT=t T2 ... o 1
and
—4 iff € (—1,1),
p—{ Via? ac(=1L1) (2.6)
0 a=1.

2Its distribution is complicated since® is not a ratio of independent? variates. It can not be established
numerically using the Imhof (1961) technique. However,ah ®e used as a basis for exact inference through
simulation experiments (Kiviet & Phillips 1992, p. 354).
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(Andrews 1993; Kiviet & Phillips 2003; Broda, Carstensen & Ieda 2004). For a given true

value ofc, the exact finite sample distribution 6f can be obtained - using (2.2) - as
Pa(dj S I) = Pa(\A//WOéjx\Af S 0), (27)

whereW ;. is a symmetric matrikdefined as
Dy(I - P,)D;  Di(I-P,)D

W, = R,
J o 2 2

¢ _2D|(I-P;)D;|R,, (2.8)

wherel is a (T — 1) x (T — 1) identity matrix wherea®d, = [0 : I] andD; = [I : 0]
are (T — 1) x T matrices. For brevity, the notatiod = v'W,,,v is used: () is a single
quadratic form in uncorrelated zero-mean random variafgscording to theprincipal axis
theorem(Scheffé 1959, p. 396f) there exists an orthogonal transdtion such that

Q=VWauV = (V)AV = XXy, (2.9)
=1
whereA = diag A, A2, ..., Ap), A; are then < T eigenvalues of the matriX;- W, ;, whereas

Xn:2 denotes independent chi-squared variates yyitfiegrees of freedom and non-centrality
parameter?. Y- is the covariance matrix of*. Standard normal variates are non-central with
parameterk; = 0 (Scheffé 1959). It follows thaf.- = I sincev* ~ N(0,Ir) and has rank
m="1T.

Furthermore, in numerical implementations one can redspmrapect the eigenvalues to differ
by virtue of approximations inherent in the numerical teghes employed in their determina-

tion. As such, their multiplicitieg; can be taken to be equal tdor all ;.

Let the exact distribution function @ be F,(q). Interest here is in

Fo(0) = P(Q < 0), (2.10)

which can be obtained by inversion of the characteristiction of ). () depends on, j, x, T, v*
and.

Box (1954), Grad and Solomon (1955), and Gurland (1955) daelaracteristic function of

Q for standard normal variates as

T

Ug(u) = H(l —2i\ju)"2.

=1

=

(2.11)

3See Andrews (1993, p. 163) for methodology and specificati¢®.7) and (2.8) respectively.
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wherei = /—1. Imhof (1961) generalized the result for non-standard mbwariates. The
exact CDF of the LS estimator, denoted/as(z) = F(0), can be obtained from its corre-
sponding density, denoted #s(z), as a consequence of tReurier inversion theorenfRiley,
Hobson & Bence 2002) where

fis(x) = %/OO Vo (u) e ™ du. (2.12)
The results in Imhof (1961), explicitly derived by Gil-Peia(1951), are adapted here to the

central variates case by expressing the distribution fanets

_ 11 [ sing(u,x) "
Fs(w) = 5 =~ /0 ap(oa) du, (2.13)
where
o(u,z) = %Ztanl[ki(:ﬁ)u] and (2.14)
plu,x) = H[l—i—)\i(:vfuz]i. (2.15)

=1
The integrand at the origin can be obtained by applying l'ibds rule* as

T e o EZAZ-. (2.16)

u—0 up(u, ) 2 —

The exact distribution of) can also be obtained by inverting its Laplace transform. éies,
numerical evaluation of the resultant forms of the distitou function and its corresponding
density are difficult to work with, hence approximations aeeessary (Grad & Solomon 1955,
pp. 427f). Laplace approximations perform very poorly esgby for values oo close to unity.
In addition, they are exceptionally inaccurate whers small, but their performance improves

as the sample size increases (Paolella 2003, pp. 320f).

In the next section, various approaches to the evaluatidi,ar its corresponding density are

discussed.

4See Appendix A for the details. Note: the summations andymoia (2.11), (2.14) and (2.15) are ovEras
opposed ton in (2.9) by virtue of the earlier stated assumption that 1 for all 5.

18



2.2.2 Implementation

Many statistics can be expressed as ratios of quadraticstofime Durbin-Watson test statistic
(Sargan & Bhargava 1983) and Von-Neuman ratio are immedi@mples. However, com-
putable forms off, such as (2.13), or the exact densjty, are often unavailable despite the

statistics being simple.

Forchini (2002) gave a closed form solution Bf, for the MLE of « in a Gaussian AR(1)
model, but it is intractable. In general, the approach aetbfi reduce) to a computable form
determines the efficacy of implementation. For example,aissumulantsand their deriva-
tives leads to expressions involving nested infinite sun. ofher cases, unsolved integrals
may result which do not lend themselves to efficient numegdoanputation. More efficient
approaches involve converting to its diagonal form or tridiagonal form (Farebrother 1990)

The latter approachiiagonalization was demonstrated in (2.9).

Various algorithms have been proposed and compared fanawagd the CDF in (2.13) and/or
its corresponding PDF.s(x). The choice between them depends on the desired level of accu
racy and consideration of the computational effort reqlivk trade-off between accuracy and
efficiency is in most cases inevitable in practical impletagaon. The numerical algorithms

may be classified as either exact or approximate.

Exact numerical techniques are referred to as such bedaegedn be implemented subject to
a pre-specified tolerance or accuracy level. They includdrthof (1961) and Davies (1973)
algorithms. They are based on inverting the characterfistiction obtained by reducing the
defining matrices to their eigenvalue or tridiagonal form(2r0). Shively, Ansley and Kohn

(1990) also gave an exact and efficient procedure utilizingpdification of theKalman filter.

Approximate numerical techniques use approximations ¢odiktribution of(). Lieberman
(1994) derived approximations to the distribution basethensaddlepoint method. Such tech-
niques have been shown to be numerically more efficient thamxact procedures especially
where interest is in the moments of the distribution. Thigligs for example to near-unit root

processes. The approximations are handy when:

1. v is a more general correlated error process. In this caseessipns for the distribu-
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tion of ) that can be realistically computed do not exist (Paolell@3}0 Taylor series

expansions or the method of Laplace can be used if the measusn&d to be zero.

2. Accuracy is not the main concern.
However, relative to the exact procedures they have theviollg limitations:

1. Approximations are not suitable when exact results agaired. Exact procedures for

the density vary with the mathematical form in which it is eegsed.

2. Whilst using saddle point approximations to the PDF, a mdimation constant must be
computed separately to ensure a proper density functicimoidgh the constant is close
to unity, its computation is best done using a separate ratieg which introduces a

computation time constraint.

3. Saddle point approximations of the density are obtairsaguonly the leading term of
the moment generating function §f[the same argument does not apply to saddle point
approximations of the CDF (Butler & Paolella 1999)]. Therefdhe resultant density is
slightly less accurate than the exact PDF obtained usinfpthef (1961) technique.

In section 2.3, it is shown that the PDF of the LS estimatorhmaexplicitly determined
from the CDF function in (2.13).

Nonetheless, numerical integration utilizing the invensformula (2.12) is time consuming
because of repeated evaluations of the integrand. The mahdetermination of the eigen-
values in (2.11) require®(7?) operations. In contrast to the eigenvalue or tridiagoatibn

approach (Farebrother 1990), the method by Shively, Anatel Kohn (1990) requires only

O(T) operations. The latter method requires less computing @indememory.

The method by Shively, Ansley and Kohn (1990) involves obtey the characteristic function
in (2.11) using an eigenvalue-free method, namely by wgitirin terms of a determinant. A
modified version of the Kalman filter is then used to computedaterminant. However, the
tridiagonalization approach is more general. Imhof’s atgm is used here on the basis of ease

of implementation and its more general applicability.
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A set of MATLAB programs for evaluating,s(x) is provided in Appendix C. That is, Algo-
rithm 2 - 5. In contrast, Andrews’ (1993) implementation éoyed Fortransubroutines due to

Koerts and Abrahamse (1971): Farebrother (1990) gave aunadept Pascaimplementation.

The MATLAB functionquad is used to evaluate the integral: this uses an extrapofiteg-
son’s quadraturen an adaptive recursive algorithm. For the integral evizbna there are two

sources of error:

1. Numerical error, resulting from the use of quadraturenidae.

2. Truncation error, resulting from replacifig co) by a finite range < u < bin (2.13).

Since modern quadrature algorithms employ adaptive stgs,sthe numerical error can be
reasonably contained within a pre-specified tolerancel.le@viously, the choice ob can
affect the accuracy and computational efficiency of the wakthThe methodology leading to

efficient choices ob is developed in the next section.

An implementation using the trapezoidal rul&/ATLAB functiont r apz - is also given in

Algorithm 6, but it is not as efficient. As expected, a largeniwer of steps are required to
minimize the integration error or match the error rates ioleth using Simpson’s rule. Davies
(1973, p. 417) tabulated the number of terms required toesehan accuracy to the order of
1075 in numerical integration using the trapezoidal rule. This e used as a guide during

implementation.

2.2.3 Efficiency considerations: integration truncation bounds

It is desirable to determine a suitable replacement for ifieite upper bound so that the
truncation error, denoted &%, is minimized. The integration bounds are determined &t eac
in computing the CDF in (2.13).

Imhof (1961) gave the limit

1 [ g 2
Btrc — _/ W du < T T 19 (217)
)y up(u,x) Twbz [Ty [Ail2
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where¢ andp are defined in (2.14) and (2.15). The integration lionian be determined from
(2.17) as

1/T
4

e BTG N

As given in (2.18), it depends on a pre-specified bound oncation errorB,., 7" and the

bimh = (2-18)

eigenvalues. It is apparent that for << 1, excessively large values af, would be obtained.

These may have dire consequences for program performance.

Proceeding from first principles, useful CDF integration tasi are derived. Give®,, the
efficient CDF boundsan be obtained by considering a restriction based on ther stdtistics
A of \;. For some suitable value of. < T, the product term contained in the expression

(2.15) forp can be written as

T m T
H (14 \u?) = H(l + )\%i)uQ) H (1+ A%Z-)uQ)
i=1 i=1 i=m+l _
for a, <<t otherwise
oo
> TT @+ Agwd), (2.19)
i=m-+1

since[[;, (1 + AZu?) > 1. It follows that
1 [ si Y e 1
Bm:_/ sin (v, Floit ,/ ; i
™ Jy  up(u,) T Jp uHi:l(l—F)\?Z.)uQ)l/‘L

1 [ 1
< T 2 .2\1/4 du
TSy ull (1 + A u?)

1 [~ 1
< / T 2 .211/4 du
o ullipn AT |
2
_ . . (2.20)
(T —=m) w2, (A2

Therefore,

1

4 T—m
. (2.21)
(T =m)?m® B2 ], s M(i)\]

A small value ofb is preferable for computational efficiency when evaluativgintegral (2.13).

Such a bound can be established by choice of an opttrslch that

1
T—m

4
(T =m)?a? B2 [T pir M|V 2]

(2.22)

bey = min
m
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Imhof’'s CDF bounds

Efficient CDF bounds
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Figure 2.1: CDF integration truncation bounds in different modelg a&reasesd = x = 0.5).

An investigation into the properties 6f,, andb., reveals’” as the dominant factor. Figure 2.1
shows that bounds obtained using both methods decredseraseases. The bound curves
for b are smoother and the values are significantly smaller thagetbbtained using Imhof’s
restriction. The computations are done when the truncaoor bound is specified &,. =
10~® anda = = = 0.5, using Algorithm 7. The Imhof bounds for Modglcan be quite large

for small sample sizes. Furthermobg, are larger thai,; in all the casesd, 7' and model).

The properties ob,,, andb.; also vary withz for a givena. The boxplots in Figure 2.2 depict
the distributions of the bounds for fixed valuescofn Model 2 whenT' = 40. [The choice
T = 40 is somewhat arbitrary; any small value could be used fortlksstrative cases. Below,
other values are sometime used]. The parameteallowed to vary in—1.5, 1.5] at step sizes
of 0.001. The upper and lower edges of the boxes indicate the uppdoesd quartile values
of the bounds whereas the medians are shown by the notchesvhiskers extend from each

edge to encompass a factob the interquartile range. Outliers are indicated by plussiap
the plots. Notably, the distribution &f; has no outliers.

In the case of Model, a symmetry aboutr = 0 is observed in both panels in Figure 2.2 but
that is not so in Mode} (see Figure 2.3).

23



Dimh ber

+ R
25
+ 4 - T ! !
+ o+ - T T - ! | |
+ | T - - T
" + N - | | | e T
| [
+ 35F : !
.
0 2} . ()] .
e] © [
8. s | W
=] =N H .
o o ! ° >-<
o] o] T ° °
LL s L 2.5 >_< >_< o |
[a) &) . H H
T
T T - !
O o [ R LT O 2 b >—< | | -
- ‘T | | | | | | T | >_< = | | oL
S ® ° o
1 15 | £ | e
I [ | -
I o Y
T | £ 1 | | |
! |
L n n |
1 [ I n 1
; 7 | [ I i | | T T . n
sk ! | | | | | | | | k I
| | | ! ! | 1
R T N e T
n osp L
-0.99 -0.9 -0.8 -0.6 -0.4 -0.2 0.2 0.4 0.6 0.8 0.9 0.99 -0.99 -0.9 -0.8 -0.6 -04 -0.2 o 0.2 0.4 0.6 0.8 0.9 0.99

oo
e

Figure 2.2: Distribution of the CDF integration truncation bounds for a gixednes ofa (Model 2,

T = 40).
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Figure 2.3: CDF integration truncation bounds fo« 0, in different models, as is varied " = 40).

As mentioned earlier, the excessively large valuds pére occasioned by small values|af in
the denominator in (2.17). This characteristic is illustdhin the left panel of Figure 2.3 where
the properties of the bounds for the three models are compareis varied, given that = 0.
In fact, infinite Imhof bounds may arise M = 0 for somei. As such, the domain of the y-axis
for the left panel in Figure 2.2 igly, oo) for some constant,. To illustrate this, for the case of

finite bounds for allkz, the mean bound is indicated by a de} (hside the boxes in Figure 2.2.
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For the un-dotted boxes, the mean bound is infinite corredipgrio cases where, for some

bimh = OQ.

However, for alla, z, and suitableB,., b, is always finite hence the evaluation of the CDF is

faster.

2.3 Exact PDF of the LS estimator

It is non-trivial to determine the density function dirgcly integration of the inversion for-
mulae in (2.12) except in certain cases (Imhof 1961). It mashthat the exact PDF of the
estimator can be obtained by differentiating (2.13) witbpect tar.

2.3.1 Derivation of the exact PDF

By reversing the order of integration and differentiatidripllows from (2.13) that

0 Fs(n) IR Oog sin ¢ (u, x)
fis(x) = = 7T/0 8x{—up(u,x) }du. (2.23)

The following result is obtaineéd

falo) =5 [ ==

whereo(u, x) andp(u, z) are as given in (2.14) and (2.15) respectively and the darévaf the

Aiusin o(u, x) — cos ¢p(u, x) dX\;(x)
3 {hsnetn ) —motu Iy, |y

th eigenvalue is given by

d)\l(il?) . , dWajx .
= W) S wia)
= —w;(z)R,[D{(I-P;) DR, w;(z) (1=1,2,3) (2.25)

(Magnus & Neudecker 1999). In (2.25}Y ;. is the matrix defined in (2.8) and;(x) is the
eigenvector associated with the eigenvalyér). Henceforth, the derivative of the latter is

denoted by\, = d);/dz, for notational convenience.

5See Appendix A for the deduction of the result (2.24) fron283.
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Implementation

The exact PDF of the LS estimator derived above can be eealuaimerically using the Imhof
(1961) technique. The density function is well defined atdhigin unlike the integral for the
CDF in (2.13). The integral in (2.24) is computed using Sirmsaule, as implemented in the

functionquad.

The set of function®DFsimpsonPDFintegrand PDFtruncateandPDFquadform(Algorithm

8 - 11 in Appendix C) were used for the task of computing the naahmode statistics of the
LS estimator using (2.24). Explanatory comments are peavidithin the code. The function
PDFtruncatefacilitates the determination of suitable integratiomtration bounds for the PDF,

as clarified in the next section.

2.3.2 Efficient truncation bounds: PDF computation

As was done for the CDF in (2.22), plausible replacements @firtfinite limit for the inte-
gral in (2.24) are desired. A similar approach can be adojateltermine the minimal upper

integration limitb which satisfies a pre-specified bound on the truncation.error

In this case, the truncation error bound is

T :
1 [>1 Ausing — cos ¢

B = — - A, o du. 2.26
27T/b p;{ 1+ Au? Z} " (2.26)

A useful restriction based on the order statistigg;) of |\;| can be established by separately

considering the sum and product terms in (2.26). For seméhe summation term can be

partitioned as

T . T
Z )\iusm¢—cos¢)\; - Z |Xi|u + 1|)\;|

— (1+ N2u?) 14+ Mu?
[Alpu+1 + 1
< Z oY w@w Z w Nl @2n
z n+1 J
for \)\|(i)<<1 for larger values o\

where the subscript ok, is understood to be the same as that of the associated oatistist
|\l For the product term(u, «), a similar restriction to that in (2.19) applies for someAn

appropriate methodology for the choicerois proposed below.
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From (2.27), it follows that

! A@pu+1
/ 1{ZIA [\ yu+ 1 Z mg X
Hz m—+1 |)\’ )U]Z

= i=n+1
= g [0) T , (2.28)
(T =m = 4) 7 [Ty [N 0/
where
Sn([A ) Z X (M Gy + 1] + Z MP [N +1] - (2.29)
1=n+1

The calculations leading to (2.28) are given in Appendix A.iBgpection, the second term of
the sumsS,,(|A|)) in (2.29) will be large if|A|; < 1 in the denominator. As such, a useful

restriction is to choose such thatA|,,) < 1, |A[p41) > 1.

At every iteration inz and given a pre-specified value Bf,, theefficient PDF bounds.; can

be established by a choice of an optimunsuch that

1
SQ (T—m—4)

(T —m =422 BT N6

(2.30)

bey = min
m

An investigation into the properties of; in (2.30) shows similar characteristics as those of
the efficient CDF bounds in (2.22). The sample size exerts th& mfluence: a§” increases
b decreases. In addition, the bounds increase from Mbdel3. Table B11 summarizes
the results for various combinations @fand7". In larger sample sizes and for a giventhe

difference between the bounds for the different modelsadmses.

For a givena andT, the efficient PDF bounds are greater than the efficient CDRd®given
in Table B10. Section 2.4 discusses the computation of thetitmt statistics, and hence the

location functions, using the bounds determined in (2.28)(@.30).
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2.4 Numerical evaluation of the location functions

2.4.1 Median function

The median statistic can be obtain as ;t;l%quantileof the distribution of the LS estimator,

wher€ p = 0.5. For a givem € Q andT, &; (j = 1,2,3) can be obtained using (2.13) as
Fis(a;) = 0.5. (2.31)

Equation (2.31) is solved using tMATLAB functionf zer o. The set of functions used are
provided in Appendix C. Compared to the other statistigszan be obtained at high accuracy,
even at low tolerances fguad, without much loss of computational efficiency. The tabedat
values in Andrews (1993) can easily be recovered at the Waéderance levelkol = 107°.
However, as shown in Chapter 4, if the derivatives of the nrefiiaction are required,ol must

be set at lower levels e.g0~1* when using eithequad or the Lobatto quadraturalgorithm

quadl .
Average computation time: median statistic
4- T T T T T 1 T T T i
Il Model 1
ask |[_1Model 2 4
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Figure 2.4: The average computation time of the median from the CDF using’stédfiniquetol =

1079).

Tables B2, B5 and B8 in Appendix B summarize the results for the@iamefunction obtained
using (2.31) in Modelg, 2 and3 respectively.

6At alternative values g, central confidence intervafer a can also be defined (Andrews 1993).
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Figure 2.4 shows average times used to compute the medigstistaf the LS estimator for
variousT (see also Table 3.1 on page 35). For edcand model, calculations were repeated
25 times, and the average computation time noted. All comjmutsitwere carried out using a
1.6 Giga Hertz Centrino processor equivalent to a Pentilvn The computation time for the
median increases with. For givenT’, the time increases with the form of the regressor vector
X in (1.1): the average time increases from Motléd 3 as additional variables are included
in the regression. To arrive at Figure 2.4, a constant uppendb,b = 10, was assumed for the

integration limit in (2.13). The default tolerance levet tpuad was used.

2.4.2 Mean function

For givena andT', the mean statistic of the LS estimator for Mogl€lj = 1, 2, 3) is given by

a; = E(ay)= /OO T fis(x) dx. (2.32)

(o'}

The computation of (2.32) proceeds subject to the choicengkfintegration limits beyond

which the density is effectively zero.

Algorithm 12 in Appendix C is used to obtaim,. The integral in (2.32) is evaluated using
trapz. Step-sizes of lengthar = 0.0005 are used and noted to be adequate for accurate
results. fis(-) is obtained using the functions given in section 2.3.1. Aswshin Chapter

3, where the numerical integration and simulation techesqare compared with respect to
computation time and effort, evaluation of the mean is margtlg than that of the median
and mode statistics. Howevey, (j = 1,2, 3) is more ‘robust’ to the choice of the tolerance
parameters ofjuad. Therefore, accurate values can be obtained at the deéelt tol =
1076,

Tables B1, B4 and B7 show the summarized results for the meatidarabtained using (2.32)

in Models1, 2 and3 respectively.
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2.4.3 Mode function

For a givena and7’, the mode of the density of the LS estimator for Mogél = 1,2, 3) is

obtained as

&; = arg {Hla?,X [fLs(x)]} : (2.33)

The MATLAB functionsf m nsear ch or f m nbnd can be used to solve (2.33). However,
the default options for the two functions are quite undenrandn particular, their termination
tolerance onx (Tol X)is1 x 10~* as compared to that férzer o, which is to the ordet0~1¢.

It is therefore advisable to use the default optimizationcttire off zer o with the function

f m nbnd.

It is undesirable to search for the mode over the entire dowfat. The bias property of the LS
estimator can be relied upon to define an appropriate seangfefrL, U] , and hence improve
the computational efficiency of the subroutines. Figurésahd 1.2 can be used (in conjunction
with each other) as a guide to defining the search-range idifteeent models. Algorithm 13

is used for the task of computing the mode function.

Tables B3, B6 and B9 show the summarized results for the modéduarabtained using (2.33)

in Models1, 2 and3 respectively.
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Chapter 3

The Location-based Estimators

3.1 Introduction

In this Chapter, the method of obtaining the location-basgidhators ol when the parameter
space ofaye = g7'(+) is restricted is explained. THinal estimatorscan be obtained from
the inverse of the appropriate location functiprA new estimator is proposed following from
the most-probably-unbiasedness condition discussed ipt€ha. The estimator is dubbed the

mode-basedstimator since it derives from the mode function.

Prior to establishing the location-based estimators,gbtlertique of obtaining the location func-
tions using simulation is discussed and compared to the ncah@tegration method - in terms
of accuracy and computational efficiency. The simulatiothoe is shown to be adequate in ap-
proximating the statistics when a large number of replgate considered. It is also desirable

whenT is large.

The work is organized as follows. Section 3.2 deals with #tegnination of the mean and me-
dian function since a common approach can be adopted for Gotinputational considerations

are also mentioned.

A technique for estimating the mode statistic of the LS estonis proposed in section 3.3. It
uses a popular non-parametric technique for density estimakernel density estimationA

two-step procedure is given and shown to be efficient andratedor determining the mode
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of the LS estimator. An investigation of its efficiency ralatto the numerical technique is
conducted. Finally, the mechanism of obtaining the finahestbors of the LDV coefficient is

introduced.

3.2 Simulation method: mean and median functions

3.2.1 Introduction: notation

In the case of simulation, artificially generated seriesusmed for each model. The technique

relies on the sampling distribution of the LS estimatesa &dr a givenT'.

Andrews (1993) showed that given the invariance of the LBnasbr of o to the actual values
of the mean and slope, the LS estimates denote®! ag « can be obtained from the simple

formy, = oy, +w, (t =2,...,7).

The notationy}; is used to denote th# LS estimate ofvin Modelj (j = 1,2,3). For agiven,
T and Modelj (j = 1,2, 3), the sampling distribution of the LS estimator can be apipnaxed
using simulation agé’; }1Y ;. For a given innovation distribution th€ simulated LS estimates
are independently and identically distributed (IID) withnemon densityf,s(-) which depends

only ona, T and model type.

For fixeda andT, the statistics corresponding to (2.31) and (2.32) for tleeian and mean of

the LS estimator in Model (j = 1,2,3) are denoted byi; anda’; respectively. They can be

obtained as
ay = Medianof {&},,....a}y}, and (3.1)
1 N
6= D0 (3.2)
=1

The mean function can be establishedyas) = a;|a while the median function is given by

g(a) = &tla.
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3.2.2 Accuracy vs efficiency: numerical vs simulation method

As N increasesq; anda; will approach their respective exact valugsandc; obtained using

numerical integration. To quantify the accuracy of the datian method, for fixedv andT’,

the following statistics are defined
Devi = a; — a; and Dey = a; — a;. (3.3)

Figure 3.1 demonstrates the behaviour of the statistica fynid of o values wheri” = 50 in

Model 1. As expected, whe®V = 80000 the magnitude of the deviations is small compared to
when/N = 10000.

x107° Mean statistic

non 2| —— N = 80000

- - -.N=10000
. n — "N = 80000

Figure 3.1: Deviations of the mean and median statistics obtained using simulatiorefact values

determined using numerical integration.

For fixeda andT, it is observed thafDev, | is always smaller thafDew|. Furthermore, the
deviations are smaller near| = 1. The choice ofV determines the accuracy in estimation of

the mean and median functions. In particular, for fifednodel andx

SE(Dev)x \/LN (3.4)
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where SE denotes the standard error. Howedegffects the efficiency of the method as an
alternative to numerical integration. Since the bias arrthuaae of the LS estimator decrease
with increasing!’, it follows that the two statistics in (3.3) will decreaser ' large - even for

relatively smallerN. Figure 3.2 summarizes the result.

107 Mean function 107 Median function
1.2 1.4
I N = 10000 I NV = 10000
[N =20000 ol [ JN =20000| |
i I NV = 30000 T I NV = 30000
1t
~—~ 0.8f ~
= =
g §oo
I 06 B o _
n — n 0.6 —
0.4}
0.4F
0.2F
0.2F
° 100 T 150 200 2 100 T 150 200
(a) SE(Dev) a9’ increases (fixedv, Model1).
10 Mean function
Il Model 1
r [ IModel 2 | ]
ub Il Model 3| |
— 10 =
=
a °of _ 1
g
0 sf .

20 30 60 70 80

** N (000'sY
(b) SE(Dev) agV increases in different models (fixdd= 50).

Figure 3.2: Approximate standard errors in computing the mean function, Y[2ed median function

(Dew) in different models.

As T' increases the accuracy of the simulation method improves e¥ample, from the right

panel in Figure 3.2(a) an accuracy to the orde6 of 10-% can be achieved, for the median
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function, wherl" = 200 andN = 10000. As such, wherl' is large, the simulation method may
be preferred to the numerical integration technique sihtedomputationally more efficient.

Figure 3.2(b) is an illustration of (3.4) in the different deds.

Table 3.1 compares the average computation times of the amehmedian statistics under each
of the methods for various. The average is determined by considering the total timd tese

compute the statistics giveid5 values ofa € (—1, 1].

Relative to the simulation method, the computation of thenm®anumerical integrationis
very costly whenT' is large. The simulation method has the advantage over theerncal
integration method that the mean and median both follow atrimivially once the collection of

least squares estimates have been generated.

Table 3.1: Comparison of the average computation time (in seconds) of theamganedian statistics;

numerical integration vs simulation method.

(a) Numerical integration (b) Simulation (mean or median)
Mean Median T/N [ 10000 20000 30000 40000 50000
T\ Model | 1 2 3 1 IFZITE 3 50 1.1 32 8.4 176 294
50 314 320 324[01 02 03 100 1.1 3.4 8.8 184  30.1
100 932 962 97.4| 05 06 10 150 1.3 37 9.0 188  30.8
150 2167 2236 2241 1.4 15 19 200 | 15 4.9 1.1 204 330
200 466.2 447.4 4431 33 35 4.0

For the median statistic, preference can be given to the ncahétegration technique since it

is more accurate and computationally efficient for7all

Tables B12 and B13 in Appendix B summarize the results obtaisid) the simulation method
(IV = 50000) for the mean and median functions respectively. lllusteatalues of the standard
errors whenV = 50000 in the various models can be ascertained from Figure 3.2.r&hdts
obtained using the simulation technique agree very welh Wit exact values obtained using

the numerical integration method.

1The default optimization parameters fguadl andf zer o are used. Density values less theoT” are
ignored whereapar = 0.001, as discussed in section 2.4, is used. A constant bouad0 is assumed.
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3.3 Simulation method: mode function

Histogram maxima are inadequate as estimators of mode®(j®ihn 1986). Other parametric
and non-parametric estimators of the mode (Bickel 2002, 2B88nander 1965) of a sampling
distribution may be directly extended to determine the neidastic of the LS estimator. How-

ever, most of these methods have high variance especiaéy whtliers are evident in the data

(Bickel 2002, 2003).

In a preliminary analysis done by the current author, theatiffeness of thEisher z-transformation
in transforming the distribution of LS estimates of the LDd&fficient to approximate normal-
ity was investigated, for the case of near-unit-root preeesThe transformed data can then be

used to estimafehe mode. The discussion of the results is deferred to Notephge 99.

A more intuitive natural data-dependent method is to edéntlee mode from thempirical
density functior(EDF) determined using aeightingor kernelfunction. The method has low

bias, high efficiency and is robust to outliers (Wand & Jor@35).

3.3.1 Kernel density estimation

Given a sample of IID observatiohs{ = {X;}¥, from a continuous univariate distribution

with PDF f,s(x) to be estimated, the kernel estimafdr:, 1) of the true density is defined as

N
Flasm = 7 oK (S57)), 35)

whereK is a kernel function satisfying, K(x)dz = 1 andh > 0 is asmoothing parameter,
bandwidthor window width(Hastie, Tibshirani & Friedman 2001).

The kernel techniquekérnel smoothingprovides a simple way of finding the structure in the
data set without knowledge of the functional form f(z), while remaining mathematically

tractable. The estimatgfr(:c, h) can be interpreted as a sum of bumps placed at the obsewvation

2Under the assumption of normality, the mean, median and racelequal. Bickel (2003) proposed a power
transformation for skew data.
3The subscript for the model is dropped for notational coievice. In particular{ X;} = {aj;} for any given

model;j = 1,2 or 3 (fixed): see section 3.2.

36



whereas the kerné determines their shape. The bandwidtbetermines the widthspread

of the bumps.
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Figure 3.3: Bandwidth selection - effect bfon the EDF of the LS estimatet; (Model 1, T' = 40,

N = 10000) i.e. oversmoothing (dashed line) and undersmoothing (continuous lihe)eXact PDF -

obtained using numerical integration - is shown by the dash-dotted line.

The fundamental problem when using (3.5) is the dependemée ®his problem is common

to all non-parametric curve estimators (Wand & Jones 19BBg. choice ofi has a significant

influence on the effectiveness of the method and the regubiint estimates of the density.

A small bandwidth selection implies that averaging is dower oelatively few observations in
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the neighbourhood of, hence rough estimates étx) (undersmoothing On the other hand,
if a largeh is chosen, this may mask essential details in the data set. nfésking’ property
is referred to a®versmoothing In particular, ag» — 0, the variance of the kernel estimator
increases but its systematic error decreases (and vica,\&s8 increases). This affects the

resultant estimate of the mode.

The effectiveness of two kernels is investigated here ve@tfard to estimating the density of the

LS estimator near its maximum. That is:

1. The Epanechnikov kernel (EP)

K(2) Ma—a?) if 2| <1, (3.6)
Tr) = .
0 otherwise.

2. The triangular kernel (TR)

1 — |z if |x| <1,

0 otherwise.
The two kernels have high efficiency in minimizing the errdnem approximating the true
density (Silverman 1986, p. 43). Furthermore, their finii@mort region[—1, 1] suits the

interest in the central part of the distribution.

Figure 3.3 illustrates the effect of the smoothing parametethe EDF. The left panels show
the EDF determined using EP whereas the right, using/YR=(10000). A comparison of the

top (o = 0.50) and bottom ¢ = 0.95) panels indicates that the same bandwidth cannot be ideal
for all o € €. For example, the EDF is undersmoothed whe#a 0.005 or A = 0.01 in the top
panels. However, as shown in the bottom panels, the EDFmabgoapproximates the PDF
when the same values are used. The technique for dealinghisthmitation - choice of: - is

discussed in the next section.

3.3.2 Numerical implementation

The basic kernel estimator defined in (3.5) applies a singl@oshing parameter over the entire

set of N observations. Given the skewed nature of the distributioth® LS estimator when
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|a| is close to unity, the kernel estimator can be inadequatddtermining the overall density
over allz. However, interest here is in the central part of the distitm and not necessarily
in achieving a good fit over the entire geX;}. The aim is to only ascertain how well (3.5) is

suited to determining the mode of the density of the LS estima

In practical implementation of the kernel estimators, theice of smoothing parameter can be
done by utilizing the data or subjectively. Methods thay i@h the data are calleolndwidth

selectors

The subjective method involves visual inspection of the atimag achieved with a range of
bandwidth parameters. For example, in Figure 3.3 the bebawaf the EDF in each panel is
invariably similar, at the same values bf for the two kernels. It can be expected that the
ideal or ‘optimal’ bandwidthdenoted as,,, for the kernels in (3.6) and (3.7), falls between
[0.005,0.075]. In fact, effective smoothing is achieved wheg, ~ 0.05 for a = 0.5, and
hop == 0.02 for a = 0.95.

The subjective method is viable if some structure of the datanown i.e. the approximate
location of the mode - implied for instance by the values ohmand median statistics of the
LS estimator ofy, if known. However, the exercise can be daunting and timswarng. Thus,

a more general procedure utilizing automatic bandwidtbctets is preferred because its more

attractive than the subjective method.

The theoretical treatment of bandwidth selection, on whighautomatic selectors are based,
is to peg the choice to the asymptotic global performancaekernel estimator. For example,
using themean-integrated-squared-errdMISE) criterion (Wand & Jones 1995), as a mea-
sure of the discrepancy between the EDF &ndr), the optimal bandwidth that minimizes

MISE{ f(x; h)} asymptotically is given by

A 13
hoptz [m} y (38)
where
A= / K(z)dz, B= / ?’K(z)dz and C = / F(x)d. (3.9)

C is ameasure of the total curvature of the underlying trusitieifis(x). Itindicates the degree

of difficulty in the estimation of the EDF, and is large if thistdibution shows high skewness or
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kurtosis (Silverman 1986; Wand & Jones 1995). The effechefdize ofC on f,, is apparent
by inspection of (3.8).
To avoid mathematical and computational technicalitiesMbich somé automatic selectors

rely, simpler but generally acceptable selectors are densd here. These bandwidth selectors

utilize ‘normal-scale rulesto assign a value to the terf@, through reference to some standard

family of densities.

EP:a = 0.99, N = 50000 o = 0.5, N = 30000
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Figure 3.4: Left panel: EDF using EP when= 0.99. Right panels: EDF using EP and TR near
the modal value whena = 0.5 (top) anda = 0.99 (bottom). In all the cas€f = 40 in Model 1.

Table 3.2: Bandwidth values and the corresponding mode estimates usimgl ER &ight panels
in Figure 3.4). The exact values of the mode statistic of the LS estimatar$o.5 anda = 0.99

are0.513 and0.9933 respectively.

Kernel o= 0.50 Kernel o= 0.99
Bandwidth  Mode Bandwidth  Mode

Epanechnikov| 0.04081 0.516 Epanechnikov| 0.0098 0.9922

Triangular 0.04483 0.511 Triangular 0.0107 0.9929

For the normal density; ~ 3/87'/26~> (Wand & Jones 1995). The parameteis estimated

from the minimum of the sample standard deviation denotesl, laypd a more robust measure

4Selectors based on methods such as least-squares criosgioa) likelihood cross-validation, test graph, etc.
(Silverman 1986; Wand & Jones 1995) may be superior but areamsidered. It is possible that these could yield
better estimates of the mode. However, this is beyond oyesco
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of scale, namely the standardized sample interquartilgerdlQR), which guards against the

effect of outliers in the sample s€k;}2 ;. In particular,

Qs — Q1
®-1(0.75) — ®-1(0.25)

& =min{s,IQR} where IQR= = 0.741[Q5 — Q1]. (3.10)

In (3.10), ! is the inverse standard normal CDF wherépsand Q5 are the first and third
guartiles determined from the data.

The quantitiesA andB in (3.9) can be obtained trivially for the kernels. It follewthat the

‘normal-scale’ bandwidths for EP and TR are

K =23456 N5 and AR =25766 N5, (3.11)

opt opt

respectively. Both bandwidths in (3.11) decreasénadends to unity. This property follows
from that of the variance of the LS estimator: see Figure h.page 9. They also decrease as

T and N increase.

Table 3.3: Comparison of estimates of the mode of the EL}E h) in (3.5) obtained using EP and TR

with the exact mode obtained using numerical integration.

(@) T = 50. (b) T = 100.

N = 10000 N = 50000 Imhof N = 10000 N = 50000 Imhof
a EP TR EP TR exact ol EP TR EP TR exact
0.00 | -0.003 -0.003 0.000 0.000 0.000 0.00 | -0.002 -0.002 -0.002 -0.002 0.000
0.05 0.048 0.048 0.053 0.053 0.051 0.05 0.056 0.056 0.053 0.053 0.051
0.10 0.102 0.102 0.106 0.106 0.102 0.10 0.096 0.096 0.106 0.10§ 0.101
0.15 0.163 0.163 0.155 0.15% 0.153 0.15 0.149 0.149 0.151 0.151 0.152
0.20 0.208 0.208 0.204 0.204 0.204 0.20 0.198 0.198 0.207 0.207 0.202
0.25 0.250 0.251 0.258 0.258 0.255 0.25 0.248 0.248 0.254 0.254 0.253
0.30 0.303 0.303 0.308 0.308 0.306 0.30 0.295 0.295 0.305 0.305 0.303
0.35 0.355 0.355 0.357 0.357 0.357 0.35 0.349 0.349 0.354 0.354 0.354
0.40 0.412 0.412 0.408 0.408 0.408 0.40 0.402 0.402 0.406 0.406 0.404
0.45 0.469 0.469 0.457 0.457 0.459 0.45 0.451 0.451 0.457 0.457 0.455
0.50 0.515 0.514 0.508 0.508 0.510 0.50 0.501 0.501 0.506 0.506 0.505
0.55 0.556 0.556 0.564 0.564 0.561 0.55 0.556 0.556 0.560 0.560 0.556
0.60 0.614 0.614 0.607 0.607 0.612 0.60 0.607 0.607 0.610 0.610 0.606
0.65 0.662 0.662 0.661 0.661 0.663 0.65 0.658 0.658 0.658 0.658 0.656
0.70 0.714 0.714 0.715 0.71% 0.714 0.70 0.709 0.709 0.708 0.708 0.707
0.75 0.765 0.765 0.765 0.765% 0.764 0.75 0.757 0.757 0.758 0.758 0.757
0.80 0.812 0.812 0.813 0.813 0.815 0.80 0.810 0.810 0.809 0.809 0.808
0.85 0.861 0.861 0.864 0.864 0.865 0.85 0.859 0.859 0.859 0.859 0.858
0.90 0.915 0915 0.912 0.912 0.915 0.90 0.908 0.908 0.906 0.906 0.908
0.93 0.940 0.940 0.942 0.942 0.944 0.93 0.935 0.935 0.936 0.93§ 0.938
0.95 0.960 0.960 0.960 0.960 0.962 0.95 0.955 0.955 0.957 0.957 0.958
0.97 0.976 0976 0.976 0.976 0.978 0.97 0.976 0.976 0.976 0.97§ 0.977
0.99 0.991 0.991 0.992 0.992 0.993 0.99 0.991 0.991 0.992 0.992 0.992
0.995 | 0.995 0.995 0.996 0.996 0.997 0.995 | 0.996 0.996 0.996 0.996 0.996
0.999 | 0.999 0.999 0.999 0.999 0.999 0.999 | 0.999 0.999 0.999 0.999 0.999
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Figure 3.4 compares the EDF (dotted line) obtained usingfienal bandwidths in (3.11) to
the exact density (continuous ling)(x) obtained using Imhof’s techniqué (= 40, Model1).
The left panel shows the effectiveness of the method ovesritiee domain using EP when=
0.99 and N = 50000. The ‘normal scale’ bandwidths are also noted to be effedtv skewed
distributions even for relatively small values &t The top ¢« = 0.50, N = 30000) and bottom
(= 0.99, N = 50000) panels on the right compayé(x) and the EDF near the modal values.
Results are summarized in Table 3.2. It is clear from the graipat although the probability
density is systematically over- or underestimated, the enedhonetheless reasonably well-

determined.

To improve the scatter in the values obtained for the modegusither kernel, the following

strategy is proposed:

1. Obtain the EDF in the vicinity of the mode using (3.6) of7{3.

2. Establish the final estimate of the mode by first fitting a-toger polynomial to the

kernel estimate (smoothing), and then solving for the poiiziero derivative.

To increase the efficiency of the subroutines in the first stapve, the EDF is determined at
200 data points within a well-chosen range. The range is settabott 0.5s(.X) whered* is
a preliminary mode estimate determined from the histogrady &= {X;}¥ ands(X) is the
sample standard deviation. For sufficiently largethe median ofX can also be used fa@i*,
since the median is always close to the mode in the preselitagogn. If the histogram is used,
caution should be taken when determining the number of lrinhe second step, a third order

polynomial is used fofa| < 0.9 whereas a fourth order polynomial is used fiof > 0.9.

The results are summarized in Table 3.3 for two sample siZes, 50 andT = 100. The
findings are given forV = 10000 and N = 50000. The results agree quite well with the exact
mode obtained using Imhof’s technique, shown in bold. Tifertinces, which are of the order
of |0.010| and|0.005| for N = 10000 and N = 50000 respectively, are random rather than
systematic and decrease with increasihgnd N in all the models. Before smoothing is done,
the differences are larger than those reported. For exarfiopldhe cases oiV considered, they

are of the order 0f0.021| and|0.019] whenT" = 50 and|0.015| for both kernels whefi" = 100.
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The question that may arise from the above discussiotwisy are the bandwidth selectors
in (3.11) adequate?’Intuitively, when|«/| is close to unity, the curvature (captured Gyin
Equation 3.8) of the underlying density of the LS estimasolarge, hence a little smoothing
is optimalviz., a small value of: is appropriate. This is ensured by the factom (3.11)
since it decreases &s| tends tol. When the underlying function has low curvature, a larger
bandwidth is called for. This is so whén| is close to zero. In this casg,is larger and hence

the estimation problem is easier.

3.3.3 Accuracy vs efficiency

MATLAB software is array-based and notoriously slow in executragps. Calculations were
therefore vectorized for improved efficiency. The programdes for the procedure explained

above is provided in Appendix C (Algorithm 14).

Table 3.4 compares the average time taken to compute the statilic of the LS estimator
when using simulation (giverV) to that when using the numerical integration method. It is

comparable to Table 3.1 on page 35, for the mean and/or metdiastic(s).

Table 3.4: Comparison of the average computation time (in seconds) of the stadidéic; numerical

integration vs simulation method.

(a) Numerical integration (b) Simulation

T\ Model | 1 2 3 T\N | 10000 20000 50000 60000 800Q0
50 036 033 031 50 18 55 299 435 791
100 1.66 1.54 1.49 100 2.4 6.7 331 471 837
150 453 451 435 150 3.0 8.0 36.6 536  89.0

For the simulation method, the computation time increasds @ore loops) andV increase.
Most of the time relates to the generation of LS estimates. rééfsethe mean and median
are determined almost instantaneously, the kernel impléatien to determine the mode takes

relatively more time.

It follows from Tables 3.3 and 3.4 that, the numerical ingggm method may be preferred to
simulation on the basis of accuracy and computational eff@y. For the former, in contrast to
the case of the mean and median statistics [Table 3.1(&)hwbarage computation time of the

mode statistic decreases slightly from Modéb 3.
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3.4 The final estimators

3.4.1 The estimators

The conditions leading to the location-based estimatoks iof Model j (; = 1,2,3) can be

written as as follows.
Ea [ [dj _g<04 ]2 ]
Eo[|d; — g(a)]]

]
| |
Pr, (] &; —g(a) | <e) < Pr,(|a; —g(e/) | <e) : mode-unbiasedness,

IN
=
Q

) a; —g(a")]? ] : mean-unbiasedness,
) a; —g(a’)]] . median-unbiasedness, (3.12)

IN
=
S

forall o/ # o/, € Q*. In (3.12),E, denotes expectation given thais the true parameter,

theg's are the location functions whereas &; andcd; respectively are the statistics of interest.

The method of obtaining the location-based estimatori&esilthe inverse function=! of g.
If g is unique -i.e.g7'(g9(a)) = a - and monotone of*, given the relations in (3.12), the

estimatorsy,: for o to be used are:

Eo [ [Gwe — a? ] < Eo [ — )] : mean-unbiasedness, or
E, [ |due — @ ] < Eo[ldwe — o] - median-unbiasedness, or (3.13)
Pr,(|we—a|<e) < Pr,(| ae—a | <e : mode-unbiasedness,

forall o # a; o/, € Q* (Ferguson 1967; Lehmann 1959, 1983; Andrews 1993, p. 144).

3.4.2 The mechanism

An explicit functional form of the location functiongy) in (3.12) does not exist. However,
in preceding sections, it was shown that they can be edtalisumerically, giverv. For a
givena andT’, the median, mean and mode functions can be obtained regbgasing (2.31),
(2.32) and (2.33) (numerical integration method) or (3(2)2) and the EDF defined in (3.5)

(simulation method).

The characteristics af in (3.12) vary with the location functiori]’ and the model. It is in-
teresting that, given the restricted spdedor the true LDV coefficient, their ranges (de-

noted byD) differ. For example, whed” = 50 in Model 2, D = (—0.989,0.897] for the
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mean function (Table B4)) = (—0.997,0.914] for the median function (Table B5) aridl =
(—0.999, 0.944] for the mode function (Table B6). Similarly, the ranges of thections in
Model 3 are (—0.989, 0.807], (—0.997,0.824] and(—0.999, 0.861] as shown in Tables B7-B9,

respectively.

Although the properties of differ, the method of obtaining the final estimatorscofs the
same for all the location functions, model aifd By recalling that, in general fotv € (2,
a # g(a) = a; (mean),a # g(a) = a; (median) andv # g(a) = d; (j = 1,2,3) (mode), if

the parameter spac@;, of a is unbounded the estimataisg. of « can be obtained as

OAéUE = 971(')7 (314)

whereg~!(-) satisfiegy™! (g(a)) = a forall o € Q*.

3.4.3 Empirical use ofa,,

The functiong = g(«) summarizes the location properties of the LS estimatorngthat «
is the true parameter. Equation (3.14) utilizes the LS estimof« in Model j (j = 1,2, 3),
denoted by s = G, (j =1, 2,3).

Givena € O, Tanizaki (2000) used (3.14) to obtaithe ‘mean-unbiased’ estimators @fin

Models1 to 3.

Restricted parameter space

When the parameter spacewfs bounded {2 - Andrews (1993) gave a method of restricting

the de to [—1, 1]. The final estimators are given by

1 if G > g(1)
e =18 g Yag) if g(—1) < as < g(1) (3.15)
-1 if s <g(-1),

SIntentionally, this terminology is avoided in order to cimavent a possible confusion between ‘decision theo-
retic unbiasedness’ and the usual ‘unbiasedness in exioecta
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whereg™!: (g(—1), g(1)] — (=1, 1] such thay ! (g(a)) = « for a € Q and

g(—1) = lim g(a). (3.16)

a——1

Since)? = (—1, 1) in Model 1, it follows from (3.16) thayy(1) = lim,_.; g(«).

The procedures for obtaining,. areexact they take into account the form of the exogenous
regressoiX in (1.1) for any7’. They are available i is uniquely defined and monotonic on
2. Numerical evaluation of the location functions shows therbe increasing in their domain:
see Tables B1 to B9, however an analytic proof of this factfar (—1, 1] and7” > 4 in all the

models is not available in literature at present (Andrew&319. 146).

Figure 3.5 illustrates the empirical use of (3.15). For &lstlarity, a sample of siz& = 20
is used to demonstrate the behaviour of the mean and mediatidos on(). Each point on
the location functions represents the mean or media¥ ef 40000 values of the LS estimator,
determined using simulation. Random initial conditionsused except forr = 1 in Model 1,

which is conveniently excluded.

The 45° line indicates the case if the LS estimator were indeed weblia For a giverv and
model, the discrepancy between the functions and the lioslthe extent of the bias. The
left and right edges of the outer-square-box show the exiktiite parameter space of The

intersection of the functions and these edges determimeddimain of their inverse functions
(D).
To illustrate: from Figure 3.5(b), given ModeélwhereD = (—0.997,0.789], the method of

obtaining the final estimator is as follows:

1. For any value ofi, > 0.789 the median-based estimator®fs &, = 1.
2. For any value ofi, < —0.997 the corresponding final estimatordg. = —1.

3. For any intermediate valugé, € D, the median-based estimator @fis obtained by
ascertaining the value af at whichg(a) = a,. As an example, itv, = 0.5 then
OACUE - 0627

Similarly, from Figure 3.5(a), the mean-based estimatar gfven thata; = 0.5 (j = 1,2, 3)
can be obtained a5548, 0.656 and0.833 for modelsl, 2 and3, respectively.
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Figure 3.5: lllustration of the empirical use &@fe in (3.15). The mean- and median-based estimators of

a given that the LS estimater; = 0.5 (j = 1,2, 3) are given by the values inside the ellipses.
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The procedures outlined above can be used with Tables B1 tov@ g Appendix B. For
values ofa andT that are not given in the tables, interpolation between #iees provided is
adequate to give sufficient accuracy for most applicatiBetailed tabulations are also supplied

in the electronic version of this work.

Intuitively, in (3.13), for the condition of mean-unbiaseds (3.12), the mean-based estimator
e is the value of such that the mean of the LS estimator(j = 1,2, 3), corresponds to
the true parameter (Tanizaki 2000); similarly for the maeli@sed estimator derived frod)

(Andrews 1993) and for the mode-based estimator derived frp

WhenT = 20, the values of the mode-based estimator correspondig o Figure 3.5 can
be confirmed to b®.476, 0.569 and0.703 in Models 1,2 and 3, respectively. It is apparent
that the estimator is characterized by smaller facliégs — &s| (j = 1,2, 3) than the median-
based estimator. Furthermore, the factors for the latees@aller than those resulting from the

mean-based estimator.

Tanizaki (2000) gave comparative values for the mean- ardlanebased estimators given that
&; = 0.5 while assuming fixed initial conditions for the series. Ho@® such assumptions are
rarely justifiable in practice. Furthermore, when usinggteulation method, the choice of a
small N can lead to a slight inaccuracy in the resuliden the performance of the estimators
is in question. An accurate method of establishing the MSta@tocation-based estimators is

proposed in Chapter 4.

The consideration of:
1. arestricted parameter spacedor
2. assumptions about the initial conditions,

3. emphasis on the choice of a sufficiently lafgevhen using the simulation method, and

4. a more effective method when analyzing the performandbeofocation-based estima-

tors,

Tanizaki (2000) usedV = 10000, whereasV = 40000 LS values are used in Figure 3.5. See Figure 3.2 for
the approximate standard errors.
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forms the main distinction between the present approachtetaf Tanizaki (2000).

The statistical properties and the performance of the L&menedian- and mode-based esti-

mators are determined and compared in Chapter 4.
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Chapter 4

Comparative Analysis

Estimators are of limited value if one has no idea of theitistiaal properties. In comparing
alternative estimators, statistical theory relies onrtbeiall and large sample properties relating
to their mean and variance. Our concern is with small sampiegrties of the estimators

derived from the three locational functions.

The essence of unbiasedness is that ‘on average’ i.e., ecedon, a point estimate is right on
target. Although it is a desirable attribute it is not theesoliterion for evaluating the overall
performance of an estimator. For instance, an unbiasedasti may not be based on a suffi-
cient statistic. It is arguable that mean-unbiasednes®ige mhesirable than ‘optimality’ based
on other criteria involving e.g. the median or mode. Thisasduse it is based on the mean
function, which for givenx utilizes all the information in the sampling distributiohtbe LS

estimator, unlike the median and mode functions.

In addition, an important requirement for an estimator & iks sampling variance should be
small so that large estimation errors are unlikely to ocdarfact, focusing on unbiasedness

may preclude a tolerably biased estimator with a much smadigance.

It is common practice to require a trade off between unbiasgssl and minimum variance. A

criterion that recognizes this possible trade-off isri@an-squared error (MSE)
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Definition 1 ( Mean-squared error (MSE)). If 6 is an estimator of, the MSE off is defined
by

MSE() = E[(6 —0)?]
= Var() + [E(§) — 0], (4.1)

whereE and Var respectively denote expectation and variancenghe parametef. »

When evaluating the performance of estimators, MSE is piedddo other criteria such asean-
absolute error(E\é — 0|) because firstly, it is computationally easier to work wihd secondly

its simple decomposition into variance and squared-bigg.ih) allows simpler analysis and
interpretation of performance. i is unbiased, the squared bias term is equal to zero and
MSE(9) = Var(d). A measure of the typical estimation error associated Withgiven by its

root mean squared error (RMS)

Definition 2 (Root mean squared error (RMS)). The RMS ofé is given by

RMS(f) = \/MSE(®). = (4.2)

The performance of the mean-, median- and mode-based &stié,:) can be established

and/or compared as follows.

1. Ascertaining their MSE or RMS.

2. Measuring the consequences resulting from their usediotises resulting from incor-

rect estimates.
3. Investigating their confidence intervals.

4. Following from the latter two, ascertaining the powermgai losses resulting from the

use ofa, for inference.
In comparing the alternative estimatorscgfthe goal is to answer the following questions:

Q1. What is the nature and extent of the bias exhibited by thedti&ator ofx over(2 when

various forms of exogenous regressors are included in an)AfR(les?
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Q2. Over what region(s) if® are the different estimatorg,: ‘optimal’ or adequate? That is

e Which of the estimators has least bias?
e Which estimator has least variance?
e What is the trade-off between bias and variance associatbdwy?

e What are the error properties of the final estimators?

Q3. What are the implications of the exact confidence boundsference about the LDV

coefficient in terms of power gains or losses?

The above questions are pertinent to practical applicatpanticularly in the specification of
time series regression models (Rudebusch 1992, 1993). Th#sgive an indication of the
behaviour of estimators in higher-order autoregressioegsses (Andrews & Chen 1994; Fair
1996; Tanizaki 2000).

Section 4.1 seeks to answer Q1 by establishing the propesti¢he location functions. In
section 4.2, investigations of the MSE and RMS propertiet@festimatorsy, s anda,. when

a € () are done, in view of Q2. A more accurate methodology whiclaseld on the numerical
integration technique as opposed to simulation is usediddet.3 deals with determination of

confidence bounds mentioned in Q3.

4.1 Properties of the location functions

Instead of using the raw data of location functions sumnearin Tables B1 to B9, it is more
instructive to consider their deviations from the true paeter values. Apart from facilitating
visual inspection, the deviations can be used in their ogimt tio establish the rate of change of
the location functions with respect to the true coefficienthe Jacobianof the transformation.

For fixeda andT’, a statisticV is defined by

V = Location statistic— «. (4.3)
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From (4.3), the following notation is adopted for the diéiet location functions in Model
(1 =1,2,3).

VA = a;—«a : mean functiorjg(a) = ;.
VP = & —a : median functiorig(a) = &;]. (4.4)
V¢ = a;—a  :mode functiong(a) = d;l.

The properties o¥ follow those of the LS estimator. Figure 4.1 compares the@res of the
location functions using the statistics in (4.4) whgnr- 50. Figure 4.1(a) shows the results for

Model 1, and Figures 4.1(b) and 4.1(c) show the results for Mo2lelsd3 respectively.

In Model 1, the symmetry observed abaut= 0 follows from the distribution of the LS esti-
mator (Fuller 1976). Andrews (1993) noted the symmetry enrttedian function. In Model®
and3, the behaviour oV is similar but differs from that shown in Modélby a characteristic
asymmetry. It is clear that the bias of the LS estimator issyqpponounced in these models than

in Model 1. The following deductions can be made:

1. In all the models, a¥ increases$V | decreases: givem, the deviations of location statis-

tic(s) from the true parameterdecrease.
2. The bias of the LS estimator is worst néar = 1.

3. Asa approaches-1, |V| increases steadily and subsequently decreases to zetdtia al

models.

4. Except for positive values af in Model 1, for a givena and7T’ the mode of the LS

estimator is always less than the true parameter.

5. In Model 1, whena = 0, the mean, median and mode of the distribution of the LS
estimator are all equal. In Mode®sand 3, the mean and median functions intersect at
a ~ 0.0141 anda =~ 0.0289 respectively T = 50). The mode function intersects the
other functions at very similar values. It follows that thstdbution of the LS estimator

is almost exactly symmetrical fer close to zero, but becomes skewed@s— 1.

53



0.04 T T T T T T T T T
- VA

: -
H e N -——
8 1. : L Sl : : : : a---TT T S
7 0.01 ; : g Bt i i : . Lo : : i
= P e s aemmTT
I : : Ssl aeeT \
‘(7) oR e LR I “
> :“‘ : : ‘____—7—" : ~‘~\ ) 1
- Sis ' 1
_O_Ol_,‘ ‘\‘ e o " e ‘,“_‘—‘—"‘” 5 o " e o " - o " e ‘\\”\” o il
S et S ;
_____ e :
F P '

] R TR I iL, SISO

—0.04bs i i i i i i i i i i
-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1

o
(a) Properties oV in Model 1.

0.04T T T T T T T T T - VA

0.02

)

Q : - S

U—; -0.02f ‘_‘_","""‘“"",-""-“-“--‘;--‘-‘-d-‘-‘--‘“--——V-"—"l‘s..‘,-;‘v’-m--”__r_‘_-”_ WL LI I ]

= TRl T

) —O0.04 | B 2 Lo LI ]

D - - E E '*~~§ [ET : A
—0LOB | S 0 RS NS L WUTRRE: SRR
= QLB S DS Mot

=010 et RN PR RS TTY Jjrrss e B N

—0.12b i i s L . L i i i i
-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1

«
(b) Properties oW in Model 2.

0.04 T T T T T T T T
VA
; Ve
ok . ‘~__;‘ . R VC_

—0.04

V statistics

Y O S O S S S S S A A

—o.2u 1 1 1 1 1 1 1 1 1 i
-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1

a
(c) Properties oW in Model 3.
Figure 4.1: Properties of the location functions in terms of Whéunctions defined in (4.3) and (4.4)

(T = 50).
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6. For positive values af, the absolute difference between the mode of the LS estimato
and the true parameter is in general smaller than that of gammand median. In Model

2, it is constant over much of the parameter space.
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4.2 Analysis and computation of MSE

The MSE of the estimators can be obtained numerically ogusimulation. Using simulation,
a large number of replicatésV) are required for adequate precision. Numerical evaluasion
preferable if the explicit form of their density can be ewld. Since closed form expressions
for the densities are not available, an alternative metHoelvaluation is proposed here. As
shown later, the density functions of the location-basdinesors may be characterized by
both a discrete and continuous part. The MSE and RMS of theatgirs are determined at
acceptable accuracy levels and analyzed. Firstly, andattion of the necessary notation and

concepts is given.

4.2.1 MSE of the LS estimatora,

In Chapter 2, it was shown that the PDF of the LS estimgtgr:) can be evaluated for fixed
andT. Itis therefore easy to determine the MSE of the estimator.cbnsistency in notation,
&.s € 8 is used to denote the LS estimatorin Model j (7 = 1,2, 3), where§ = (—o0, 00) is

the sample space of the LS estimator. From (2.24) and (4fb)laws that
MSE(4.s) = Var(as) + [ Eas(ds) — of?, (4.5)

wherekE, s denotes expectation with respecti@ whena is the true parameter. The variance
of the LS estimator is given by
Var(dis) = Eausldfs] - (EaLS[@LSD2

2
= /@LstS(dLS)ddLS - {/dLSfLs(dLs)d@Ls} . (46)
S 8

Figure 4.2(a) shows the MSE and its decomposition into magaand squared bias in different

models wher?” = 50. Table B15 summarizes the results.

In contrast with Modell and2, the contribution of the squared bias to the MSE of the LS
estimator in ModeB is greater than that of the variance when- 0.75. In addition, in Model

3 the MSE is monotonically increasing 6h In all the models, the variance of the LS estimator
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Figure 4.2: (a) Decomposition of the MSE of the LS estimator into variancequatad bias in different

models. (b) Properties of the RMS of the LS estimator ¢van different models.

is high near = 0 but decreases dg| tends to unity. In general, the estimation error of the
LS estimator as quantified by its RMS - shown in Figure 4.2(bprsens as tends tol in
Models2 and3 but improves a§" increases. However, in Modeglit decreases da| — 1. For
example, near the unit root border the RMS is approximat@#ly13% and22% in Modelsl1, 2

and3 respectively.
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4.2.2 MSE of the estimatorsy,.

To compute the MSE of the estimatatg. their density functions have to be evaluated. Since
the location functions are increasingadn the method of transformation can be used to relate

the density of the LS estimator and that of the estimaiggsGiven (3.15), it follows that

d oy

fUE(dUE) = fLS(d/LS> s (4-7)

d duye
where the lastterm in (4.7) is tacobianof the transformation from,s to ¢, (to be discussed
in section 4.2.3).f.s(¢4.s) can be determined numerically for a given valuexaind7'. Owing

to the restriction of the estimatorg,: to the parameter spage 1, 1] in (3.15), their density

functions include probability mass-points wheris near+1.

The mean ofy can be obtained as

]EOcUE(dUE) - /dUEfLS(&LS) T —
Q

== for as<g(-1)
for  g(—1)<as<g(1)

+ [+1] Pr(dye = 1); (4.8)

wherePr(a, = —1) andPr(a, = +1) denote the probability that, = —1 anddy,e = 1
respectively (the mass-point probabilitiestat), andE, e denotes expectation with respect to

aye Whena is the true parameter.

The MSE ofa, is given by
MSE(Gye) = Var(aye) + [ Eque(due) — af?, (4.9)

where the variance af is

Var(awe) = / 62 fue(Guue)die + Pr(dne = £1) — { Eque(due) }°. (4.10)
Q
The mass-point probabilities follow from the restrictiom@,. in (3.15):
Pr(ape =+1) = / fis(dus) davs (4.11)
g(1)
and
g(—=1)
Pr(aee = —1) — / frolGine) déne. (4.12)
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Figure 4.3: Left panels: superimposed PDFs of the mode-based estifp&torand the LS estimator
fis(+) given that the true parameter = 0.99 andT' = 50 in various models. The probability of the
mass-point at-1 is shown by the shaded region. Right panels: corresponding Jasdbiiag/dd |

used to obtain the density 6fc.
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The PDF ofa,. depends on the properties of the Jacobian. The latter depmnd, 7', the
model considered and the location function. For examplgyréi 4.3 shows the superimposed
densities ofa,e (continuous line) for the mode-based estimator and thahefLiS estimator
fis(+) (dashed line) given that the true parameter= 0.99 and7 = 50. The right panels
show the varied features of the corresponding Jacobiamstasebtain the density(-). The
probability of the mass-point at1 given in (4.11) is equal to the area of the shaded region.
This gives rise to the peculiar spike fi.(-) ata = 1. Figures 4.3(a)-(c) show the results for
Models1, 2 and3, respectively. Figure 4.4 is the analogue of Figure 4.3{efife median-based

estimator.
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Figure 4.4: Left: PDFs of the median-based estimgte(-) and the LS estimatofis(-) given that the

true parametes = 0.99 and7 = 50 in Model 1. Right: corresponding Jacobian.

Given the nature of the density of the LS estimafafd,s), at least one of the point-mass
probabilities is negligible whefw| is nearl. However, whenq| is very close td) both point-

mass probabilities are 10~% whent T' = 50.

However, for smaller sample sizes (SAy< 20) both point masses may be non-negligible irrespective ®f th
value ofa.
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4.2.3 Calculation of the Jacobians

Since the explicit form of the location functiopss not known, the Jacobian estimator can only

be evaluated numerically.
Because the location functions show asymptotic beha¥iwhena is near+1, it would seem
plausible to mode}(aye) by a logarithmic form, say

g(dUE) = log(ConSt ) + 10g<1 - dUE>7 (4.13)

for some constar@onst . The Jacobian can then be obtained by analytic differeotiaHow-
ever, investigations here showed th@t.,c) is non-linear in the variablég(1 — dye), with

clearly different functional behaviour for different mdsiparameters.
Another option is the finite-difference approximation

dg(due) ——Ag(due)

The approximation improves asa,: — 0. However, such an approximation is inadequate
and inefficient when high accuracy is required. Better resaife obtained from piecewise-

polynomial approximations over a localized neighbourhobploints in the domain of(-):
dévs dgnp(')
~ 4.14

«

whereg,(-) is a low-order polynomial fitted tap neighbouring points and® is the midpoint

of the neighbourhood.

The effectiveness of the method depends on the choiegpthe degree of the polynomial
used, and the stepsizes over which the location functioesaaailable. The fitting proce-
dure described above is implemented usingMA&TLAB functionpol yfi t 2. The functions
pol yder andpol yval are used to respectively obtain analytical derivativeg,pfand to

evaluate the derivatives numerically.

The choice ohp and the degree of the polynomial relies heavily on the loedllviour of the

location function about’. Fora € [—0.75,0.75], a visual inspection shows the functions to be

2See the local behaviour of thé functions in section 4.1.
3polyfitgenerates the ‘best fit’ polynomial in the least square stmsegiven data set.
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almost linear. Therefore, a first- or second-order polyr@bman be used. For other values in

Q, increasingip as well as the degree improves the numerical accuracy ofttimg fprocedure

and the resultant derivatives.

At the end-points of?, polynomial approximations using the first or lagt points over which

the location functions are defined, can be used. Howeversghead - the mesh - of points

used should be adequate to capture the true behaviour ohttexlying functions and hence

guarantee the accuracy of the fitting algorithm. As sughshould be increased fow| > 0.75

to ensure a close fit especially neat.
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The idealnp and the degree af,, can be determined either by visual inspection of the fit or
by analyzing the properties of the resultant residuals. tdpepanels in Figure 4.5(a) show
the residuals resulting from a second-order polynomialditdascribed above, for the mode
function in Modell [np = 5 neighbouring point are used to establigt{a®)]. Similarly, the
bottom panels show the results for the mean function in Ma@dé&he panels on the left and
right illustrate the characteristics of the residuals neat —1 and+1 respectively. For both

functions, the mesh consisted2§fl non-equidistant points if2.

It is evident from the character of the residuals that sucbralenation ofnp and polynomial
degree is not appropriate for all Since the curvature of the location functions change over
the domain ofa, the nature of the residuals also varies. Irrespective ofiracy of the fit

(=~ 1079), the patterns present in all panels indicate systematats¢isult from the choice of

the parameters.

Neara = —1, the rate of change of the mean function is greater than fitheanode and me-
dian functions in all models (see Figure 4.1 on page 54). Adrglegree polynomial may there-
fore be suitable. However, use of e.g. a third degree polyalaaer a5-point-neighborhood is
dubious. Furthermore, if a larggp is chosen, this may result in poor representation of local be
haviour. Although centering and scaling may improve the exical properties of the resultant

polynomials, the derivatives may be adversely affected.

The peculiar behaviour neat| = 0.96 in Figure 4.5(a) is due to the effect of unequal stepsizes
(used on the domain of the location functions) on the fittingcpdure. To eliminate such
effects, as well as decrease the dependence of the fittiogital on the choice ohp, the
degree of polynomial used, and the valuengfa three-step procedure - which was found to

ensure sufficient accuracy - is proposed. That is:

1. Establishing the location functions over a well-chdsaesh of points irf).

2. Refining the data set obtained above to a large number ajramif-spaced-points via a

cubic spline interpolation.

4An appropriate mesh (unequally spaced) can be determinstiilying the behaviour of the statis&it over
Q (see Chapters 2 and 3).
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3. Usingnp = 3 with a second degree polynomial to obtain piecewise polyabapproxi-

mations and their derivatives.

The refinement is effected using tMATLAB functioni nt er p1 with v5cubi c orspl i ne

options to cater for the unequally spaced points.

Figure 4.5(b) shows the residuals after using the proceslutimed above for the mode function
in Model 2. In contrast to Figure 4.5(a), the top panels show that tle&cetofnp = 3 reduces
the effect arising from unequal step-sizes. The residuatsicnwhite noise. Their order of
magnitude(~ 10~1*) indicates the accuracy of the fit and hence the JacobiansctnHigher
accuracy £ 1072°) is noted for intermediate values of| near0. The bottom panels show
an improved profile of the residual as well as accutaafyer interpolation is effected2(00

points): see the scales of the vertical axes.

In order to avoid the noted numerical effects in the Jacob@mnputations, the location statistics
must be computed at higher precision for the median and modgiéns. The median and mode
statistics of the LS estimator are affected more than thenirteahe choice of the optimization
parameters used byuad or quadl when evaluating the integrals for the CDF and PDF in
(2.13) and (2.24), respectively. A tolerance level of 104 is used for the Lobatto quadrature
algorithm utilized byquad| . However, for the mean, a tolerancelok 10~ is sufficient to
obtain accurate results. Of course, this has further-ragahplications for the computational
expense of the mean of the LS estimator than for the mediamet. The bound on the

truncation error is pre-specified By, = 10~ in all cases.

The location functions are tabulated to high accuracy taensmoothness and eliminate spuri-
ous effects. In the case of the mean statistic, a point disaaty in the density was noted when
both the LDV coefficient and the LS estimator are equal.tdhorough investigations tracked
this to the matrixR,, given on page 16. In particular, by its definition, when theddefficient
equals unity, its columns and/or rows are not independdrdréfore, the eigenvalues have mul-
tiplicities (A = 0.500). The eigenvectors are not independent as is assumed Hoougrhe
result affects the mean, and normalization calculationdadlels2 and3: the mean of the LS

estimator and the area under its PDF are over- and undedsespectively.

SAlthough the gain in accuracy may seem to be minimal, intetjon provides ageneral procedurefor all
the location functions. It also enabliesser computational effortwhilst establishing the same.
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Q = (-0.999, 1], for Models2 and3 respectively.65



Figure 4.6 shows the Jacobians of the three location fumetichen = 50. Figures 4.6(a)-
(c) illustrate the behaviour in Models 2 and 3 respectively. The panels on the left show
the characteristics near = —1 and on the right neatv = 1. The Jacobian is close tb
for intermediate values of. For fixed7" in Model 1, whena € [—0.75,0.75] the values of the
Jacobian for the mean and median functions are lesslthdnrereas those for the mode function

are greater thai.

In Model 3, whena > —0.5 the Jacobian functions decrease monotonically. Mear 1, the
Jacobian is approximately equal to zero for all the locafiorctions. Neaww = —1, larger
values are obtained for the mean function (due to its rapahgh at the point) than for the
median and mode functions. Furthermore, for all the locatimctions, the properties of the
Jacobian neann = —1 are model-independent. The Jacobian for the mode funchows
some peculiar features (e.g. a non-monotonic behaviour mea —1 in all the models).
The numerical procedure and algorithm used to obtain thebiac are given Appendix C -

Algorithm 15.

4.2.4 Calculation of the MSE ofa,.

A check on the accuracy in computing the Jacobians and herdd$E ofa, in (4.9) is the

accuracy with which the PDF of the estimators, in (4.7), eleated. In particular,
/ Foc(de) détee + Pr{due — 1) = 1 (4.15)
Q
should hold.

The parameter space @fc is {(—1,1)} U{1} U{—1} whereas that of the true LDV coefficient
is Q2 = (—1,1) for Model 1 and? = (—1,1] for Models2 or 3. The assumptions about
the practical limits of the domain aof affects the properties of,c(&.:) and hence the MSE

calculations.
For example, Figure 4.7 compares the Jacobian for the éifféocation functions near = —1
whenT = 50. Given that

Q= (-0.999,0.999) or £y =(-0.9999,0.9999) in Modell, and
Q= (—0.999, 1] or Qy =(—0.9999, 1] in Models2 or 3,

(4.16)
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the continuous lines show the case wliee: 2, (extracts from Figure 4.6) and the dots when
0= QQ.

Mean function Median function Mode function
18 T a4 T 1 T
Q - M i . o« |
t6f w0 ; Q O, |
: . 2 3 Sl 2 | i 2 :
- : :
c 12f c  3f* c :
@ f (S ‘. 8 osl o
™. 3 ' 3 ?
] . [ 2.5 I
D 8f i Lo L] :
) 0.7f
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af- ; ; o6k
oF. S .
—:
(o] 1 0.5
-1 —9.995 —0.99 -1 —9.995 —0.99 -1 —9.995 —0.99
Qe Qe Qe

Figure 4.7: Details of Jacobian functions given in Figure 4.6 near —1 when() = ; (continuous
lines) in all the models. The dots show the case whlers 25. Left to right panels: Jacobian function

for the mean, median and mode functions whes: 50.

Given(2,, whena is close to—1, the Jacobian for the mean and median functions is relgtivel
higher than whef = ;. Similarly, that for the mode function is lower. For exampihen
a = —0.999 in all the models the Jacobian for the mean function is apprately equal t®
whereas atv = —0.9999 it is three times as large, &6. For the median and mode functions,
the Jacobian is approximatelys and0.57 whena = —0.999 and approximately.5 and0.52

whena = —0.9999, respectively.

When() = ),, the area (4.15) is slightly overstated - whers very close tdl - for the mean-
and median-based estimators due to the relatively largeesalf the Jacobian (e.g. for the latter
the area is overstated by about5%). For the mode-based estimator the choic@ dfas little

effect. For uniformity in the subroutineQ, = 2; was considered.

In all the models, an accuracy of the ordér* was obtained for the area in (4.15) when- 1.
Improved accuracy of the order o6—° to 10~ was noted for other values . A suitable
step-size ({.0005) was used when evaluating.(-) to enable efficient computation negr1)

andg(1) and hence the probability massiat. An additional check on the implementation was
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done by ensuring equality of the variance in (4.10) agahresidentity

Var<dUE) = / [@UE - EdUE<dUE) }2 fUE(@UE)ddUE + [1 - H'EOQUE(CA(UEH2 Pr(&UE = 1)
Q
+ [~1 — Eage(Gue)]? Pr(auwe = —1), (4.17)

whereE;,.(d.e) is given in (4.8). The two agreed very well. The results asewased in the

following section. The subroutines used are provided inexujx C.

4.2.5 Results: the MSE ofy,,

The following notation is here introduced to compare theéqraerance of the location-based

estimators.
Qe : mean-based.
o . median-based. (4.18)
A : mode-based.

Figure 4.8 shows the properties of the MSE and RM&/pfin different models wheff’ = 50.
It is the analogue of Figure 4.2 (on page 57) for the LS estmalhe decomposition of the

MSE of &7, andaS. shows similar characteristics to thatdf. (see Figure 4.11 on page 75).

Figure 4.9 compares the properties of the variance and edias of the location-based esti-
mators(ae) with the variance and squared bias of the LS estim@tgay) for the same sample
size. Similarly, in Figure 4.10, the MSE and RMSdaf is compared with the MSE and RMS

of &,s. Note that the scales on the vertical axes are not the sanfighie aiagrams.
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The exact values of the variance, squared bias, MSE and the &®&Summarized in Tables
B16, B17 and B18 fory., a7, andag, respectively. All four quantities decrease with As

UE?

compared to the results for the LS estimator, the followiaduttions can be made

1. In Models2 and3, the estimatorg,. have significantly smaller bias thans over much
of Q2. This is especially so for the near unit-root cases. In auldithe bias ofy is more

uniform on(2 than that ofq,, in all the models.

2. For all the estimators, as — —1 the bias decreases to zero. Wheis close to zero in

Models2 and3, the bias oty is approximately zero in contrast to that@t.

3. In contrast to the LS estimator, the contribution of thaeasqd bias to the MSE of the

estimatorsy,. is less than that of the variance in all the models.

4. The bias ofy}_ is approximately zero over much Of its squared bias is less than that of

& for all combinations ofy, 7" and/or model.

5. Exceptforx € [-0.71, —0.41] in Model2 anda € [—0.53, —0.25] in Model 3 (T = 50),

the squared bias af’, is less than that of..

6. Except fora = 0 in Model 1 (where the bias of the estimatofg: are almost equal),
a € [—1,—0.17] in Model 2, anda € [—1, —0.3] in Model 3 (7' = 50), the squared bias

of &g, is less than that afs.

7. For the variance af, vis-a-vis the variance of the LS estimator wHenr= 50:

(@) Var(a;.) > Var(a.s) except whery > 0.90 in Model 1; o > 0.93 in Model 2; and

a > 0.97 in Model 3.

(b) Var(a2,.) > Var(d,s) except whery > 0.90 in Model 1 anda > 0.95 in Model 2.

Table 4.1: Summary of ranges éhwhere the MSE ofy ¢ is less than or equal to that 6f in different

models(T" = 50).

Estimator\ Model 1 2 3
e la] >0.55 | a€[-1,-0.85]U[0.47,1] | a € [-1,—0.87] U [0.25,1]
aBe lo| >0.65 | a€[-1,-0.85]U[0.35,1] | a € [~1,—0.90] U[0.15,1]
aSe || < 0.55 a € (-0.15,1] a € (-0.10,1]
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(c) Var(aS.) < Var(das) in Model 1 except wherja| > 0.90. However, in Model2

UE

and3, Var(as.) > Var(ays) for all a.

8. With the exception of Mode}, where the MSE of. is largest near = 1 (because of
substantial bias), the MSE @éf is largest neatv = 0. Furthermore, for the sample size
considered, It was that M3E,:) < MSE(&,s) in the ranges in Table 4.1.
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4.2.6 Efficiency of the estimatorsy,. againsta,

Figure 4.11 shows a comparison of the variance, bias and MSkelen the estimators,..

The results forr*

UE?

relative contributions of the variance and squared bidsd®SE in all the models is illustrated.

ag. andad. are shown in the left, middle and right panels respectivEe

With regard to the question Q2 on page 52, Figure 4.12 shosvBittses ofy anda, s in each
model. Figures 4.13 and 4.14 summarize the ratios of thamee, MSE and RMS af,: to
guantities calculated fa#,s. Values less than one therefore indicate improvemeit,obver
d{LS-

The following deductions can be made

1. With the exception of. in Model 1, the bias ofy, is significantly improved over much
of 2. The bias of the estimatofg: changes signs near= 0 in all the models. In Model

1 the bias, variance, MSE and RMS @j: show a symmetry about = 0.

2. Interestingly, for the sample size considered, whea [0.04,0.865] for &7, anda €
[0.03, 0.55] for a5, the absolute bias of the estimators in Models greater than that in
Models2 whereas that in Modél is greater than that in Modél However, aga| — 1
the bias ofa,. increases as more exogenous regressors are added to the AR{f)

specification i.e. from Model$to 3.
3. For alla andT in a given model
|Bias(ce)| > [Bias(dye)| > [Bias(dyg)|, (4.19)

Table B19 contains the exact values of the biagQf It reaches a maximum at or near
a = 1. Table 4.2 summarizes the ratios (in %) of the biasAfpr . anday, relative to

the LS estimator.
4. Givena andT
Var(dye) < Var(dye,) < Var(dye), (4.20)

where the numerical subscripts denote the model. Inesaditmilar to (4.20) also hold

for the MSE and the RMS aoff, &}, andag,.
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Table 4.2: Ratios (in %) of the bias fér)., a8, andaS,, relative to the bias ofs in different models

(T = 50).
e e age

a/Model | 1 2 3 1 2 3 1 2 3

0.999 | 38.17 39.40 40.70| 7402 76.20 78.45 156.00 159.98 164.11
0800 | 1.63 1.97 2.46| 50.99 60.63 74.30 147.89 175.80 215.37
0200 | 016 (0.27) (0.50)| 50.10 10.88 5.38| 149.82 33.15 17.14
0.400 | 023 (0.39) (0.83)| 50.17 1652 9.14| 149.65 50.22  29.00
0.800 | 1.63 (2.16) (4.87)] 50.99 20.09 9.35| 147.89 63.80 38.54
0.990 | 31.93 32.98 31.66| 68.31 4279 37.88 139.30 67.44  53.38
0.999 | 38.17 37.34 34.68| 74.02 4626 4059 156.00 68.94  55.36
1.000 - 3783 3502 - 4665 4090 - 69.12  55.60

5. In Model3 the variance of the estimatatg, is characterized by a shoulder neas 0.80
[see Figure 4.9(c)]. This is due to the restriction on thepeeter space a@f,. which gives

rise to the mass-point probabilities [see (3.15) and (4.17)

6. From Figures 4.13(a)-(c), whenis close tot1 in each of the models

Var(af.) < Var(ag.) < Var(dg,). (4.21)
Otherwise, i.e. for intermediate valuesaaf
Var(ag.) < Var(ag.) < Var(a).). (4.22)

For example, whell” = 50, (4.21) holds except wheja| > 0.90 in Model 1. The
variance ofa, is largest whenv is close to zero but decreases|as — 1. Table 4.3

compares the variance 6f with respect to that ofi 5 in percentage terms.

Table 4.3: Ratio of the variance 6f: expressed as a percentage to the varianéeofl’ = 50).

A C

e ie XE
a/Model 1 2 3 1 2 3 1 2 3
-0.999 51.99 53.99 56.08| 68.80 71.45 74.20| 116.12 12056 125.1§
-0.800 | 105.92 110.28 114.87 102.94 107.27 111.82 97.47 101.73 106.22
-0.400 | 108.01 11259 117.49 103.96 108.41 113.19 96.16 100.38 104.9]
0.000 108.14 11299 118.41 104.03 108.70 113.91 96.06 100.36 105.17
0.400 108.01 113.81 121.17 103.96 109.33 116.13 96.16 100.74 106.57
0.800 105.92 120.34 142.16 102.94 11512 136.90 97.47 104.96 122.13
0.950 87.87 9450 105.70 94.28 102.19 113.2§ 106.19 11158 122.94
0.990 64.00 75.83 95.65| 77.92 85.96 104.18 112.41 104.22 117.4%
0.999 51.99 71.96 95.02| 68.80 82.26  103.59 116.12 101.85 117.07
1.000 - 71.55 95.01 - 81.87  103.58 - 101.58 117.06

7. From Figures 4.13(d)-(f), whemnis close tot1 in each model
MSE(4A.) < MSE(AZ.) < MSE(AS,). (4.23)
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For intermediate values of

MSE(4S,) < MSE(4%.) < MSE(44,). (4.24)
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From Figures 4.2 through to 4.11

1. There is an obvious trade-off between the bias and vagiahthe estimators: estimators

with small variance typically have larger bias, and vicesegiTables 4.3 and 4.2).

2. Relative to the LS estimator, the mean- and median-basmaa¢srs have smaller MSE
when|a/| is close to unity (all models). The mode-based estimatowshsimilar prop-
erties only in Model® and3: its RMS is non-increasing ovét when an intercept or a

time-trend is incorporated in the vect®rin (1.1) (Figure 4.14).

3. From Figure 4.13, when the LDV coefficient is close-td, the MSE of the location-
based estimators increases as more exogenous regregsadsiad. The opposite applies
whena — 1. Therefore, substantial improvement in estimation of tBd/Lcoefficient
is achieved in those models which contain exogenous regeshe new estimators are

particularly useful in Modelg2 and3 where the bias ofi s is large.

4. The mean-based estimator is of course much more usefuhfooving the bias of the

LS estimator than the other two estimators.
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81



4.3 Confidence intervals

In frequentist theory, confidence intervals (Cl) provide afuktool for inference (Williams
2001). In this section question Q3 (on page 52) is considel@rval estimators ofy. are
determined and compared. The CI provide a measure of thairawc The Cl can be used
directly to construct one- and two-sided testsHf : o = «q for arbitrary oy € (—1,1]
(Andrews 1993).

4.3.1 Exact confidence intervals: location-based estimators

The CI take into account both the finite sample size and thamstius regressor matrX in
(1.1). As such, they are more useful than asymptotic boudfo(r 1990). Unlike Andrews
(1993, pp. 147, 152), where the confidence bounds for theandssed estimator were ob-
tained from the inverse quantile function@f;, defined or(2, the ClI here are obtained directly
from CDF Fi(-) of the estimatorsy,e. The CDF is established from the corresponding PDF
fue(+) defined in (4.7). The approach is more direct, theoreticgblyealing and accurate than

the implicit iterative scheme proposed by Andrews (1993).

For illustration, thed0% confidence bounds for the LDV coefficientcan be obtained by es-
tablishing the.05 and0.95 quantiles of the CDF or CMF. The notation’€t is used to denote
the 0.05 quantile of the estimators in Modgl(j = 1,2, 3). For the LS estimator, the bounds
can be derived from the distribution function defined in 8.asing Algorithm 2. In this case,

p is equal ta0.05 and0.95.

The accuracy of the confidence bounds depends on the acauithayhich the PDF ofy: in
(4.7) is determined. The quantiles of the LS estimator (datesd using the same procedure as
those ofa,.) were compared to the values in Andrews (1993) as a checkeoacituracy of the
proposed Algorithm. The subroutine (Algorithm 17) utis2ddATLAB functionscunsumand

cunt r apz and is invoked whilst computing the MSE &f; discussed in section 4.2.4.
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4.3.2 Results: confidence width

Table 4.4 gives summary results for the Clagf, a7, & anda.s in Model 1 whenT' = 50.
The CI of the LS estimator are shown in bold. In Modethe quantile function - which relates
the quantiles tax € () - shows a symmetry about= 0 (Andrews 1993). Tables B20 and B21

contain the results for Modelsand3 respectively.

Table 4.4: The.05 and0.95 quantiles of the estimators,: for Model 1 whenT" = 50. Quantiles for

the LS estimator are shown in bold.

Estimator e abe aSe ais
a/Quantile |  0.05 0.95 0.05 0.95 0.05 0.95 0.05 0.95
0.00 -0.240 0.240| -0.235 0.235| -0.226 0.226| -0.231 0.231
0.05 -0.191  0.288| -0.188 0.283| -0.180 0.272| -0.184 0.277
0.10 -0.142 0.336| -0.140 0.329| -0.134 0.316| -0.137 0.323
0.15 -0.093 0.383| -0.091 0.375| -0.087 0.361| -0.089 0.368
0.20 -0.042 0.429| -0.042 0.421| -0.040 0.404| -0.041 0.413
0.25 0.008 0.475| 0.008 0.466| 0.008 0.448| 0.008 0.457
0.30 0.060 0.520| 0.059 0.510| 0.056 0.490| 0.057 0.500
0.35 0.112 0.565| 0.110 0.554| 0.105 0.532| 0.108 0.543
0.40 0.164 0.609| 0.161 0.597| 0.155 0.574| 0.158 0.586
0.45 0.218 0.652| 0.214 0.640| 0.205 0.615| 0.209 0.627
0.50 0.272 0.694| 0.267 0.681| 0.256 0.655| 0.261 0.668
0.55 0.327 0.736| 0.321 0.722| 0.308 0.695| 0.314 0.709
0.60 0.383 0.777| 0.375 0.763| 0.361 0.734| 0.368 0.748
0.65 0.439 0.817| 0431 0.802| 0.414 0.772| 0.423 0.787
0.70 0.497 0.855| 0.488 0.840| 0.469 0.809| 0.478 0.824
0.75 0.557 0.893| 0.546 0.877| 0.525 0.845| 0.536 0.861
0.80 0.618 0.928| 0.606 = 0.912| 0.583 ~ 0.881| 0.594 0.896
0.85 0.681 0.960| 0.669 0.945| 0.643 0.915| 0.656  0.929
0.90 0.749 0.986| 0.735 ' 0.974| 0.707  0.949| 0.721 0.961
0.93 0.792 099 0.777 0.989| 0.748 0.971| 0.763 0.978
0.95 0.824 1.000| 0.808 0.996| 0.778 0.987| 0.793  0.990
0.97 0.859 1.000| 0.843 1.000f 0.813 1.000| 0.828 1.002
0.99 0.908 1.000| 0.892 1.000| 0.861 1.000| 0.876 1.012
0.995 0.929 1.000| 0.914 1.000| 0.882 1.000| 0.898 1.014
0.999 0.967 1.000| 0.952 1.000f 0.923 1.000| 0.937 1.012

Figure 4.15 shows the properties of the Cl for the LS estim@tor 50). Their width, obtained

as the difference between th&)5 and0.05 quantile values, is shown in Figure 4.15(a).

Instead of plotting the actual Cl againstfor comparative purposes, it is more instructive to
consider the spread of the bounds o%efor given «.. Figure 4.15(b) shows the results. The
spread values are obtained by deductirfgom the corresponding quantile values. For example,
in the case of Mode} ata = 1, the actual bounds are €F = 1 — 0.394 = 0.606 whereas
CIg% = 1 — 0.052 = 0.948 where—0.394 and —0.052 are the spread values shown on the
y-axis. As noted in Andrews (1993, p. 146), thé5 quantile function in Model dips slightly

neara = 1 whenl0 < T < 60: see Table 4.4 above.
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Figure 4.15:90% confidence intervals for the LS estimator in different models whea 50. The actual

bounds in (b) can be obtained by addimgo the corresponding spread value on the y-axis.

In Figure 4.16, the CI of each of the estimatégg in different models are compared whereas

in Figure 4.17 the properties of the Cl &fs, &, & andag, in each model are illustrated.
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The following deductions can be made:

1. For all the estimatorg,, the width of the Cl is smallest near= —1. Whena is close
to —1, inference based afY). is more precise than that 6f. or &, since the bounds are
tighter. From Figure 4.16, the minimum width associatedhvj). is approximately).032
for all the models. For the case 6f. andag. the minimum widths are approximately

0.047 and0.077 respectively. Neatv = —1
Width(a?.) < Width(a2,) < Width(ag,). (4.25)

Fora < 0, the widths of thé)0% CI givena are similar for all the location-based estima-

tors. They are maximum near= 0.

2. For alla andT’, the width of the CI varies with the form &€ in (1.1). It increases from

Model 1 to Model3 but decreases with increasifig In particular
Width(Cly) < Width(Cly) < Width(Cl3), (4.26)
where Width{Cl,;) denotes the width of the Cl in Modgl(j = 1,2, 3).

3. The restriction on the parameter spacé.@fleads to an abrupt but uniform decrease in
the width of the Cl as the LDV coefficienat — 1. As apparent in Figures 4.16(d)-(f), the

upper bound of thé0% confidence band is equal tovhenq is close tol.

4. From Figures 4.17 - (d) and (f) - when> 0 in Models2 and3, CI°%(4,.) are charac-
terized by an upward shift, relative to'©P(4.s). The corresponding.95 quantiles also

shift upwards.
5. GivenT = 50, the width of thed0% CI over2 may be summarized as follows
(@) In Modell, for intermediate values i.ex € [—0.85,0.85],
Width(ag.) < Width(a,s) < Width(a2.) < Width(as,). (4.27)

(b) In Models2 and3, whena < —0.90 the converse of (4.27) holds. However, for
a € [—0.90,0.85]

Width(a,s) < Width(aS,) < Width(a.) < Width(az),), (4.28)
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while for the near unit-root case i.a.> 0.95

Width(ag) < Width(age) < Width(age) < Width(dus). (4.29)

4.3.3 Ratio of CI

The CI of the estimatoré,. at alternative level(s) and follow the characteristics discussed
above. As such, the stipulated region$lmcan be used as a guide to inference about the LDV
coefficient. The width of the CI indicate thmwerproperties of the Cl-based tests: although
the coverage probability of the estimators are the samegrtiy@rical power of the tests may
differ.

For comparative purposes, the r '. th((‘;‘:;) was studied. Figure 4.18 summarizes the results in
Equations (4.25) to (4.29).

In general, whena| is close to unity the width of the CI of the mean-based estimafp is
smaller than that of the other estimators in all the modeigdrticular, for the near unit-root
case Equations (4.25) to (4.29) imply that more exact (pegaénference can be achieved based

on the ClI ofas..

In Model 1, since the CI ofy},. are narrower near = 1 than the CI ofaS. andaf,, tests based

UE?

on the latter may show lower power on the unit-root hypothese

For intermediate values € [—0.85, 0.85] in all the models, the CI af{, are tighter than the ClI
of &5, whereas the latter are narrower than the Ciff This may be a reason for preferring

&g in some circumstances.
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Chapter 5

Conclusions

This Chapter is organized as follows. Section 5.1 summatizesvork done in the preceding
chapters. In section 5.2, the results in sections 4.2.154422.6 and 4.3.2 are discussed in a

broader sense. Some aspects that require further researtsted in section 5.3.

5.1 Review

In Chapter 1, the problem of bias in the LS estimator of theragi@ssive coefficient in AR(1)
models with or without exogenous regressors was discus&agview of procedures aimed
at reducing this bias was carried out and their performaimce(ms of MSE) was mentioned.

Particular attention was given to estimators proposed yréws (1993) and Tanizaki (2000).

In Chapter 2, the evaluation of the CDF of the LS estimator viaenical integration - using
the Imhof (1961) algorithm - was illustrated. Transforroatof a ratio of quadratic forms to
a single quadratic form was also clarified. Computationaéetspwere expounded and useful
restrictions leading to efficient truncation bounds to aeplthe infinite upper limits of integra-
tion, in the expression of the CDF, were proposed. The prigsest these bounds were studied

and compared with those given by Imhof (1961).

Using the form of the CDF of the LS estimator, an explicit cotajle form for the PDF of the

LS estimator was derived for the first time. Its implememtativas also discussed with regard
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to accuracy and computation time or effort. A method of obtay efficient truncation bounds

for the integral of the PDF was proposed and their propeatnedysed.

The point estimators (median, mean and mode statisticedf$hestimator) of the LDV coeffi-
cient were evaluated from the expressions of the exact CDP&kdfunctions. Determination

of the exact confidence intervals for the LS estimator @#fas also mentioned.

In Chapter 3, computation of the mean and median statistiog s&mulation was illustrated.
Accuracy versus efficiency studies vis-a-vis the numeiittaigration method were conducted.
Approximate standard errors in determining the mean andanddnctions (over?) using
the simulation technique were given. Simulation was shawioet preferable to the numerical

integration method wheh is large.

A technique based on applying kernel smoothing to simutatesults was described as an
alternative to establishing the mode of the PDF of the L3redtr. Kernel results for the mode

function of the LS estimator were compared with those basati®@ Imhof (1961) technique.

The method of obtaining the mean-, median- and mode-basiethésrs of the LDV coefficient

from the respective location functions was given.

In Chapter 4, the properties of the location functions wergcdbed. The MSE and RMS of
the LS estimator were determined numerically using its PIDIEir properties on the parameter

space&) were illustrated for a sample sizé= 50.

The location functions were also used to establish the Jacal the transformation froré, g

to &e. This information was used to construct a numerical schensvdluate the PDF of the

location-based estimators. Due to their restrictiorfpthe density of the final estimators was
shown to be characterized by a continuous and discrete padistinct contrast to that of the

LS estimator. The first and second moments, MSE and RMS of ttagitm-based estimators
were determined. Their bias, variance and MSE &vevere compared with those of the LS

estimator.

A method of accurately establishing explicit rather thamplicit (Andrews 1993) interval es-
timators of the LDV coefficient, using the CDF of the mean-, rard and mode-based esti-
mators, was proposed. The properties of these exact bouasexplored by studying the

respective)0% confidence intervals for a sample size= 50.
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5.2 Discussion

The bias in the LS estimator of the LDV coefficient in AR(1) misdis quite significant in
small samples especially when the model incorporates exageregressors and/or when the
LDV coefficient is close to unity. Therefore, in agreemerttwhe results in Abadir (1995), the
results here indicate that estimation techniques thattieadaller biases may be useful prior

to the use of LS estimates for inference or otherwise.

A similarity was noted in the properties of the bias, varmaod MSE of the LS and location-
based estimators to other findings in the literature (Or&ut¥inokur 1969; Shaman & Stine
1988; Kiviet & Phillips 2003, 2005; etc.). In general, theariance and MSE are large far

close to zero. Furthermore, these quantities, as well adaiereases with.

The terminology used in Andrews (1993) and Tanizaki (2008),mean-unbiased’ and ‘median-
unbiased’, can be potentially confusing especially to astatistician. However, the discussion
and results have shown that the estimators are biased irstla sense: in expectation. The

same applies to the estimator established from the modé&duanc

In fact, it was shown that the median- and mode-based estimatay be more biased than the
LS estimator in a restricted subspace(bf However, all the location-based estimators show
substantial improvements in terms of bias when the mod@rparates exogenous variables

and the LDV coefficient is close th

In contrast to the other two location-based estimators,nmban-based estimator shows out-
standing performance for all andT’, in terms of its bias. For the moderate sample size con-
sidered, bias is less than’% that of the LS estimator, whenis close to unity. It is practically
unbiased for other values ofin all the models: about’% to 5% of the bias in the LS estimator.

Of course, its good bias performance is due to the mean-sedtiigss criterion in (3.12).

Since the procedures leading to the location-based estisand the corresponding confidence
intervals incorporate the form of the exogenous regressciovX in Equation (1.1) as well as
the finite sample size, they offer an improvement over asgtigptesults in terms of accuracy.
In particular, methods based on asymptotic expansions &g shown to be unsatisfactory

when the parameters of the exogenous regressor v&ctmd 7 are small (Kiviet & Phillips
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2005). The approximate methods do not yield exact infereriPaifour 1990): asymptotic

critical values can be very unreliable, especially neamnttre stationary border.

Therefore, the numerical results given provide a benchrfarknalysis of the results and the
performance of approximate methods for the moments, MSE o RNbwever, the signif-
icance of approximate methods cannot be overlooked. In faey complement the numer-
ical results. In particular, moment approximation methtigg utilize asymptotic expansions
(Kendall 1954; Grubb & Symons 1987; Kiviet & Phillips 1993ivét, Phillips & Schipp 1999)
or exponential forms (Abadir 1993, 1995) provide analykpressions that allow further theo-
retical investigation. Such expressions have been expltat suggest improvement of inference

and estimation methods in small and moderate samples.

The MSE criterion avails a small sample method to evaluatepirformance of the various
estimators and also provides a basis for selection of onetbeeother. It offers a common
approach of balancing-off the desire for unbiasednessafgtiat of minimum variance over
the parameter space of the LDV coefficient Although the variance of the location-based
estimators is generally greater than that of the LS estimtte former show an improvement
in the RMS especially when is large. This is because of the bias improvement. Near the un
root boundary, the mean-based estimator shows bettetgelsah the median- or mode-based
estimators. For example, its MSE & 50) is aboutd8%, 37% and31% that of the LS estimator

in Models 1, 2 and3 respectively: this implies that the RMS is approximatelyo, 60% and
55%.

However, it is common practice to trade off some increaseds for a decrease in variance or
vice versa. This depends on the use to which the estima®@gsudr The numerical results indi-
cate that the mode-based estimator may be preferred to tth@mand mean-based estimators
since it has minimum variance. None of the location-basédhators is aminimum variance

unbiased estimator (MVUExcept when the LDV coefficient is near= 0.

The properties of the density need to be studied furtheadtidieen shown (Forchini 2002) that
the closed form expression of the exact CDF of a ratio of quadiams may fail to be analytic

at certain points of its domain.

The results here also illuminate the factors which are ingmbin determining the bias, variance
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and the MSE of estimators in dynamic regression models andeRd for correct specification
of the models. As mentioned in the Preface, given that theetsdtave enough support from
the data, most interest is in the specification of plausitfieahd DS models: unit root and
stationarity tests. A majority of the tests are asymptoisdul, but have been modified to

improve their small-sample performance (Broda, CarstensBadella 2004).

However, although the empirical evidence (Perron 1988lliphi& Perron 1988; Dejong &
Whiteman 1991; Rudebusch 1992; etc.) obtained using suchjtessifies an assumption of a
unit root in the autoregressive representation of many serees, it is extremely robust across

various data samples and test procedures.

The discriminatory power of standard tests has been exahaind/or challenged by, amongst
others: Perron (1988), incorporating structural trencakse Phillips (1991), Schotman and
van Dijk (1991), and Stock (1994), using Bayesian technigbéglips (1987, 1988), Ng and
Perron (1995), and Perron and Ng (1996), allowing more ggmenovation processes; Shin
and So (2001), using recursive mean adjustment; Xiao (200ab stationarity tests; Xiao
(2001a), using near-unit-root tests; Elliot, Rothenbemd &tock (1996), and Thompson (2002,
2003a), using efficient unit root tests; Juhl and Xiao (2008)ng point optimal tests; Hasan
and Koenker (1997), Rothenberg and Thompson (2003), and g$mm(2003b), using rank
based tests; and Broda, Carstensen and Paolella (2004), nesanly efficient unit root tests
in small samples. The general result is that the power of naoit tests and their counterpart

stationarity tests can be quite low.

However, the indictment of low power does not compromisediselts from these tests. In fact,
all statistical tests have low power against alternatitas are ‘local’ to the null. Whilst using
large-sample first-order approximate bias-correctiornride and Pope (1954), and Rudebusch
(1993) noted that when the LDV coefficient of the estimatedmi@lel is close to unity, the

consequences of the use of bias-corrected estimators emitheot hypothesis are that:

1. The estimated LDV coefficient of the bias-corrected TS eheglmuch closer ta.

2. The bias-corrected TS model exhibits greater persisteamcandom shocks than the un-
corrected model. The model reverts to trend slightly leggdig than the LS estimated

model and will be harder to distinguish from the DS model.
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3. The power of unit root tests is much lower against the basected TS model than

against the uncorrected TS model.

4. The impulse response of the bias-corrected TS modelistinguishable from that of the

LS estimated DS model (when bias is ignored) or the biasected DS model.

It follows that, for a particular data sample, the questinreristence of a unit root is even more

uncertain.

5.3 Subsequent research

1. The eigenvalue approach to the calculation of the PDF arfezd3 used. However, it has
been shown (Farebrother 1990) that the diagonalizationdiagonalization methods are
more computationally intensive than eigenvalue-free wast{Farebrother 1990; Shively,
Ansley & Kohn 1990; Kohn, Shively & Ansley 1993). These teicjuges could be tried

and accuracy checks conducted.

2. The point and interval estimators developed apply to AR{@dlels. It would be inter-
esting to establish whether the properties of the locatiased estimators of the LDV
coefficient for the AR(1) series carries over to AR(p) modetsfalkct, the procedures in

Andrews and Chen (1994) entails transforming the higherrqgroesses to an AR(1).

3. Other stochastic simulation methods in Fair (1996) amiZ&ki (2000) may also be in-

vestigated and extended to the new estimator (mode-basethts).

4. The empirical use of the mean- and mode-based estimattypical data sets such as
the Nelson and Plosser (1982) series of macroeconomic swided-vis other estimators
is still to be tested. The median-based estimator has beessidaved for instance in
Rudebusch (1992, 1993) and Lopez, Murray and Papell (2004).

5. Investigation as to whether the procedures carry oveBayasian framework would be

interesting.
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6. Given the results in Forchini (2002), it is worthwhile tecartain whether the density of
the LS estimator is analytic over its entire domain. For gxamfor Modell, it is well
known that the LS estimator is superconsistent when 1; the distribution has different

functional forms over different intervals separated bg ghoint of nonanalyticity.

7. The exact numerical results obtained here assumed ndbriahovations. Their robust-

ness under different disturbance structures may be caeside

8. Variation of the forms of the exogenous regressor(s)rattan the constant and/or time-

trend, is also a feasible venture.
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Notes

Note 1 : Unit root tests and stationarity tests

The literature on testing for unit roots and stationaritgmrmous. Phillips and Xiao (1998)

provide a chronology of the development.

Asymptotic properties of the LS estimator

As shown in section 1.2, the behavior of the LS estimatpfj = 1,2, 3) varies overQ2. In
the asymptotic framework, the same follows|df < 1, the rate of convergence to the limiting
distribution isv/T. If o = 1, the estimator converges to the true value at a super-¢ensisite

T. For|a| < 1, the limiting distributions are standard normal.

Whena = 1, Dickey and Fuller (1979, 1981) derived a representatiothi® distribution of the
LS estimator in Model. Phillips (1987) characterized the limiting distributias the ratio of a
y2-variate and a non-standard distribution expressed ingefrfunctionals of &Viener process
Phillips (1988) extended the results in Phillips (1987)rtoarporate a drift and time-trend in

the model specification (Modelsand3, respectively).

For nearly-integrated series, the distributions convergakly to functionals of a diffusion pro-
cess rather than standard Brownian motion. In both casedjgtidutions depend on whether
a constant or time-trend is included in the regression toslienated. Critical values can only

be obtained using Monte Carlo experiments. The leading @asesabulated in Fuller (1996).
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Unit root tests

The classical unit root tests are due to Dickey and Fuller9).9They are commonly referred
to asDickey-Fuller testsThey were developed to detect the presence of a unit roog@maral
I(1) process: they are based on the regressions (1.4) th (Tt& tests are based on the LS

estimatori,s = &; (j = 1, 2, 3) in finite samples using the test statistics

t= dLASQ_ 1a

aLs

(NB2)

wherefrgLS is the estimated standard error@f. Thecoefficient testgn (NB1) use the super-
consistency property of the LS estimatat neara = 1, whereas thé-ratio testsin (NB2) are
based on the usual regresstestatistic. The latter does not have the usual Studdigtribution,
but is skewed toward negative values. The critical valuesdatermined from the asymptotic
distributions discussed earlier. Common derived procedumgude thePhillips and Perron
(PP) tests(Phillips 1987; Phillips & Perron 1988) and t#aigmented Dickey-Fuller (ADF)
tests(Said & Dickey 1984) which only applies to (NB2).

The null and alternative hypothesis are
Hyo : a=1 {y:} is difference stationary,

Hy @ Joj<1 {y:} is trend stationary. (NB3)

Stationarity tests

Stationarity tests are based on testing for the moving gear@ot inAy; whereA is the differ-
ence operator defined kyy; = y; —y;_1. Alternatively, these can be considered as tests that the
autoregressive moving average (ARMApresentation\y; = ®(B)u, is non-invertiblewhere
®(B) is an operator in the usual back-shift operafbdefined byBy, = v;_,. The statistic for

a common test due to Kwiatkowsét al. (1992), is given as

T
1 .
KPSS= <ﬁ§ :5t> /12, (NB4)
t=1
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whereS, = Z;:l u;, andu; are the estimated residuals from regressions in (1.4) &) éhd

T2 is the long run variance af; estimated using;.

The null and alternative hypothesis are

Ho : ®(1)=0 characteristic polynomiab(z) = 0 has a unit roat

Hy @ &(1)>0 ®(z) has root outside the unit circle (NB5)

King (1980), Nabeya and Tanaka (1988), Tanaka (1990), agtdigne and McCabe (1994)

also consider stationarity tests for the models in (1.41t6)(

Note 2 : Transformation method: mode estimation

In section 3.3, it was mentioned that the mode can be estithimtdirst transforming the data
to approximate normality where the mean, median and modéarsame estimand. Bickel
(2003) proposed using a power transformation. This Notensamnzes the results obtained after
applying theFisher 3-transformationto the case where the distribution of the LS estimator is

skewed: near-unit root.

Given a set of sample dafa;} ¥ ,, a new se{ 7, } Y., can be obtained using the transformation

1 1+ X,
Z; = arctaniX;) = 3 In (1 a X

) i=1,2,... N. (NB6)

Figure 5.1 (left panels) show histograms@f= 40000 replicates of the LS estimator given
a = 0.995 anda = 0.999 for Model 1 (7" = 40). The panels on the right show transformed
data obtained using (NB6) and the estimatea oking the mean and median. It is evident that
the transformation alleviates the skewness. However, trerexact results - for the mean and
median functions - given in Tables B1 and B2, it is clear thahlspatistics are biased upward

when using this method. Furthermore, the two statisticmatequal.

By implication, the mode can not be estimated adequately @ftesformation to approximate

symmetry (Bickel 2002, 2003).

The results should not be surprising: the limitation of thetimed can be seen for the chsfe

1The occurrencé; = 1fori = 1,..., N (see section 3.2) is observed to be rare - numerically. Itpifasoes
not occur in the reported results the mean statistic is not affected when analysing the &ffstess of method.
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Figure 5.1: Histograms showing the effect of FisBdransformation on LS estimated ddf& = 40).

X; = 1in (NB6). However, other transformations can be tried. An idimte example is the
Box and Cox (1964) family of transformations. Variants of thedr are sometimes applied to
transform data exhibiting non-normality to approximatemality (Wand & Jones 1995). In
fact, theTransformation kernel density estimatoses suitable transforms. For example, for
heavily skewed data a possible two-parameter family of errikansformations is thghifted

power familydefined by

Xi — A )esign(hy),  if Ay £0,
T(Xi: A, Ag) = ( 1)72sign(Az) ' 2 7 (NB7)

1H<XZ + /\1) |f )\2 == 0,

where\, A\, are parameters. (NB7) is an extension of the Box-Cox familyarf¢formations.

However, this method is not pursued further.
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Note 3 : Symmetry, Eigenvalues and Eigenvectors

This Note highlights the importance of the symmetryWd,,, in (2.8) - mentioned when de-
riving the CDF expression in (2.13) - to the evaluation of tidRn (2.24), determination and

numerical evaluation of the derivatives of the eigenvalng2.25).

A real symmetric matrix has only real eigenvalues (Magnus @udlecker 1999, p. 14). In
particular, ifA is a real and symmetrie x n matrix andw is an eigenvector associated with a

simpleeigenvalue\ of A, the derivative of\ = \(A) is defined by the differential

in = WUAIW A w (NB8)

w'w
(Magnus & Neudecker 1999, pp. 157f).

Equation (NB8) holds only for symmetric matrices where themadization constant’'w = 1.
Since the eigenvalues are real, the corresponding eigemgesre also real. (NB8) is imple-
mented as (2.25).

However, if symmetry is not required (Magnus & Neudecker@9%he eigenvalues may be
complex. Consequently, the eigenvectors are also complexamalogous result to (NB8) is

WTWQ

d\ (NB9)

wherew; andw, are the left and right eigenvectors associated withw} is the complex
conjugate ofw;. Normalization usingviw, = 1 “leads to trouble” (Magnus & Neudecker
1999, p. 162).

Implementation of (NB9) is more complex than (NB8), since guiees more computations.

That is:

1. A check on whethek is real or complex.
2. Determination ofw, wy and their conjugates.

3. Evaluation of the normalization factor.

It follows that symmetry ofW ;.. in (2.8) - which guarantees real eigenvalues - is even more

useful for the case of evaluation of the PDF.
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Furthermore, (NB8) applies only to simple eigenvalues. Toeugence of multiplicities is
problematic when differentiating eigenvalues and eigetors. This is because the conditions
of the implicit function theoren(Magnus & Neudecker 1999, pp. 142f) are not satisfigd:
is not differentiable everywhere. However, for lengthyiegiit is somewhat improbable for

multiplicities to occur in practice.
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Appendices

Appendix A : Mathematical

Notation: The LS estimator of o

The derivation of the LS estimator of &; (j = 1,2,3) in (1.7), is provided below. The aim is
to minimize the residual sum of squares, RSS'u = (y — ay_1 — X0)(y — ay_1 — X[)

withy = (v, ys3, ..., yr) andy_; = (y1, Y2, ..., yr—1). Thek normal equationsire

82_688 = 2X'(y—-ay_ ;—X3)=0 and (A1)
ORSS ,
oo =2y (v =iy X0) = 0. (A2)

From (A1) it is trivial to show that} = (X/X)_IX’(y —ay_1). Substituting forg in (A2) gives

—ya'y+ay 'y +y X [(X/X>_1XI(Y - ay,l)} =0,

—y Ay Foay 1y +y A XXX) Xy — ay_ /' X(X'X) ' X'y_; =0,

ay_ o/ [1—- X(X’X)‘lx’} vo—y.i [I - X(X’X)_IX’} y =0,
wherelisa(7 — 1) x (T — 1) identity matrix. It follows that

I X;(XX) X))y y . (I-P)y
Ty I-X(XX) T X ) yo vy TPy

whereP; = X;(X/X;)~'X’. The matriceX; are defined by

(A3)

0 1 1 1

0 1 1 2
X-1:O: 9 XQ:]_: s X_3:

0 1 1 T-1




Alternative derivation

The LS estimator oft can also be obtained using the partitioned inverse matrXoin (1.3).

The LS estimator of is

R -1
. XX Xy_ X'
A I Y- Y (A4)
o Xy 1 ya'ya y-1'y
The normal equation®’ZI" = Z'y can be written as
X'X3+X'y_ja=X"y and (A5)
yaXB+yayaa=y.y. (A6)
From (AD), it follows that
f=(XX)"X(y —y1). (A7)
If (A5) is pre-multiplied byy 'X(X’X)"!, then
Yo' XB+y 1 X(XXK) Xy _jo =y /' X(X'X) Xy, (A8)

Substituting for the first term in (A8) from (A6), then

Yoy -y X(XX) Xy a =y oy -y X(XX) Xy,
[y,l’ (I - X(X'X)"'X) y,l] o=y (I-XXX)'X)y. (A9)

The result (A3) follows from (A9).

Integrand at the origin: CDF function

Using I'Hépital’s rule, from (2.13) and differentiating thi respect ta, it follows that

: )
cos ¢ 52

lim sin ¢ = lim —(bg“ (A10)

u—0 Uup u—0 P + UEE

104



where¢ and p are functions ofu andx as defined in (2.14) and (2.15) respectively. Since
OA(x)/0u = 0, then

9 I~ A
e = 22 15e 2 (ALD
=1 g
Ip 1 Afu e 2 21 Apu e 2 21
[ A 14+ X e —t 14+ X 1
du 2 u+ﬁmﬂl( ) u+@mﬂl( )
T T
1 Ay 1
o s | (T (A12)

Sincelim, .o ¢(u, z) = 0, substituting (A11) and (A12) into (A10), it follows that

Y sing(u,z) I cosp3 1+:\\%u2
u%m N ulLHO 2,,2\1/4 1 A%uZ
plu, [T+ X2y {14 43, 25
1
= 52)\1, (A13)

wherei andk varies froml to 7" for the sums and product in (A13).

Differentiation of the CDF to obtain the PDF of the LS estimator

Given Fis(u, x) in (2.13), it follows from (2.23) that

fs(z) = _l/ooo up {cos ¢ G0} —sin ¢ {d[gzpl} )

™

Al4
U2 p2 u? ( )

where¢ andp are given in (2.14) and (2.15) respectively.

The derivatives are given by:

d¢ 1 < u AN 1~ Nu
A L L A15
O 2 ; (1+ N2u?) 0z 2 ; (1+ MNu?) (AL5)
ap 1] w2\, & 5 i WA Ny - 5 o1
% — 3 (ES 2)1_[(14—)\Zu)4+.. S 2)H(1+)\Zu)4
= k=1
T T
1 u? N\, 1
i=1 i) k=1
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Substituting the result in (A15) and (A16) into (A14) gives

I

1/00 Ty (14 A7) {éET [<1+A2u2 (cos ¢ — )‘usmd))”

- du
fLS( ) ™ Jo u? Hk 1(1 +)\2u2)
1 [~ Zz‘Tzl [(1+,\2 ey (Ajusin ¢ — cos gb)} ]
~ or u
27 Hk 1+ )\Zu2)4
>1 cos¢ — Ausing )
- Z { (1+ A2u?) w; R, [D}(I-P;)Di]R, WZ} du, (A17)

wherew; is the eigenvector associatedXp The matriceR,, D, andP; (j = 1,2, 3) follow
from (2.8) given (2.25).

Efficient truncation bound: PDF evaluation

From (2.19), for the product terp(u, x), then

1 1
1 < 1
Hz m+1(1 + |)\|2 uQ)Z Hz m+1“>\| ]5

(A18)
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From the expression for the truncation erfgy in (2.26) and the restrictions following the use
of order statisti¢\|(;) in (2.27) with (A18) above, it follows that

“1 Ausing —cos¢
Btrc = Z 1 T A2u2 )\ldu
]A](lu—i-l
< —/ H W -)u]% {Z X [ A yu + 1] Z B |2 I\
i=m-+1 (i =1 i=n+1
_ / {ZW ol 5~
o 1 T—m—2 T—m
27THi:m+1 |)‘|(2i) =1 U i=1 42
T T
RGIRY Al
+ Z T, Tomiz T Z — g (U
i=n+1 ])\|%Z.)u ? i:n—i—l‘)"%i)u :
-1

. RAIRY - ||
m + — +
Z(T m—4u ;(T—m—Z)uT =2

w Z)m 4 Y b
-+ + —
Z Z (T —m+2)u— “w

1= n+1 i=n-+1

< - [ZW z>|A|+Z|X|+

1
(T —m— 4)7TH1 m+1‘)\’(2

Mol o A 1~
D> AE, Z!PHJ }

T 1
™ Hi:m—H |)‘| i

""3

i=n+1 i=n+1 b
(T—m—=4)7b 2 [[in A |(z i=n+1 (z)
< (T|_n|f_)4) pe 1, (A19)
(T=m—=4)mb 2 [ [AlG

wheresS,,(|\|)) is given in (2.29).
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Appendix B : Tabular results

Tables B1-B9 give summarized exact results for the locatioctfans obtained from the CDF
and PDF in (2.13) and (2.24), respectively. For Mod#ie functions are exactly uneven, hence

only values fore > 0 are reported.

Table B1: Mean function of the LS estimator@for Model 1.

alT 40 50 60 70 80 90 100 125 150 200
0.00 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000000.
0.05 0.048 0.048 0.048 0.049 0.049 0.049 0.049 0.049 0.0490500.
0.10 0.095 0.096 0.097 0.097 0.098 0.098 0.098 0.098 0.0990990.
0.15 0.143 0.144 0.145 0.146 0.146 0.147 0.147 0.148 0.1481490.
0.20 0.191 0.192 0.194 0.194 0.195 0.196 0.196 0.197 0.1971980.
0.25 0.238 0.240 0.242 0.243 0.244 0.245 0.245 0.246 0.2472480.
030 0.286 0.288 0.290 0.292 0.293 0.293 0.294 0.295 0.29&970.
035 0.333 0.337 0.339 0.340 0.341 0.342 0.343 0.344 0.343470.
0.40 0.381 0.385 0.387 0.389 0.390 0.391 0.392 0.394 0.3953960.
0.45 0429 0433 0436 0438 0439 0440 0.441 0.443 0.444460.
050 0476 0.481 0.484 0.486 0.488 0.489 0490 0.492 0.4934950.
055 0524 0529 0532 0535 0537 0538 0.539 0541 0.543%450.
0.60 0572 0577 0581 0583 0585 0587 0.588 0.591 0.595940.
0.65 0.620 0.625 0.629 0.632 0.634 0.636 0.637 0.640 0.6416440.
0.70 0.668 0.674 0.678 0.681 0.683 0.685 0.686 0.689 0.6916930.
075 0.715 0.722 0.726 0.730 0.732 0.734 0.735 0.738 0.740r430.
0.80 0.764 0.770 0.775 0.778 0.781 0.783 0.785 0.788 0.7907920.
0.85 0.812 0.819 0.824 0.827 0.830 0.832 0.834 0.837 0.838420.
090 0.861 0.868 0.873 0.876 0.879 0.881 0.883 0.886 0.888910.
093 0.892 0.898 0.903 0.906 0909 0911 0.913 0.916 0.918€210.
095 0913 0.919 0.923 0.927 . 0929 0931 0.933 0.936 0.93®€410.
0.97 0935 0.941 0945 0.948 0.950 0.952 0.953 0.956 0.958610.
099 0963 0.967 0970 0972 0974 0975 0.976 0.978 0.98Mm820.
0.995 0974 0976 0978 0.980 0.981 0.982 0.983 0.985 0.98®880
0999 0988 0.989 0.990 0991 0991 0992 0.992 0.993 0.994€950
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Table B2: Median function of the LS estimator®for Model 1.

alT 40 50 60 70 80 90 100 125 150 200

0.00 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.00@000.
0.05 0.049 0.049 0.049 0.049 0.049 0.049 0.050 0.050 0.05@0500.
0.10 0.098 0.098 0.098 0.099 0.099 0.099 0.099 0.099 0.0991000.
0.15 0.146 0.147 0.148 0.148 0.148 0.148 0.149 0.149 0.1491490.
0.20 0.195 0.196 0.197 0.197 0.198 0.198 0.198 0.198 0.199990.
0.25 0.244 0.245 0.246 0.246 0.247 0.247 0.248 0.248 0.248490.
0.30 0.293 0.294 0.295 0.296 0.296 0.297 0.297 0.298 0.298990.
035 0.342 0.343 0.344 0345 0.346 0.346 0.347 0.347 0.348480.
0.40 0.390 0.392 0.393 0.394 0.395 0.396 0.396 0.397 0.3973980.
0.45 0439 0.441 0.443 0.444 0.444 0445 0446 0.446 0.4474480.
050 0.488 0.490 0.492 0493 0494 0495 0495 0.496 0.4974980.
0.55 0537 0.539 0541 0542 0543 0544 0545 0.546 0.546470.
0.60 0.586 0.588 0.590 0.592 0593 0.593 0.594 0.595 0.596970.
0.65 0.635 0.638 0.640 0.641 0.642 0.643 0.644 0.645 0.646470.
0.70 0.683 0.687 0.689 0.690 0.691 0.692 0.693 0.695 0.69%970.
075 0.732 0.736 0.738 0.740 0.741 0.742 0.743 0.744 0.7457460.
0.80 0.782 0.785 0.787 0.789 0.790 0.791 0.792 0.794 0.7957960.
0.85 0.831 0.834 0.837 0.839 0.840 0.841 0.842 0.843 0.8448460.
090 0.881 0.884 0.886 0888 0.890 0.891 0.892 0.893 0.894960.
093 0911 0914 0917 0.918 0.920 0.921 0921 0.923 0.928€260.
095 0932 0935 0.937 0.938 0940 0941 0.942 0.943 0.94%460.
097 0953 0.956 0.958 0.959 0.960 0961 0.962 0.963 0.964660.
099 0979 0.980 0981 0.982 0.983 0.983 0.984 0.985 0.989860.
0.995 0.988 0.988 0.989 0989 0989 0.990 0.990 0.991 0.9919920
0.999 0.997 0.997 0.997 0.997 0.997 0.997 0.997 0.997 0.990980

Table B3: Mode function of the LS estimator @ffor Model 1.

alT 40 50 60 70 80 90 100 125 150 200

0.00 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.00@000.
0.05 0.051 0.051 0.051 0.051 0.051 0.051 0.051 0.050 0.05@0500.
0.10 0.103 0.102 0.102 0.101 0.101 0.101 0.101 0.101 0.101010.
0.15 0.154 0.153 0.153 0.152 0.152 0.152 0.152 0.151 0.151510.
0.20 0.205 0.204 0.203 0.203 0.203 0.202 0.202 0.202 0.2012010.
0.25 0.256 0.255 0.254 0.254 0.253 0.253 0.253 0.252 0.252510.
0.30 0.308 0.306 0.305 0.304 0.304 0.303 0.303 0.302 0.30020.
035 0359 0.357 0.356 0355 0.354 0354 0.354 0.353 0.3523520.
0.40 0.410 0.408 0.407 0.406 0.405 0.404 0.404 0.403 0.403020.
0.45 0461 0.459 0.458 0.456 0.456 0.455 0.455 0.454 0.453520.
050 0,513 0.510 0.508 0507 0506 0506 0.505 0.504 0.50%030.
055 0564 0.561 0.559 0.558 0557 0556 0556 0.554 0.554530.
0.60 0.615 0.612 0.610 0.609 0.607 0.607 0.606 0.605 0.6045030.
0.65 0.666 0.663 0.661 0.659 0.658 0.657 0.656 0.655 0.6545530.
0.70 0.717 0.714 0.711 0.710 0.709 0.708 0.707 0.706 0.705/030.
0.75 0.768 0.764 0.762 0.760 0.759 0.758 0.757 0.756 0.7557540.
0.80 0.818 0.815 0.813 0.811 0.810 0.809 0.808 0.806 0.808040.
0.85 0.869 0.865 0.863 0.861 0.860 0.859 0.858 0.857 0.85%540.
090 0918 0.915 0.913 0911 0910 0.909 0.908 0.907 0.90040.
093 0946 0.944 0942 0941 0940 0939 0.938 0.937 0.93@340.
095 0963 0.962 0961 0960 0959 0958 0.958 0.956 0.95@0540.
097 0977 0978 0978 0978 0977 0977 0.977 0.976 0.979740.
0.99 0993 0.993 0.992 0.992 0.992 0.992 0992 0.992 0.9938930.
0.995 0.997 0.997 0.997 0997 0997 0.997 0.996 0.996 0.990960
0.999 0.999 0.999 0.999 0999 0.999 0.999 0.999 0.999 0.999990
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Table B4: Mean function of the LS estimator@for Model 2.

alT 40 50 60 70 80 90 100 125 150 200
-0.999 -0.988 -0.980 -0.990 -0.991 -0.991 -0.992 -0.992 99®. -0.994 -0.995
080 -0.770 -0.775 -0.779 -0.782 -0.784 -0.785 -0.787 8®.7 -0.791 -0.793
060 -0.583 -0.586 -0.588 -0.589 -0.591 -0.592 -0.592 94.5 -0.595 -0.596
040 -0.397 -0.397 -0.397 -0.398 -0.398 -0.398 -0.398 9.3 -0.399 -0.399
020 -0.211 -0.209 -0.207 -0.206 -0.205 -0.205 -0.204 0®.2 -0.203  -0.202
0.00 -0.026 -0.020 -0.017 -0.014 -0.013 -0.011 -0.010 ®.00-0.007 -0.005
0.10 0.067 0.074 0.078 0.081 0.084 0.085 0.087 0.090 0.0910930.
020 0159 0168 0173 0177 0180 0.182 0.184 0.187  0.1891920.
030 0252 0262 0268 0273 0276 0279 0281 0285 0.2872900.
040 0344 0355 0363 0.368 0372 0375 0378 0.382 0.3853890.
050 0436 0449 0458 0464 0468 0472 0475 0480  0.4834870.
060 0528 0543 0552 0559 0564 0568 0572 0577 0.5815860.
070 0619 0636 0647 0654 0660 0.665 0.668 0.675 0.6796840.
080 0709 0728 0740 0749 0756 0.761 0.765 0772  0.7777830.
090 0796 0817 0832 0842 0849 0.855 0.860 0.868 0.8748810.
093 0820 0843 0858 0869 0877 0.883 0.888 0.897 0.9039100.
095 0836 0859 0875 0.88 0.895 0901 0906 00916 0.9229290.
097 0851 0875 0891 00903 00912 00918 00924 00934 0.9409480.
099 0865 0.890 0906 00918 0927 00934 00940 0950 0.9579660.
1.00 0.872 0.897 00913 0925 0934 0.942 0.947 0.958 0.9659730.
Table B5: Median function of the LS estimator®for Model 2.
alT 40 50 60 70 80 90 100 125 150 200
-0.999 -0.997 -0.997 -0.997 -0.997 -0.997 -0.997 -0.997 99D. -0.997 -0.998
-0.80 -0.787 -0.789 -0.791 -0.792 -0.793 -0.794 -0.794 98.7 -0.796 -0.797
060 -0.596 -0.597 -0.597 -0.598 -0.598 -0.598 -0.598 9®.5 -0.599 -0.599
-0.40 -0.406 -0.405 -0.404 -0.403 -0.403 -0.402 -0.402 0D.4 -0.401 -0.401
020 -0.216 -0.213 -0.210 -0.209 -0.208 -0.207 -0.206 0®.2 -0.204 -0.203
0.00 -0.026 -0.021 -0.017 -0.015 -0.013 -0.011 -0.010 ®.00-0.007 -0.005
0.10 0.069 0.075 0.079 0.082 0.085 0.086 0.088 0.090 0.0920940.
020 0164 0171 0176 0180 0.182 0.184 0.186 0.189  0.1911930.
030 0258 0267 0273 0277 0280 0282 0284 0287 0.2892920.
040 0353 0363 0369 0374 0377 0380 0382 0.385 0.3883910.
050 0447 0458 0465 0470 0474 0477 0480 0484  0.4864900.
060 0541 0554 0562 0567 0572 0575 0577 0582 0.5855890.
070 0635 0649 0658 0664 0669 0672 0675 0.680 0.6846880.
0.80 0727 0743 0753 0760 0.765 0.769 0.773 0778 0.7827870.
090 0816 0834 0846 0854 0861 0.865 0.869 0.876 0.8808850.
093 0841 0860 0873 0882 0888 0.893 0.897 00904 0.9099150.
095 0.857 0877 0890 0.899 0906 00912 00916 00923 0.9289340.
097 0872 0893 00906 00916 00923 00929 00933 00941 0.9479530.
099 088 0907 0921 00931 00939 0945 00950 00958 0.9649710.
1.00 0.893 0914 00928 0938 0.946 0952 0.957 0.965 0.9719780.
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Table B6: Mode function of the LS estimator @ffor Model 2.

alT 40 50 60 70 80 90 100 125 150 200
-0.999 -0.999 -0.999 -0.999 -0.999 -0.999 -0.999 -0.999 99®. -0.999 -0.999
-0.80 -0.823 -0.819 -0.816 -0.814 -0.812 -0.811 -0.810 0®.8 -0.807 -0.805
060 -0.625 -0.620 -0.617 -0.614 -0.613 -0.611 -0.610 0®.6 -0.607 -0.605
-0.40 -0.426 -0.421 -0.417 -0.415 -0.413 -0.411 -0.410 0®.4 -0.407 -0.405
020 -0.226 -0.221 -0.217 -0.215 -0.213 -0.211 -0.210 0®.2 -0.207 -0.205
0.00 -0.027 -0.021 -0.018 -0.015 -0.013 -0.011 -0.010 ®.00-0.007 -0.005
0.10 0.073 0.079 0.082 0.085 0.087 0.088 0.090 0.092 0.0930950.
020 0172 0178 0182 0185 0.187 0.188 0190 0.192  0.1931950.
030 0272 0278 0282 0285 0287 0288 0290 0292 0.2932950.
040 0372 0378 0382 038 0387 0388 0389 0.392 0.3933950.
050 0471 0477 0482 0484 0486 0488 0489 0492  0.4934950.
060 0570 0577 0581 0584 0586 0588 0589 0591 0.5935950.
070 0668 0676 0680 0684 0.686 0.688 0.689 0.691 0.6936950.
080 0765 0774 0779 0783 0785 0.787 0788 0791  0.7937950.
090 0858 0869 0875 0.880 0.883 0.885 0.887 0.890  0.8928940.
093 0882 0895 00902 0908 00911 00914 0916 00919 0.9219240.
095 0.897 00911 00919 00925 00929 00932 00934 00938 0.9419440.
097 0911 0925 00934 00941 0945 0949 00952 0956 0.9599630.
099 0923 00937 0947 00954 0959 00963 00966 0972 0.9759800.
1.00 0929 0944 0.953 0.960 0.965 ~0.969 0.972 0.978  0.9829860.
Table B7: Mean function of the LS estimator@for Model 3.
alT 40 50 60 70 80 90 100 125 150 200
-0.999 -0.988 -0.980 -0.990 -0.991 -0.992 -0.992 -0.992 99®. -0.994 -0.995
080 -0.775 -0.779 -0.782 -0.785 -0.786 -0.788 -0.789 9D.7 -0.792 -0.794
060 -0.593 -0.594 -0.595 -0.595 -0.596 -0.596 -0.597 9.5 -0.598 -0.598
-0.40 -0.412 -0.409 -0.408 -0.406 -0.405 -0.405 -0.404 0®.4 -0.403 -0.402
020 -0.231 -0.225 -0.221 -0.218 -0.215 -0.214 -0.212 1.2 -0.208 -0.206
0.00 -0.051 -0.041 -0.034 -0.029 -0.025 -0.022 -0.020 .01-0.013 -0.010
0.10 0039 0051 0059 0.065 0070 0.073 0.076 0.081 0.0840880.
020 0128 0143 0152 0159 0.165 0.169 0.172 0177 0.1811860.
0.30 0217 0234 0245 0253 0259 0264 0268 0274 0.2782840.
040 0306 0326 0338 0347 0354 0359 0363 0371 0.3763820.
050 0394 0416 0431 0441 0448 0454 0459 0467  0.4734800.
060 0481 0506 0523 0534 0543 0549 0554 0564 0.5705780.
070 0567 0595 0613 0626 0.636 0.644 0649 0660 0.6676750.
0.80 0648 0681 0702 0717 0728 0737 0743 0755 0.7637730.
090 0720 0759 0785 0.803 0.816 0.826 0.834 0.849 0.8588690.
093 0738 0779 0806 0.825 0.840 0.851 0.860 0.875 0.8858970.
095 0748 0790 0.819 0.839 0.854 0.866 0.875 0.892 0.9039160.
097 0756 0800 0.829 0851 0.867 0.879 0.889 0907 0.9189330.
099 0761 0806 0.836 0858 0875 0.888 0.899 00918 0.9319460.
1.00 0762 0.807 0.837 0.860 0.877 0.890 0.901 0.920 0.9339500.
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Table B8: Median function of the LS estimator®for Model 3.

alT 40 50 60 70 80 90 100 125 150 200
0999 -0.997 -0.997 -0.997 -0.997 -0.997 -0.997 -0.997 99D. -0.997 -0.998
-0.80 -0.793 -0.794 -0.794 -0.795 -0.796 -0.796 -0.796 9D.7 -0.798 -0.798
-0.60 -0.607 -0.605 -0.604 -0.603 -0.603 -0.603 -0.602 0.6 -0.601 -0.601
040 -0421 -0417 -0.414 -0.412 -0410 -0.409 -0.408 O0D.4 -0.405 -0.404
020 -0.237 -0.229 -0.224 -0.220 -0.218 -0.216 -0.214 1D.2 -0.209 -0.207
0.00 -0.052 -0.041 -0.034 -0.029 -0.026 -0.023 -0.020 .01-0.013 -0.010
010 0040 0052 0.061 0.066 0071 0074 0.077 0.081  0.0840880.
020 0132 0146 0.155 0162 0167 0170 0.173 0179 0.1821870.
030 0223 0239 0250 0257 0263 0267 0270 0276 0.2802850.
040 0314 0332 0344 0352 0359 0363 0.367 0.374 0.3783840.
050 0405 0425 0438 0447 0454 0460 0464 0471  0.4764820.
060 0494 0517 0532 0542 0550 0556 0.560 0.568 0.5745810.
070 0582 0608 0624 0636 0644 0651 0.656 0.665 0.6716790.
080 0665 0695 0715 0728 0738 0745 0751 0.762 0.7697770.
090 0740 0776 0.799 0.815 0.827 0836 0.844 0.856 0.8648740.
093 0758 0796 0.821 0839 0852 0861 0.869 0.883  0.8929020.
095 0768 0.808 0.834 0852 0866 0877 0.885 0.900 0.9099210.
097 0776 0817 0845 0.864 0879 0890 0.899 0.915  0.9259380.
099 0781 0823 0851 0872 0887 0899 0.909 0.926 0.9389520.
100 0782 0.824 0853 0873 0889 0901 0911 0.928  0.9409550.
Table B9: Mode function of the LS estimator @ffor Model 3.
alT 40 50 60 70 80 90 100 125 150 200
-0.999 -0.999 -0.999 -0.999 -0.999 -0.999 -0.999 -0.999 99®. -0.999 -0.999
080 -0.828 -0.823 -0.819 -0.817 -0.815 -0.813 -0.812 0®.8 -0.808 -0.806
-0.60 -0.635 -0.628 -0.623 -0.620 -0.618 -0.616 -0.614 1D.6 -0.609 -0.607
040 -0.441 -0.433 -0.427 -0.423 -0.420 -0.418 -0.416 1®.4 -0.411 -0.408
020 -0.248 -0.238 -0.231 -0.227 -0.223 -0.220 -0.218 1B.2 -0.212 -0.209
0.00 -0.054 -0.042 -0.035 -0.030 -0.026 -0.023 -0.021 ®.01-0.014 -0.010
010 0043 0055 0063 0069 0073 0076 0.078 0.083 0.0860890.
020 0139 0152 0.161 0167 0171 0.174 0.177 0182 0.1851890.
030 0236 0250 0259 0265 0270 0273 0.276 0.281  0.2842880.
040 0332 0347 0356 0363 0368 0372 0.375 0.380 0.3833880.
050 0427 0443 0454 0461 0466 0470 0.473 0479  0.4834870.
060 0522 0540 0551 0559 0564 0569 0572 0578  0.5825860.
070 0615 0634 0647 0656 0662 0.666 0.670 0.677 0.6816860.
080 0704 0727 0741 0751 0758 0763 0.768 0.775 0.7797850.
090 0782 0811 0829 0842 0851 0857 0.862 0.871 0.8778830.
093 0801 0832 0852 0866 0876 0.883 0.889 0.899  0.9059120.
095 0812 0844 0866 0.880 0891 0899 0.905 0.916 0.9239310.
097 0820 0854 0876 0.892 0903 0912 0919 00931  0.9399480.
099 0825 0860 0.883 0900 0912 0921 0.929 0943 0.9519620.
1.00 0825 0861 0.884 0901 0913 0923 0931 0.945 0.9549650.
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Table B10: CDF integration truncation bounds as given by the Imhoftsicgsn Table B11: PDF integration truncation bounds as given in

in (2.18) and the method derived in (2.28,. = 10~8 anda = z. (2.30). B, = 10~® anda = =.
Imhof CDF bounds Efficient CDF bounds Efficient PDF bounds
T « Modell Model2 Model3 | Modell Model2 Model3 T a Modell Model2 Model3
40 | -0.99 3.56 8.77 22.27 3.60 3.67 3.74 40 | -0.99 5.84 6.05 6.27
-0.80 4.27 10.52 26.28 2.88 2.90 2.92 -0.80 5.70 5.92 6.17
-0.50 9.06 23.68 27.49 2.56 2.57 2.58 -0.50 5.56 5.81 6.09
0.00 4.08 9.90 24.94 2.39 2.40 2.41 0.00 5.50 5.82 6.17
0.50 9.06 10.68 30.33 2.29 2.30 2.30 0.50 5.56 6.00 6.47
0.80 4.27 10.50 26.15 2.22 2.22 2.22 0.80 5.70 6.28 6.86
0.99 3.56 8.14 19.17 2.17 2.17 2.17 0.99 5.84 6.25 6.39
50 | -0.99 3.15 6.53 13.00 3.14 3.18 3.21 50 | -0.99 4.52 4.62 471
-0.80 3.55 7.35 15.70 3.13 3.17 3.22 -0.80 4.33 4.43 4.54
-0.50 3.49 7.53 14.82 3.01 3.07 3.13 -0.50 417 4.29 4.42
0.00 3.51 7.29 15.52 2.94 3.03 3.12 0.00 4.10 4.26 4.43
0.50 3.49 7.44 15.27 3.01 3.15 3.30 0.50 417 4.41 4.65
0.80 3.55 7.06 15.49 3.13 3.33 3.53 0.80 4.33 4.65 4.97
0.99 3.15 6.10 13.17 3.14 3.44 3.55 0.99 4.52 4.88 4.96
100 | -0.99 2.46 3.51 5.01 2.39 2.40 2.41 100 | -0.99 2.86 2.87 2.88
-0.80 2.58 3.70 5.36 2.13 2.14 2.14 -0.80 2.54 2.56 2.57
-0.50 3.58 5.21 5.51 1.96 1.97 1.98 -0.50 2.35 2.37 2.38
0.00 2.61 3.73 5.41 1.89 1.91 1.93 0.00 2.26 2.29 2.32
0.50 3.58 3.87 5.59 1.96 2.00 2.05 0.50 2.35 2.40 2.46
0.80 2.58 3.68 5.61 2.13 2.20 2.27 0.80 2.54 2.63 2.71
0.99 2.46 3.40 4.88 2.39 2.51 2.59 0.99 2.86 3.00 3.08
150 | -0.99 2.29 2.88 3.68 2.19 2.19 2.20 150 | -0.99 2.48 2.48 2.49
-0.80 2.35 3.00 3.78 1.81 181 181 -0.80 2.11 2.11 2.11
-0.50 2.37 3.00 3.84 1.65 1.66 1.66 -0.50 1.91 1.91 1.92
0.00 2.38 3.04 3.84 1.60 1.61 1.62 0.00 1.83 1.84 1.86
0.50 2.37 3.03 3.81 1.65 1.68 1.70 0.50 1.91 1.94 1.96
0.80 2.35 2.99 3.80 1.81 1.87 1.92 0.80 2.11 2.15 2.20
0.99 2.29 2.88 3.68 2.19 2.27 2.32 0.99 2.48 2.56 2.62
200 | -0.99 2.23 2.65 3.17 2.09 2.10 2.10 200 | -0.99 2.31 2.31 2.31
-0.80 2.26 2.71 3.24 1.37 1.37 1.37 -0.80 1.88 1.88 1.89
-0.50 2.27 2.75 3.27 1.47 1.47 1.47 -0.50 1.69 1.70 1.70
0.00 2.27 2.72 3.27 1.47 1.47 1.48 0.00 1.64 1.64 1.65
0.50 2.27 2.71 3.25 1.47 1.50 1.52 0.50 1.69 1.71 1.73
0.80 2.26 2.72 3.26 1.37 1.48 1.60 0.80 1.88 1.92 1.96
0.99 2.23 2.64 3.20 2.09 2.15 2.20 0.99 2.31 2.37 2.41




Table B12: Simulation results: mean function of the LS estimator for givéy = 50000). Compara-
tive values (numerical integration) are given in Tables B1, B4 and B& Fepure 3.2 for the approximate

standard errors giveN.

Model 1 Model 2 Model 3
o\T 50 100 150 200 | 50 100 150 200 | 50 100 150 200
0999 | -0.989 -0.992 -0.994 -0.99% -0.989 -0.992 -0.994 -0.99% -0.989 -0.992 -0.994 -0.99%
-0.80 | -0.770 -0.785 -0.790 -0.792 -0.775 -0.787 -0.791 -0.793 -0.779 -0.789 -0.793 -0.794
060 | -0.578 -0.588 -0.593 -0.594 -0.586 -0.593 -0.595 -0.596 -0.595 -0.597 -0.598 -0.598
-0.40 | -0.384 -0.392 -0.395 -0.396 -0.397 -0.398 -0.399 -0.399 -0.409 -0.404 -0.403 -0.402
020 | -0.192 -0.196 -0.198 -0.198 -0.208 -0.204 -0.203 -0.202 -0.225 -0.212 -0.208 -0.20¢
0.00 | 0.001 -0.001 0000 0.000 -0.020 -0.011 -0.007 -0.005 -0.040 -0.021 -0.014 -0.01(
0.10 | 0097 0.098 0099 0099 0074 0087 0091 0.093 0.052 0076 0084 0.088
020 | 0191 0196 0197 0197 0.167 0184 0190 0191 0142 0172 0181 0.185
0.30 | 0.289 0294 0295 0297 0262 0280 0287 0291 0235 0267 0278 0.284
0.40 | 0.386 0.393 0395 0.39§ 0.356 0.378 0.386 0.389 0.326 0.364 0.376 0.382
050 | 0.482 0.490 0494 0495 0450 0475 0484 0487 0417 0459 0473  0.48(
0.60 | 0577 0588 0592 0594 0542 0571 0581 058§ 0.506 0554 0570 0.577
0.70 | 0673 0.687 0691 0693 0.635 0669 0679 0684 0594 0650 0.667 0.675
0.80 | 0770 0785 0790 0792 0.727 0765 0777 0783 0.680 0744 0763 0.773
090 | 0868 0.883 0889 0891 0817 0860 0.874 0.880 0.759 0.834 0.858  0.869
093 | 0.898 0912 0918 0921 0843 0888 0903 0914 0778 0.859 0.885 0.897
0.95 | 0919 0933 0938 0941 0860 0.906 0921 0929 0.791 0.875 0903  0.915
097 | 0941 0954 0958 0961 0875 0924 0940 094§ 0799 0.889 00919 0.933
099 | 0967 0976 0980 0982 0.890 0940 0957 096§ 0.805 0.899 0.930 0.94§
1.00 - - - - 0.896 0948  0.965 0973 0.806 0901 0933 0.95(
Table B13: Simulation results: median function of the LS estimator for givéiV = 50000). Compar-
ative values (numerical integration) are given in Tables B2, B5 and B8.
Model 1 Model 2 Model 3
a\T 50 100 150 200 | 50 100 150 200 | 50 100 150 200
-0.999 | -0.997 -0.997 -0.997 -0.998 -0.997 -0.997  -0.997 -0.998 -0.997 -0.997 -0.997 -0.998
-0.80 | -0.785 -0.792 -0.795 -0.796 -0.789 -0.794 -0.796 -0.797 -0.793 -0.797 -0.798 -0.798
-0.60 | -0.589 -0.595 -0.597 -0.597 -0.597 -0.598 -0.600 -0.599 -0.606 -0.602 -0.603 -0.601
040 | -0.391 -0.396 -0.398 -0.39§ -0.404 -0.402 -0.402 -0.401 -0.416 -0.408 -0.406 -0.404
020 | -0.195 -0.197 -0.199 -0.198 -0.212 -0.206 -0.204 -0.203 -0.228 -0.213 -0.209 -0.207
0.00 | 0001 0.000 0000 0009 -0.020 -0.010 -0.007 -0.005 -0.040 -0.020 -0.013 -0.01(
0.10 | 0.099 0100 0100 0.099 0.076 0.088 0092 0.094 0052 0077 0084 0.08
020 | 0195 0199 0199 0198 0171 0186 0191 0192 0.145 0.174 0.183 0.18§
0.30 | 0.294 0297 0297 0299 0268 0283 0288 0292 0240 0270 0279 0.28§
0.40 | 0.394 0397 0398 039§ 0364 0382 0388 0391 0334 0368 0.379 0.384
050 | 0.491 0.495 0497 0497 0459 0479 0487 0490 0425 0464 0477 0.482
0.60 | 0588 0594 0596 0597 0554 0577 0585 058§ 0517 0559 0574 0.58(
070 | 0.685 0.694 0696 069§ 0.648 0675 0684 0687 0.607 0657 0672 0.679
0.80 | 0785 0792 0795 079§ 0.742 0773 0782 0787 0.695 0752 0769  0.777
0.90 | 0.884 0.892 0894 0895 0.834 0869 0880 0.885 0775 0.843 0.864 0.874
093 | 0913 0921 0924 0925 0860 0.897 0909 0914 0794 0.869 0.892 0.902
0.95 | 0935 0942 0944 0945 0878 0915 0928 0934 0.807 0885 0909 0.921
097 | 0956 0962 0964 096§ 0.893 0933 0947 0953 0.817 0.899 0925 0.939
0.99 | 0980 0984 0985 098§ 0907 0950 0964 0971 0.823 0909 0937 0.952
1.00 - - - - 0.913 0957 0971 0979 0.823 0911 0.940 0.95§
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Table B14: Simulation results90% confidence intervals for the LS estimator @f(T = 60, N =

40000).
Model 1 Model 2 Model 3

a 0.05 0.95 0.05 0.95 0.05 0.95
-0.999 | -1.010 -0.943| -1.010 -0.944| -1.011 -0.945
-0.80 | -0.890 -0.620| -0.892 -0.626| -0.894 -0.632
-0.60 | -0.738 -0.392| -0.743 -0.402| -0.748 -0.410
-0.40 | -0.571 -0.182| -0.580 -0.194| -0.588 -0.206
-0.20 | -0.395 0.020| -0.406 0.007 | -0.419 -0.008
0.00 | -0.211 0.211| -0.228 0.195| -0.244 0.178
0.10 | -0.117 0.306| -0.136 0.288| -0.153 0.270
0.20 | -0.023 0.394| -0.043 0.376 | -0.065 0.358
0.30 0.079 0.484 | 0.054 0.465| 0.030 0.445
0.40 0.181 0.571| 0.155 0.551| 0.127 0.530
0.50 0.284 0.656 | 0.254 0.636 | 0.222 0.615
0.60 0.391 0.739 | 0.354 0.718| 0.319 0.695
0.70 0.503 0.815| 0.462 0.795| 0.416 0.773
0.80 0.617 0.890 | 0.565 0.871| 0.514 0.846
0.90 0.742 0.957 | 0.674 0.938 | 0.608 0.912
0.93 0.784 0.975| 0.707 0.957| 0.631 0.929
0.95 0.813 0.987 | 0.730 0.970| 0.647 0.940
0.97 0.847 0.998 | 0.748 0.981| 0.659 0.949
0.99 0.891 1.009 | 0.768 0.994 | 0.665 0.955
0.995 | 0.910 1.011| 0.771 0.997 | 0.666 0.956
0.999 | 0.943 1.010 | 0.777 0.998 | 0.666 0.956

1 - - 0.776 0.999 | 0.665 0.957

Table B15: Exact values for the decomposition of the MSE of the LS estimatdffénetht models. The
values for the ‘variance’, ‘squared bias’ and ‘MSE’ have been multighi a factor ofl03 for reporting

purposes. See also Figure 4.2(a).

Variance Squared bias MSE RMS
al Models 1 2 3 W 2 3 1 2 3 1 2 3

-0.999 0.872 0.847 0.823| 0.101  0.096 0.092| 0.973 0.943 0.915| 0.031 0.031 0.030
-0.90 5.865 5.671 5.485| 1.017 0.856 0.713| 6.882 6.527 6.198| 0.083 0.081 0.079
-0.80 8.832 8.547 8.273| 0.880  0.629 0.424| 9.712 9.176 8.698| 0.099 0.096 0.093
-0.70 11.388 11.041 10.708 0.695 0.394 0.181| 12.084 11.436 10.889 0.110 0.107 0.104
-0.60 13.587 13.206 12.838 0.519 0.205 0.036| 14.106 13.411 12.874 0.119 0.116 0.113
-0.50 15.441 15.052 14.673 0.364 0.075 0.003| 15.805 15.128 14.678 0.126 0.123 0.121
-0.40 16.955 16.586 16.224 0.234 0.009 0.086| 17.189 16.594 16.31Q 0.131 0.129 0.128
-0.30 18.131 17.808 17.488 0.132 0.008 0.291| 18.263 17.816 17.778 0.135 0.133 0.133
-0.20 18.971 18.720 18.4671 0.059 0.075 0.619| 19.029 18.795 19.087 0.138 0.137 0.138
-0.10 19.474 19.324 19.165 0.015 0.211 1.076| 19.489 19.535 20.241 0.140 0.140 0.142
0.00 19.642 19.620 19.582 0.000 0.416 1.666| 19.642 20.037 21.248 0.140 0.142 0.146
0.10 19.474 19.609 19.72Q0 0.015 0.694 2.395| 19.489 20.303 22.115 0.140 0.142 0.149
0.20 18.971 19.291 19.582 0.059 1.046 3.274| 19.029 20.337 22.856 0.138 0.143 0.15]
0.30 18.131 18.669 19.172 0.132  1.475 4.317| 18.263 20.143 23.489 0.135 0.142 0.153
0.40 16.955 17.743 18.496 0.234 1.986 5.548| 17.189 19.729 24.044 0.131 0.140 0.155
0.50 15441 16.518 17.562 0.364  2.588 7.010| 15.805 19.106 24.573 0.126 0.138 0.157
0.60 13.587 14998 16.389 0.519 3.298 8.784| 14.106 18.296 25.174 0.119 0.135 0.159
0.70 11.388 13.195 15.010 0.695 4.151 11.045 12.084 17.346 26.054 0.110 0.132 0.16]
0.80 8.832 11.136 13.498 0.880 5.236 14.242 9.712 16.371 27.74Q0 0.099 0.128 0.167
0.90 5.865 8.910 12.060 1.017 6.853 19.908 6.882 15.763 31.968 0.083 0.126 0.179
0.99 2.175 7.144 11.372 0.529 10.030 33.94 2.704 17.174 45.317 0.052 0.131 0.213
0.999 0.872 7.028 11.366 0.101 10.625 36.989 0.973 17.653 48.35§ 0.031 0.133 0.220

1 - 7.016 11.366 - 10.698 37.370 - 17.714 48.736 - 0.133 0.221
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Table B16: Exact values for the decomposition of the MSE of the estimgtan different models. The

values for the ‘variance’, ‘squared bias’ and ‘MSE’ have been multighig a factor ofl0? for reporting

purposes.
Variance Squared bias MSE RMS
a/Model 1 2 3 1 2 3 1 2 3 1 2 3
-0.999 0.456 0.460 0.464| 0.008 0.008 0.008 0.464 0.468 0.473| 0.022 0.022 0.022
-0.90 5.850 5.885 5.924| 0.004 0.004 0.004 5.855 5.889 5.928| 0.077 0.077 0.077
-0.80 9.355 9.425 9.503| 0.000 0.000 0.000 9.355 9.425 9.503| 0.097 0.097 0.097
-0.70 12,212 12331 12.461 0.000 0.000 0.000 12.212 12.331 12461 0.111 0.111 0.112
-0.60 14.632 14.815 15.013 0.000 0.000 0.000 14.632 14.815 15.013 0.121 0.122 0.123
-0.50 16.661 16.924 17.208§ 0.000 0.000 0.000 16.661 16.924 17.208 0.129 0.130 0.131]
-0.40 18.313 18.673 19.061 0.000 0.000 0.000 18.313 18.673 19.061 0.135 0.137 0.138
-0.30 19.595 20.070 20.581 0.000 0.000 0.000 19.595 20.070 20.581 0.140 0.142 0.143
-0.20 20.510 21.116 21.772 0.000 0.000 0.000 20.510 21.116 21.772 0.143 0.145 0.148
-0.10 21.058 21.815 22.638 0.000 0.000 0.000 21.058 21.815 22.63§ 0.145 0.148 0.150
0.00 21.240 22.169 23.187 0.000 0.000 0.000 21.240 22.169 23.187 0.146 0.149 0.152
0.10 21.058 22.180 23.423 0.000 0.000 0.000 21.058 22.180 23.423 0.145 0.149 0.153
0.20 20.510 21.851 23.358 0.000 0.000 0.000 20.510 21.851 23.358 0.143 0.148 0.153
0.30 19.595 21.187 23.008 0.000 0.000 0.000 19.595 21.187 23.008 0.140 0.146 0.152
0.40 18.313  20.193 22.403 0.000 0.000 0.000 18.313 20.193 22.404 0.135 0.142 0.150
0.50 16.661 18.882 21.60§ 0.000 0.000 0.001 16.661 18.882 21.609 0.129 0.137 0.147|
0.60 14.632 17.279 20.786 0.000 0.000 0.004 14.632 17.279 20.789 0.121 0.131 0.144
0.70 12.212 15.442 20.242 0.000 0.001  0.015 12.212 15.443 20.258 0.111 0.124 0.142
0.80 9.355 13.401 19.18§ 0.000 0.002  0.033 9.355  13.404 19.220Q 0.097 0.116 0.139
0.90 5.850 10.037 14.889 0.004  0.007 0.067| 5.854  10.044 14.955 0.077 0.100 0.122
0.99 1.396 5417 10.876 0.041 1.091 3.412 1.437 6.509 14.288 0.038 0.081 0.120
0.999 0.456 5.057 10.799 0.009 1.482 4.457 0.465 6.539 15.256 0.022 0.081 0.124
1 - 5.020 10.798 - 1.531 4594 - 6.552  15.392 - 0.081 0.124

Table B17: Exact values for the decomposition of the MSE of the estimgtan different models. The

values for the ‘variance’, ‘squared bias’ and ‘MSE’ have been multiplig a factor10? for reporting

purposes.
Variance Squared bias MSE RMS
a/Model 1 2 3 1 2 3 1 2 3 1 2 3
-0.999 0.602 0.607 0.612| 0.042 0.043 0.043 0.644 0.650 0.656| 0.025 0.025 0.026
-0.90 5.882 5.924 5.970| 0.286 0.287 0.289 6.168 6.211 6.260| 0.079 0.079 0.079
-0.80 9.092 9.168 9.252| 0.229 0.231 0.234 9.321 9.399 9.486| 0.097 0.097 0.097
-0.70 11.792 11916 12.05Q0 0.178 0.181 0.185 11.970 12.097 12.234 0.109 0.110 0.111]
-0.60 14.101 14.286 14.486 0.132 0.135 0.139 14.232 14.421 14.625 0.119 0.120 0.121
-0.50 16.042 16.305 16.587 0.092 0.096 0.100 16.134 16.400 16.687 0.127 0.128 0.129
-0.40 17.625 17.981 18.363 0.059 0.062 0.066/ 17.684 18.043 18.430 0.133 0.134 0.136
-0.30 18.855 19.319 19.819 0.033 0.036 0.040 18.888 19.355 19.859 0.137 0.139 0.141
-0.20 19.732  20.321 20.959 0.015 0.017 0.020 19.747 20.338 20.978 0.141 0.143 0.145
-0.10 20.258 20.990 21.786 0.004 0.005 0.007| 20.262 20.995 21.793 0.142 0.145 0.148
0.00 20.433 21.326 22.305 0.000 0.000 0.000 20.433 21.326 22.306 0.143 0.146 0.149
0.10 20.258 21.332 22.522 0.004 0.003 0.001 20.262 21.335 22.523 0.142 0.146 0.150
0.20 19.732 21.010 22.445 0.015 0.012 0.009 19.747 21.023 22.455 0.141 0.145 0.150
0.30 18.855 20.364 22.090 0.033 0.030 0.025 18.888 20.394 22.114 0.137 0.143 0.149
0.40 17.625 19.399 21.479 0.059 0.054 0.046/ 17.684 19.453 21.525 0.133 0.139 0.147
0.50 16.042 18.125 20.664 0.092 0.086 0.074{ 16.134 18.211 20.738 0.127 0.135 0.144
0.60 14101 16.562 19.77Q0 0.132 0.125 0.102 14.232 16.688 19.872 0.119 0.129 0.141
0.70 11.792 14761 19.103 0.178 0.169 0.119 11.970 14.930 19.222 0.109 0.122 0.139
0.80 9.092 12.820 18.477 0.229 0.211 0.125 9.321 13.031 18.602 0.097 0.114 0.136
0.90 5.882 10.195 15.407 0.286 0.334 0.531 6.168 10.530 15.938 0.079 0.103 0.126
0.99 1.696 6.140 11.846 0.229 1.837 4.882 1.925 7.977 16.727 0.044 0.089 0.129
0.999 0.602 5781 11.773 0.043 2.274 6.106) 0.645 8.055 17.878 0.025 0.090 0.134
1 - 5.744 11.771 - 2.329 6.266 - 8.073 18.037 - 0.090 0.134
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Table B18: Exact value for the decomposition of the MSE of the estindgjoin different models. The
values for the ‘variance’, ‘squared bias’ and ‘MSE’ have been multiptig a factor10? for reporting

purposes.

Variance Squared bias MSE RMS
al/Model 1 2 3 1 2 3 1 2 3 1 2 3
-0.999 1.013 1.021 1.030| 0.221 0.219 0.218| 1.234 1.240 1.248| 0.035 0.035 0.035
-0.90 5.898 5.953 6.013| 2.140 2.150 2.161| 8.038 8.102 8.174| 0.090 0.090 0.090
-0.80 8.609 8.695 8.788| 1.924 1945 1967| 10.533 10.639 10.759 0.103 0.103 0.104
-0.70 11.013 11.144 11.285 1.539 1.567 1.596| 12,552 12.711 12.881 0.112 0.113 0.113
-0.60 13.097 13.287 13.491 1.156 1.187 1.219| 14.253 14.473 14.71Q 0.119 0.120 0.121
-0.50 14.860 15.122 15.40Z 0.813 0.844 0.878| 15.673 15.966 16.28Q 0.125 0.126 0.128
-0.40 16.303 16.649 17.021 0.525 0.554 0.585| 16.827 17.203 17.606 0.130 0.131 0.133
-0.30 17.425 17.869 18.348 0.297 0.321 0.348| 17.721 18.190 18.696 0.133 0.135 0.137
-0.20 18.226 18.782 19.384 0.132 0.150 0.171| 18.358 18.932 19.555 0.135 0.138 0.140
-0.10 18.707 19.389 20.1327 0.033 0.043 0.055| 18.740 19.432 20.187 0.137 0.139 0.142
0.00 18.867 19.691 20.594 0.000 0.001 0.003| 18.867 19.691 20.597 0.137 0.140 0.144
0.10 18.707 19.688 20.77§ 0.033 0.024 0.016| 18.740 19.712 20.791 0.137 0.140 0.144
0.20 18.226 19.382 20.68Q 0.132 0.115 0.096| 18.358 19.497 20.776 0.135 0.140 0.144
0.30 17.425 18.776 20.32Q 0.297 0.273 0.245| 17.721 19.050 20.565 0.133 0.138 0.143
0.40 16.303 17.874 19.71Q0 0.525 0.501 0.467| 16.827 18.375 20.177 0.130 0.136 0.142
0.50 14.860 16.684 18.883 0.813 0.799 0.764| 15.673 17.483 19.647 0.125 0.132 0.140
0.60 13.097 15.220 17.908 1.156 1.169 1.141| 14.253 16.389 19.049 0.119 0.128 0.138
0.70 11.013 13,517 16.98Q 1.539 1.616 ~ 1.599| 12552 15.132 18.579 0.112 0.123 0.136
0.80 8.609 11689 16.484 1.924 2131 2.117| 10.533 13.820 18.60Q 0.103 0.118 0.136
0.90 5.898 9.938 15.483 2.140 2.702 3.292| 8.038 12.641 18.776 0.090 0.112 0.137
0.99 2.445 7.445 13.357 1.020 4.562  9.687| 3.465 12.007 23.044 0.059 0.110 0.152
0.999 1.013 7.158 13.305 0.221 5.050 11.353 1.234 12.207 24.658 0.035 0.110 0.157
1 - 7.127  13.304 - 5110 11.571 - 12.238 24.874| - 0.111 0.158

Table B19: Exact bias ofi{;, &5;, a5 and a.s in different models. The reported values have been

multiplied by 103.

A &G age ALs
a/Model 1 2 3 1 2 3 1 2 3 1 2 3
-0.999 3.83 3.86 3.90 7.42 7.47 752 | 15.65 15.69 15.74 | 10.03 9.81 9.59

-0.90 1.89 191 194 | 16.81 16.86 16.92| 46.23 46.34 46.46 | 31.89 29.26 26.69
-0.80 0.48 0.49 0.51 | 15.12 15.21 15.30| 43.86 44.10 44.35| 29.66 25.08 20.59
-0.70 0.19 0.20 0.21 | 13.33 13.45 13.58| 39.24  39.59 39.95| 26.37 19.86 13.46
-0.60 0.10 0.11 0.13 | 11.47 11.63 11.80| 34.00 34.45 34.92 | 22.79 14.33 6.01
-0.50 0.06 0.07 0.09 | 9.58 9.78 9.98 | 28.52 29.06 29.63 | 19.08 8.68 -1.59
-0.40 0.03 0.05 0.08 | 7.68 7.90 8.14 | 2291 23.53 24.19| 1531 2.95 -9.28
-0.30 0.02 0.04 0.09 | 5.77 6.02 6.29 | 17.22 17.92 18.66 | 11.50 -2.84 -17.05
-0.20 0.01 0.04 0.10 | 3.85 4.12 4.43 | 11.50 12.26 13.06 | 7.68 -8.66 -24.89
-0.10 0.01 0.05 0.12 1.92 2.22 256 | 5.76 6.56 7.42 3.84 -14.51 -32.81
0.00 0.00 0.05 0.15| 0.00 0.31 0.68 | 0.00 0.82 1.72 0.00 -20.41 -40.82
0.10 -0.01 0.07 021 | -1.92 -1.60 -1.20| -5.76 -4.93 -4.02 | -3.84 -26.35 -48.94
0.20 -0.01 0.09 0.28 | -3.85 -3.52 -3.08 | -11.50 -10.72 -9.81 | -7.68 -32.34 -57.22
0.30 -0.02 0.12 0.41 | -5.77 -5.44 -4.95| -17.22 -16.53  -15.67| -11.50 -38.40 -65.70
0.40 -0.03 0.17 0.62 | -7.68 -7.36 -6.81| -22.91 -22.38 -21.60| -15.31  -44.56 -74.49
0.50 -0.06 0.26 1.01| -9.58 -9.29 -8.59| -28.52 -28.26 -27.64| -19.08 -50.87 -83.73
0.60 -0.10 0.43 1.86 | -11.47 -11.19 -10.14] -34.00 -34.20 -33.80| -22.79  -57.43 -93.72
0.70 -0.19 0.82 3.92 | -13.33 -13.01 -10.90 -39.24 -40.20 -39.99| -26.37 -64.43  -105.09
0.80 -0.48 1.56 582 | -15.12 -1453 -11.16/ -43.86 -46.16 -45.99| -29.66 -72.36 -119.34
0.90 -1.89  -2.56 -8.11| -16.81 -18.28 -22.99 -46.23 -51.99 -57.34| -31.89 -82.78 -141.10
0.95 -4.37 -1450 -29.96| -17.62 -27.29 -42.64 -43.81 -57.36 -73.48| -31.16 -90.59  -159.55
0.99 -7.34 -33.03 -58.34| -15.71 -42.85 -69.79 -32.03 -67.55 -98.34| -22.99 -100.15 -184.24
0.999 -3.83 -3848 -66.69] -7.42 -47.68 -78.07| -15.65 -71.07 -106.48 -10.03 -103.08 -192.32
1 - -39.12  -67.69 - -48.25  -79.07 - -71.49 -107.48 - -103.43  -193.31
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Table B20: Thé).05 and0.95 quantiles of the mean-, median- and mode-based estimataf®oModel

2 whenT = 50. Similar quantiles for the LS estimator are shown in bold.

Estimator e i aSe Ais
al/Quantile |  0.05 0.95 0.05 0.95 0.05 0.95 0.05 0.95
-0.999 -1.000 -0.967| -1.000 -0.952| -1.000 -0.922| -1.012 -0.938
-0.80 -0.928 -0.617| -0.912 -0.605| -0.881 -0.582| -0.898 -0.602
-0.60 -0.778 -0.381| -0.763 -0.374| -0.735 -0.359| -0.754 -0.379
-0.40 -0.610 -0.162| -0.599 -0.159| -0.575 -0.152| -0.595 -0.173
-0.20 -0.432 0.046 | -0.423 0.046| -0.407 0.044| -0.427 0.023
0.00 -0.245 0.246| -0.240 0.241| -0.230 0.232| -0.251 0.211
0.10 -0.148 0.343| -0.145 0.336| -0.139 0.323| -0.160 0.302
0.20 -0.049 0.437| -0.048 0.429| -0.046 0.413| -0.067  0.390
0.30 0.051 0.530 | 0.051 0.520 | 0.049 0.500 | 0.028 0.477
0.40 0.154 0.621| 0.151 0.609| 0.146 0.585| 0.124  0.562
0.50 0.259 0.709 | 0.254 0.695| 0.245 0.668 | 0.223 0.644
0.60 0366 0.796| 0.359 0.780| 0.346 0.749| 0.324 0.724
0.70 0.476  0.880| 0.467 0.862| 0.449 0.827| 0.427  0.800
0.80 0.589 0.966 | 0.577 0.944 | 0.555 0.904 | 0.532 0.872
0.85 0.646 1.000| 0.633 0.989| 0.608 0.944| 0.585 0.906
0.90 0.703 1.000 | 0.689 1.000 | 0.662 0.992 | 0.638 0.938
0.93 0.737 1.000 | 0.722 1.000 | 0.694 1.000 | 0.670 0.957
0.95 0.759 1.000 | 0.744 1.000| 0.714 1.000| 0.690  0.970
0.97 0.780 1.000 | 0O.764 1.000 | 0.734 1.000 | 0.709 0.982
0.99 0.799 1.000 | 0.783  1.000 | 0.752 1.000| 0.727  0.994
1.00 0.808 1.000| 0.792 ~ 1.000| 0.760  1.000| 0.735  0.999

Table B21: Thé).05 and0.95 quantiles of the mean-, median- and mode-based estimatarf®oModel

3 whenT = 50. Similar quantiles for the LS estimator are shown in bold.

Estimator e aBe 6Se ALs
al/Quantile |  0.05 0.95 0.05 0.95 0.05 0.95 0.05 0.95
-0.999 -1.000 -0.967| -1.000 -0.952| -1.000 -0.922| -1.012 -0.939
-0.80 -0.929 -0.616| -0.913 -0.604| -0.881 -0.581| -0.901 -0.609
-0.60 -0.779 -0.379| -0.764 -0.372| -0.735 -0.356| -0.760 -0.390
-0.40 -0.612 -0.159| -0.600 -0.156| -0.577 -0.148| -0.605 -0.187
-0.20 -0.435 0.051| -0.426 0.050| -0.409 0.049| -0.441 0.006
0.00 -0.249 0.252| -0.244 0.248| -0.234 0.239| -0.270 0.191
0.10 -0.154 0.350| -0.150 0.344| -0.143 0.331| -0.182 0.280
0.20 -0.057 0.447| -0.055 0.438| -0.052 0.422| -0.093 0.368
0.30 0.042 0.541| 0.042 0.531| 0.042 0.510| -0.002 0.454
0.40 0.143 0.635| 0.141 0.622| 0.136 0.598| 0.090 0.537
0.50 0.245 0.727 | 0.241 0.712| 0.232 0.683 | 0.184 0.619
0.60 0.349 0.820| 0.342 0.802| 0.330 0.768 | 0.279  0.697
0.70 0.453 0.920| 0.445 0.896| 0.428 0.853| 0.374 0.773
0.80 0.557 1.000 | 0.546 1.000 | 0.525 0.948 | 0.467 0.843
0.85 0.607 1.000| 0.595 1.000| 0.571 1.000| 0.512 0.876
0.90 0.653 1.000 | 0.640 1.000 | 0.615 1.000 | 0.554 0.907
0.93 0.678 1.000| 0.665 1.000| 0.638 1.000| 0.576  0.923
0.95 0.693 1.000| 0.679  1.000| 0.651 1.000| 0.589 0.933
0.97 0.704 1.000 | 0.690 1.000 | 0.662 1.000 | 0.599 0.941
0.99 0.712 1.000| 0.697 1.000| 0.669 1.000| 0.605  0.947
1.00 0.713 1.000| 0.698 1.000| 0.670 1.000| 0.606  0.948
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Appendix C : MATLAB programs

Algorithm 1: LS estimator of the LDV coefficient

1. For a given true value ef andT, generate the serigg = ay; 1 + w;,, t = 2,...,T for
each model with,, ~ N(0, 1). That is, given invariance discussed by Andrews (1993), it
suffices to consider = § = 0 ando? = 1. The initial condition on the serieg,, is

stationary ifa € (—1, 1) and fixed ¢; = 0) otherwise.
2. Compute the LS estimate affor Model 1, [ xa ]’ for Model2 and| 1§ o] for Model 3.

3. Repeat stepsand2, N times.

Algorithm 1 gives theMATLAB cade for Stepg to 3.

function [Z1 Z2 Z3] = LsEst(al pha, T,N);
O
for j = 1:N
L T
%zeneration of series
if abs(al pha) == 1;
y(1) =0
el se
y(1) = randn/(1-al pha*al pha);
end
for i=2:T
y(i) = alpha * y(i-1) + randn;

=y(2:7);
= ones(T-1,1);
R=1[1:1:T-1]";
= y(1:T-1);

X1l =S %vbdel 1
Z1(j) = X1\Y;

X2 =[QS]; %vbdel 2
U= X2\Y;

Z22(j) = U2);

X3 =[QRS]; %vbdel 3
V = X3\Y;
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Z3(j) = V(3);

U oo

A=1], B=[]; Uu=1[];, V=11 Xt =[]; =[] Xx3=1[1]; vy
end

[1;

The outputsZl, Z2 andZ3 are N x 1 vectors of the LS estimator of for Models1, 2 and3
respectively. The inputs variablas pha andT denote the true value of the coefficient being

estimated and the sample size.

Figure 1.1 is obtained from data results obtained as fotlows

e Repeat stepsto 3 for fixed o« = 0.80 and varyindl™ € [20, 200] at intervals of siz€ 0.
e Determine the mean of th¥ LS estimates of « in step3.

e Obtain the usual bias of the LS estimatorE&| — « i.e. the difference between mean

obtained above and = 0.8.

Figure 1.2 is obtained in a similar manner: for a constantpdarsizel = 40 while varying
a € [-1.2,1.2]. Figure 1.3 can be obtained by ascertaining the proportfoestimates in
Z1, Z2 andZ3 less than the true coefficient at each iteratioainFigure 1.4 summarizes the

variance of the vector of LS estimates givemandT".

Numerical evaluation of the location functions

The set ofMATLAB functions provided below are used to determine the locdtination using

the numerical integration method.
For a givena € 2, T and model, the median of thig.(x) in (2.13) can be established from
(2.31) using Algorithm 2 as

a; =fzero( @z)CDFsimpsoll’, o, x, p, j), @) (1 =1,2,3),

with p = 0.5. The functionLSmean(Algorithm 12) is used to obtaifi; in (2.32). The mode
statistic for Modelj (j = 1,2, 3) can be obtained using either of the following argumentséo th

functionPDFminin Algorithm 13

) f m nbnd( @z)PDFmIn(T, o, x, j),L, U, opt)
s — or
’ f m nsear ch( @z)PDFmINT, o, z, j), o, 0pt)
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whereopt are the default optimization parameterd afer o.

The following correspondence is made between the notatsedl lhere-above and that used
within the code. Outputsidn = &;, m = &, andnode = &;. Inputs: T = T, al pha = «,

X =z, p =p model = j (5 =1,2,3). L andU are explained in section 2.4.3. Other
explanatory statements are given under each subheadirgpamndents (ir#9 are made within

the code for clarification.

Algorithm 2 : Numerical evaluation of the CDF of the LS estimator
The function determines the quantiles of the CDF in (2.13)giguad at a pre-specified

tolerance say ol = 10%. The outpufF is given byF s(z) — pi.e. using (2.31). It calls other
subroutine<CDFquadf or m CDFt r uncat e andCDFi nt egr and in Algorithms (5), (4)

and (3) belowE is aT x 1 vector of eigenvalues.

function F = CDFsi npson(T, al pha, x, p, nodel ) ;

tol = 1.e-8; %ol erance paraneter

E = CDFquadf orn(T, al pha, x, nodel ) ;

E =real (E);

a = 0; %ower limt

b = CDFtruncate(E); %bst efficient upper bound

quad( @DFi ntegrand, a, b,tol ,[], E);
0.5-y-p;

Algorithm 3: Integrand evaluation: CDF
The functionCDFi nt egr and accepts vector argumeriEqthe eigenvalues oW, in (2.8)]

andP. The latter is an adaptive-stepsize vector of points deterdby the quadrature
algorithms. For examplé® is a5 x 1 vector when utilizingquad. y is a vector of the

integrand evaluated at each elemeniPof

function y = CDFintegrand(P, E);

n = length(P);
for j = 1:n;
u=PrP(j);
if u==0;
x(j) =0
g =0.5* sum E);
y(j) =g
el se
theta = 0.5 * sun( atan(Exu) );
rho = prod((1 + (E "2).*x ur2).7(0.25));
A = sin(theta);

B = u*rho;
() =y
y(i) = (Upi) * (ANB);

end
end
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Algorithm 4 : Most efficient truncation bounds: CDF computation
The functionCDFt r uncat e determines the most efficient truncation bound when evalgat

the integral at each iterative steparusing the formula (2.22).

function b = CDFtruncate(E);
0 e
T = length(E);

te = 1. e-15; %runcation error

A = abs(E);

B = sort(A); % r der statistics of 'FE
L

%Const ant terns

x1 = pi~2;

X2 = ten2;

L
%Restrictions

% 1) E << 1 (product term
for m= 1:T-1;

M= B(mT);

x3 = U (T-m;

x4 = (T-m"2;

X5 = prod(M; Y%roduct from*‘j=m:l’ to ‘T
T

%vAXI M ZATI ON pr obl em
p = ((Xx1xx4xx2xx5)/4)"x3;

am = p;
r(m =m
M=[]; x3 =1[]; x4 =1[]: [I: p =1l
end
T
YSOLUTI ON: Mbst ef ficient bound
[cj] = max(q); %here ‘¢’ = max of function
% ‘i’ = index of ‘m
s =r(j); %vexim zi ng val ue of “'m
Ms = B(s:T);
s3 = 1/(T-s);
s4 = (T-s)"2;
s5 = prod(Ms);
b = (4/ (x1xs4xx2xs5))"s3; Yupper limt (min of function)

Algorithm 5: Quadratic form in residual vector
Function expresses the LS estimator in terms of invarisgstivals and the defining quadratic

formin (2.9). It ascertains the eigenvalueswt,;, for each model.

function E = CDFquadf orn(T, al pha, x, nodel ) ;

G0 e
%eneration of series

if abs(al pha) == 1;

y(1) =0;
el se
y(1) = randn/sqrt( 1 - al pharal pha );
end
for i=2:T
y(i) = alpha » y(i-1) + randn;
end
yl=1y";

o
%/ector and Matrices definition
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yy = y1(2:7);

ym= y1(1:T-1);

I = eye(T-1);

DL = [zeros(T-1,1) I];
D2 = [I zeros(T-1,1)];

%

Y%efinition of R al pha Matrix

if

abs(al pha) == 1;

b = 0;
el se
b = 1/sqrt( 1 - al phaxal pha );
end
B = ones(T,T);
B(:,1) = b.*B(:,1);
for i = 1.T
for j = 1.T
ko=i-j;
if k>=0
R(i,j) = B(i,j).*(al pha.*(abs(k)));
el se
R(i,j) =0;
end
end
end
Qo
Model = nodel ;
swi tch Model ;
case 1 %bdel 1
Pl = zeros(T-1,T-1);
W1 =R=*((D1*(l - P1)*D2)/2 + (D2"*(1 -
E = eig(W1);
case 2 %bdel 2
X2 = [ones(T-1,1)];
P2 = X2xinv(X2' *X2)*X2'";
W2 = R*((D1"*(l - P2)*D2)/2 + (D2"*(I -
E = eig(W2);
case 3 %bdel 3
X3 = [ones(T-1,1) [1:1:T-1]"1;
P3 = X3xinv(X3' *X3)*X3";
W3 = R=*((D1"*(l - P3)*D2)/2 + (D2'*(I -
E = eig(W3);
ot herw se
E=11
fprintf('input valid paraneters \n');
end

P1)=D1)/2 - c*(D2' *(I -
P2)*D1)/2 - c*(D2' *(I -
P3)*D1)/2 - c*(D2' *(I -

P1)*D2)) *R;

P2) *D2) ) *R;

P3)*D2) ) *R;

Algorithm 6 : Trapezoidal implementation: CDF computation

FunctionCDFt r apezoi dal computes the integral (2.13) using the trapezoidal rule Th

main difference from the Simpson’s rule implementatiorhat P in Algorithm 3 is user

defined by the choice of a reasonably large number of subalgesayM= 2000. Better

accuracy is achieved with smaller stepsizes. MAFLAB functiont r apz is used to obtain

the result(s).

function F = CDFtrapezoidal (T, al pha, c, p, nodel );

= CDFquadf orn( T, al pha, c, nodel ) ;
= real (EB);
= 0; %ower limt

CDFtruncat e(E); %Jpper limt
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M = 2000; %subi nterval s
P = linspace(a, b, M; %0oints of integrand eval uation
L T
for i = 1:M
u = P(i);
if u==0;
x(i) = 0;
g = 0.5« sun(E);
y(i) =g
el se
theta = 0.5 * sun( atan(Exu) );
rho = prod((1 + (E "2).* un2).7(0.25));
A = sin(theta);
B = uxr ho;
x(i) = u;
y(i) = (Upi) » (AB);
end
end
QB
[x y'1; %0oints and integrand val ue
h = (b-a)/M %Subi nterval |ength
z = trapz(x,y); %rapezoi dal result: unit spacing
J =2z~ h; %Actual result after rescaling
OB

Algorithm 7 : Imhof’s CDF truncation bounds

Functionb = CDFI MFt r uncat e( E) ascertains the truncation bound at a pre-specified

error of truncation using Equation (2.18). The function rbaycalled separately given the

vector of eigenvaluek or by CDFsi npson in Algorithm 2.

function b = CDFl Mrtruncat e(E);

L . . 8 o T I 58
Yefinitions

T = length(E);

te = 1.e-8; %runcation error
A = abs(E);

L

%onstant terns

M= A

x1l = pi~2;

X2 = ten2;

x3 = 1/ T,

x4 = T2;

x5 = prod(M;

b = (4/ (x1*x4*x2*x5))"x3;
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Algorithm 8 : Numerical evaluation of the PDF
Functionf = PDFsi npson( T, al pha, x, nodel ) evaluates the density functigihfor

given values ofl’, o,  and model parameteys;j = 1, 2, 3 using either Simpson’s quadrature

implemented byjuad or the Lobatto quadrature utilized loypiadl .

function f = PDFsi npson(T, al pha, x, nodel ) ;

[E V DW = PDFquadforn(T, al pha, x, nodel );

a =0; % ower limt
b = PDFtruncate(E, V,DW; %Jpper limt
tolr =[]; %efault tolerance adequate for conputation of nmean of LS estimator

f = quadl (@DFi ntegrand, a,b,tolr,[],E V,DW; %obatto quadrature

Algorithm 9: Integrand evaluation: PDF
Functiony = PDFi nt egrand(P, E, V, DW accepts the eigenvalue, eigenvectors and

derivatives of the eigenvalues and returns the integraalliaied at different points contained
in P. VandDWsymbolically denote the eigenvectors and derivatives ®fllgenvalues [see
(2.25) on page 25] if.

function y = PDFintegrand(P, E, V, DW
T
n = length(P);
for j = 1:n;
u=PrP(j);
theta = 0.5 » sun( atan(Exu) );
rho = prod((1 + (E. "2).* un2).7(0.25));
A = ((E xu).*sin(theta) - cos(theta))./(1 + (E *2).* ur2);
B = sun{(A .» DW/rho);
x(j) =
y(j) = 1 (2xpi)+*B
end

Algorithm 10: Minimal / efficient truncation bounds: PDF
Functionb = PDFt runcat e(E, V, DN evaluates the most efficient truncation bounds for

a pre-specified level on the truncation error, $ay>°. The formulation (2.30) is implemented

as a maximization problem for the choicerof

function b = PDFtruncate(E, V, DW;
O

te = 1. e-20; %runcation error
A = abs(E);

B = abs(DW;

C=[AB;

D = sortrows(C,1); % der statistics of ‘E and ‘' DW
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%estrictions

% 1) E <= 1 (summation term
T = length(E);

n =length(find(D(:,1) <=1));

Al = D(1:n,1);
Bl = D(1:n,2);
A2 = D(n+1:T,1);
B2 = D(n+1:T,2);

Snl = sum(Bl. *x(Al+1));

Sn2 = sum((B2./A2.72).*(A2+1));

Sn = Snl + Sn2;
L
%Const ant s

x1 = Sn"2;
X2 = pin2;
x3 = ten2;

Qo
%2) E << 1 (product term

MI = D(:,1);

for m= 1:T-5;
M= M(mT);
x4 = 1/ (T-m4);
x5 = (T-m4)"2;
x6 = prod(M;

% ..

Y%raxi m zation

p = ((x2*xx5%*x3xx6)/x1)"x4;
am = p;

3
no
3

end

%E <=1

WWfor E <=1
%E > 1

WWfor E > 1
%umfrom* j=1" to ‘n’

%sum from'j=n+l’ to ‘T

%Al | ei genval ues

%roduct from'j=mtl" to

L

Algorithm 11: Quadratic form:

PDF computation

Function[ E V DW = PDFquadform( T, al pha, ¢, nodel ) adopts a similar structure

asE = CDFquadforn(T, al pha, c, nodel ) except for the additional outputs. The

startup code is identical except for the following sectiDuplication of code is avoided owing

to space restrictions.

function [E V DW = PDFquadf orn(T, al pha, c, nodel )

Q.

YSEE THE FUNCTI ON CDF QUADFORM

Q0 .

Model = nodel ;
switch Model ;
case 1 %VODEL ONE
P1 = zeros(T-1,T-1);

W1 = R*((DL*(l - PL)*D2)/2 + (D2’ (1 - P1)*D1)/2 -

[V,El] = eig(W1);
E = diag(El);

DWC = - R *(D2 +(l-Pl)*D2)*R

DW= diag(V * DWC * V);
case 2 %VODEL TWO
= [ones(T-1,1)];
2 = X2%inv(X2' *X2)*X2';

W2 = R*((DL'*(1 - P2)*D2)/2 + (D2’ *(l - P2)*D1)/2 -
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[V, El] = eig(W2);

E = diag(El);

DWC = - R*(D2" *(1-P2)*D2)*R;

DW= diag(V * DWC * V);
case 3 %VODEL THREE
[ones(T-1,1) [1:1:T-1]'1;
X3*i nv( X3’ *X3) * X3’ ;

x
w
Inn

W3 = R*((DL*(I - P3)*D2)/2 + (D2’ *(l - P3)*D1)/2 -

[V.El] = eig(W3);

E = diag(El);
DWC = - R *(D2 *(I-P3)*D2)*R;
DW= diag(V * DWC * V);
ot herw se
[EvVDW =[]

fprintf(’function aborted; |nput valid nodel
end

c*+(D2' *(1 - P3)*D2))*R

paranmeter; 1, 2 or 3\n');

Algorithm 12: Mean of the LS estimator

The functionnrm = LSnean( T, al pha, nodel , par) determines the mean of the LS

estimator defined in (2.32) via the numerical integratiorihrod. Density values

<tol =10"% are ignoredpar is a step-size parameter over which the density calcukation

proceed. The computation of the variance, MSE and RMS of thedti&ator is done using a

similar subroutine.

function m = LSmean(T, al pha, nodel , par) ;

R e el | | il f 1 el | 1 el | el | 1

tol = 1. e-8

c = al pha;

f = PDFsi npson(T, al pha, c, nodel ) ;
OB - mmmm e e e e e e e e -
X = C;

y = f;

m=x * f

Yo----mmmmm -
9PDF right

i =1

fi=rf*;

cl = c;

while abs(fl) > tol;
cl = cl + par;
f1 = PDFsi npson(T, al pha, c1, nodel );

x1(j) = cl;
yi(j) = f1;
m(j) =cl + f1
=i +1
end
N
o%PDF | ef t
k = 1;
f2 = f;
c2 = c;

while abs(f2) > tol;
c2 = c2 - par;
f2 = PDFsi npson(T, al pha, c2, nodel );

x2(k) = c2;
y2(k) = f2;
n2(k) =c2 * 2
k = k + 1;

end
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nx2 = | ength(x2);

x2(nx2:-1:1);
y2(nx2:-1:1);
m2(nx2:-1:1);

= trapz(X,M;

Algorithm 13: Maximum of density
The functionnrode = PDFm n( T, al pha, c, nodel ) is a minor modification of

f = PDFsi npson(T, al pha, x, nodel ). It facilitates use of m nsear ch or
f m nbnd in determination of the mode of the LS estimator for giveand7’, as discussed in

section 2.4.3.

function mod = PDFmi n(T, al pha, x, nodel );

[E V DW = PDFquadforn(T, al pha, c, nodel );

a = 0; %ower |inmit
b = PDFtruncate(E, V, DW; % gher bound on truncation error advisable e.g 1.e-15
tolr = 1.e-14; % gh tol erance val ue is necessary for the node

f = quad( @DFi ntegrand,a,b,tolr,[],E V,DW; %Si npsons quadrature
node = -f;

Algorithm 14: Mode using the simulation method: implementation of tharfgzhnikov and

Triangular kernels.
The functionA = Ker nel (al pha, T, N, nodel ) determines the mode of the EDF of the

LS estimator in (3.5). It uses the two kernels in (3.6) and)(3The output vectoA consists of

«, the mode estimates befofeR andTR) and after EPS and TRS) smoothing.

function A = Kernel (al pha, T, N, nodel ) ;

G e

z = LsEst (al pha, T, N, nodel ) ;

z = sort(z);

L T

YBandwi dt hs

stdz = std(z);

iqr 0.741 *( z(0.75+*N)- z(0.25*xN) );

sig mn(stdz,iqr);

he = 2.345 * igr » N'(-0.2); %Epanechni kov ker nel
ht = 2.576 * igr » N\(-0.2); %iriangul ar kernel
QB

%Jsi ng the Histogram

R =0.5;

[a b] = hist(z,400);

c=1[a b];

[d1 d2] = max(c);

nl = di(1);

n2 = d2(1);
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X = b(n2); %R x = median(z); %using the nedian)
xmn X - R stdz;
X + R * stdz;
mL = length(find(z <= xmn));
= length(find(z <= xmax));
h = floor ((nR-ntl)/2000);

L T
%ernel functions
i =1
for j = ml: h:ng;
X0 = z(j);
X(i) = x0;
XE = abs( (x0 - z)./he );
XT = abs( (x0 - z)./ht );
x0 = [];
%
m= find(XE > 1);
XE(m = []:
m=[];
SEP = sum( 0.75 * (1 - XE. "2) ); %panechni kov
L P
m= find(XT > 1);
XT(m = [1;
m=[];
STR = sum( 1 - abs(XT) ); %ri angul ar
%
%EDF point estinmates
F(i) = ( 1 /(Nche) ) * SEP; %EDF EP
Qi) =( 1/(Neht) ) » STR %EDF TR
=0 o+ 1
x0 = []; SEP =[]; STR=1[];
end
L T
%wbde BEFORE snpot hi ng
[Fmax u] = max(F); %EP
EP = X(u);
Fmax = []; u =1[1;
%
[Grax u] = max(Q); %R
TR = X(u);
Grax = []; u = [];
L T

%wbde AFTER snoot hi ng
if abs(al pha) <= 0.9;

dp = 3;
el se
dp = 4,
end
%o
P1 = polyfit(X F,dp); %ol ynom al fit
Q = polyval (P1, X);
Al = pol yder (P1); %erivative of polynon al
B1 = roots(Al);
[Bmin vl = mn(abs(real (Bl - al pha)));
EPS = real (B1(v)); %ol uti on
P1L =1[]; Bmin =1[]; v =1[];
%
P2 = polyfit(X Gdp);
Q = pol yval (P2, X);
A2 = pol yder (P2);
B2 = roots(A2);
[Bmin v] = min(abs(real (B2 - al pha)));

TRS = real (B2(Vv));

P1L =1[]; Bmin=1[]; v=1[1;
L

A = [al pha EP EPS TR TRS];
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Algorithm 15: Jacobian of transformatioioves/ dov,e
The functionJ = Jacobi an( nodel, a, f nct, n, dp, Pol at e) determines the

Jacobian of the transformation frams to « given the location functions in a particular
model. The input parameters areodel , the model; a’, a matrix on which the location
functions are defined over an adequate mesh of points (fistney) in €2, as discussed in the
text; f nct , the location functions - the columns afi.e. 2, 3 and4 are used for the mean,
median and mode functions, respectivelythe number of points over which the polynomials
gn(+) defined in (4.14) are calculatedip, the degree of the polynomial; afdl at e, an
interpolation option where the valuendicates interpolation witld/ = 2000 points and2
represents no interpolation. Thé x 2 output vectord consists of the values af in the first
column against the corresponding Jacobian values. Eacimrawhould be in the order

@ &; a; ] for a given model and’.

function J = Jacobi an(nodel, a, f nct, n, dp, Pol ate);
L PPN | 5 11 . 1

x =a(:,1); % Al pha val ues
y = a(:,fnct); % (2) Mean (3) Medi an (4) Mode
N = I engt h(x);

% nterpol ati on option
if Polate == 1,

u = x(1);
v = x(N);
M = 2000;
U = linspace(u,v,M;
V = interpl(x,y, U, "spline);
x=U;y=V;
N=M
end

o

if fnct == 2 | fnct == 3 |fnct == 4;
i =1,
while i < N-n+1;

x(i);

x(i:i+n-1);

y(i:i+n-1);

x
1 an

%M dpoi nt
nmod(n, 2);
floor(n/2);
ml + ng;

=3

(X(m2)+ X(nm2+1))/2;
(Y(n2) + Y(n2+1))/ 2;

= X(nR+1);
yn(i) = Y(nR+1);

%ol ynomi al fit and Derivative
P = polyfit(XY,dp);
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D = pol yder (P);
Pm(i) = polyval (P, xnm(i));
Dm(i) = polyval (D, xm(i));
OO
if i ==1;
XS X;
ys Y;
Ps pol yval (P, X);
Ds pol yval (D, X);
elseif i == Nn;
X(N-n+1: N);
Y(N-n+1: N);
pol yfit (X Y,dp);
pol yder (P) ;
X(N-n+2: N);
pol yval (P, xe);
pol yval (D, xe) ;

x
(DU'U-<><

¥ &
o n

% nt er nedi ate val ues
%Endpoi nts near -1
; %Endpoi nts near +1
nd( B(:,1) >= xm(1) );

%®unpi ng i npl erent ati on paraneter val ues
a=1[]; b=1[]; x=1[]; y=1[I; N=T]
Y=1[]; m=[]; mt=[]; n2 =[]; xm= []
Dm=1[]; P=1[]; D=1]; xs =[]; ys =[]
Pe = []; De =[]1; A=1[]; B=1[]; C=[]

Algorithm 16: MSE computation

The function X Y Z]

= MSE( nodel , fnct, np, dp, Dat a, Pol ate, tol , T, a)

determines the MSE of the location-based estimators famgiv 7" in a particular model;

MSE of the LS estimator (for checking purposes); and exaatidence intervals. Following

the MSE computations, it determines the mean, bias andneariaA check procedure, using

variance as discussed in the text, is provideal. at e is (1) yes and (2) ngoar is a stepsize

parameter used in computation of the density of the locdimsed estimators. The other

parameters are as given in evaluation of the Jacobian inréweopis algorithm. Explanatory

statements are included within the code.

function [ X Y Z] = MSE(nodel, fnct, np, dp, Data, Pol ate, T, a);

tol = 1.e-8;, %

N = length(a(:,1));

L = a(1,fnct);

U= a(N fnct);

J = Jacobi an(nodel , fnct, np, dp, Data, I nterpol ate);

Tol erance paraneter (PDF)
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M= length( J(:,1) );

%EQUI VALENT LS ESTI MATOR
r = length( find(a(:,1) <= alpha) );

ifr==0;
¢ = a(1,fnct);
elseif r == N,
¢ = a(N,fnct);
el se
Al = a(r,1); L1 = a(r,fnct);
A2 = a(r+1,1); L2 = a(r+1,fnct);

¢c =L1 +( (alpha - Al)/(A2 - Al)) * (L2 - L1);
Al =11, A2 =1]; L1 =[]; L2=1]; r =1[1;
end
g = PDFsi nmpson(T, al pha, c, nodel ) ; %°DF LS
%1 NAL ESTI MATOR (CHECK: EQUAL TO ‘al pha’)
r = length(find( a(:,fnct) <=c¢c ) );

ifr==0;
z = a(1,1);
elseif r == N,
z = a(N1);
el se
Al = a(r,1); L1 = a(r,fnct);
A2 = a(r+1,1); L2 = a(r+1, fnct);

z =Al + ( (c - L1)/(L2 - L1)) » (A2 - Al);
Al =[], A2 =1]; L1 =1[]; L2=1[]; r =1[I;
end
% ACOBI AN OF TRANSFORMATI ON
r = length( find(J(:,1) <=12) );

if r==0;
jac = J(1,2);
elseif r ==
jac = J(M2);
el se
Al = J(r,1); J1 = J(r,2);
A2 = J(r+1,1); J2 = J(r+1,2);

jac =J1 + ((z - AL)/(A2 - Al)) * (J2 - J1);
Al =[]; A2 =1[]; J1 =1[]; d2 =[1; r =1I;

h =g * jac; 9%PDF OF FI NAL ESTI MATOR
Ax = c; %.S val ue

Ay =g; 9%°DF of LS estinator

Az = z; %i nal estimator

Af = h; 9%°DF of Final estinmator
Al = jac; %Jacobi an check

O e e

%°DF TO THE RIGHT OF ‘c’: | NI TIALI ZATI ON

cl = c; %nitialize LS

PDFt ol = Ay; %Wnitialize PDF of AF
i =1, %Count er

j 1; % ounter for LS > g(1)
whi |l e abs(PDFtol) > tol;
cl = cl + par;

OO
if cl>U, %S > g(1) in Andrews, 1993
%Wnitialize: Discrete calculation & Area
ifj ==1;
z = a(N, 1);
Dx0 = U,
Dz0 = 1;
Dz0a = z; WNthin (-1,1)
Dy0 = PDFsi npson(T, al pha, Dx0, nodel ) ;
%o
%Jacobi an
r =length( find(J(:,1) <=2) );
if r==0;
jac = J(1,2);
elseif r ==
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jac = J(M2);

el se
Al = J(r,1); A2 = J(r+1,1);
J1 = J(r,2); J2 = J(r+1,2);
jac = J1 + ((z - AL/ (A2 - Al)) * (J2 - J1);
Al =[]; A2 =[]; J1 =1[]; dJ2 =1[1; r =11I;
end
L
D0 = jac;
Df0 = Dy0 * jac; %°DF of Final Estinator
Dnpl = DyO;
MP = 0; %robability Mass Positive (@ +1)
end
g = PDFsi mpson( T, al pha, c1, nodel ) ; 9%DF LS estimator
z = 1; %Equi val ent Final estinmator
O
%0 SCRETI ZATI ON:  Masspoi nt probability (trapezoidal rule)
Dmp2 = g;
MP = MP + ( (0.5 »(Dnpl + Dnp2))+* par );
Dmpl = Dnp2;
Dnp2 = [];
Dx1(j) = c1; %.S val ues
PMP(j) = MP; %Enf or ci ng i ndexi ng
YNUMERI CAL METHOD: Masspoi nt probs
Dx(j) = c1; %S val ue
Dy(j) = g; %°DF of LS estinator
Dz(j) = z; %-i nal estinator
PDFtol = g; %-or tol erance check
i =j +1; %Counter when LS > g(1)
el se

%1 NAL ESTI MATOR
r = length(find( a(:,fnct) <=c1) );

if r ==0;
z = a(1,1);
elseif r == N,
z = a(N 1);
el se
Al = a(r,1); L1 = a(r,fnct);
A2 = a(r+1,1); L2 = a(r+1,fnct);
z = Al + ( (¢l - L1)/(L2 - L1)) * (A2 - Al);
AL =[]; A2 =11 LL=1[]; L2 =115 r =[I;
end
g = PDFsi mpson( T, al pha, c1, nodel ) ; 9%DF LS estimator
.

%lacobi an of transfornmation
r =length( find(Jd(:,1) <=12) );

if r ==0;
jac = J(1,2);
elseif r == M
jac = J(M 2);
el se
Al = J(r,1); J1 = J(r,2);
A2 = J(r+1,1); J2 = J(r+l1,2);

jac = J1 + ((z - Al)/ (A2 - Al)) = (J2 - J1);

Al =[]; A2 =[]; J1 =1[]; Jd2=1[]:r =11

end
hl =g * jac; 9%°DF of Final estinmator
PDFtol = g;
L
Bx(i) = c1; %.S val ue
By(i) = g; 9%°DF of LS estimator
Bz(i) = z; %-i nal estinmator
Bf (i) = hi; %°DF of Final estinator
BJ(i) = jac; %Jacobi an check
=0 o+ 1

end%..end IF loop ‘cl’

end%...... end WH LE | oop ‘ hl’



9%°DF TO
c2 =
PDFt ol =
k =
p =
par =
whil e ab
c2 =
%..
if c
el se

THE LEFT OF ‘¢’ : | NITIALIZATI ON
(o %nitialize LS
Ay; %Wnitialize PDF of AF
1; %ounter for LSwithin[L U
1; %Counter for LS < g(-1)
par 0;
s(PDFtol) > tol;
c2 - par;
2 < L;
%Wnitialize: Discrete calculation & Area
if p==1,
z = a(l,1);
Ex0 = L; %.S val ues
Ez0 = -1;
Ez0a = z; %-inal Estimator within [-1,1]
Ey0 = PDFsi npson(T, al pha, Ex0, nodel ); %°DF of LS
Y.
%lacobi an
r =length( find(J(:,1) <=2) );
ifr==0;
jac = J(1,2);
elseif r == M
jac = J(M2);
el se
Al = J(r,1); A2 = J(r+1,1);
J1 = J(r,2); J2 = J(r+1, 2);
jac =J1 + ((z - AL/ (A2 - Al)) * (J2 - J1);
Al =[], A2 =1[]; J1 =1]; J2 =[], r =[]
end
L
Ej0 = jac;
Ef0 = Ey0 * jac; 9%°DF of Final Estinmator
Dmpl = Ey0;
MN = O; %°robabi | ity Mass Negative (@-1)
end
g = PDFsi mpson( T, al pha, c2, nodel ); 9%DF LS estimator
z = -1; %Equi val ent - Fi nal estimator

%0 SCRETI ZATI ON:  Masspoi nt probability

Dp2 = g

MN = MN + ( (0.5 =(Dnpl + Dnp2))* par );

Dnpl = Dnp2;

Dmp2 = [];

Dx2(p) = c2

PWN(p) = M\

Q0

Ex(p) = c2; %.S val ue

By(p) =0; 9YPDF of LS estimator
Ez(p) = z; 9%i nal estimator
PDFtol = g; %or tolerance check

p =p+ 1 9%Count er when LS < g(-1)

%1 NAL ESTI MATOR
r = length(find( a(:,fnct) <=c2) );

if r ==0;
z = a(1,1);
elseif r == N,
z = a(N 1);
el se
Al = a(r,1); L1 = a(r,fnct);
A2 = a(r+1,1); L2 = a(r+1,fnct);
z = Al + ( (c2 - L1)/(L2 - L1)) = (A2 - Al);
Al =[]; A2 =[]; L1 =1[]; L2 =1[1; r =[]

g = PDFsi npson(T, al pha, c2, nodel ) ; 9%PDF LS estimator

%Jacobi an of transformation
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r = length( find(J(:,1) <= 2) );

if r =0;
jac = J(1,2);
elseif r ==
jac = J(M 2);
el se
Al = J(r,1); A2 = J(r+1,1);
J1 = J(r,2); J2 = J(r+1,2);

jac = J1 + ((z - AL)/ (A2 - AL)) = (J2 - J1);

AL =[], A2 =1]; J1 =11, 32 =1[1; r =1[1I;
end
O
h2 = g * jac; 9%°DF of Final estimator
Cx(k) = c2; %S val ue
Cy(k) =g; 9%°DF of LS estimator
Cz(k) = z; %-i nal Estimator
(k) = hz; %°DF of Final estinator
CJ(k) = jac; %acobi an check
PDFtol = g;
k =k + 1;
end% ..end I F loop ‘c2
end%...... end WHI LE | oop ‘ h2’
T
YVATRI X CONCATENATI ON
A=[AX Az Ay AT A ], % LS UE PDFLS PDPUE JAC]
Qo
if i >1 %quivalent to ( if B~=1] )
B =[Bx" Bz By' Bf' BJ']; % LS UE PDFLS PDPUE JAC]
el se
B=1[];
end
Qo
if k> 1, %quivalent to ( if C~=1[])
C=[&xx Cz ¢ o al; % LS UE PDFLS PDPUE JAC]
nc = length(Cx);
C=0C(nc:-1:1,:); %Reversed indices
el se
c=11
end
Qo
ifj >1
9%\uneri cal cal cul ation
DX0 = [Dx0 DzOa DyO DfO Dj0]; % LS UE PDFLS PDPUE JAC]
B = [B; DX0]; % ncl udi ng the endpoint at U
DX1 = [Dx0 DzO DyO DyO]; % ncl udi ng LSPDF at U
D =[Dx Dz’ Dy’ Dy']; % LS UE PDFLS PDPUE]
D =[DX1; D; %o cater for continuity
%i scret cal cul ation
DsO = [DxO DzO DyO O] ;
Dsc = [DsO; Dx1' Dz’ Dy’ PWMP']; % LS UE PDFLS CUMVAREA]
el se
B = B;
DX0 = [];
DX1 = [];
D =[]
DsO = [];
Dsc = 1[1];
end
Ko
if p>1
%wumeri cal cal cul ation
EX0 = [Ex0O EzOa EyO Ef0 Ej 0]; % LS UE PDFLS PDPUE JAC]
C = [EX0; Q; % ncl udi ng endpoint at L
EX1 = [ Ex0O EzO Ey0 EyO0]; % ncl udi ng LSPDF at L
E =[BEX Ez' By Ey']; % LS UE PDFLS PDPUE]
E = [EX1; E]; %o cater for continuity
ne = length(Ex);
E =Ene:-1:1,:); 9%Reversed indi ces
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%i screte cal cul ation
EsO = [ Ex0O EzO EyO 0O];
Esc =

[EsO; EX' Ez' Ey' PWN];
nesc = length(Esc(:,1));
Esc = Esc(nesc:-1:1,:);
el se
cC =G
EX0 = [];
EX1 =[]
E =1I;
EsO = [];
Esc = [];
end
G e
Y%VASSPO NTS COVPUTATIONS ( +1 )
ifj >1
ndl = length(D(:,1));
if ndl <= 2;
0
9l SCRETE METHOD: Tr apezoi dal net hod
nd2 = length(Dsc(:,1));
DscProb = Dsc(nd2,4); %Ar ea:
PMPoi nt 1 = DscProb; %Assi gnment
90 SCRETE METHOD: Summati on net hod
DscProb2 = sun{ Dsc(:,3) ) * parO
E1MP1 = sum( Dsc(:,1) .* Dsc(:,3) );
E2MP1 = sun( Dsc(:,1).72 .* Dsc(:,3) );
el se
%0
9NUMERI CAL METHCD
NunProb = trapz( D(:,1), D(:,3) );
E1MP1 =trapz( D(:,1), D(:,1) .* D(:,3) );
E2MP1 =trapz( D(:,1), D(:,1).22 .» D(:,3) );
PMPoi nt 1 = NunProb;
end
el se
PMPoint1 = O;
E1MP1 = 0;
E2MP1 = 0;
DscProb = 0;
end
T
YVASSPO NTS COMPUTATIONS ( -1 )
if p>1,;
ne = length( E(:,1) );
if ne <= 2;
0
%l SCRETE METHOD: Trapezoi dal met hod
DscProb = Esc(1,4);
PMPoi nt 2 = DscProb;

%0l SCRETE METHOD: Sunmati on net hod
DscProb2 = sun{ Esc(:,3) ) * parO;

E1MP2 = sun( Esc(:,1) .* Esc(:,3) ) * parO;
E2MP2 = sum( Esc(:,1).”72 .x Esc(:,3) ) * parO;

el se
Q0
9NUMERI CAL METHCD
NunmProb = trapz( E(:,1), E(:,3) );
E1MP2 =trapz( E(:,1), E(:,1) .* E(:,3) );
E2MP2 = trapz( E(:,1), E(:,1).22 . E(:,3) );
PMPoi nt 2 = NunPr ob;

end

el se

PMPoi nt2 = 0;

E1MP2 = 0;

E2MP2 = 0;

DscProb = 0;

end
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(trapezoi dal

% LS UE PDFLS CUMVAREA]

rul e)

%sum x times P(x)
%sum x”2 times P(x)

%Ar ea

%] x]

%E[ x"2]
%Assi gnnment

%Ar ea
%A ssi gnnment

%sum x tines P(x)
%sum x”2 times P(x)

%Ar ea
%[ X]

%E] x"2]

%Assi gnment



E1MP1 + E1MP2;
E2MP1 + E2MP2;

9%VERGED RESULTS AND DETERM NATI ON OF CONFI DENCE BOUNDS
X=[C A B; 9% LS UE PDFLS PDPUE JACOBI AN|

% ncoporating MP@ - 1]
if p>1
S, 1:4) 7; % LS UE PDFLS PDPUE]

N <
1l
m
P

choice = 2;
x = confidence(X, Z, par 0, choi ce) ; CONFI DENCE | NTERVALS (Cl)

end;
OB
% ncopor ati ng MP@ +1]
ifj >1
Y= X(:,1:4); D]; % LS UE PDFLS PDPUE]
Z =D
choice = 1;
x = confidence(X Z, parO0, choice); %CONFI DENCE | NTERVALS (Cl)
end,
L T

%\No mass poi nt
ifj<=18&p<=1;

Y = X(:,1:4); %o mass poi nt
zZ =11
choice = 0;
x = confidence(X, Z, par0, choice); %CONFI DENCE | NTERVALS (Cl)
end
LLS = x(1,2); LUE = x(1,3);
RLS = x(2,2); RUE = x(2,3);
L T OO |1 s o

Y%AREA, MEAN, VARI ANCE, SQUARE BI AS and MSE COVPUTATI ON
L |1 e 1
%.S ESTI MATOR : Direct conputation (Mean, Variance, Square bias )

LS =Y(:,1);

PLS =Y(:,3);

mls = trapz( LS, LS .* PLS);

vrlsl = trapz( LS, LS. "2 .+ PLS) - mmls"2;
vrls2 = trapz( LS, (LS- mls).”2 .» PLS);
shl's = (mls - al pha)"2;

msel s1 = vrlsl + shls;

nmsel s2 = vrls2 + shls;

L T

Y%AREA CALCULATI ON

%vass Poi nt

MParea = PMPoi nt 1 + PMPoi nt 2;
Qo

%NDER PDF of LS
XLS = X(:,1);

XPLS = X(:,3);
ALS = trapz( XLS, XPLS ); wNthin [L,U
ArealS = ALS + MrParea,; %ot al
O
UNDER PDF of UE
XUE = X(:,2);
XPUE = X(:,4);
AUE = trapz( X(:,2),X(:,4) ); WNthin [-1,1]
ArealUE = AUE + MPar ea; %ot al
G0 e
%OPTI ON TWO.  UNBI ASED ESTI MATOR: I ndirect conputation of Mean & Variance
Y
ifj>1]p>1;

ZLS = Z(:,1);

ZUE = Z(:,2);

ZPLS = Z(:,3);
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ZPUE = Z(:,4);
nz = length(ZLS);
QO e

if nz <= 2;
9Dl SCRETE METHOD
MPR = sun( ZUE .* ZPLS ) =* parO0; %r(UE = 1) or Pr(UE = -1)
E1ZUE = sum( ZUE .* ZPLS ) * parO; %sum x times P(x)
MNUE = E1XUE + E1ZUE; %vean of UE
ZVUE = sun{ (ZUE - MNUE).”2 » MPR ) * parO0; %sum x"2 tines P(x)
ZVUE1 = sunm( (ZUE - MNUE).”"2 .x ZPLS ) x parQ; %sum x*2 times P(x): Direct
el se
9NUMERI CAL METHCOD
MPR = trapz( ZLS, ZUE .* ZPLS); %r(UE = 1) or Pr(UE = -1)
E1ZUE = trapz( ZLS, ZUE .* ZPLS); %E[x] in Z
MNUE = E1XUE + E1ZUE; %vean of UE
ZVUE = trapz( ZLS, ( ZUE - MNUE )."2 » MPR ); YE[ (x - E{x})"2]
ZVUE1 = trapz( ZLS, ( ZUE - MNUE ).”"2 .x ZPLS); %[ (x - E{x})"2]: Direct
end
T
el se
MPR =0
E1ZUE = 0;
MNUE = E1XUE
ZVUE = 0
ZVUEl1 = 0
end
G
VRUEL XVUE + ZVUEL;
VRUE2 XVUE + ZVUE;

VRUE1 + SBUE2;

SBUE2 = (MNUE - al pha)~2;
= VRUE2 + SBUEZ2;

Algorithm 17: Exact confidence intervals
The functionx = confi dence( X, Z, par 0, choi ce) determine$% and95% quantiles

of the CDF of the location-based estimators. It is effected ssbcall routine during MSE
computation. It is also used to establish exact bounds fagdttnator for check purposes on

accuracy. Explanatory text is included in the subroutines.

function x = confidence(X, Z, parO0, choice);
G e e

XLS = X(:,1); %.S estimator

XPLS = X(:,3); %PDF of LS

XUE = X(:,2); %Jnbi ased esti mat or
XPUE = X(:,4); %PDF of UE

X1 = cuntrapz(XUE, XPUE) ;

X2 = cumtrapz(XLS, XPLS);

case 0; %o nass point j =1 &p = 1;

%NBI ASED ESTI MATOR

UE = XUE;

CPUE = X1,

i = 1;

for ci = [0.05 0.95];
r length( find( CPUE <=ci ) );
A = UE(r); C = CPUE(r);
B = UE(r+1); D = CPUE(r+1);
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) = A+ ((ci - Q/(D- Q)*(B-A);
] I €=1[1: D=1[I: r =1[I;

for ci = [0.05 0.95];

length( find( CPLS <=ci ) );
LS(r); C = CPLS(r);

LS(r+1); D = CPLS(r+1);

cls(i) = A+ ((ci C/(D- O)*(B-A);
A=_[];i%=[];c [1; D=1I; r =[]
I =1 + )

>
oo

case 2; %asspoint probability at ( -1 )

ZLS
ZPLS

Z(:,1); %.S estimator
Z(:,3); 9%PDF of LS

ZUE Z(:,2); %Jnbi ased esti mator
ZPUE = Z(:,4); %°DF of UE

nz = | ength(ZLS);

if nz <= 2;

cunsun( ZPLS ) * parO0;

cuntrapz( ZLS, ZPUE ); 9\uneri cal
cuntrapz( ZLS, ZPLS);

N
N
Inu

%JNBI ASED ESTI MATCR

pzue = Z1( length(Z1) );
X1 = X1 + pzue;

UE = [ZUE XUE];

CPUE = [Z1; X1];

i =1

for ci =[ 0.05 0.95 ];
if ci < pzue;

cue(i) = -1;
el se
r =length( find( CPUE <= ci ) );
A = UE(r); C = CPUE(r);
B = UE(r+1); D = CPUE(r+1);

cue(i) = A+ ((ci

O/(D- Q)*(B-A;
[1; D=11; r =11;

>
I
w
Il
0
Il

%.S ESTI MATOR

pzls = Z2( length(Z2) );
X2 = X2 + pzls;

LS = [ZLS; XLS|;

CPLS = [Z2; X2 ];

i = 1;

for ci = [0.05 0.95];
r length( find( CPLS <=ci ) );
A= LS(r); C = CPLS(r);
B = LS(r+1); D = CPLS(r+1);
cls(i) = A+ ((ci C)/(D- Q)*(B-A;
A:[];?=[];C [1: D=1[1; r =1[1I;

=i +
end
OO .
case 1; 9%hasspoint probability at ( +1)
ZLs = Z(:,1); %.S estimator
ZPLS = Z(:,3); %°DF of LS
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end

ZUE = Z(:,2); %Jnbi ased esti mator
ZPUE = Z(:, 4); 9%°DF of UE

nz = |l ength(ZLS);

if nz <= 2;

Z1 = cunmsun{ ZPUE ) =* parO;
Z2 = cunmsun{ ZPLS ) * parQ0;

cuntrapz( ZLS, ZPUE );
cuntrapz( ZLS, ZPLS);

%JNBI ASED ESTI MATCR

%Di screte net hod

9%\uneri cal nethod

pxue = X1( length(X1) ); %Cummul ative area in [-1,1]
Z1 = Z1 + pxue,;
UE = [XUE, ZUE];
CPUE = [X1; Z71];
i = 1;
for ci = [ 0.05 0.95 ];
if ci > pxue;
cue(i) = 1;
el se
r = length( find( CPUE <=ci ) );
A = UE(r); C = CPUE(r);
B = UE(r+1); D = CPUE(r+1);
cue(i) = A+ ((ci C/(D- O)*(B-A);
A=11; B=[]; €=1[];: b=11; r =11,
end
=i +1
end
% ..
%S ESTI MATOR
pxls = X2( length(X2) );
Z2 = 72 + pxls;
LS = [XLS; ZLS];
CPLS = [X2; Z2];
i =1
for ci =[0.05 0.95];
r = length( find( CPLS <=ci ) );
A = LS(r); C = CPLS(r);
B = LS(r+1); D = CPLS(r+1);
cls(i) = A+ ((ci - Q/(D- Q)*(BA;
A=1[]; B=1[]; €C=1[]; D=1[]; r =[],
=i + 1
end

ot herwi se

X = [[0.05 0.95]" cls' cue'];
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