












































































































































































































































Chapter 4: A numerical method for convection-diffusion problems with a
power interior layer and variable coefficient diffusion term
Table 4.9: Results for Example 4.6.2: Maximum errors before extrapolation: B-mesh

ε N = 16 N = 32 N = 64 N = 128 N = 256 N = 512 N = 1024

10−2 4.18E-02 2.33E-02 1.23E-02 6.27E-03 3.17E-03 1.59E-03 7.97E-04

10−3 4.23E-02 2.35E-02 1.24E-02 6.39E-03 3.23E-03 1.62E-03 8.14E-04

10−8 4.19E-02 2.32E-02 1.22E-02 6.30E-03 3.19E-03 1.61E-03 8.07E-04

10−18 4.19E-02 2.32E-02 1.22E-02 6.30E-03 3.19E-03 1.61E-03 8.07E-04
...

...
...

...
...

...
...

...

10−30 4.19E-02 2.32E-02 1.22E-02 6.30E-03 3.19E-03 1.61E-03 8.07E-04

Table 4.10: Results for Example 4.6.2: Maximum errors after extrapolation: B-mesh
ε N = 16 N = 32 N = 64 N = 128 N = 256 N = 512 N = 1024

10−2 5.14E-03 1.58E-03 2.10E-04 3.45E-05 8.67E-06 2.17E-06 5.58E-0

10−3 2.29E-03 9.59E-04 1.12E-03 2.21E-04 2.31E-05 9.69E-06 3.02E-06

10−8 2.17E-03 6.37E-04 1.73E-04 6.54E-05 5.37E-05 4.65E-05 4.05E-05

10−18 2.17E-03 6.37E-04 1.73E-04 4.49E-05 1.14E-05 2.89E-06 9.40E-07
...

...
...

...
...

...
...

...

10−30 2.17E-03 6.37E-04 1.73E-04 4.49E-05 1.14E-05 2.89E-06 9.40E-07

Table 4.11: Results for Example 4.6.2: Rates of convergence before extrapolation: B-mesh
ε r1 r2 r3 r4 r5 r6

10−2 0.84 0.93 0.97 0.99 0.99 1.00

10−3 0.85 0.91 0.96 0.98 0.99 1.00

10−5 0.85 0.92 0.96 0.98 0.99 0.99

10−18 0.85 0.92 0.96 0.98 0.99 0.99
...

...
...

...
...

...
...

10−25 0.85 0.92 0.96 0.98 0.99 0.99

Table 4.12: Results for Example 4.6.2: Rates of convergence after extrapolation: B-mesh
ε r1 r2 r3 r4 r5 r6

10−2 1.70 2.91 2.61 1.99 2.00 1.96

10−3 1.26 -0.22 2.34 3.26 1.25 1.68

10−5 0.90 0.20 0.79 3.15 -0.98 1.66

10−18 1.77 1.88 1.94 1.97 1.99 1.62
...

...
...

...
...

...
...

10−25 1.77 1.88 1.94 1.97 1.99 1.62
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Table 4.13: Results for Example 4.6.2: Maximum errors before extrapolation: S-mesh
ε N = 16 N = 32 N = 64 N = 128 N = 256 N = 512 N = 1024

10−2 4.65E-02 2.47E-02 1.26E-02 6.36E-03 3.19E-03 1.60E-03 7.98E-04

10−3 4.68E-02 2.49E-02 1.28E-02 6.49E-03 3.26E-03 1.63E-03 8.16E-04

10−8 4.65E-02 2.45E-02 1.26E-02 6.39E-03 3.22E-03 1.61E-03 8.09E-04

10−18 4.65E-02 2.45E-02 1.26E-02 6.39E-03 3.22E-03 1.61E-03 8.09E-04
...

...
...

...
...

...
...

...

10−30 4.65E-02 2.45E-02 1.26E-02 6.39E-03 3.22E-03 1.61E-03 8.09E-04

Table 4.14: Results for Example 4.6.2: Maximum errors after extrapolation: S-mesh
ε N = 16 N = 32 N = 64 N = 128 N = 256 N = 512 N = 1024

10−2 5.60E-03 1.85E-03 2.51E-04 3.58E-05 8.86E-06 2.21E-06 5.52E-07

10−3 2.94E-03 7.67E-04 1.17E-03 2.35E-04 2.25E-05 9.50E-06 2.95E-06

10−8 2.69E-03 7.19E-04 1.84E-04 6.57E-05 5.38E-05 4.65E-05 4.06E-05

10−18 2.69E-03 7.19E-04 1.84E-04 4.64E-05 1.16E-05 2.91E-06 9.43E-07
...

...
...

...
...

...
...

...

10−30 2.69E-03 7.19E-04 1.84E-04 4.64E-05 1.16E-05 2.91E-06 9.43E-07

Table 4.15: Results for Example 4.6.2: Rates of convergence before extrapolation: S-mesh
ε r1 r2 r3 r4 r5 r6

10−2 0.91 0.97 0.99 1.00 1.00 1.00

10−3 0.91 0.95 0.98 0.99 1.00 1.00

10−5 0.92 0.96 0.98 0.99 1.00 1.00

10−18 0.92 0.96 0.98 0.99 1.00 1.00
...

...
...

...
...

...
...

10−30 0.92 0.96 0.98 0.99 1.00 1.00

Table 4.16: Results for Example 4.6.2: Rates of convergence after extrapolation: S-mesh
ε r1 r2 r3 r4 r5 r6

10−2 1.59 2.89 2.81 2.01 2.00 2.00

10−3 1.94 -0.60 2.31 3.39 1.24 1.69

10−5 1.22 0.17 0.78 3.07 -0.88 1.65

10−18 1.91 1.97 1.99 2.00 2.00 1.63
...

...
...

...
...

...
...

10−30 1.91 1.97 1.99 2.00 2.00 1.63
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Remark 4.6.1. Tables of numerical results with Richardson extrapolation show that the

computed rate of convergence deviates notably from the theoretical rate of convergence

with Richardson extrapolation which is two. This is not surprising as performance of

Richardson extrapolation may be hindered by the fact that, for non-uniform (such as the

Shishkin and Bakhvalov type) meshes, nodes are offset by the fact that the transition

point depends on the number of nodes used in computations. This observation

corroborates assertions in the literature regarding issues with implementation of Richard-

son extrapolation (see e.g. [10, 61, 71])

4.7 Discussion

In this chapter, we proposed a FMFDM for singularly perturbed a class of two-point

boundary value problems with a variable coefficient multiplying the second derivative,

whose solution exhibits an interior layer due the presence of a turning point. After

establishing a set of bounds on the derivatives of the solution, we constructed a mesh

of Bakhvalov and Shishkin type on which we designed a discrete upwind scheme. We

proved that the proposed method is uniformly convergent of order one for both methods.

We used Richardson extrapolation to increase the accuracy of the scheme. The theoretical

results were supported by numerical investigations that we carried out on two examples.

For each example, we computed the maximum point-wise errors and the corresponding

rates of convergence for various values of the step-sizes. We observed that the numerical

results based on the FMFDM before and after extrapolation on a B-type mesh were found

to be a little inferior as compared to those obtained on the S-type mesh as illustrated

in tables 4.1, 4.2, 4.5 and 4.6 for example 4.6.1 and tables 4.9, 4.10, 4.13 and 4.14 for

example 4.6.2. Furthermore, we investigated the effect of Richardson extrapolation on

the FMFDM for both methods and have observed that it improved the accuracy of the

computed solution. In particular, the rate of convergence increased from 1 to 2 as shown

in tables 4.3, 4.4, 4.7, 4.8, 4.11, 4.12, 4.15 and 4.16.
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Chapter 5

Time-dependent convection-diffusion

problems with a power interior layer

and variable coefficient diffusion

term

This chapter deals with singularly perturbed parabolic problems whose solution displays

an interior layer due to the presence of a turning point. The diffusion term is embedded

in a quadratic function. After providing appropriate bounds on the solution to these

problems and their derivatives, we discretize the time variable with a constant step-size

using the implicit Euler method. This process results in a linear system of equations at

each time level which is solved using a fitted mesh finite difference method (FMFDM).

We also discuss the extrapolation technique to improve the order of convergence on the

proposed method.
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5.1 Introduction

We examine the following problem

Lu :≡ (ε+ x2) ∂
2u(x, t)
∂x2 + a(x, t) ∂u(x, t)

∂x
− b(x, t)u(x, t)− d(x, t) ∂u(x, t)

∂t
= f(x, t),

(5.1.1)

(x, t) ∈ Q ≡ Ω× (0, T ] ≡ (−1, 1)× (0, T ], (5.1.2)

subject to the initial and boundary conditions

u(x, 0) = u0(x), −1 ≤ x ≤ 1, u(−1, t) = α1(t) , u(1, t) = α2(t), t ∈ (0, T ], (5.1.3)

where 0 < ε � 1 is a perturbation parameter. We assume that the functions a(x, t),

b(x, t), d(x, t),f(x, t) and initial conditions u0(x) are sufficiently smooth and

d(x, t) ≥ δ > 0 in Q̄. Furthermore, (i) a(0, t) = 0 and ax(0, t) > 0 ∀t ∈ [0, T ] guarantees

the existence of the turning point, (ii) b(x, t) ≥ β > 0 ∀(x, t) ∈ Q̄, which ensures that the

problem satisfies a minimum principle and (iii) |ax(x, t)| ≥ |ax(0, t)|/2 ∀(x, t) ∈ Q̄ implies

that the turning point occurs at (0, t), ∀t ∈ [0, T ]. Under the assumptions (i)− (iii), the

turning point problem (5.1.1)-(5.1.3) possesses a unique solution exhibiting an interior

layer at the point x = 0 [19]. Also, we impose the compatibility conditions

u0(−1) = α1(0) and u0(1) = α2(0),

so that the data match at the two corners (−1, 0) and (1, 0) of the domain Q̄.

In [72], it was proved that there exists a constant C independent of ε such that

|u(x, t)− α1(t)| ≤ C(1 + x), |u(x, t)− α2(t)| ≤ C(1− x), ∀(x, t) ∈ Q̄

and

|u(x, t)− u0(x)| ≤ Ct, ∀(x, t) ∈ Q̄.
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Time-dependent singularly perturbed problems are widely studied in the literature. Such

problems arise in several fields of engineering and applied mathematics, including convection-

dominated flows in fluid mechanics, heat and mass transfer in chemical and nuclear engi-

neering, electromagnetic theory [11, 23, 30, 44, 59].

A number of authors studied a class of time-dependent singularly perturbed problems

with non turning points [11, 30, 72]. Turning point problems are those where the co-

efficient of the convective term vanishes inside the spatial-domain by changing signs.

Examples of works where turning points give rise to boundary and/or interior layers may

be found [5, 12, 13, 16, 19, 40, 44, 47, 53, 58, 64].

All the works listed above are characterised by a small parameter ε in front of the high-

est derivative. Parallel to a constant perturbation parameter ε, it is important to study

problems with diffusion terms are functions of x and ε.

However [37] and [39] studied the problem (5.1.1)-(5.1.3) in the space variable only.

In [37], Liseikin derived bounds on the solution and its derivatives for the problem

−(ε + px)βu′′ + a(x)u + f(x, ε) = 0, 0 ≤ x ≤ 1, p = 0, 1 , β ≥ 1. While in [39], Li-

seikin considered the equation −(ε + x)βu′′ − a(x)u + f(x, ε) = 0, 0 ≤ x ≤ 1 , β > 0.

Bounds on the solution and its derivatives were established (see p. 160-111) while on p.

256-262, for β = 1 a numerical method was presented and its convergence analysed.

In this chapter, we focus on studying the time-dependent problem (5.1.1)-(5.1.3) where

the coefficients of the differential equations depend on both space and time, and are

smooth. We propose and analyse a fitted mesh finite difference method (FMFDM). It

turns out from convergence analysis that the proposed method is uniformly convergent of

order one, up to a logarithmic factor with respect to ε.

The rest of this chapter is organised as follows. We establish bounds on the solution
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u(x, t) and its derivatives in Section 2. Section 3 is devoted to constructing a FMFDM

applied on a Shishkin mesh. We show that the proposed method satisfies a minimum

principle. We use this fact to establish a stability result. In Section 4, we conduct a

rigourous error analysis. We prove that the proposed numerical method is almost first

order uniformly convergent with respect to the perturbation parameter in time and space,

up to a logarithmic factor with respect to ε. In order to enhance the accuracy and order

of convergence of the proposed FMFDM, we apply Richardson extrapolation in Section 5

to obtain almost second order uniform convergence in space. Numerical experiments are

presented in Section 6 for two examples to confirm our theoretical results. Finally, some

conclusions are drawn in the last Section.

In the rest of this chapter, we use C as a generic positive constant which may assume

different values in different inequalities but will always be independent of ε, the spatial

and time discretization parameters.

5.2 A priori estimates of the solution and its deriva-

tives

Bounds on the solution to problem (5.1.1)-(5.1.3) and its derivatives are the subject of

this section.

The interval [−1, 1] which we denote Ω̄ is divided as follows Ωl = [−1,−τ ],Ωc = [−τ, τ ] and

Ωr = [τ, 1], where 0 < τ ≤ 1/2.

The linear operator L as defined in (5.1.1) satisfies the following minimum principle and

then we state a stability estimate for the solution of (5.1.1)-(5.1.3).

Lemma 5.2.1. (Minimum principle). Suppose ξ(x, t) is a smooth function satisfying

ξ(±1, t) ≥ 0 and Lξ(x, t) ≤ 0, ∀x ∈ Ω. Then ξ(x, t) ≥ 0, ∀x ∈ Ω̄.

Proof. Let (x∗, t∗) ∈ Q̄ such that ξ(x∗, t∗) = min
x∈[−1,1]

ξ(x, t) and assume that ξ(x∗, t∗) < 0.
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It follows that (x∗, t∗) /∈ Q, therefore ξx(x∗, t∗) = 0, ξt(x∗, t∗) = 0 and ξxx(x∗, t∗) ≥ 0.

Then, we obtain

Lξ(x∗, t∗) = (ε+x∗2)ξxx(x∗, t∗)+a(x∗, t∗)ξx(x∗, t∗)−b(x∗, t∗)ξ(x∗, t∗)−d(x∗, t∗)ξt(x∗, t∗) > 0,

which is a contradiction. It follows that ξ(x∗, t∗) ≥ 0 and thus ξ(x, t) ≥ 0, ∀x ∈ Q̄.

We apply this minimum principle to prove the next results which state that the solu-

tion depends continuously on the data.

Lemma 5.2.2. (Stability estimate). If u(x, t) is the solution of (5.1.1)-(5.1.3), then we

have

||u(x, t|| 6 [max {||α1||∞, ||α2||∞}] + 1
β
||f ||∞,∀(x, t) ∈ Q̄.

Proof. See Lemma 3.2.2 in Chapter 3.

The next Lemma provide estimates of u and its derivatives in the interval [−1,−τ ] and

[τ, 1].

Lemma 5.2.3. The bound on the solution u(x, t) of (5.1.1) is given by

|u(x, t)| ≤ C, (x, t) ∈ Q̄.

Proof. See [30].

Lemma 5.2.4. Let u(x, t) be the solution to (5.1.1)-(5.1.3) and a(x, t), b(x, t) and f(x, t)

sufficiently smooth function in Q̄. Then, there exists a positive constant C independent

of ε, such that ∣∣∣∣∣∂ju(x, t)
∂xj

∣∣∣∣∣ ≤ C, ∀x ∈ Ωl or Ωr and (x, t) ∈ Q̄, 0 ≤ j ≤ 2.

Proof. See [11].

Lemma 5.2.5. Under the assumption of Lemmas 5.2.1 and 5.2.4, the bound on the

derivative of u with respect to t is |ut(x, t)| ≤ C, (x, t) ∈ Q̄.
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Proof. See [30].

Lemma 5.2.6. |uxt(x, t)| 6 C, (x, t) ∈ Q̄.

Proof. See [31].

Based on the ideas of [39], we will be able to establish the next lemma. Note that the

solution of (5.1.1)-(5.1.3) has an interior layer at the point xN/2 = 0. Then, the derivatives

of u(x, t) are estimated in the vicinity xN/2 = 0 by polynomial functions according to the

sign of the coefficient of the convection term a(x, t) at the point x?0. Therefore, we present

two different cases

a =

 a(x?0, t) 6 0, x?0 ∈ [−τ, 0], t ∈ [0, T ],

a(x?0, t) > 0, x?0 ∈ (0, τ ], t ∈ [0, T ].
(5.2.1)

Lemma 5.2.7. Let u(x, t) be the solution of (5.1.1)-(5.1.3). Then assuming that

a = a(x?0, t) > 0, for 0 < x 6 τ, ∀t ∈ [0, T ], we have

∣∣∣∣∣∂ju(x, t)
∂xj

∣∣∣∣∣ 6 C


1 + (ε+ x2)1−a−j, 0 < a < 1, j = 1, 2, 3, 4,

1 + (ε+ x2)−j, a = 1, j = 1, 2, 3, 4,

1 + εa−1(ε+ x2)1−a−j, a > 1, j = 1, 2, 3, 4,

(5.2.2)

and a = a(x?0, t) 6 0, for −τ 6 x 6 0, and let p be a whole number such that a+ p = 0

and a+ p− 1 < 0, ∀t ∈ [0, T ], then we have the following bounds

∣∣∣∣∣∂ju(x, t)
∂xj

∣∣∣∣∣ 6 C


1, a < 0, j 6 p, j = 1, 2, 3, 4,

1 + (ε+ x2)1−j−p arctan(x/
√
ε), a+ p = 0, j > p, j = 1, 2, 3, 4,

1 + (ε+ x2)−a−j, a+ p > 0, j > p, j = 1, 2, 3, 4.
(5.2.3)

Proof. This Lemma will be proved by following the ideas of ([39], from pp. 107-110).

Application of the inverse-monotone pair T = (L,Γ) (see pp 49) implies that

|u(x, t)| 6 C, (x, t) ∈ Q̄. (5.2.4)
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From (5.1.1)-(5.1.3) and (5.2.4) and ∀t ∈ [0, T ], we obtain

∣∣∣∣∣∂ju(x, t)
∂xj

∣∣∣∣∣ 6 C



1, −τ < x0 6 x 6 0,

ε−j, −τ 6 x 6 x0, j = 1, 2, 3, 4,

1, 0 < x0 6 x 6 τ,

ε−j, 0 6 x 6 x0, j = 1, 2, 3, 4,

(5.2.5)

and arbitrary x0 > 0, independent of ε and x.

case 1 : a > 0 for 0 < x 6 1, ∀t ∈ [0, T ]. In this case, the derivatives of u(x, t)

are estimated according to the value of a : 0 < a < 1, a = 1 and a > 1. Solving (5.1.1)

for uxx(x, t), we obtain∣∣∣∣∣∂2u(x, t)
∂x2

∣∣∣∣∣ = uxx(x, t) = f(x, t) + b(x, t)u(x, t) + d(x, t)ut(x, t)
(ε+ x2) − a(x, t)ux(x, t)

(ε+ x2) . (5.2.6)

Integrating (5.2.6) on both sides from 0 to x, we obtain

ux(x, t) =
∫ x

0

f(s, t) + b(s, t)u(s, t) + d(s, t)ut(s, t)
ε+ s2 ds−

∫ x

0

a(s, t)ux(s, t)
ε+ s2 ds. (5.2.7)

ux(x, t) can be expressed as follows

ux(x, t) = ux(0, t)
[

ε

ε+ x2

]a
exp[−g1(x, t)] + g2(x, t), (5.2.8)

where

g1(x, t) =
∫ x

0

a(s, t)
ε+ s2 ds = a(x, t)√

ε
arctan(x/

√
ε)−

∫ x

0

as(s, t)√
ε

arctan(s/
√
ε) ds, (5.2.9)

with a(0, t) = 0, and

g2(x, t) = (ε+ x2)−a
∫ x

0
[f(s, t) + b(s, t)u(s, t)+

d(s, t)ut(s, t)](ε+ s2)a−1 exp[g1(s, t)− g1(x, t)] ds. (5.2.10)

Since |g1(x, t)| 6 C from (5.2.4), we find that

|g2(x, t)| 6 C(ε+ x2)−a
∫ x

0
(ε+ s2)a−1 ds 6 C.
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Applying the triangle inequality in (5.2.8) and taking into account the estimates of g1(x, t)

and g2(x, t), we obtain∣∣∣∣∣∂u(x, t)
∂x

∣∣∣∣∣ = |ux(x, t)| 6 C
[
1 + |ux(0, t)|(ε/(ε+ x2))a

]
. (5.2.11)

Considering 0 < a < 1, there is a point x0 in the interval (0, τ) such that |ux(x0, t)| 6 C,

so that

|ux(0, t)|
(

ε

ε+ x2
0

)a
6 C.

This inequality yields

|ux(0, t)| 6 C

(
ε+ x2

0
ε

)a
6 C(ε+ x2

0)aε−a 6 Cε−a.

Using the estimates obtained for |ux(0, t)| in (5.2.11), we obtain∣∣∣∣∣∂u(x, t)
∂x

∣∣∣∣∣ = |ux(x, t)| 6 C
[
1 + (ε+ x2)−a

]
, 0 < a < 1.

Differentiating (5.1.1) with respect to x, solving the resulting equation for uxxx(x, t), we

obtain

uxxx(x, t) = b(x, t)− ax(x, t)
ε+ x2 ux(x, t)−

ax(x, t) + 2s
(ε+ x2) uxx(x, t)+

fx(x, t) + bx(x, t)u(x, t) + dx(x, t)ut(x, t)− d(x, t)utx(x, t)
(ε+ x2) . (5.2.12)

Below is the expression of ∂2u(x, t)/∂x2

∂2u(x, t)
∂x2 = uxx(x, t) = uxx(0, t)

[
ε

ε+ x2

]a+1
exp[−g3(x, t)] + g4(x, t), (5.2.13)

where

g3(x, t) =
∫ x

0

a(s, t) + 2s
ε+ s2 ds = a(x, t) + 2x√

ε
arctan(x/

√
ε)−∫ x

0

as(s, t) + 2√
ε

arctan(s/
√
ε)) ds, (5.2.14)

with a(0, t) = 0, and

g4(x, t) = (ε+ x2)−a−1
∫ x

0
[fs(s, t) + bs(s, t)u(s, t) + ds(s, t)ut(s, t)− d(s, t)uts(s, t)+

(b(s, t)− as(s, t)us(s, t)](ε+ s2)a exp[g3(s, t)− g3(x, t)] ds. (5.2.15)
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Noting that |g3(x, t)| 6 C, |ut(x, t)| 6 C, |utx(x, t)| 6 C, and |u(x, t)| 6 C, we find that

|g4(x, t)| 6 C(ε+ x2)−a−1
∫ x

0
[1 + us(s, t)](ε+ s2)a ds 6 C[1 + (ε+ x2)−a]. (5.2.16)

We obtain from (5.1.1)

uxx(0, t) 6 Cε−1[1 + ux(0, t)] 6 Cε−a−1.

Substituting the estimate of uxx(0, t) and g4(x, t) into (5.2.13), we obtain∣∣∣∣∣∂2u(x, t)
∂x2

∣∣∣∣∣ = uxx(x, t) 6 Cε−1−aεa+1(ε+x2)−a−1+C
[
1 + (ε+ x2)−a

]
6 C

[
1 + (ε+ x2)−a−1

]
.

Differentiating equation (5.1.1)-(5.1.3) and taking into account (5.2.4), we obtain the

following result ∣∣∣∣∣∂ju(x, t)
∂xj

∣∣∣∣∣ 6 C
[
1 + (ε+ x2)−a+1−j

]
.

Consider the case when a = 1. On integrating (5.2.8) from 0 to τ , we obtain

u(τ, t)− u(0, t) = ux(0, t)ε1/2{arctan(τ/
√
ε) exp[−g1(τ, t)]

+
∫ τ

0
a(x, t)(ε+ x2)−1 arctan(x/

√
ε) exp[−g1(x, t)] dx}+

∫ τ

0
g2(x, t) dx. (5.2.17)

Since

| arctan(τ/
√
ε) exp[−g1(τ, t)] +

∫ τ

0
a(x, t)(ε+ x2)−1 exp[−g1(x, t)] arctan(x/

√
ε) dx| 6 C,

using the triangle inequality in (5.2.17) and taking into account the inequality above, we

obtain

|ux(0, t)| ε1/2 6 C.

This inequality yields |ux(0, t)| 6 Cε−1/2. From (5.2.11), we obtain∣∣∣∣∣∂u(x, t)
∂x

∣∣∣∣∣ = |ux(x, t)| 6 C[1 + ε1/2(ε+ x2)−1] 6 C[1 + (ε+ x2)−1].

Consider uxx(x, t) for a = 1. In this case (5.2.13) gives

∂2u(x, t)
∂x2 = uxx(x, t) = uxx(0, t)

[
ε

ε+ x2

]2
exp[−g3(x, t)] + g4(x, t). (5.2.18)
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From (5.2.16), g4(x, t) is defined as follows

|g4(x, t)| 6 C(ε+ x)−2
∫ x

0
[1 + u′(s)](ε+ s2) ds 6 C[1 + ε1/2(ε+ x2)−1]. (5.2.19)

Moreover, by (5.1.1) we have

uxx(0, t) 6 Cε−1[1 + ux(0, t)] 6 Cε−3/2.

From (5.2.18) we obtain using the estimates of uxx(0, t) and g4(x, t) :∣∣∣∣∣∂2u(x, t)
∂x2

∣∣∣∣∣ = uxx(x, t) 6 C[1 + ε1/2(ε+ x2)−2] 6 C[1 + (ε+ x2)−2].

By differentiating (5.1.1) and with the help of (5.2.5), we arrive at the following result∣∣∣∣∣∂ju(x, t)
∂xj

∣∣∣∣∣ 6 C[1 + (ε+ x2)−j], a = 1, 0 6 x 6 τ, j = 1, 2, 3, 4.

This completes the proof of the estimate 5.2.2 for 0 < x 6 τ.

case 2 : a 6 0 for −τ 6 x 6 0. In this case, ux(x, t) is given as follows [39]

ux(x, t) = ux(x0, t) exp[ψ(x0, x, t)]+∫ x

x0

f(s, t) + b(s, t)u(s, t) + d(s, t)ut(s, t)
ε+ s2 exp[ψ(x0, x, t)] ds, (5.2.20)

where

ψ(s, x, t) = −
∫ x

s

a(κ, t)
ε+ κ2 dκ.

If a(0, t) = 0 then ψ(s, x, t) 6 C, −τ 6 s, x 6 0. Using the triangle inequality in (5.2.20)

and choosing a point x0 ∈ [−τ/2, 0] such that u′(x0, t) 6 C, we obtain

ux(x, t)| 6 C[1+ε−1/2 arctan(x/
√
ε)] 6 C[1+arctan(x/

√
ε)], a(0) = 0, j = 1 since p = 0.

We wish to determine uxx(x, t) with p = 0 for j = 2. On differentiating (5.1.1) and solving

the resulting equation for uxx(x, t), we obtain

∂2u(x, t)
∂x2 = uxx(x0, t) exp[ψ(x0, x, t)]+(ε+x2)−p−1

∫ x

x0

F (s, t)
ε+ s2 (ε+s2)p+1 exp[ψ(s, x, t)] ds,

(5.2.21)
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where

ψ(s, x, t) = −
∫ x

s

a(κ, t)
ε+ κ2 dκ

and

F (s, t) = f(s, t) + bs(s, t)u(s, t) + ds(s, t)ut(s, t) + [b(s, t)− as(s, t)]us(s, t).

Substituting ψ(s, x, t) 6 C and uxx(x0, t) 6 C into (5.2.21), we obtain∣∣∣∣∣∂2u(x, t)
∂x2

∣∣∣∣∣ 6 C+C(ε+x2)−p−1
∫ x

x0
[1+us(s, t)](ε+s2)p ds 6 C[1+(ε+x2)−p−1 arctan(x/

√
ε)].

From (5.1.1)-(5.1.3) with p = 0, for j > 1, we obtain∣∣∣∣∣∂ju(x, t)
∂xj

∣∣∣∣∣ 6 C[1 + (ε+ x2)−1−j−p arctan(x/
√
ε)], a+ p = 0, j > p.

Let a(0, t) < 0. In this case p > 1. Then there exists a constant x0 > 0 such that

a(x, t) < 0 for − τ 6 x 6 x0. Therefore, we have

ψ(s, x, t) 6 −x0 ln[(ε+ s2)/(ε+ x2)], −τ 6 x 6 s 6 x0.

Taking exponentials on both sides of the above inequality, we obtain

exp(ψ(s, x, t)) 6 [(ε+ x2)/(ε+ s2)]−x0 , −τ 6 x 6 s 6 x0.

Substituting this estimate into (5.2.20) with x = s and taking into account (5.2.5), we

obtain

|ux(x, t)| =
∣∣∣∣∣∂u(x, t)

∂x

∣∣∣∣∣ 6 C, −τ 6 x 6 x0, a(0, t) < 0.

Differentiating (5.1.1) and taking into account (5.2.5), we obtain∣∣∣∣∣∂ju(x, t)
∂xj

∣∣∣∣∣ 6 C, −τ 6 x 6 0, a < 0, k 6 p, j = 1, 2, 3, 4.

Consider the case when j > p, a+p > 0 and a 6 0.We will estimate ux(x, t) and uxx(x, t)

by following the same steps as we did for 0 < a < 1. We define ux(x, t) from (5.2.8) as

follows:

ux(x, t) = ux(0, t)
[

ε

ε+ x2

]a+1
exp[−g1(x, t)] + g2(x, t), −τ 6 x 6 0. (5.2.22)
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Following the same steps as we did for 0 < a < 1, we obtain∣∣∣∣∣∂u(x, t)
∂x

∣∣∣∣∣ = |ux(x, t)| 6 C[1 + (ε+ x2)−a−1], a 6 0.

We estimate uxx(x, t) from (5.2.13) as follows

uxx(x, t) = uxx(0, t)
[

ε

ε+ x2

]a+2
exp[−g3(x, t)] + g4(x, t), −τ 6 x 6 0. (5.2.23)

Following the same steps as we did for 0 < a < 1, we obtain∣∣∣∣∣∂2u(x, t)
∂x2

∣∣∣∣∣ = |uxx(x, t)| 6 C[1 + (ε+ x2)−a−2], a 6 0.

Differentiating (5.1.1) and taking into account (5.2.5), we obtain∣∣∣∣∣∂ju(x, t)
∂xj

∣∣∣∣∣ 6 C[1 + (ε+ x2)−a−j], −τ 6 x 6 0, a 6 0, j > p.

This complete the proof of the estimate 5.2.3 for −τ < x 6 0.

According to the sign of the coefficient of the convection term a(x, t), the singularly

perturbed turning point problem (5.1.1)-(5.1.3) may be regarded as a concatenation of

two problems: One side a(x, t) < 0 for −1 6 x < 0 and the other side a(x, t) > 0 for

0 < x 6 1. Therefore the solution of the problem (5.1.1)-(5.1.3) may display a layer near

x = 0 on [−1, 0) and a layer near x = 0 on (0, 1]. This consideration will be useful firstly

in seeking an in-depth understanding of the behaviour of the solution and its derivatives

and secondly, in the design of the numerical method in Section 5.4. The solution can

be decomposed into two parts, namely the smooth component v(x, t) and the singular

component w(x, t) ([42], pp 47) such that

u(x, t) = v(x, t) + w(x, t),

where v(x, t) is the solution of the inhomogeneous problem

Lv(x, t) = f(x, t), (x, t) ∈ Ω1 = (−1, 0)× (0, T ], (5.2.24)

v(x, 0) = u(x, 0) = u0, −1 6 x 6 0, (5.2.25)
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v(−1, t) = u(−1, t), 0 6 t 6 T, (5.2.26)

and w(x, t) is the solution of the homogeneous problem

Lw(x, t) = 0, (x, t) ∈ Ω1, (5.2.27)

w(x, 0) = 0, −1 6 x 6 0, (5.2.28)

w(−1, t) = 0, 0 6 t 6 T, (5.2.29)

w(0, t) = u(0, t)− v(0, t), 0 6 t 6 T. (5.2.30)

We establish the following lemma which gives bounds on the solution to (5.1.1)-(5.1.3)

and its derivatives.

Lemma 5.2.8. The smooth and singular components of u(x, t) of problem (5.1.1)-(5.1.3),

for 0 ≤ j ≤ 4, and 0 6 t 6 T, satisfy

∣∣∣∣∣∂jv(x, t)
∂xj

∣∣∣∣∣ 6 C



1 + (ε+ x2)3−j arctan(x/
√
ε), x ∈ [−1, 0],

1 + (ε+ x2)3−a−j, a < 1, x ∈ [0, 1],

1 + (ε+ x2)2−j, a = 1, x ∈ [0, 1],

1 + εa−1(ε+ x2)3−a−j, a > 1, x ∈ [0, 1],

(5.2.31)

and

∣∣∣∣∣∂jw(x, t)
∂xj

∣∣∣∣∣ 6 C



(ε+ x2)1−j arctan(x/
√
ε), x ∈ [−1, 0],

(ε+ x2)1−a−j, a < 1, x ∈ [0, 1],

(ε+ x2)−j, a = 1, x ∈ [0, 1],

εa−1(ε+ x2)1−a−j, a > 1, x ∈ [0, 1],

(5.2.32)

where C is a constant and independent of ε.

Proof. We prove this lemma on Ω1 = [−1, 0]. The proof on [0, 1] follows similar steps.

We obtain the reduced problem (ε = 0) from (5.1.1) as follows

x2v0
xx + a(x, t)v0

x(x, t)− b(x, t)v0(x, t)− d(x, t)v0
t (x, t) = f(x, t), (x, t) ∈ Ω1 (5.2.33)

v0(x, 0) = v0
0(x), −1 6 x 6 0, (5.2.34)

121https://etd.uwc.ac.za



Chapter 5: Time-dependent for convection-diffusion problems with a power
interior layer and variable coefficient diffusion term

v0(−1, t) = α1(t), t ∈ (0, T ]. (5.2.35)

Further, we decompose the smooth component v(x, t) ([42], pp 68) as follows

v(x, t) = v0(x, t) + (ε+ x2)v1(x, t) + (ε+ x2)2v2(x, t), (x, t) ∈ Ω̄, (5.2.36)

where v0 is the solution of the reduced problem in (5.2.33), which is independent of ε,

and having smooth coefficients a(x, t), b(x, t) and f(x, t). From these assumptions, for

0 6 j 6 4, we have ∣∣∣∣∣∂jv0(x, t)
∂xj

∣∣∣∣∣ 6 C, for all x ∈ Ω̄1. (5.2.37)

v1 and v2 are the solutions of (5.1.1). By using Lemma 5.2.7 for −1 6 x 6 0, we have the

following bounds

∣∣∣∣∣∂jv1(x, t)
∂xj

∣∣∣∣∣ 6 C[1 + (ε+ x2)1−j arctan(x/
√
ε)], for 0 6 j 6 4 (5.2.38)

and ∣∣∣∣∣∂jv2(x, t)
∂xj

∣∣∣∣∣ 6 C[1 + (ε+ x2)1−j arctan(x/
√
ε)], for 0 6 j 6 4. (5.2.39)

Now, applying the triangle inequality and substituting these above three estimates into

(5.2.36), for 0 6 j 6 4, we obtain

∣∣∣∣∣∂jv(x, t)
∂xj

∣∣∣∣∣ 6

∣∣∣∣∣∂jv0(x, t)
∂xj

∣∣∣∣∣+ (ε+ x2)
∣∣∣∣∣∂jv1(x, t)

∂xj

∣∣∣∣∣+ +(ε+ x2)2
∣∣∣∣∣∂jv2(x, t)

∂xj

∣∣∣∣∣
6 C[1 + (ε+ x2)3−j arctan(x/

√
ε)].

To prove the regular component w(x, t), let us define the barrier functions as follows [31].

Ψ±(x, t) = C exp(ηx/ε)et ± w(x, t), (x, t) ∈ Ω̄1.
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Compute the values of Ψ±(x, t) at the boundaries:

Ψ±(−1, t) = C exp(−η/ε)et ± w(−1, t), 0 6 t 6 T,

= C exp(−η/ε)et, using (5.2.29),

> 0, 0 6 t 6 T,

Ψ±(0, t) = Cet ± w(0, t), 0 6 t 6 T,

= Cet ± [u(0, t)− v(0, t)], using (5.2.30),

> 0, for a suitable choice of C, 0 6 t 6 T,

Ψ±(x, 0) = C exp(ηx/ε)± w(x, 0), −1 6 x 6 0,

= C exp(ηx/ε), using (5.2.28),

> 0, −1 6 x 6 0.

From the above estimates, we notice that Ψ(x, t) > 0, (x, t) ∈ Ω2 = Ω̄1\Ω1. Therefore

we have

LΨ±(x, t) = (ε+ x2)Ψ±xx(x, t) + a(x, t)Ψ±x (x, t)− b(x, t)Ψ±(x, t)− d(x, t)Ψ±t (x, t)

= C exp(ηx/ε)et
[
η2

ε
+ ηa(x, t)

ε
− b(x, t)− d(x, t)

]
± Lw(x, t)

= C exp(ηx/ε)et
[
η2(ε+ x2)

ε2 + ηa(x, t)
ε

− b(x, t)− d(x, t)
]
, using (5.2.27)

6 0, since (x/ε)2 6 b(x, t) (x, t) ∈ Ω1.

Now applying Lemma 5.2.1 to the barrier functions, we obtain Ψ±(x, t) > 0, (x, t) ∈ Ω̄1.

Then we have

C exp(ηx/ε)et ± w(x, t) > 0.

It follows that

w(x, t) 6 C exp(ηx/ε)et, (x, t) ∈ Ω1

6 C exp(ηx/ε)eT since et 6 eT

6 C exp(ηx/ε) (x, t) ∈ Ω1.
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By using the inequality relation, the above inequality can expressed as follows

|w(x, t)| 6 C(ε+ x2)0 exp(ηx/ε) 6 C(ε+ x2)1 arctan(x/ε) (x, t) ∈ Ω1.

Since Lw(x, t) = 0, the jth derivative of w(x, t) can be estimated immediately from the

estimate of w(x, t),∣∣∣∣∣∂jw(x, t)
∂xj

∣∣∣∣∣ 6 C(ε+ x2)1−j arctan(x/ε), 0 6 j 6 4.

This completes the proof.

We design a FMFDM to solve time-dependent convection-diffusion problems (5.1.1)-

(5.1.3) in the next section.

5.3 Construction of the FMFDM

Time discretization

We use the Euler implicit method to discretize problem (5.1.1)-(5.1.3) with uniform step-

size ∆t = T/K. The time [0, T ] is therefore partitioned as

w̄K = {tk = k∆t, 0 6 k 6 K}. (5.3.1)

We discretize problem (5.1.1)-(5.1.3) on w̄K as follows

(ε+x2)zxx(x, tk)+a(x, tk)zx(x, tk)−b(x, tk)z(x, tk)−d(x, tk)
z(x, tk)− z(x, tk−1)

∆t = f(x, tk),

(5.3.2)

subject to

z(x, 0) = z0(x), −1 ≤ x ≤ 1, z(−1, tk) = α1(t), z(1, tk) = α2(t). (5.3.3)

Now, (5.3.2) can be written as

Lz(x, tk) = f(x, tk)− d(x, t)z(x, tk−1)
∆t . (5.3.4)
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subject to

z(x, 0) = z0(x), −1 ≤ x ≤ 1, z(−1, tk) = α1(t), z(1, tk) = α2(t), (5.3.5)

where

Lz(x, tk) = (ε+ x2)zxx(x, tk) + a(x, tk)zx(x, tk)−
[
b(x, tk) + d(x, tk)

∆t

]
z(x, tk−1).

The local truncation error ek at each time level to tk, is given by

ek = u(x, tk)− z(x, tk),

where z(x, tk) is the solution of (5.3.4)-(5.3.5).

The local error estimate of the time discretization

‖ek‖∞ ≤ C(∆t)2, 1 ≤ k ≤ K. (5.3.6)

The global error estimate of the time discretization :

‖Ek‖∞ ≤ C∆t, 1 ≤ k ≤ K. (5.3.7)

Spatial discretization

We develop a difference scheme to solve the problem (5.1.1)-(5.1.3). We consider the

following partition of the interval [−1, 1] which we denote Ω̄N : x0 = −1, xN/2 = 0, xN = 1

and let Q̄K,N = w̄K × Ω̄N be the grid for the (x, t)-variables, and QK,N = Q̄K,N ∩Q. Due

to the presence of an interior layer at the point xN/2 = 0, the transition parameter τ is

given by

τ = min
{

1
2 ,
ε

η
ln
(
N

4

)}
, (5.3.8)

where τ is a positive constant. The spatial domain is discretized using a piecewise uniform

mesh which splits the space domain [−1, 1] into three sub-intervals [−1,−τ ], [−τ, τ ] and

[τ, 1]. These sub-intervals are subdivided uniformly to contain N/4, N/2 and N/4 mesh

elements respectively. Note that the mesh spacing is given by

hj =

 4(1− τ)/N if j = 1, 2, · · · , N/4, 3N/4 + 1, · · · , N − 1, N,

4τ/N if j = N/4 + 1, N/4 + 2 · · · 3N/4.
(5.3.9)
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For the rest of the chapter, we adopt the notation B(xj, tk) := Bk
j for ease of exposition.

Also, let

D+
x U

k
j =

Uk
j+1 − Uk

j

hkj+1
, D−x U

k
j =

Uk
j − Uk

j−1

hkj
, D̃xU

k
j = 2

hkj + hkj+1
(D+

x U
k
j −D−x Uk

j )

and

D−t U
k
j =

Uk
j − Uk−1

j

∆t ,

where D+
x U

k
j , D

−
x U

k
j , D

−
t U

k
j and D̃xU

k
j are first and second order finite differences respec-

tively. Using the upwind scheme both in time and space above, we discretize the problem

(5.1.1)-(5.1.3) in the following manner:

LK,NUk
j :=

 (ε+ x2
j)D̃xU

k
j + ãkjD

−
x U

k
j − (b̃kj + dk

j

∆t)U
k
j = f̃kj −

dk
jU

k−1
j

∆t for j = 0, · · · , N/2− 1,

(ε+ x2
j)D̃xU

k
j + ãkjD

+
x U

k
j − (b̃kj + dk

j

∆t)U
k
j = f̃kj −

dk
jU

k−1
j

∆t for j = N/2, · · · , N − 1,
(5.3.10)

subject to the discrete initial and boundary conditions

Uk
j = u0

j , j = 0, 1, · · · , N, (5.3.11)

Uk
0 ≡ αk1 = α1(tk), Uk

N ≡ αk2 = α2(tk), 1 6 k ≤ K, (5.3.12)

where  ãkj = ak
j−1+ak

j

2 for j = 0, 1, · · · , N/2− 1,

ãkj = ak
j +ak

j+1
2 for j = N/2, N/2 + 1, · · · , N − 1, b̃kj = bk

j−1+bk
j +bk

j+1
3 for j = 1, 2, 3, · · · , N − 1,

f̃kj = fk
j−1+fk

j +fk
j+1

3 for j = 1, 2, 3, · · · , N − 1.

Now, (5.3.10) can be written in the form:

LN,Kx,ε U
k
j := r−Uk

j−1 + rcUk
j + r+Uk

j+1 = Fj, j = 1, 2, 3 · · · , N − 1, (5.3.13)

where for j = 1, 2, 3 · · · , N/2− 1, we have

r−j =
2(ε+ x2

j)
hj(hj + hj+1)−

ãkj
hj
, rcj =

ãkj
hj
−

2(ε+ x2
j)

hjhj+1
− b̃kj −

dkj
∆t , r

+
j =

2(ε+ x2
j)

hj+1(hj + hj+1) , (5.3.14)
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for j = N/2, N/2 + 1, · · · , N − 1, we have

r−j =
2(ε+ x2

j)
hj(hj + hj+1) , r

c
j = −

ãkj
hj+1

−
2(ε+ x2

j)
hjhkj+1

− b̃kj −
dkj
∆t , r

+
j =

2(ε+ x2
j)

hj+1(hj + hj+1) +
ãkj
hj+1

(5.3.15)

and

Fj = f̃kj −
dkjU

k−1
j

∆t . (5.3.16)

The results of the analysis of the scheme (5.3.10)-(5.3.12) depend on the following mini-

mum principle.

Lemma 5.3.1. (Discrete minimum principle). For any mesh function ξkj such that

LN,Kξkj ≤ 0 in QN,K , ξ0
j ≥ 0, 1 ≤ j ≤ N , ξk0 ≥ 0, and ξkN ≥ 0, 1 ≤ k ≤ K, we have

ξkj ≥ 0 in Q̄N,K .

Proof. See Lemma 3.3.1 in Chapter 3.

Lemma 5.3.2. (Uniform stability estimate). At any time level tk, if Zk
j is any mesh

function such that Zk
0 = Zk

N = 0, then

|Zk
i | ≤

1
β

max
1≤j≤N−1

|LK,NZk
j | ∀ 0 ≤ i ≤ N.

Proof. See Lemma 3.3.2 in Chapter 3.

Based on the above continuous (Lemma 5.2.7) and discrete (Lemma 5.3.1) results, we

are able to analyse the proposed method for convergence in the next section.

5.4 Convergence analysis

The convergence of the scheme will be analysed on a Shishikin mesh, which was proved

in section 5.3.

Theorem 5.4.1. Let Uk
j be the numerical solution of (5.3.10)-(5.3.12) and denote the

solution z(xj, tk) of problem (5.3.4)-(5.3.5) at the level tk by zkj = z(xj, tk). Then, we have
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max
0≤j≤N

|Uk
j − zkj | 6 CN−1

[
ln
(
N

4

)]2
. (5.4.1)

Proof. We prove this above Lemma on the interval [0, 1]. The proof of [−1, 0] follows in

a similar way. From (5.3.10)-(5.3.12), the solution Uk
j can be decomposed into a regular

part and a singular part as follows

Uk
j = V k

j +W k
j ,

where V k
j is the solution of the inhomogeneous problem

LN,KV k
j = fkj −

dkj × V k−1
j

∆t , V 0
j = v0

j , V
k

0 = vk0 ,

and W k
j is the solution of the homogeneous problem

LN,KW k
j = 0, W 0

j = w0
j , W

k
N/2 = Uk

N2 − V k
N/2.

Using (5.1.1) and (5.3.10), we obtain the error of the smooth component

LN,K(V k
j − vkj ) = fkj −

dkj × V k−1
j

∆t − LN,Kvkj

= (ε+ x2
j)
(
d2

dx2 − D̃x

)
vkj + akj

(
d

dx
−D−x

)
vkj .

Applying the two estimates in Lemma 4.1 [42] at each point (xj, tk) for the above result,

we obtain

|LN,K(V k
j −vkj )| ≤

(ε+ x2
j)

3 (xj+1−xj−1)
wwwww∂3vj
∂x3

wwwww+
akj
2 (xj−xj−1)

wwwww∂2vj
∂x2

wwwww for 1 ≤ j 6 N/2−1.

(5.4.2)

Noting that hj = xj − xj−1 ≤ 4N−1 for any j, therefore using the bounds of vj of Lemma

5.2.8 in inequality (5.4.2), we obtain

LN,K(V k
j − vkj ) 6 Ch[1 + (ε+ x2) + 2(ε+ x2) arctan(x/ε)]

6 Ch

6 CN−1.

Hence, by Lemma 5.3.2 we obtain

|(V k
j − vkj )| ≤ CN−1 for 1 6 j 6 N/2− 1. (5.4.3)
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The estimate of the error of the singular component depends on whether τ = 1/2 or

τ = (ε/η) ln(N/4).

• The mesh is uniform: τ = 1/2 ≤ (ε/η) ln(N/4). The local truncation error

LN,K(W k − wk) is given by

|LN,K(W k
j −wkj )| 6

(ε+ x2
j)

3 (xj+1−xj−1)
wwwww∂3wj
∂x3

wwwww+
akj
2 (xj−xj−1)

wwwww∂2wj
∂x2

wwwww for 1 ≤ j ≤ N/2−1.

(5.4.4)

Using Lemma 5.2.8 and hj = xj − xj−1 ≤ 4N−1 in (5.4.4), we obtain

|LN,K(W k
j − wkj )| 6 Ch(ε+ x2)−1 arctan(x/ε) 6 chε−2.

Since ε−1 ≤ (1/η) ln(N/4), we obtain

|LN,K(W k
j − wkj )| 6 C [ln(N/4)]2.

With the help of Lemma 5.3.2, the above inequality gives

|(W k
j − wkj )| 6 C[ln(N/4)]2 for 1 6 j 6 N/2− 1. (5.4.5)

• Piecewise uniform: τ = (ε/η) ln(N/4) ≤ 1/2. In this case we have two subintervals,

namely [−1,−τ ] and [−τ, 0]. We give separate error estimates in the coarse and fine mesh

subintervals. Firstly, we compute the error for the singular component in the mesh region

−1 6 xj 6 −τ. Using the triangle inequality, we obtain

|(W k
j − wkj )| ≤ |W k

j |+ |wkj |. (5.4.6)

Then by Lemma 5.2.8, we have

|wkj | 6 C(ε+ x2) arctan(x/ε)]

6 Cε−2x2
j

6 C[ln(N/4)]2, since xj = τ = (ε/η) ln(N/4).

To establish a similar bound on W k
j the interested reader may refer to Lemma 7.3 (p.58)

and Lemma 7.5 (p.60) of [42], which leads immediately to

|W k
j | 6 C[ln(N/4)]2 for 1 ≤ j 6 N/4− 1. (5.4.7)
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Combining these above estimates into (5.4.6), we obtain

|W k
j − wkj | 6 C[ln(N/4)]2 for 1 6 j 6 N/4− 1. (5.4.8)

If −τ < x 6 0, then the estimate of the truncation error is obtained from (5.4.4) as

|LN,K(W k
j − wkj )| 6 C(xj+1 − xj−1)(ε+ x2)−1 arctan(x/ε)

6 C(xj+1 − xj−1)ε−2

= CN−1ε−2τ, since xj+1 − xj−1 = h = 4τ/N.

Moreover, |(W k
0 − wk0)| = 0 and |(W k

N/4 − wkN/4)| 6 |W k
N/4| + |wkN/4| 6 C[ln(N/4)]2 from

(5.4.7). Consider the barrier function (p.72) of [42] on [−τ, 0]

Φk
j = (xj − (−τ))C1ε

−2τN−1 + C2N
−1 = (xj + τ)C1ε

−2τN−1 + C2N
−1,

it follows that for an appropriate choice of C1 and C2, the mesh functions

(Ψ±)kj = Φk
j ± (W k

j − wkj )

satisfy the inequalities

Ψk
N/4 ≥ 0, Ψk

N/2 = 0 and LN,KΨk
j ≤ 0, N/4 + 1 6 j 6 N/2− 1.

By applying Lemma 5.3.1 on [−τ, 0] to (Ψ±)kj , we obtain

Ψk
j ≥ 0, N/4 + 1 6 j 6 N/2− 1.

Therefore, we obtain

|W k
j − wkj | ≤ Φk

j ≤ C1ε
−2τ 2N−1 + C2N

−1.

Using the value of τ = (ε/η) ln(N/4) in the above inequality, we obtain

|W k
j − wkj | 6 CN−1[ln(N/4)]2. (5.4.9)

Combining (5.4.8) and (5.4.9), we obtain the following estimate on the singular component

of the error over interval [−1, 0]

|W k
j − wkj | ≤ CN−1[ln(N/4]2, N/4 + 1 ≤ j 6 N/2− 1. (5.4.10)

130https://etd.uwc.ac.za



Chapter 5: Time-dependent for convection-diffusion problems with a power
interior layer and variable coefficient diffusion term

Note that

Uk
j − zkj = (V k

j − vkj ) + (W k
j − wkj ), (5.4.11)

using (5.4.3) and (5.4.10), we obtain

|Uk
j − zkj | ≤ CN−1[ln(N/4)]2, 1 6 j 6 N/2− 1. (5.4.12)

Results on the subinterval [0, 1] can be obtained in the same way as we did on the interval

[−1, 0], then we have

|Uk
j − zkj | ≤ CN−1[ln

(
N

4

)
]2, N/2 6 j 6 N. (5.4.13)

Combining (5.4.12) and (5.4.13), leads to the required result.

The following theorem provides the main result.

Theorem 5.4.2. . Let u be the exact solution of (5.1.1)-(5.1.2) and U be its numerical

solution obtained via the difference equations (5.3.10)-(5.3.12). Then, there exists constant

C independent of the perturbation parameter ε, and of the discretization parameters hj
and ∆t such that

max
0≤j≤N ;1≤k≤K

‖Uk
j − ukj‖ ≤ C

[
∆t+N−1

[
ln
(
N

4

)]2]
. (5.4.14)

Proof. The result follows from the triangle inequality

||Uk
j − ukj || = ||Uk

j − zkj ||+ ||zkj − ukj ||

and the combination of the time discretization(5.3.7) and the result of Theorem 5.4.1.

The above theorem shows that the scheme we propose is first order convergent in time

and almost first order convergent in space, uniformly with respect to the perturbation

parameter ε. In order to improve the accuracy and the rate of convergence of the scheme,

we apply Richardson extrapolation in the next section.
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5.5 Richardson extrapolation on the FMFDM

Richardson extrapolation is a procedure where a linear combination of two approxima-

tions of some quantity gives a third and better approximation of the quantity [49]. We

employ this procedure for the proposed scheme.

Let Ωτ
2N be the mesh obtained by bisecting each mesh interval in Ωτ

N . It is easy to

understand that Ωτ
N ⊂ Ωτ

2N = {x̃j} and x̃j − x̃j−1 = h̃j = hj/2.

Theorem 5.5.1. Let U ext,k
j be the numerical solution approximation obtained using (5.3.10)-

(5.3.12) and zkj be the solution of (5.3.2)-(5.3.3) at the time level tk. Then, we have

max
0≤j≤N

|(U ext − z)kj | ≤ CN−2
[
ln
(
N

4

)]2
. (5.5.1)

Proof. Let Uk
j and Ũk

j be the numerical solution of (5.3.10)-(5.3.12) on the mesh Ωτ
N and

Ωτ
2N respectively. The estimate (5.4.12) can be written as

Uk
j − zkj = C1N

−1 ln(N/4)2 +RN(xj), ∀xj ∈ Ωτ
N (5.5.2)

and

Ũk
j − zkj = C2(2N)−1 ln(N/4)2 +R2N(x̃j), ∀x̃j ∈ Ωτ

2N , (5.5.3)

where C1 and C2 are some constants and the remainder terms

RN(xj) and R2N(x̃j) are O[N−1(ln(N/4))2].

The transition parameter τ remains the same as in (5.3.8) when calculating both Uk
j and

Ũk
j .

Combining (5.5.2) and (5.5.3), we obtain

zkj − (2Ũk
j − Uk

j ) = RN(xj)− 2R2N(xj) = O[N−1(ln(N/4))2], ∀xj ∈ Ωτ
n. (5.5.4)

Therefore we set

U ext,k
j = 2Ũk

j − Uk
j , ∀xj ∈ Ωτ

N , (5.5.5)
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as the new approximation of zkj at the point xj ∈ Ωτ
N resulting from Richardson extrapo-

lation.

The error after extrapolation U ext,k
j can written as in (5.4.11),

(U ext − z)kj = (V ext − v)kj + (W ext − w)kj , (5.5.6)

where V ext,k
j and W ext,k

j are the regular and singular components of U ext,k
j , respectively.

The local truncation error of the scheme (5.3.10)-(5.3.13) after extrapolation is given by

LN,K(U ext − z)kj = 2LN,K(Ũk
j − zj)− LN,K(Uk

j − zj), (5.5.7)

where

LN,K(Uk
j − zkj ) = r−zj−1 + rczj + r+zj+1 − (ε+ x2

j)z′′j − ãkj z′j + b̃kj z
k
j +

dkj z
k
j

∆t (5.5.8)

and

LN,K(Ũk
j − zkj ) = r̃−zj−1 + r̃czj + r̃+zj+1 − (ε+ x2

j)z′′j − ãjz′j + b̃kj z
k
j +

dkju
k
j

∆t . (5.5.9)

The expressions for r−, rc and r+ are given in (5.3.14), (5.3.15) and (5.3.16) respectively

while the quantities r̃−, r̃c and r̃+ are obtained by substituting hj with h̃j and hj+1 with

h̃j+1 in the quantities of r−, rc and r+ respectively. Taking the Taylor series expansion of

zkj−1 and zkj+1 about xj yields

zkj−1 = zj − hjz′j +
h2
j

2 z
2
j −

h3
j

6 z
3
j +

h4
j

24z
4(ξ1, j), (5.5.10)

zkj+1 = zj + hj+1z
′
j +

h2
j+1

2 z2
j +

h3
j+1

6 z3
j +

h4
j+1

24 z4(ξ2, j), (5.5.11)

zkj−1 = zj − h̃jz′j +
h̃2
j

2 z
2
j −

h̃3
j

6 z
3
j +

h̃4
j

24z
4(ξ̃1, j), (5.5.12)

zkj+1 = zj + h̃j+1z
′
j +

h̃2
j+1

2 z2
j +

h̃3
j+1

6 z3
j +

h̃4
j+1

24 z4(ξ̃2, j), (5.5.13)

where

(ξ1, j) ∈ (xj−1, xj), (ξ2, j) ∈ (xj, xj+1), ξ̃1 ∈ (xj−1 + xj
2 , xj) and ξ̃2 ∈ (xj,

xj + xj+1

2 ).
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Substituting (5.5.10) and (5.5.11) into (5.5.8), (5.5.12) and (5.5.13) into (5.5.9), we obtain

LN,K(Uk
j − zkj ) = k1zj + k2z

′
j + k3z

2
j + k4z

3
j + k5,1z

4(ξ1, j) + k5,2z
4(ξ2, j) (5.5.14)

and

LN,K(Ũk
j − zkj ) = k̃1zj + k̃2z

′
j + k̃3z

2
j + k̃4z

3
j + k̃4z

4
j + k̃5,1z

4(ξ̃1, j) + k̃5,2z
4(ξ̃2, j). (5.5.15)

The coefficients in (5.5.14) are

k1=
2(ε+ x2

j)
hj(hj+hj+1)−

2(ε+ x2
j)

hjhj+1
+

2(ε+ x2
j)

hj+1(hj+hj+1) , k2=0,

k3=
(ε+ x2

j)hj
hj+hj+1

−
ãkjhj

2 +
(ε+ x2

j)hj+1

hj+hj+1
− (ε+ x2

j),

k4 =
−(ε+ x2

j)h2
j

3(hj+hj+1) +
ãkjh

2
j

6 +
(ε+ x2

j)h2
j+1

3(hj+hj+1) , k5,1 =
(ε+ x2

j)h3
j

12(hj+hj+1) −
ãkjh

3
j

24 , k5,2 =
(ε+ x2

j)h3
j+1

12(hj+hj+1) .

The quantities for k̃1, k̃2, k̃3, k̃4, k̃5,1 and k̃5,2 can be obtained by substituting hj with

h̃j and hj+1 with h̃j+1.

Substituting (5.5.14) and (5.5.15) into (5.5.7), we obtain

LN,K(U ext − z)kj = T1zj + T2z
′′
j + +T3z

′′′
j + +T4,1z

(4)(ξ1, j) + T4,2z
(4)(ξ2, j), (5.5.16)

where

T1 =
14(ε+ x2

j)
hj(hj + hj+1) −

14(ε+ x2
j)

hjhj+1
+

14(ε+ x2
j)

hj+1(hj + hj+1) ,

T2 =
(ε+ x2

j)hj
hj + hj+1

− (ε+ x2
j) +

(ε+ x2
j)hj+1

hj + hj+1
, T3 = −

ãkjh
2
j

12 ,

T4,1 = −
(ε+ x2

j)h3
j

24(hj + hj+1) +
ãkjh

3
j

32 and T4,2 = −
(ε+ x2

j)h3
j+1

24 .

Given (5.3.9) and for the sake of simplicity, we use the notation

hj =

 H if j = 1, 2, · · · , N/4,

h if j = N/4 + 1, · · ·N/2.
(5.5.17)

134https://etd.uwc.ac.za



Chapter 5: Time-dependent for convection-diffusion problems with a power
interior layer and variable coefficient diffusion term

Using the fact that ∀j = 1, . . . , N/4, H = hj 6 4N−1 substituted into (5.5.16) in the

subinterval [−1,−τ ], we obtain

LN,K(V ext − v)kj = −
ãkjH

2

12 v′′′j +
[

(ε+ x2
j)H2

48 +
ãkjH

3

32

]
v(4)(ξ1, j)−

(ε+ x2
j)H3

24 v(4)(ξ2, j).

(5.5.18)

Applying the triangle inequality in the above inequality, we obtain

LN,K(V ext − v)kj 6 −
ãkjH

2

12 v′′′j +
[

(ε+ x2
j)H2

48 +
ãkjH

3

32

]
v(4)(ξ1, j)−

(ε+ x2
j)H3

24 v(4)(ξ2, j).

By Lemma 5.2.8, the above inequality gives

|LN,K(V ext − v)kj | 6 CN−2. (5.5.19)

The estimate on LN,K(W ext − w)kj depends on whether τ = 1/2 or τ = (ε/η) ln(N/4).

• In the first case the mesh is uniform and (ε/η) ln(N/4) > 1/2. The estimate of the

singular component of the local truncation error is given by

LN,K(W ext − w)kj 6 −
ãkjh

2

12 w′′′j +
[

(ε+ x2
j)h2

48 +
ãkjh

3

32

]
w(4)(ξ1, j)−

(ε+ x2
j)h3

24 w(4)(ξ2, j).

(5.5.20)

With the help of Lemma 5.2.8, we obtain

|LN,K(W ext − w)kj | 6 CN−2(ε+ x2
j)−2 arctan(x/ε) 6 CN−2ε−2. (5.5.21)

Using this inequality ε−1 6 (2/η) ln(N/4) in (5.5.21), we get

|LN,K(W ext − w)kj | ≤ CN−2[ln(N/4)]2. (5.5.22)

• In the second case (viz τ = (ε/η) ln(N/4), the mesh is piecewise uniform with the mesh

spacing h = hj = 4τN−1 for ∀ j = N/4 + 1, . . . , N/2 in the subinterval [−τ, 0].

On application of Lemma 5.2.8, (5.5.20) gives

|LN,K(W ext − w)kj | ≤ C1N
−2τ 2ε−2. (5.5.23)

Using the value of τ = (ε/η) ln(N/4) in (5.5.23), then gives

|LN,K(W ext − w)kj | ≤ CN−2[ln(N/4)]2. (5.5.24)
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A similar analysis can also be done for N/2 + 1 6 j 6 N − 1.

Using Lemma 5.3.2 in (5.5.19), (5.5.22) and (5.5.24) along with the inequality (5.5.6),

we obtain the required result.

Once again, using the triangle inequality and combining (5.3.7) and Theorem 5.5.1, we

obtain the error after extrapolation which is stated in the following theorem.

Theorem 5.5.2. (Error after extrapolation). If U ext,k
j is the approximation of ukj obtained

by using (5.3.10)-(5.3.12) and ukj be the exact solution of (5.1.1)-(5.1.2), then, there exists

a constant C, independent of the perturbation parameter ε, the time discretization ∆t and

the space discretization parameters hj such that

max
06j6N ;1≤k6K

‖Uk
j − ukj‖ 6 C

[
∆t+N−2

[
ln
(
N

4

)]2]
. (5.5.25)

We propose two examples to test the proposed method in the following section.

5.6 Numerical examples

In this section we present the numerical results obtained for the difference scheme that

has previously been discussed. In both examples, we start with N = 16 and ∆t = 1
16

and we multiply N by two and divide ∆t also by two. The maximum errors and order

of convergence are calculated by the exact solution. The solution in both examples has a

turning point at point x = 0, which yields an interior layer.

Example 5.6.1. We consider the problem (5.1.1)-(5.1.2) for

a(x, t) = 2x(1 + t2), b(x, t) = 1 + x2 + cos πxt, d(x, t) = 3 + xt, T = 1

and the functions f(x, t) and u0(x) are such that the exact solution is given by

u(x, t) = ε e−t/ε arctan
(
x√
ε

)
− ε2/3e−xt.

136https://etd.uwc.ac.za



Chapter 5: Time-dependent for convection-diffusion problems with a power
interior layer and variable coefficient diffusion term

This problem has an interior layer of width O(ε).

Example 5.6.2. Here, we consider problem (5.1.1)-(5.1.2) for

a(x, t) = 2x(1 + t2), b(x, t) = 1 + x2 + cos πxt, d(x, t) = 3 + xt, T = 1

and the functions f(x, t) and u0(x) are such that the exact solution is given by

u(x, t) = ε e−t/εearctan(x2/
√
ε).

This problem has an interior layer of width O(ε).

Maximum errors at all mesh points are determined

Eε,N,K = max
0≤j≤N ;0≤k≤K

|uε,N,Kj,k − U ε,N,K
j,k |.

where uε,N,Kj,k denotes the exact solution, and U ε,N,K
j,k represents the numerical solution

which is obtained by a constant time step ∆t using N mesh intervals in the entire domain

Ω = [−1, 1]. Furthermore, we calculate the numerical rate of uniform convergence as

follows

rl ≡ rε,l = log2(Eε,Nl,Kl/Eε,2Nl,2Kl).

After extrapolation the maximum errors at all mesh points and the numerical rates of

convergence are computed as follows

Eext
ε,N,K = max

0≤j≤N ;0≤k≤K
|U ext

j,k − u
ε,N,K
j,k |, and RN,K ≡ Rε,N,K ≡ log2(Eext

ε,Nl,Kl
/Eext

ε,2Nl,2Kl
).
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Table 5.1: Results for Example 5.6.1: Maximum errors before extrapolation.
ε N = 16 N = 32 N = 64 N = 128 N = 256 N = 512

K = 16 K = 32 K = 64 K = 128 K = 256 K = 512

10−4 9.09E-02 4.73E-02 2.40E-02 1.21E-02 6.06E-03 3.55E-03

10−5 9.22E-02 4.78E-02 2.42E-02 1.22E-02 6.10E-03 3.05E-03

10−7 9.28E-02 4.80E-02 2.43E-02 1.22E-02 6.12E-03 3.06E-03

10−12 9.28E-02 4.81E-02 2.43E-02 1.22E-02 6.12E-03 3.06E-03
...

...
...

...
...

...
...

10−20 9.28E-02 4.81E-02 2.43E-02 1.22E-02 6.12E-03 3.06E-03

Table 5.2: Results for Example 5.6.1: Maximum errors after extrapolation.
ε N = 16 N = 32 N = 64 N = 128 N = 256 N = 512

K = 16 K = 64 K = 256 K = 1024 K = 4096 K = 16384

10−4 9.99E-02 2.55E-02 6.23E-03 3.55E-03 3.55E-03 3.55E-03

10−5 1.02E-01 2.63E-02 6.52E-03 1.60E-03 7.82E-04 7.82E-04

10−7 1.03E-01 2.68E-02 6.76E-03 1.69E-03 4.18E-04 1.03E-04

10−12 1.04E-01 2.69E-02 6.79E-03 1.70E-03 4.26E-04 1.07E-04
...

...
...

...
...

...
...

10−20 1.04E-01 2.69E-02 6.79E-03 1.70E-03 4.26E-04 1.07E-04

Table 5.3: Results for Example 5.6.1: Rates of convergence before extrapolation
ε r1 r2 r3 r4 r5

10−4 0.94 0.98 0.99 0.99 0.77

10−5 0.95 0.98 0.99 1.00 1.00

10−9 0.95 0.98 0.99 1.00 1.00
...

...
...

...
...

...

10−20 0.95 0.98 0.99 1.00 1.00

Table 5.4: Results for Example 5.6.1: Rates of convergence after extrapolation
ε r1 r2 r3 r4 r5

10−4 1.97 2.03 0.81 0.00 0.00

10−5 1.96 2.01 2.03 1.03 0.00

10−9 1.94 1.99 2.00 2.00 2.00
...

...
...

...
...

...

10−20 1.94 1.99 2.00 2.00 2.00
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Table 5.5: Results for Example 5.6.2: Maximum errors before extrapolation
ε N = 16 N = 32 N = 64 N = 128 N = 256 N = 512

K = 16 K = 32 K = 64 K = 128 K = 256 K = 512

10−3 2.50E-01 1.34E-01 6.91E-02 3.52E-02 1.78E-02 8.96E-03

10−4 2.69E-01 1.41E-01 7.23E-02 3.66E-02 1.84E-02 9.24E-03

10−5 2.76E-01 1.45E-01 7.35E-02 3.71E-02 1.86E-02 9.33E-03

10−16 2.85E-01 1.47E-01 7.44E-02 3.74E-02 1.87E-02 9.38E-03
...

...
...

...
...

...
...

10−25 2.85E-01 2.32E-01 7.44E-02 3.74E-02 1.87E-02 9.38E-03

Table 5.6: Results for Example 5.6.2: Maximum errors after extrapolation
ε N = 16 N = 32 N = 64 N = 128 N = 256 N = 512

K = 16 K = 64 K = 256 K = 1024 K = 4096 K = 16384

10−3 2.57E-01 7.03E-02 1.79E-02 4.66E-03 4.77E-03 4.90E-03

10−4 2.85E-01 7.30E-02 1.84E-02 4.64E-03 1.16E-03 5.09E-04

10−5 2.98E-01 7.47E-02 1.86E-02 4.67E-03 1.17E-03 2.93E-04

10−16 3.11E-01 8.07E-02 2.04E-02 5.11E-03 1.28E-03 3.19E-04
...

...
...

...
...

...
...

10−20 3.11E-01 8.07E-02 2.04E-02 5.11E-03 1.28E-03 3.19E-04

Table 5.7: Results for Example 5.6.2: Rates of convergence before extrapolation
ε r1 r2 r3 r4 r5

10−3 0.91 0.95 0.97 0.98 0.99

10−4 0.93 0.97 0.98 0.99 0.99

10−11 0.95 0.98 0.99 1.00 1.00
...

...
...

...
...

...

10−20 0.95 0.98 0.99 1.00 1.00

Table 5.8: Results for Example 5.6.2: Rates of convergence after extrapolation
ε r1 r2 r3 r4 r5

10−3 1.87 1.97 1.94 -0.03 -0.04

10−4 1.96 1.98 1.99 2.00 1.19

10−11 1.95 1.99 2.00 2.02 2.02
...

...
...

...
...

...

10−20 1.95 1.99 2.00 2.00 2.00
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5.7 Discussion

In this chapter, we treated a class of time-dependent singularly perturbed problems in

which the diffusion term contains the perturbation parameter ε and a quadratic function.

We also studied this problem whose solution exhibits an interior layer due to the pres-

ence of a turning point. After setting bounds on the solution and its derivative, we used

the proposed numerical scheme comprising of the classical Euler method to discretize the

time variable. A resulting system of two-point boundary value problems (one at each time

level) was solved by using a Fitted Mesh Finite Difference Method (FMFDM). Applying

bounds on the solution and its derivative, we showed that the proposed numerical method

was uniformly convergent relative to the perturbation parameter ε and the step-size.

In order to validate the above conclusions based on theoretical analysis, we solved two

examples to support the findings. In each example, we computed the maximum point-

wise errors and the corresponding rates of convergence for different values of N and K.

The results displayed in tables 5.1, 5.3, 5.5 and 5.7, confirmed that the proposed method

was uniformly convergent. We also investigated the effect of Richardson of extrapolation

via FMFDM in order to improve our results. For comparison purposes, we kept the same

values of N and K above and numerical results are shown in tables 5.2, 5.4, 5.6 and 5.8.
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Chapter 6

A numerical method for interior

layer convection-diffusion problems

with a variable coefficient diffusion

term

In this chapter, we consider singularly perturbed convection-diffusion problems whose so-

lution displays an interior layer due to the presence of a turning point. Moreover, the

perturbation parameter ε is embedded in a linear function. After deriving bounds on

the solution to these problems and its derivatives, we construct a fitted mesh difference

method (FMDM) and analyse its convergence. We investigate the Richardson extrapola-

tion method via FMFDM in order to increase its accuracy and order of convergence.

6.1 Introduction

In recent years, many researchers have studied a class of two-point boundary value sin-

gularly perturbed convection-diffusion problems (2.1.1)-(2.1.2).

Due to the presence of a small parameter ε in (2.1.1), the solution to this problem pos-
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sesses large gradients in narrow regions of the domain referred to as boundary or interior

layers depending upon the nature of the coefficient of the convection term a(x). The so-

lution presents a boundary layer at the right end or the left end of the domain if a(x) < 0

or a(x) >, 0 for x ∈ [−1, 1] respectively. These problems are called non-turning pint

problems. Many authors have developed successful numerical schemes for such problems

[25, 26, 28, 45, 46, 56, 57, 69].

But if a(x) = 0 with a(−1)a(1) 6= 0, these are called turning points of the problem.

Turning points may give rise to boundary and/or interior layers.

Several authors have suggested numerous numerical schemes for such problems [18, 19,

24, 27, 40, 58, 64]. It is also to be noted that interior layers may occur in the solution

to problems (2.1.1)-(2.1.2) if the coefficients are not smooth or if the data function f(x)

is discontinuous [16]. However little attention has been given to the study of problems

having a variable coefficient affecting the second derivative. Such problems often arise in

fluid and geo-dynamics [37, 39].

Liseikin [37] considered the equation:

−(ε + px)βu′′ + a(x)u + f(x, ε) = 0, x ∈ [0, 1], p = 0, 1 , β > 0. Estimates of the solu-

tion and its derivatives are provided. The same author in [39] considered the problem:

−(ε + x)βu′′ − a(x)u + f(x, u) = 0, x ∈ [0, 1], β > 0. The solution to this problem can

exhibit only a single layer in the vicinity of x = 0. It turns out that for β = 1 the bounds

on the derivatives of u(x) in the boundary layer are estimated by three singular power

functions according to the value of a = a(0), while for β = 2 they are estimated by layer-

type exponential functions (see [39] pp 106-111). A numerical scheme was developed and

its convergence was analysed (see [39] pp 256-262) for β = 1.

In this chapter, we consider the problem for an equation of the second order with a
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small ε whose reduced equation (ε = 0) has the same order

Lu :≡ (ε+ x)u′′ + a(x)u′ − b(x)u = f(x), x ∈ Ω = (0, 1), (6.1.1)

subject to the boundary conditions

u(0) = α1, u(1) = α2, (6.1.2)

where 0 < ε ≤ 1 and α1 and α2 are given real constants.

In the rest of this chapter, we assume the following hypotheses

• a(0.5) = 0 and a′(0.5) > 0, thus the solution to problem (6.1.1)-(6.1.2) guarantees

the existence of the turning point,

• b(x) ≥ b0 > 0 for 0 ≤ x ≤ 1 which ensures that the solution to (6.1.1)-(6.1.2)

satisfies a minimum principle and

• |a′(x)| ≥ |a′(0.5)|/2 for 0 6 x 6 1 guarantees the uniqueness of the turning point

in the interval [0, 1] [19].

In this chapter, our aim is to propose and analyse a fitted mesh finite difference method

(FMFDM) to problem (6.1.1)-(6.1.2) as applied on a Shishkin mesh.

The rest of this chapter is structured as follows. In Section 2, we establish bounds on the

solution and its derivatives u(x), which will be used in the analysis of the uniform conver-

gence of the numerical scheme. In Section 3, we develop our numerical method by first

designing a piecewise uniform mesh of Shishkin type. We then discretize (6.1.1)-(6.1.2)

on the mesh using an upwind scheme. Section 4 is devoted to the convergence analysis

of the method. We prove that the proposed numerical method is uniformly convergent

almost of order one with respect to the perturbation parameter ε. In order to improve

our results of the proposed (FMFDM), we employ the Richardson extrapolation method

in Section 5. Section 6 provides detailed numerical results. In Section 7, we present some

concluding remarks and scope for future research.

143https://etd.uwc.ac.za



Chapter 6: A numerical method for interior layer convection-diffusion
problems with a variable coefficient diffusion term

Throughout this chapter, C denotes a positive constant independent of the singular per-

turbation parameter ε and the discretization parameter N of the discrete problem.

6.2 Bounds on the solution and its derivatives

Here we study the qualitative behaviour of the solution to problem (6.1.1)-(6.1.2) and its

derivatives which will be used in the convergence analysis of the numerical method. We

denote the sub-intervals of [0, 1] as Ωl = [0, 1/2− τ),

Ωc = [1/2 − τ, 1/2 + τ ] = [1/2 − τ, 1/2] ∪ (1/2, 1/2 + τ ] and Ωr = (1/2 + τ, 1], where

τ ∈ (0, 1/4].

Under the requirements mentioned above, the differential operator L as defined in (6.1.1)

admits the following continuous minimum principle.

Lemma 6.2.1. (Minimum principle). Suppose that ξ is a smooth function satisfying

ξ(0) ≥ 0, ξ(1) ≥ 0 and Lξ(x) ≤ 0, ∀x ∈ Ω. Then ξ(x) ≥ 0, ∀x ∈ Ω̄.

Proof. Let x∗ ∈ Ω̄ such that ξ(x∗) = min
0≤x≤1

ξ(x) and assume ξ(x∗) < 0. It follows that

x∗ /∈ Ω, therefore ξ′(x∗) = 0 and ξ′′(x∗) ≥ 0, which implies

Lξ(x∗) := (ε+ x∗)ξ′′(x∗) + a(x∗)ξ′(x∗)− b(x∗)ξ(x∗) > 0,

which is a contradiction to our assumption. Hence ξ(x∗) ≥ 0 and ξ(x) ≥ 0, for all x ∈ Ω̄.

We apply Lemma 6.2.1 to prove the next results which state that the solution depends

continuously on the data.

Lemma 6.2.2. (Stability estimate). If u(x) is the solution of (6.1.1)-(6.1.2), then we have

||u(x)|| 6 [max {||α||∞, ||β||∞}] + 1
b0
||f ||∞, ∀x ∈ Ω̄.

Proof. See Lemma 2.2.2 in Chapter 2.
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Lemma 6.2.3. Let u(x) be the solution of (6.1.1)-(6.1.2) and a(x), b(x) and

f(x) ∈ Ck(Ω̄), then there exists a positive constant C such that

|u(j)(x)| ≤ C, ∀x ∈ Ωl or Ωr , j = 1, 2, 3 · · · , k,

for sufficiently small τ ∈ (0, 1/4].

Proof. See theorem 2.4 of [5].

Lemma 6.2.4. [39] (Inverse monotonicity.) Let d(x) = x and

g(x) = f(x) − a(x)u′(x) + b(x)u(x) be continuous in [0, 1] and [0, 1] × <2, respectively.

Then the operator T = (L,Γ) for the functions from C2(0, 1)∪C[0, 1] is inverse-monotone

if one of the following conditions imposed of g is satisfied:

• g(x, u, u′) is strictly increasing in u, i.e. g(x, u1, z) < g(x, u2, z) if u1 < u2;

• g(x, u, u′) is weakly increasing in u, and there exists a constant C > 0 such that

|g(x, u, z1)− g(x, u, z2)| 6 C|z1 − z2|.

Proof. For the proof of the Lemma, readers may refer to [39], pp 47.

We adapt the following Lemma according to [39]. Note that the solution of problem

(6.1.1)-(6.1.2) displays an interior layer at the point xN/2 = 1/2. Therefore, the deriva-

tives of u(x) are estimated in the layer region by polynomial functions according to the

sign of the coefficient of the convection term at the point x?0. Then, we have two cases

a =

 a(x?0) 6 0, x?0 ∈ [1/2− τ, 1/2] and

a(x?0) > 0, x?0 ∈ (1/2, τ + 1/2].
(6.2.1)

Lemma 6.2.5. Let u(x) be the solution of problem (6.1.1)-(6.1.2). Then assuming that

(i) a = a(x?0) > 0, for 1/2 < x 6 1/2 + τ and j = 1, 2, 3, 4, we have the following bounds

|u(j)(x)| 6 C


1 + (ε+ x)1−a−j, 0 < a < 1,

1 + (ε+ x)−j| ln−1(ε+ 1/2)−1|, a = 1,

1 + εa−1(ε+ x)1−a−j a > 1,

(6.2.2)
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(ii) a(x?0) = a 6 0, for 1/2− τ 6 x 6 1/2, and j = 1, 2, 3, 4, and let p be an integer such

that a+ p = 0 and a+ p− 1 < 0, then we have the following bounds

|u(j)(x)| 6 C


1, a < 0, j 6 p,

1 + (ε+ x)1−j−p| ln(ε+ x)|, a+ p = 0, j > p,

1 + (ε+ x)−a−j, a+ p > 0, j > p.

(6.2.3)

Proof. The proof of this Lemma will follow the same ideas provided by ([39], pp. 107-

110). Application of the inverse-monotone pair T = (L,Γ) (see pp 49) implies that

|u(x)| 6 C, 0 6 x 6 1. (6.2.4)

Combining (6.1.1)-(6.1.2) and (6.2.4), we obtain

|u(j)(x)| 6 C



1, 1/2− τ < x0 6 x 6 1/2,

ε−j, 1/2− τ 6 x 6 x0,

1, 1/2 < x0 6 x 6 τ + 1/2,

ε−j, 1/2 6 x 6 x0,

(6.2.5)

for j = 1, 2, 3, 4 and arbitrary x0 > 0.

case 1 : a > 0 for 1/2 < x 6 τ + 1/2. The derivatives of u(x) are estimated accord-

ing to the value of a: 0 < a < 1, a = 1 and a > 1. Solving (6.1.1) for u′′(x), we

obtain

u′′(x) = f(x) + b(x)u(x)
(ε+ x) − a(x)u′(x)

(ε+ x) . (6.2.6)

One can determine u′(x) from (6.2.6) as follows

u′(x) =
∫ x

1/2

f(s) + b(s)u(s)
ε+ s

ds−
∫ x

1/2

a(s)
ε+ s

u′(s) ds. (6.2.7)

By [39], u′(x) is given as follows

u′(x) = u′(1/2)
[

ε

ε+ x

]a
exp[−g1(x)] + g2(x) (6.2.8)

where

g1(x) =
∫ x

1/2

a(s)
ε+ s

ds = a(x) ln(ε+ x)−
∫ x

1/2
a′(s) ln(ε+ s) ds (6.2.9)
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with a(1/2) = 0, and

g2(x) = (ε+ x)−a
∫ x

1/2
[f(s) + b(s)u(s)](ε+ s)a−1 exp[g1(s)− g1(x)] ds. (6.2.10)

Note that |g1(x)| 6 C from (6.2.4), then g2(x) becomes

|g2(x)| 6 C(ε+ x)−a
∫ x

1/2
(ε+ s)a−1 ds 6 C.

Applying the triangle inequality in (6.2.8) we obtain

|u′(x)| 6 C [1 + |u′(1/2)|(ε/(ε+ x))a] . (6.2.11)

Considering 0 < a < 1, there exists a point x0 in the interval (1/2, τ + 1/2) such that

|u′(x0)| 6 C, we have

|u′(1/2)|
(

ε

ε+ x0

)a
6 C.

This inequality gives

|u′(1/2)| 6 C
(
ε+ x0

ε

)a
6 Cε−a.

Substituting the estimate obtained for |u′(1/2)| into (6.2.11), we obtain

|u′(x)| 6 C
[
1 + (ε+ x)−a

]
, 0 < a < 1.

To obtain u′′(x), let us make first make a(x)u′(x)/(ε + x) the subject of the formula in

(6.2.6), then we have

a(x)u′(x)
ε+ x

= f(x) + b(x)u(x)
(ε+ x) − u′′(x). (6.2.12)

Differentiating (6.1.1), solving the resulting equation for u′′′(x) and taking into account

(6.2.12), we obtain

u′′′(x) = f ′(x) + b′(x)u(x) + b(x)u′(x)− a′(x)u′(x)
(ε+ x) − a′(x) + 1

(ε+ x) u′′(x). (6.2.13)

From the above equation, we obtain u′′(x) as follows

u′′(x) =
∫ x

1/2

f ′(s) + b′(s)u(s) + b(s)u′(s)− a′(s)u′(s)
ε+ s

ds−
∫ x

1/2

a′(s) + 1
ε+ s

u′′(s) ds.

(6.2.14)
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According to [37], u′′(x) is given as

u′′(x) = u′′(1/2)
[

ε

ε+ x

]a+1
exp[−g3(x)] + g4(x) (6.2.15)

where

g3(x) =
∫ x

1/2

a′(s) + 1
ε+ s

ds = [a(x) + 1] ln(ε+ x)− ln(ε+ 1/2)−
∫ x

1/2
a′(s) ln(ε+ s) ds,

(6.2.16)

with a(1/2) = 0, and

g4(x) = (ε+x)−a−1
∫ x

1/2
[f ′(s) + b′(s)u(s) + [b(s)−a′(s)]u′(s)](ε+s)a exp[g3(s)−g3(x)] ds.

(6.2.17)

Since |g3(x)| 6 C and |u(x)| 6 C, we obtain

|g4(x)| 6 C(ε+ x)−a−1
∫ x

1/2
[1 + u′(s)](ε+ s)a ds 6 C[1 + (ε+ x)−a]. (6.2.18)

From (6.1.1), we obtain

u′′(1/2) 6 C(ε+ 1/2)−1[1 + u′(1/2)] 6 C[1 + (ε+ 1/2)−a−1].

Using the estimate of u′′(1/2) and g4(x) into (6.2.15), we obtain

u′′(x) 6 C
[
1 + (ε+ 1/2)−a−1

] [ ε

ε+ x

]a+1
+ C

[
1 + (ε+ x)−a

]
Using (ε+ 1/2)−a−1 6 (ε)−a−1 in the above inequality gives

|u′′(x)| 6 C
[
1 + (ε+ x)−a−1

]
, for 0 < a < 1.

Differentiating (6.1.1) and taking into account (6.2.5), we obtain the following result

|u(j)(x)| 6 C
[
1 + (ε+ x)−a+1−j

]
, 0 < a < 1.

Let us now prove the case when a = 1. Equation (6.2.8) can be written in integral form

1/2 to 1/2 + τ as follows
∫ 1/2+τ

1/2
u′(x) dx =

∫ 1/2+τ

1/2
u′(1/2)

[
ε

ε+ x

]
exp[−g1(x)] dx+

∫ 1/2+τ

1/2
g2(x) dx. (6.2.19)
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Evaluating this integral by parts on the right hand we obtain

u(1/2+τ)−u(1/2) = u′(1/2)ε[ln(ε+1/2+τ) exp(−g1(1/2+τ))−ln(ε+1/2) exp(−g1(1/2))

+
∫ 1/2+τ

1/2
ln(ε+ x)g′1(x) exp(−g1(x)) dx] +

∫ 1/2+τ

1/2
g2(x) dx, (6.2.20)

where g′1 = a(x)(ε + x)−1 and g1(1/2) = 0 are obtained from (6.2.9). Substituting these

equations into (6.2.20), we obtain

u(1/2+τ)−u(1/2) = u′(1/2)ε[ln(ε+1/2+τ) exp(−g1(1/2+τ))−ln(ε+1/2) exp(−g1(1/2))

−
∫ 1/2+τ

1/2
a(x)(ε+ x)−1 ln(ε+ x) exp(−g1(x)) dx] +

∫ 1/2+τ

1/2
g2(x) dx, (6.2.21)

Using the triangle inequality in (6.2.21) and taking into account the inequality

| ln(ε+ 1/2 + τ) exp(−g1(1/2 + τ))−
∫ 1/2+τ

1/2
a(x)(ε+ x)−1 exp(−g1(x)) dx| 6 C,

we obtain

C 6 |u′(1/2)|[ε− ε ln(ε+ 1/2)]|.

For sufficiently small ε 6 x0, x0 > 0, we have ε− ε ln(ε+ 1/2) > ε ln(ε+ 1/2). It follows

that

C > |u′(1/2)|[ε− ε ln(ε+ 1/2)]| 6 |u′(1/2)|[ε ln(ε+ 1/2)−1].

Solving this inequality, we obtain

|u′(1/2)| 6 Cε−1 ln−1(ε+ 1/2)−1.

Substituting this estimate into (6.2.11), we obtain

|u′(x)| 6 C[1 + (ε+ x)−1 ln−1(ε+ 1/2)−1].

To determine u′′(x) for a = 1, (6.2.15) becomes

u′′(x) = u′′(1/2)
[

ε

ε+ x

]2
exp[−g3(x)] + g4(x). (6.2.22)

From (6.2.18), g4(x) is defined as follows

|g4(x)| 6 C(ε+x)−2
∫ x

1/2
[1 +u′(s)](ε+ s) ds 6 C[1 + (ε+x)−1 ln−1(ε+ 1/2)−1]. (6.2.23)
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From (6.1.1), we obtain

u′′(1/2) 6 C(ε+ 1/2)−1[1 + u′(1/2)] 6 C(ε+ 1/2)−2 ln−1(ε+ 1/2)−1.

From (6.2.22) using the estimate of u′′(1/2) and g4(x), and taking into account

the inequality (ε+ 1/2)−2 6 ε−2, we obtain

u′′(x) 6 C[1 + (ε+ x)−2 ln−1(ε+ 1/2)−1].

By differentiating (6.1.1) and with the help of (6.2.5), we obtain the following result

|u(j)(x)| 6 C[1 + (ε+ x)−j ln−1(ε+ 1/2)−1], a = 1.

We easily prove the case when a > 1 by using u′(1/2) 6 Cε−1 obtained from (6.2.5) for

1/2 6 x 6 x0 which substituted into (6.2.11), leads to

|u′(x)| 6 C[1 + εa−1(ε+ x)−a].

To obtain u′′(x) for a > 1. Using u′′(1/2) 6 Cε−2 obtained from (6.2.5) for 1/2 6 x 6 x0

and |g4(x)| 6 C[1 + εa−1(ε+ x)−a] substituted into (6.2.15), we obtain

|u′′(x)| 6 C[1 + εa−1(ε+ x)−a−1].

Differentiating (6.1.1) and taking into account (6.2.5), we easily obtain

|u(j)(x)| 6 C[1 + εa−1(ε+ x)1−a−j].

This concludes the proof of the estimate (6.2.2) for 1/2 < x 6 1/2 + τ.

case 2 : a 6 0 for 1/2− τ 6 x 6 1/2. In this case, u′(x) is expressed as follows:

u′(x) = u′(x0) exp[ψ(x0, x)] +
∫ x

x0

f(s) + b(s)u(s)
ε+ s

exp[ψ(x0, x)] ds, (6.2.24)

where

ψ(s, x) = −
∫ x

s

a(κ)
ε+ κ

dκ.
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If a(1/2) = 0 then ψ(s, x) 6 C, 1/2 − τ 6 s, x 6 1/2. Using the triangle inequality in

(6.2.24) and choosing a point x0 ∈ [(1− τ)/2, 1/2] such that u′(x0) 6 C, we obtain

|u′(x)| 6 C[1 + | ln(ε+ x)|], 1/2− τ 6 x 6 1/2, a(1/2) = 0, j = 1 since p = 0.

Let determine u′′(x) with p = 0 for j = 2. On differentiating (6.1.1) and solving the

resulting equation for u′′(x), we obtain

u′′(x) = u′′(x0) exp[ψ(x0, x)] + (ε+ x)−p−1
∫ x

x0

F (s)
ε+ s

(ε+ s)p+1 exp[ψ(s, x)] ds (6.2.25)

where

ψ(s, x) = −
∫ x

s

a(κ)
ε+ κ

dκ,

and

F (s) = f(s) + b′(s)u(s) + [b(s)− a′(s)]u′(s).

Substituting ψ(s, x) 6 C and u′′(x0) 6 C into (6.2.25), we obtain

|u′′(x)| 6 C + C(ε+ x)−p−1
∫ x

x0
[1 + u′(s)](ε+ s)p ds 6 C[1 + (ε+ x)−p−1 ln(ε+ x)].

Differentiating (6.1.1) and taking into account (6.2.5), we obtain

|u(j)(x)| 6 C[1 + (ε+ x)1−j−p| ln(ε+ x)|], a+ p = 0; j > p, j = 1, 2, 3, 4.

Let a(1/2) < 0. In this case p > 1. Then there exists a constant x0 > 0 such that

a(x) < 0 for 1/2− τ 6 x 6 x0. Therefore, we have

ψ(s, x) 6 −x0 ln[(ε+ s)/(ε+ x)], 1/2− τ 6 x 6 s 6 x0.

Taking exponentials on both sides of inequality, we obtain

exp(ψ(s, x)) 6 [(ε+ x)/(ε+ s)]x0 , 1/2− τ 6 x 6 s 6 x0.

Substituting this estimate in (6.2.24) with x = s and taking into account (6.2.5), we

obtain

|u′(x)| 6 C, 1/2− τ 6 x 6 x0, a(1/2) < 0.
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Differentiating (6.1.1) and taking into account (6.2.5), we obtain

|u(j)(x)| 6 C, 1/2− τ 6 x 6 1/2, a < 0, k 6 p, j = 1, 2, 3, 4.

Consider the case when j > p, a+ p > 0 and a 6 0. The expression for u′(x) is

u′(x) = u′(1/2)
[

ε

ε+ x

]a+1
exp[−g1(x)] + g2(x), 1/2− τ 6 x 6 1/2. (6.2.26)

Following the same steps as for 0 < a < 1, we obtain

|u′(x)| 6 C[1 + (ε+ x)−a−1], a 6 0.

u′′(x) is given by

u′′(x) = u′′(1/2)
[

ε

ε+ x

]a+2
exp[−g3(x)] + g4(x), 1/2− τ 6 x 6 1/2. (6.2.27)

We obtain u′′(x) by following the same steps as for 0 < a < 1:

|u′′(x)| 6 C[1 + (ε+ x)−a−2], a 6 0.

Differentiating (6.1.1) and taking into account (6.2.5), we obtain

|u(j)(x)| 6 C[1 + (ε+ x)−a−j], 1/2− τ 6 x 6 1/2, a 6 0, j > p, j = 1, 2, 3, 4.

By (6.2.2) and (6.2.3), the derivatives in (6.1.1)-(6.1.2) may be estimated by a power

function with argument ε + x, so that (6.1.1)-(6.1.2) is an equation with power interior

function [38].

The singularly perturbed turning point problem (6.1.1)-(6.1.2) may be regarded as a

concatenation of two problems: One defined on the interval [0, 1/2) and the other one

on the interval (1/2, 1]. Therefore, the solution of the problem (6.1.1)-(6.1.2) may dis-

play a layer near x = 1/2 on [0, 1/2) and a layer x = 1/2 on (1/2, 1]. This consideration

allows us to understand the behaviour of the solution and its derivatives. The solution

can be decomposed into two parts, namely the smooth component v(x) and the singular

component w(x) ([42], pp 47) such that

u(x) = v(x) + w(x),

152https://etd.uwc.ac.za



Chapter 6: A numerical method for interior layer convection-diffusion
problems with a variable coefficient diffusion term

where v(x) is the solution of the inhomogeneous problem

Lv(x) = f(x), x ∈ Ω1 = (1/2, 1], (6.2.28)

v(1/2) = 0, v(1) = u(1) = α2, (6.2.29)

and w(x) is the solution of the homogeneous problem

Lw(x) = 0, x ∈ Ω1, (6.2.30)

w(1/2) = u(1/2)− v(1/2), w(1) = 0. (6.2.31)

The following lemma gives the bounds on the solution to (6.1.1)-(6.1.2) and its derivatives.

Lemma 6.2.6. The smooth and singular components of u(x) of problem (6.1.1)-(6.1.2),

for 0 6 j 6 4 satisfies

|v(j)(x)| 6 C



1 + (ε+ x)2−j| ln(ε+ x)|, x ∈ [0, 1/2],

1 + (ε+ x)3−a−j, a < 1, x ∈ [1/2, 1],

1 + (ε+ x)2−j| ln−1(ε+ 1/2)−1|, a = 1, x ∈ [1/2, 1],

1 + εa−1(ε+ x)3−a−j, a > 1, x ∈ [1/2, 1],

(6.2.32)

and

|w(j)(x)| 6 C



(ε+ x)1−j| ln(ε+ x)|, x ∈ [0, 1/2],

(ε+ x)1−a−j, a < 1, x ∈ [1/2, 1],

(ε+ x)−j| ln−1(ε+ 1/2)−1|, a = 1, x ∈ [1/2, 1],

εa−1(ε+ x)1−a−j a > 1, x ∈ [1/2, 1],

(6.2.33)

where C is constant and independent of ε.

Proof. We prove this lemma on Ω1 = [1/2, 1]. The proof on [0, 1/2] follows similar steps.

The reduced problem (ε = 0), corresponding to problem (6.1.1) has the same order

x2v′′0 + a(x)v′0 − b(x)v0 = f(x), x ∈ Ω1 (6.2.34)

v(1/2) = 0, v0(1) = u(1) = β. (6.2.35)
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The smooth component v(x) is further decomposed into the sum ([42], pp 68)

v(x) = v0(x) + (ε+ x)v1(x) + (ε+ x)2v2(x), x ∈ Ω̄1, (6.2.36)

where v0 is the solution of the reduced problem in (6.2.34), which is independent of ε, and

having smooth coefficients a(x), b(x) and f(x). From these assumptions, for 0 6 j 6 4,

we have

|v(j)
0 (x)| 6 C, for all x ∈ Ω̄1 (6.2.37)

and, v1 and v2 are the solutions of (6.1.1), where Lemma 6.2.5 used. Now, applying the

triangle inequality, using (6.2.37) and the estimates of v1 and v2 from (6.2.2) substituted

into (6.2.36), which complete the proof.

To prove the regular part w(x), construct the barrier functions as follows [31].

Ψ±(x) = C exp(−ηx/ε)± w(x), x ∈ Ω̄1.

The values of Ψ±(x) at the boundaries are

Ψ±(1/2) = C exp(−η/2ε)± w(1/2),

= C exp(−η/2ε)± (u(1/2)− v(1/2)), using (6.2.31),

> 0, C is a constant chosen sufficiently large,

Ψ±(1) = C exp(−η/ε)± w(1),

= C exp(−η/ε), using (6.2.31),

> 0.

From the above estimates, it is clear that Ψ(x) > 0, x ∈ Ω2 = Ω̄1\Ω1. Therefore we have

LΨ±(x) = (ε+ x)[Ψ±(x)]′′ + a(x)[Ψ±(x)]′ − b(x)Ψ±(x), x ∈ Ω1

= C exp(−ηx/ε)
[
η2(ε+ x)

ε2 − ηa(x)
ε
− b(x)

]
± Lw(x)

= C exp(−ηx/ε)
[
η2(ε+ x)

ε2 − ηa(x)
ε
− b(x)

]
, using (6.2.30)

6 0, since (x/ε2) 6 b(x), x ∈ Ω1.
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Hence, by Lemma 6.2.1, we obtain Ψ±(x) > 0, x ∈ Ω̄1. Then we have

C exp(−ηx/ε)± w(x) > 0.

Then, we obtain

w(x) 6 C exp(−ηx/ε), x ∈ Ω1.

Using the inequality relation, the above inequality can expressed as follows

|w(x)| 6 C exp(−ηx/ε) 6 C


(ε+ x)1−a, a < 1,

(ε+ x)−1| ln−1(ε+ 1/2)−1|, a = 1,

εa−1(ε+ x)1−a, a > 1.

(6.2.38)

Since Lw(x) = 0, the jth derivative of w(x) can be estimated immediately from the

estimate of w(x). The following estimates hold for 0 6 j 6 4,

|w(j)(x)| 6 C


(ε+ x)1−a−j, a < 1,

(ε+ x)−j| ln−1(ε+ 1/2)−1|, a = 1,

εa−1(ε+ x)1−a−j, a > 1,

(6.2.39)

which completes the proof.

6.3 Construction of the FMFDM

We develop a difference scheme to determine the solution of problem (6.1.1)-(6.1.2). It is

assumed that there is an interior layer at point xN/2 = 1/2 with adapted Shishkin mesh

Ωτ
N , where N is a multiple of 4. The interval [0, 1] is divided into three subintervals

[0, 1] =: [0, 1/2− τ ], [1/2− τ, 1/2 + τ ] and [1/2 + τ, 1].

Each of the intervals [0, 1/2−τ ] and [1/2+τ, 1] is divided uniformly into N/4 sub-intervals

whist the interval [1/2 − τ, 1/2 + τ ] is divided into N/2 sub-intervals. In this case, we

define τ as

τ = min
{

1
4 ,
ε

η
ln (N/4)

}
. (6.3.1)
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The mesh size in each of the three sub-intervals is given by

xj − xj−1 =

 hj = 4(0.5− τ)/N if j = 1, 2, · · · , N/4 , 3N/4 + 1, · · · , N − 1, N,

hj = 4τ/N if j = N/4 + 1 , N/4 + 2 · · · 3N/4.
(6.3.2)

For the rest of chapter, we use the notation D(xj) = Dj. We discretize (6.1.1)-(6.1.2)

using the upwind scheme on Ωτ
N in the following manner:

LNUj :=

 (ε+ xj)D̃Uj + ãjD
−Uj − b̃jUj = f̃j for j = 0, 1, · · · , N/2− 1,

(ε+ xj)D̃Uj + ãjD
+Uj − b̃(x)Uj = f̃j for j = N/2, N/2 + 1, · · · , N − 1,

(6.3.3)

U(0) = α1, U(1) = α2, (6.3.4)

where  ãj = aj−1+aj

2 for j = 0, 1, · · · , N/2− 1,

ãj = aj+aj+1
2 for j = N/2, N/2 + 1, · · · , N − 1, b̃j = bj−1+bj+bj+1

3 for j = 1, 2, 3, · · · , N − 1,

f̃j = fj−1+fj+fj+1
3 for j = 1, 2, 3, · · · , N − 1.

D+Uj = Uj+1 − Uj
hj+1

, D−Uj = Uj − Uj−1

hj
and D̃Uj = 2

hj + hj+1
(D+Uj −D−Uj).

(6.3.3) can be written in the form:

LNUj := r−Uj−1 + rcUj + r+Uj+1 = fj, j = 1, 2, 3 · · · , N − 1, (6.3.5)

where, for j = 1, 2, 3 · · · , N/2− 1, we have

r−j = 2(ε+ xj)
hj(hj + hj+1) −

ãj
hj
, rcj = ãj

hj
− 2(ε+ xj)

hjhj+1
− b̃j, r+

j = 2(ε+ xj)
hj+1(hj + hj+1) , (6.3.6)

and for j = N/2, N/2 + 1, · · · , N − 1, we have

r−j = 2(ε+ xj)
hj(hj + hj+1) , rcj = − ãj

hj+1
− 2(ε+ xj)

hjhj+1
− b̃j and r+

j = 2(ε+ xj)
hj+1(hj + hj+1) + ãj

hj+1
.

(6.3.7)

Based on the scheme developed above, we need to validate the next lemma which states

that problem (6.3.3)-(6.3.4) satisfies the discrete minimum principle.
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Lemma 6.3.1. Let ξj be any mesh function such that LNξj 6 0, 1 6 j ≤ N − 1, ξ0 ≥ 0

and ξN ≥ 0 implies that ξj ≥ 0, 0 ≤ j 6 N .

Proof. See Lemma 4.3.1 in Chapter 4.

Lemma 6.3.1 is used to prove the following lemma.

Lemma 6.3.2. Suppose that Zi is any mesh function such that Z0 = ZN = 0, then

|Zi| 6
1
b0

max
16j≤N−1

|LNZj|, ∀ 0 ≤ i ≤ N.

Proof. See Lemma 4.3.2 in Chapter 4.

With the above results, we are ready to provide the ε-uniform convergence in the next

section.

6.4 Convergence analysis

In this section we prove that the proposed method FMFDM is uniformly convergent of

order one, up to a logarithmic factor.

Theorem 6.4.1. Let u(x) be the solution of the continuous problem (6.1.1)-(6.1.2) and

U(x) is the numerical solution of problem (6.3.3) and (6.3.4). Then, for sufficiently large

N , we have the following result

max
0≤j≤N

|uj − Uj| 6 CN−1
[
ln
(
N

4

)]2
. (6.4.1)

Proof. We prove the theorem on [1/2, 1] by considering each case of a. The proof on

[0, 1/2] follows in a similar way. We decompose the solution U of the discrete problem

(6.3.3) and (6.3.4) into a regular and a singular parts as

U = V +W, (6.4.2)
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where V is the solution of the inhomogeneous problem

LNV = fj, for j = N/2, · · · , N , V (1/2) = v(1/2), V (1) = v(1),

and W is the solution of the homogenous problem

LNWj = 0, for j = N/2, · · · , N, W (1/2) = U(1/2)− V (1/2),W (1) = w(1).

Equation (6.4.2) can be expressed as follows:

U − u = (V − v) + (W − w) (6.4.3)

and the components of the solution can be estimated separately. A combination of (6.1.1)

and (6.3.3) gives the error for the regular component as follows

LN(V − v) = f − LNv

= (L− LN)v

= (ε+xj)
(
d2

dx2 − D̃
)
v + ãj

(
d

dx
−D−

)
v.

Applying the two estimates in Lemma 4.1 pp 24 of [42], we obtain

|LN(Vj−vj)|≤
(ε+xj)

3 (xj+1−xj−1)|v′′′j |+
ãj
2 (xj − xj−1)|v′′j | for 1≤j6 N/2− 1. (6.4.4)

Using the estimates of the derivatives of vj in Lemma 6.2.6 and hj = xj−xj−1 ≤ 4N−1 in

(6.4.4), we obtain

|LN(Vj−vj)| 6 CN−1


1 + (ε+ x) + (ε+ x)1−a, a < 1,

1 + (ε+ x) + ln−1(ε+ 1/2)−1, a = 1,

1 + (ε+ x) + εa−1(ε+ x)1−a, a > 1.

(6.4.5)

Using the inequality relation, the inequalities in (6.4.5) lead to the following result

|LN(Vj − vj)(xj)| ≤ CN−1.

Hence, by Lemma 6.3.2, we obtain

|(Vj − vj)(xj)| 6 CN−1 for N/2 6 j 6 N. (6.4.6)
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The estimates on LN(Wj−wj) depends on the value of τ , whether τ = 1/4 or

τ = (ε/η) ln(N/4).

If τ = 1/4, the mesh is uniform, i.e., τ = 1/4 ≤ (ε/η) ln(N/4). The estimation of the

singular component is similar to the equation (6.4.4), then gives

|LN(Wj−wj)| ≤
(ε+xj)

3 (xj+1−xj−1)|w′′′j |+
ãj
2 (xj − xj−1)|w′′j | for 1 ≤ j 6 N/2−1. (6.4.7)

Noting that xj−xj−1 ≤ 4N−1 and taking into account the bounds on wj in Lemma 6.2.6,

we obtain

|LN(Wj−wj)| 6 CN−1


(ε+ x)−a−1, a < 1,

(ε+ x)−2| ln−1(ε+ 1/2)−1|, a = 1,

εa−1(ε+ x)−a−2, a > 1.

(6.4.8)

The above inequalities lead to

|LN(Wj−wj)(xj)| 6 CN−1ε−2. (6.4.9)

Since ε−1 6 (4/η) ln(N/4), we obtain the following inequality

|LN(Wj − wj)(xj)| 6 CN−1 ln2(N/4).

Using Lemma 6.3.2 then we obtain

|(Wj−wj)(xj)| 6 CN−1 ln2(N/4) for N/2 6 j 6 N−1. (6.4.10)

If τ = (ε/η) ln(N/4), the mesh is piecewise uniform. In this case we have two subintervals

namely [1/2, τ + 1/2] and [τ + 1/2, 1]. A different argument is used to bound W − w

in each subinterval. Firstly, compute the error for the singular component in the coarse

mesh region [τ + 1/2, 1], i.e., for all τ + 1/2 6 xj 6 1. Using the triangle inequality, we

have

|Wj − wj| ≤ |Wj|+|wj|. (6.4.11)

Application of Lemma 6.2.6 in (6.4.11), we obtain

|w(xj)| 6 Cε−1xj 6 Cε−1τ.
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Substituting the value of τ into the above expression, we obtain

|w(xj)| 6 C ln(N/4) 6 C for 3N/4 6 j 6 N. (6.4.12)

Now to obtain a similar bound on W, the interested readers can obtain the following

inequalities with the help of Lemma 7.3 (p.58) and Lemma 7.5 (p.60) of [42] which lead

to

|W (xj)| 6 C ln(N/4) 6 C for 3N/4 6 j 6 N. (6.4.13)

Combining the estimated obtained by (6.4.12) and (6.4.13), we obtain

|(W − w)(xj)| 6 C ln(N/4) 6 C for 3N/4 6 j 6 N. (6.4.14)

Now the bounds in the interior region, [1/2, τ+1/2] can be obtained from (6.4.7) by using

the bounds of wj in Lemma 6.2.6 and keeping in mind that h = 4τ/N, we obtain

|LN(Wj − wj)| ≤ Chε−2 6 Cτε−2N−1.

From (6.4.14), we have

|(W (1/2)− w(1/2)| = 0

and

|(W (3N/4)− w(3N/4)| ≤ |(W (3N/4)|+ |w(3N/4)| 6 C ln(N/4) 6 C.

Now, introduce the barrier function Φj in [1/2, τ + 1/2] defined by

Φj = (x+ τ)C1ε
−2τN−1+ C2N

−1,

where C1 and C2 are arbitrary constants.

Now, consider comparison functions Ψ defined by

Ψ±j = (xj + τ)C1ε
−2τN−1+C2N

−1 ± (Wj − wj). (6.4.15)

For an appropriate choice of C1 and C2, (6.4.15) satisfies the following

Ψ3N/4 ≥ 0 and ΨN/2 = 0.
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Note that

LNΨj 6 0, N/2 + 1 6 j 6 3N/4− 1.

Application of Lemma 6.3.1 on [1/2, τ + 1/2] for the function Ψ±j , we obtain

Ψj > 0, N/2 + 1 6 j 6 3N/4− 1.

Consequently,

|Wj − wj| ≤ Φj ≤ C1ε
−2τ 2N−1 + C2N

−1.

Substituting the value of τ into the above inequality, we obtain

|Wj − wj| ≤ CN−1 ln2 (N/4) . (6.4.16)

Using estimates (6.4.14) and (6.4.16), we obtain the estimate of the singular component

of the error on [1/2, τ + 1/2]

|Wj − wj| ≤ CN−1 ln2 (N/4) , N/2 + 1 6 j 6 3N/4− 1. (6.4.17)

Combining estimates (6.4.6) and (6.4.17) along with (6.4.3), we obtain

|Uj − uj| 6 CN−1
[
ln
(
N

4

)]2
, N/2− 1 6 j 6 N. (6.4.18)

A similar analysis on the subinterval [0, 1/2] gives

|Uj − uj| 6 CN−1
[
ln
(
N

4

)]2
, 1 6 j 6 N/2. (6.4.19)

Combining inequalities (6.4.19) and (6.4.18), we obtain the required result.

To increase the accuracy as well as the rate of convergence of the scheme, we use Richard-

son extrapolation in the next section.

6.5 Richardson extrapolation on the FMFDM

It is a post-processing procedure where a linear combination of two computed solutions

approximating a particular quantity results a third and better approximation [49]. We
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apply this method for the proposed scheme.

We consider a second mesh Ωτ
2N , which has the same transition parameter τ given by

(6.3.1), and is obtained by bisecting each sub-interval of Ωτ
N defined in (6.3.2). Thus,

Ωτ
N = xj ⊂ Ωτ

2N = x̃j

and

x̃j − x̃j−1 = h̃j = hj/2.

Theorem 6.5.1. (Error after extrapolation). Let a(x), b(x) and f(x) be sufficiently

smooth and u(x) be the solution of (6.1.1). If U ext be the approximation solution of u

obtained using (6.3.3)-(6.3.4) with u(0) = U(0), u(1) = U(1), then there exists a positive

constant C independent of ε and the mesh spacing such that

max
0≤j≤N

|(U ext
j − uj)| 6 CN−2

[
ln
(
N

4

)]2
. (6.5.1)

Proof. As mentioned in the previous section, Theorem 6.5.1 will be proved only on the

interval [1/2, 1]. Let Uj, Ũj be the numerical solution of the discrete problem (6.3.3)-(6.3.4)

on the mesh Ωτ
N and Ωτ

2n respectively. Then the inequality (6.4.19) can be written as

Uj − uj = C1N
−1 ln2 (N/4) +RN(xj) ∀xj ∈ ΩN

τ (6.5.2)

and

Ũj − uj = C2(2N)−1 ln2 (N/4) +R2N(x̃j) ∀x̃j ∈ Ωτ
2n, (6.5.3)

where C1 and C2 are some fixed constants and where the remainder terms

RN(xj) and R2N(x̃j) are O[N−1 ln2 (N/4)].

A combination of two equations (6.5.2) and (6.5.3) leads

uj − (2Ũj − Uj) = RN(xj)− 2R2N(xj) = O[N−1 ln2 (N/4)] ∀xj ∈ Ωτ
N , (6.5.4)

therefore we set

U ext
j = 2Ũj − Uj ∀xj ∈ Ωτ

N , (6.5.5)
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as the new numerical approximation of uj at the grid point xj ∈ Ωτ
n computed after using

the extrapolation process.

The decomposition of the error after extrapolation can be also expressed as in (6.4.3),

which gives

U ext
j − uj = (V ext

j − vj) + (W ext
j − wj), (6.5.6)

where V ext
j and W ext

j are the regular and singular component of U ext
j .

The local truncation error of the scheme (6.3.3)-(6.3.5) after extrapolation is given by

LN(U ext
j − uj) = 2LN(Ũj − uj)− LN(Uj − uj) (6.5.7)

where

LN(Uj − uj) = r−uj−1 + rcuj + r+uj+1 − (ε+ xj)u′′j − aju′j + bju, (6.5.8)

and

LN(Ũj − uj) = r̃−uj−1 + r̃cuj + r̃+uj+1 − (ε+ xj)u′′j − aju′j + bju. (6.5.9)

The quantities r−, rc and r+ are given in (6.3.6) while the quantities r̃−, r̃c and r̃+ are

obtained by replacing hj with h̃j and hj+1 with h̃j+1 in the expressions of r−, rc and r+

respectively. Taking the Taylor series expansion of uj around xj, we obtain the following

approximations for uj−1 and uj+1:

uj−1 = uj − hju′j +
h2
j

2 u
2
j −

h3
j

6 u
3
j +

h4
j

24u
4(ξ1, j), (6.5.10)

uj+1 = uj + hj+1u
′
j +

h2
j+1

2 u2
j +

h3
j+1

6 u3
j +

h4
j+1

24 u4(ξ2, j), (6.5.11)

uj−1 = uj − h̃ju′j +
h̃2
j

2 u
2
j −

h̃3
j

6 u
3
j +

h̃4
j

24u
4(ξ̃1, j), (6.5.12)

uj+1 = uj + h̃j+1u
′
j +

h̃2
j+1

2 u2
j +

h̃3
j+1

6 u3
j +

h̃4
j+1

24 u4(ξ̃2, j), (6.5.13)

where

(ξ1, j) ∈ (xj−1, xj), (ξ2, j) ∈ (xj, xj+1), ξ̃1 ∈ (xj−1 + xj
2 , xj) and ξ̃2 ∈ (xj,

xj + xj+1

2 ).
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Substituting (6.5.10) and (6.5.11) into (6.5.8), (6.5.12) and (6.5.13) into (6.5.9), we obtain

the following expressions

LN(Uj − uj) = k1uj + k2u
′
j + k3u

2
j + k4u

3
j + k5,1u

4(ξ1, j) + k5,2u
4(ξ2, j) (6.5.14)

and

LN(Ũj − uj) = k̃1uj + k̃2u
′
j + k̃3u

2
j + k̃4u

3
j + k̃4u

4
j + k̃5,1u

4(ξ̃1, j) + k̃5,2u
4(ξ̃2, j). (6.5.15)

The coefficients in (6.5.14)

k1=
2(ε+ xj)

hj(hj+hj+1)−
2(ε+ xj)
hjhj+1

+ 2(ε+ xj)
hj+1(hj+hj+1) , k2=0,

k3=
(ε+ xj)hj
hj+hj+1

− ajhj
2 + (ε+ xj)hj+1

hj+hj+1
− (ε+ xj),

k4 =
−(ε+ xj)h2

j

3(hj+hj+1) +
ajh

2
j

6 +
(ε+ xj)h2

j+1

3(hj+hj+1) , k5,1 =
(ε+ xj)h3

j

12(hj+hj+1) −
ajh

3
j

24 , k5,2 =
(ε+ xj)h3

j+1

12(hj+hj+1) .

The quantities k̃1, k̃2, k̃3, k̃4, k̃5,1 and k̃5,2 can be determined by replacing hj by h̃j and

hj+1 by h̃j+1.

Substituting (6.5.14) and (6.5.15) into (6.5.7), we obtain

LN(U ext
j − uj) = T1uj + T2u

′′
j + +T3u

′′′
j + +T4,1u

(4)(ξ1, j) + T4,2u
(4)(ξ2, j), (6.5.16)

where

T1 = 14(ε+ xj)
hj(hj + hj+1) −

14(ε+ xj)
hjhj+1

+ 14(ε+ xj)
hj+1(hj + hj+1) ,

T2 = (ε+ xj)hj
hj + hj+1

− (ε+ xj) + (ε+ xj)hj+1

hj + hj+1
, T3 = −

ajh
2
j

12 ,

T4,1 = −
(ε+ xj)h3

j

24(hj + hj+1) +
ajh

3
j

32 and T4,2 = −
(ε+ xj)h3

j+1

24 .

Given (6.3.2) and for the sake of simplicity, we shall use the following notation

hj = H if j = 3N/4, 3N/4 + 1, · · · , N, (6.5.17)

hj = h if j = N/2, N/2 + 1, · · · 3N/4. (6.5.18)

164https://etd.uwc.ac.za



Chapter 6: A numerical method for interior layer convection-diffusion
problems with a variable coefficient diffusion term

Using the fact that, for ∀j = 3N/4, . . . , N , H = hj 6 4N−1 substituted into (6.5.16) on

[τ + 1/2, 1], we obtain:

LN(V ext
j −vj) =

[
−aj12v

′′′
j + (ε+ xj)

48 v(4)(ξ1, j)
]
H2+

[
aj
32v

(4)(ξ1, j)−
(ε+ xj)

24 v(4)(ξ2, j)
]
H3.

(6.5.19)

Applying the triangle inequality and Lemma 6.2.3 to (6.5.19), we obtain:

|LN(Vj−vj)| 6 CN−2


1 + (ε+ x)−a, a < 1,

1 + (ε+ x)−1| ln−1(ε+ 1/2)−1|, a = 1,

1 + εa−1(ε+ x)−a, a > 1.

(6.5.20)

The above inequalities lead to

|LN(V ext
j − vj)| 6 CN−2.

Hence, by Lemma 6.3.2, we obtain

|(V ext
j − vj)| 6 CN−2. (6.5.21)

The estimation of the nodal error of the singular component depends on whether τ = 1/4

or τ = (ε/η) ln(N/4).

In the first case, the mesh is uniform and (ε/η) ln(N/4) ≥ 1/4. The estimate of the

singular component is given by

LN(W ext
j −wj) =

[
−aj12w

′′′
j + (ε+ xj)

48 w(4)(ξ1, j)
]
h2+

[
aj
32w

(4)(ξ1, j)−
(ε+ xj)

24 w(4)(ξ2, j)
]
h3.

(6.5.22)

Using the triangle inequality in (6.5.22), we obtain

LN(W ext
j −wj) 6

[
−aj12w

′′′
j + (ε+ xj)

48 w(4)(ξ1, j)
]
h2+

[
aj
32w

(4)(ξ1, j)−
(ε+ xj)

24 w(4)(ξ2, j)
]
h3.

By Lemma 6.2.6 and the fact that hj = xj − xj−1 6 4N−1, the above inequality gives

|LN(Wj−wj)| 6 Ch−2


(ε+ x)−a−2, a < 1,

(ε+ x)−3| ln−1(ε+ 1/2)−1|, a = 1,

εa−1(ε+ x)−a−2, a > 1.

(6.5.23)
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The above inequalities lead to

|LN(Wj−wj)(xj)| 6 Ch−2ε−2 6 CN−2ε−2. (6.5.24)

Using ε−1 6 (2/η) ln(N/4) in (6.5.24), we obtain

|LN(W ext
j − wj)| 6 CN−2 ln2 (N/4) .

Applying Lemma 6.3.2 to the above inequality, we obtain

|(W ext
j − wj)| 6 CN−2 ln2 (N/4) . (6.5.25)

In the latter case, the mesh is piecewise uniform with the mesh spacing h = hj 6 4τN−1

for ∀j = N/2, . . . , 3N/4 on [1/2, τ + 1/2]. We obtain (6.5.24)

|LN(W ext
j − wj)| ≤ C1N

−2τ 2ε−2. (6.5.26)

Using the value of τ = (ε/η) ln(N/4) and applying Lemma 6.3.2 to the above inequality,

we obtain

|(W ext
j − wj)| 6 CN−2 ln2 (N/4) . (6.5.27)

A similar analysis can be performed on [0, 1/2].

Combining of (6.5.21), (6.5.25) and (6.5.27), we obtain the required error after extrapo-

lation.

6.6 Numerical results

Two numerical examples are presented in this section to confirm the theoretical results

of problems of the type (6.1.1). The numerical results are displayed in the tables. The

maximum errors and order of convergence are estimated by using the exact solution. The

solution in both examples has a turning point at point x = 0 (or x = 0.5 ), which results

an interior layer.
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Example 6.6.1. Consider the following singularly perturbed turning point problem:

(ε+ x)u′′ + xu′ − u = f(x), x ∈ [−1, 1], (6.6.1)

u(−1) = −1, and u(1) = 1. (6.6.2)

The exact solution is

u(x) = cos πx+ x+
xerf(x/

√
2ε) +

√
2ε/π exp(−x2/2ε)

erf(1/
√

2ε) +
√

2ε/π exp(−1/2ε)
.

The expression for f(x) is obtained after substituting u(x) and its derivatives into

(6.6.1).

Example 6.6.2. Consider the following singularly perturbed turning point problem:

(ε+ x)u′′ + 2(x− 0.5)u′ − u = f(x), x ∈ [0, 1], (6.6.3)

u(0) = −(ε− 1)2 and u(1) = −(ε+ 1)2. (6.6.4)

The exact solution is

u(x) = (2x− 1 + ε)2 cos[π(2x− 1)].

The expression for f(x) is obtained after substituting u(x) and its derivatives into

(6.6.3).

The maximum errors before extrapolation at all mesh points are evaluated using

En,ε = max
0≤j≤n

|uj − Uj|,

and these errors after extrapolation are given by

Eext
n,ε = max

06j6n
|uj − U ext

j |.

The numerical rates of convergence before and after extrapolation are obtained by using

rε,k = log2(Ẽnk
/Ẽ2nk

),

where Ẽ represents E or Eext.
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Table 6.1: Results for Example 6.6.1: Maximum errors before extrapolation
ε N = 16 N = 32 N = 64 N = 128 N = 256 N = 512 N = 1024

10−3 2.84E-01 4.11E-02 1.36E-02 1.13E-02 1.99E-02 1.43E-02 2.29E-02

10−4 2.89E-01 3.54E-02 4.38E-02 3.14E-02 4.89E-03 1.56E-02 7.03E-03

10−5 2.91E-01 2.79E-02 2.53E-02 2.90E-02 2.70E-02 6.67E-03 2.12E-03

10−18 2.93E-01 3.13E-02 8.81E-03 4.62E-03 2.35E-03 1.18E-03 5.95E-04
...

...
...

...
...

...
...

...

10−25 2.93E-01 3.13E-02 8.81E-03 4.62E-03 2.35E-03 1.18E-03 5.95E-04

Table 6.2: Results for Example 6.6.1: Maximum errors after extrapolation
ε N = 16 n = 32 N = 64 N = 128 N = 256 N = 512 N = 1024

10−3 2.49E-01 5.19E-02 2.00E-02 2.91E-02 2.07E-02 3.76E-02 3.18E-02

10−4 2.49E-01 5.27E-02 1.86E-02 3.93E-02 2.74E-02 9.35E-03 1.02E-02

10−5 2.37E-01 3.22E-02 3.26E-02 2.50E-02 1.37E-02 1.06E-02 2.91E-03

10−18 2.30E-01 1.63E-02 1.93E-03 3.65E-04 8.34E-05 2.03E-05 5.02E-06
...

...
...

...
...

...
...

...

10−25 2.30E-01 1.63E-02 1.93E-03 3.65E-04 8.34E-05 2.03E-05 5.02E-06

Table 6.3: Results for Example 6.6.1: Rates of convergence before extrapolation
ε r1 r2 r3 r4 r5 r6

10−3 2.79 1.59 0.27 -0.81 0.48 -0.68

10−4 3.03 -0.31 0.48 2.68 -1.67 1.15

10−5 3.39 0.14 -0.20 0.10 2.02 1.66

10−18 3.22 1.83 0.93 0.98 0.99 1.00
...

...
...

...
...

...
...

10−25 3.22 1.83 0.93 0.98 0.99 1.00

Table 6.4: Results for Example 6.6.1: Rates of convergence after extrapolation
ε r1 r2 r3 r4 r5 r6

10−3 2.26 1.38 -0.54 0.49 -0.86 0.24

10−4 2.24 1.50 -1.08 0.52 1.55 -0.13

10−5 2.88 -0.02 0.38 0.87 0.38 1.86

10−18 3.82 3.07 2.41 2.13 2.04 2.01
...

...
...

...
...

...
...

10−25 3.82 3.07 2.41 2.13 2.04 2.01

168https://etd.uwc.ac.za



Chapter 6: A numerical method for interior layer convection-diffusion
problems with a variable coefficient diffusion term

Table 6.5: Results for Example 6.6.2: Maximum errors before extrapolation
ε N = 64 N = 128 N = 256 N = 512 N = 1024 N = 2048

10−1 6.46E-03 3.43E-03 1.77E-03 8.97E-04 4.52E-04 2.27E-04

10−2 1.38E-02 7.03E-03 3.57E-03 1.78E-03 8.86E-04 4.38E-04

10−4 1.35E-02 7.08E-03 3.65E-03 1.85E-03 9.35E-04 4.69E-04

10−28 8.87E-03 4.83E-03 2.52E-03 1.29E-03 6.50E-04 3.27E-04
...

...
...

...
...

...
...

10−35 8.87E-03 4.83E-03 2.52E-03 1.29E-03 6.50E-04 3.27E-04

Table 6.6: Results for Example 6.6.2: Maximum errors after extrapolation
ε N = 64 N = 128 N = 256 N = 512 N = 1024 N = 2048

10−2 2.02E-02 1.95E-02 1.96E-02 1.98E-02 2.01E-02 2.05E-02

10−3 3.54E-03 2.23E-03 1.88E-03 1.79E-03 1.77E-03 1.76E-03

10−4 2.04E-03 6.80E-04 3.04E-04 2.07E-04 1.82E-04 1.76E-04

10−28 2.48E-03 6.10E-04 1.52E-04 3.81E-05 9.54E-06 2.39E-06
...

...
...

...
...

...
...

10−35 2.48E-03 6.10E-04 1.52E-04 3.81E-05 9.54E-06 2.39E-06

Table 6.7: Results for Example 6.6.2: Rates of convergence before extrapolation
ε r1 r2 r3 r4 r5

10−2 0.98 0.98 1.00 1.01 1.02

10−3 0.93 0.96 0.98 0.99 1.00

10−4 0.93 0.96 0.98 0.99 0.99

10−29 0.88 0.94 0.97 0.98 0.99
...

...
...

...
...

...

10−35 0.88 0.94 0.97 0.98 0.99

Table 6.8: Results for Example 6.6.2: Rates of convergence after extrapolation
ε r1 r2 r3 r4 r5

10−2 0.05 -0.00 -0.02 -0.02 -0.02

10−3 0.66 0.25 0.07 0.02 0.00

10−4 1.59 1.16 0.56 0.18 0.05

10−29 2.03 2.00 2.00 2.00 2.00
...

...
...

...
...

...

10−35 2.33 2.00 2.00 2.00 2.00
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Remark 6.6.1. Tables of numerical results with Richardson extrapolation show that the

computed rate of convergence deviate notably from the theoretical rate of convergence

with Richardson extrapolation which is two. This is not surprising as performance of

Richardson extrapolation may be hindered by the fact that, for non-uniform (such as the

Shishkin type) meshes, nodes are offset by the fact that the transition point depends on

the number of nodes used in computations. This observation corroborates assertions in

the literature regarding issues with implementation of Richardson extrapolation (see e.g.

[10, 61, 71])

6.7 Discussion

In this chapter, we constructed a Fitted Mesh Finite Difference Method (FMFDM) for a

family of two-point singularly perturbed boundary value problems with diffusion term of

the form l(ε + x). Furthermore, the solution to these problems has an interior layer due

to the presence of a turning point. We first provided a set of bounds on the derivatives

of the solution. Then we constructed a mesh, of Shishkin type. Depending on the sign

of the coefficient of the convection term, a discrete upwind scheme was designed on this

mesh. Using bounds on the solution and its derivatives, we showed that the proposed nu-

merical method is uniformly convergent of order one, up to a logarithmic factor. We used

Richardson extrapolation via FMFDM in order to improve the accuracy of the scheme.

In order to confirm the above conclusions based on the theoretical analysis, we carried out

numerical investigations on two examples. In each example, we calculated the maximum

point-wise errors and the corresponding rates of convergence for various values of N . We

noticed that the numerical method was uniformly convergent (see tables 6.1, 6.3, 6.5 and

6.7). We provided computed point-wise maximum errors after extrapolation in tables 6.2,

6.4, 6.6 and 6.8, which improved the accuracy.
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Chapter 7

Time-dependent for interior layer

convection-diffusion problems with a

variable coefficient diffusion term

In this chapter, we consider a class of time-dependent singularly perturbed convection-

diffusion problems whose solution presents an interior layer due to the presence of a

turning point. In addition, the diffusion term is a function of ε and x. After establishing

bounds on the solution and their derivatives, we discretize the time variable by means

of the classical implicit Euler method with a constant step-size. This process results in

a system of two-point boundary problem at each time level which will be solved using a

fitted mesh finite difference method (FMFDM). We apply the Richardson extrapolation

technique in order to increase the accuracy as well as the order of convergence.

7.1 Introduction

Numerous numerical schemes for a class of time-dependent singular problems are avail-

able in the literature. These problems are characterised by a small parameter affecting

the highest derivative in the differential equations underlying the problem (see chapter 2).
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In this chapter, we seek to determine the solution of the linear singularly perturbed

problem

Lu :≡ (ε+ x) ∂
2u(x, t)
∂x2 + a(x, t) ∂u(x, t)

∂x
− b(x, t)u(x, t)− d(x, t) ∂u(x, t)

∂t
= f(x, t),

(7.1.1)

(x, t) ∈ Q ≡ Ω× (0, T ] ≡ (0, 1)× (0, T ], (7.1.2)

subject to the initial and boundary conditions

u(x, 0) = u0(x), 0 ≤ x ≤ 1, u(0, t) = α1(t) , u(1, t) = α2(t), t ∈ (0, T ]. (7.1.3)

In the rest of this chapter, we assume that

• a(0.5, t) = 0 and ax(0.5, t) > 0, for 0 6 t 6 T, ensuring that the solution to problem

(7.1.1)-(7.1.3) guarantees the existence of a turning point;

• b(x, t) ≥ β > 0, ∀(x, t) ∈ Q̄, which ensures that the problem verifies a minimum

principle;

• |ax(x, t)| > |ax(0.5, t)/2|, ∀(x, t) ∈ Q̄, implies that the turning point appears at point

(05, t), ∀t ∈ [0, T ].

The above conditions guarantee that the solution of problem (7.1.1)-(7.1.3) has a unique

solution which possesses an interior layer at x = 0 [19].

In order to have compatibility between the boundary and initial conditions, we also as-

sume that

u0(0) = α1(0) and u0(1) = α2(0),

so that the data match at the two corners (0, 0) and (1, 0) of the domain Q̄. These

conditions guarantee that there exists a constant C independent of ε such that [72]

|u(x, t)− α1(t)| ≤ Cx, |u(x, t)− α2(t)| ≤ C(1− x), ∀(x, t) ∈ Q̄

and

|u(x, t)− u0(x)| ≤ Ct, ∀(x, t) ∈ Q̄.

In this chapter, we propose and analyse a fitted mesh finite difference method (FMFDM)

to solve a class of time-dependent problem (7.1.1)-(7.1.3) where the coefficients of the
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differential equations depend on both space and time, are smooth.

The rest of this chapter is structured as follows. We provide bounds of the solution

u(x, t) of (7.1.1) and its derivatives in Section 2. In Section 3 we design a FMFDM for

solving our problem. We prove that the proposed method satisfies a minimum principle.

We use this fact to establish a stability result. In Section 4 we conduct a rigorous error

analysis. We prove that the proposed numerical method is uniformly convergent of first

order with respect to the perturbation parameter in time and space, up to a logarithmic

factor. In order to improve the accuracy as well as the order of convergence of the pro-

posed FMFDM, we apply the Richardson extrapolation method in Section 5. In Section

6 we present one example to see how the proposed method works and confirm our theo-

retical results. Finally, some conclusions are drawn in the Section 7.

In the rest of this chapter, C denotes a generic constant which may assume different

values in different inequalities but will always be independent of ε, as well as the spatial

and time discretization parameters.

7.2 A priori estimates of the solution and its deriva-

tives

In this section, we derive appropriate bounds on the solution of problem (7.1.1)-(7.1.3)

and its derivatives. The interval [0, 1] which we denote by Ω̄ is partitioned as

Ωl = [0, 1/2− τ ], Ωc = [1/2− τ, 1/2 + τ ] and Ωr = [1/2 + τ, 1], where 0 < τ ≤ 1/4.

The linear operator L as defined in (7.1.1) verifies the following minimum principle and

then we a state stability estimate for the solution of (7.1.1)-(7.1.3).

Lemma 7.2.1. (Minimum principle.) Assume that ξ(x, t) is a smooth function satisfying

ξ(0, t) ≥ 0, ξ(1, t) ≥ 0 and Lξ(x, t) ≤ 0, ∀x ∈ Ω. Then ξ(x, t) ≥ 0, ∀x ∈ Ω̄.
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Proof. Suppose that there exists a point (x∗, t∗) ∈ Q̄ such that ξ(x∗, t∗) = min
0≤x≤1

ξ(x, t)

and assume that ξ(x∗, t∗) < 0. Clearly (x∗, t∗) /∈ Q. It follows that

ξx(x∗, t∗) = 0, ξt(x∗, t∗) = 0 and ξxx(x∗, t∗) ≥ 0. This implies

Lξ(x∗, t∗) = (ε+x∗)ξxx(x∗, t∗)+a(x∗, t∗)ξx(x∗, t∗)−b(x∗, t∗)ξ(x∗, t∗)−d(x∗, t∗)ξt(x∗, t∗) > 0,

which is a contradiction. It follows that ξ(x∗, t∗) ≥ 0 and thus ξ(x, t) ≥ 0, ∀(x, t) ∈ Q̄.

We employ the minimum principle above to prove the next result which states that the

solution depends continuously on the data.

Lemma 7.2.2. (Stability estimate). The solution u(x, t) of problem (7.1.1)-(7.1.3) satisfies:

||u(x, t|| 6 [max {||α1||∞, ||α2||∞}] + 1
β
||f ||∞,∀(x, t) ∈ Q̄.

Proof. See Lemma 3.2.2 in Chapter 3.

Estimates of u and its derivatives in the interval [0, 1/2− τ ] and [1/2 + τ, 1] are given in

the next lemmas.

Lemma 7.2.3. The bound on the solution u(x, t) of (7.1.1) is |u(x, t)| ≤ C, (x, t) ∈ Q̄.

Proof. We refer to [30] for the proof.

Lemma 7.2.4. Let u(x, t) be the solution to (7.1.1)-(7.1.3) and a(x, t), b(x, t) and f(x, t)

sufficiently smooth function in Q̄. Then, there exists C independent of ε, such that∣∣∣∣∣∂ju(x, t)
∂xj

∣∣∣∣∣ ≤ C, ∀x ∈ Ωl or Ωr and (x, t) ∈ Q̄, 0 ≤ j ≤ 2.

Proof. See [11].

Lemma 7.2.5. Under the assumption of Lemmas 7.2.1 and 7.2.4, the bound on the

derivative of u with respect to t is |ut(x, t)| ≤ C, (x, t) ∈ Q̄.

Proof. See [30].
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Lemma 7.2.6. |uxt(x, t)| 6 C, (x, t) ∈ Q̄.

Proof. See [31].

Based on the ideas of [39], we are in position to establish the following lemma. Due

to the presence of an interior layer at point at xN/2 = 1/2, the solution of the prob-

lem (7.1.1)-(7.1.3) may be considered as a concatenation of two solutions: One side on

0 6 x < 1/2 displaying an interior layer near xN/2 = 1/2 (right hand of the interval) and

the other side on 1/2 < x 6 1 presenting an interior layer near xN/2 = 1/2 (left hand of

the interval) as well. Consequently, the derivatives of u(x, t) in the interior layer are esti-

mated by three types of singular, power functions according to the sign of the coefficient

of the convection term a(x, t) at the point x?0. Then, we have two different cases

a =

 a(x?0, t) 6 0, x?0 ∈ [τ − 1/2, 1/2], t ∈ [0, T ] and

a(x?0, t) > 0, x?0 ∈ (1/2, τ + 1/2], t ∈ [0, T ].
(7.2.1)

Lemma 7.2.7. Let u(x, t) be the solution of (7.1.1)-(7.1.3). Then assuming that

a = a(x?0, t) > 0, for 1/2 < x 6 τ + 1/2, ∀t ∈ [0, T ], and j = 1, 2, 3, 4, we have

∣∣∣∣∣∂ju(x, t)
∂xj

∣∣∣∣∣ 6 C


1 + (ε+ x)1−a−j, 0 < a < 1,

1 + (ε+ x)−j| ln−1(ε+ 1/2)−1|, a = 1,

1 + εa−1(ε+ x)1−a−j, a > 1.

(7.2.2)

When a = a(x?0, t) 6 0, for 1/2− τ 6 x 6 1/2, let p be an integer such that a + p = 0

and a+ p− 1 < 0, ∀t ∈ [0, T ] and j = 1, 2, 3, 4, then we have the following bounds

∣∣∣∣∣∂ju(x, t)
∂xj

∣∣∣∣∣ 6 C


1, a < 0, j 6 p,

1 + (ε+ x)1−j−p| ln(ε+ x)|, a+ p = 0, j > p,

1 + (ε+ x)1−a−j, a+ p > 0, j > p.

(7.2.3)

Proof. We prove this lemma by following the steps provided by ([39], pp. 107-110).

Application of the inverse-monotone pair T = (L,Γ) (see pp 49) implies that

|u(x, t)| 6 C, (x, t) ∈ Q̄. (7.2.4)
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From (7.1.1)-(7.1.3) and(7.2.4) and ∀t ∈ [0, T ], we obtain

∣∣∣∣∣∂ju(x, t)
∂xj

∣∣∣∣∣ 6 C



1, 1/2− τ < x0 6 x 6 1/2,

ε−j, 1/2− τ 6 x 6 x0, j = 1, 2, 3, 4,

1, 1/2 < x0 6 x 6 τ + 1/2,

ε−j, 1/2 6 x 6 x0, j = 1, 2, 3, 4,

(7.2.5)

and arbitrary x0 > 0, independent of ε and x.

case 1 : a > 0 for 0 < x 6 1/2, ∀t ∈ [0, T ]. The derivatives of u(x, t) are estimated

according to the value of a : 0 < a < 1, a = 1 and a > 1. Solving (7.1.1) for uxx(x, t), we

obtain∣∣∣∣∣∂2u(x, t)
∂x2

∣∣∣∣∣ = uxx(x, t) = f(x, t) + b(x, t)u(x, t) + d(x, t)ut(x, t)
(ε+ x) − a(x, t)ux(x, t)

(ε+ x) . (7.2.6)

Integrating (7.2.6) on both sides from 1/2 to x, we obtain

ux(x, t) =
∫ x

1/2

f(s, t) + b(s, t)u(s, t) + d(s, t)ut(s, t)
ε+ s

ds−
∫ x

1/2

a(s, t)ux(s, t)
ε+ s

ds. (7.2.7)

By [39], ux(x, t) is given by

ux(x, t) = ux(1/2, t)
[

ε

ε+ x

]a
exp[−g1(x, t)] + g2(x, t) (7.2.8)

where

g1(x, t) =
∫ x

1/2

a(s, t)
ε+ s

ds = a(x, t) ln(ε+ x)−
∫ x

1/2
as(s, t) ln(ε+ s) ds (7.2.9)

with a(1/2, t) = 0, and

g2(x, t) = (ε+ x)−a
∫ x

1/2
[f(s, t) + b(s, t)u(s, t)+

d(s, t)ut(s, t)](ε+ s)a−1 exp[g1(s, t)− g1(x, t)] ds. (7.2.10)

Noting that |g1(x, t)| 6 C from (7.2.4), we find that

|g2(x, t)| 6 C(ε+ x)−a
∫ x

0
(ε+ s)a−1 ds 6 C.
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Using the triangle inequality in (7.2.8) and taking into account the estimates of g1(x, t)

and g2(x, t), we obtain∣∣∣∣∣∂u(x, t)
∂x

∣∣∣∣∣ = |ux(x, t)| 6 C [1 + |ux(1/2, t)|(ε/(ε+ x))a] . (7.2.11)

Considering 0 < a < 1, there exists a point x0 in the interval (1/2, τ + 1/2) such that

|ux(x0, t)| 6 C. Thus we have

|ux(1/2, t)|
(

ε

ε+ x0

)a
6 C.

This inequality yields

|ux(1/2, t)| 6 C
(
ε+ x0

ε

)a
6 C(ε+ x0)aε−a 6 Cε−a.

Using the value of |ux(1/2, t)| in (7.2.11), we obtain∣∣∣∣∣∂u(x, t)
∂x

∣∣∣∣∣ = |ux(x, t)| 6 C
[
1 + (ε+ x)−a

]
, 0 < a < 1.

Differentiating (7.1.1) with respect to x, solving the resulting equation for uxxx(x, t), we

obtain

uxxx(x, t) = b(x, t)− ax(x, t)
ε+ x

ux(x, t)−
ax(x, t) + 1

(ε+ x) uxx(x, t)+

fx(x, t) + bx(x, t)u(x, t) + dx(x, t)ut(x, t)− d(x, t)utx(x, t)
(ε+ x) . (7.2.12)

∂2u(x, t)/∂x2 is given by

∂2u(x, t)
∂x2 = uxx(x, t) = uxx(1/2, t)

[
ε

ε+ x

]a+1
exp[−g3(x, t)] + g4(x, t) (7.2.13)

where

g3(x, t) =
∫ x

1/2

a(s, t) + 1
ε+ s

ds = [a(x, t)+1] ln(ε+x)−ln(ε+1/2)−
∫ x

1/2
as(s, t) ln(ε+x) ds,

(7.2.14)

with a(1/2, t) = 0 and

g4(x, t) = (ε+ x)−a−1
∫ x

1/2
[fs(s, t) + bs(s, t)u(s, t) + ds(s, t)ut(s, t)− d(s, t)uts(s, t)+

(b(s, t)− as(s, t)us(s, t)](ε+ s)a exp[g3(s, t)− g3(x, t)] ds. (7.2.15)
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Since |g3(x, t)| 6 C, |ut(x, t)| 6 C, |utx(x, t)| 6 C, and |u(x, t)| 6 C, we find that

|g4(x, t)| 6 C(ε+ x)−a−1
∫ x

1/2
[1 + us(s, t)](ε+ s)a ds 6 C[1 + (ε+ x)−a]. (7.2.16)

We obtain from (7.1.1)

uxx(1/2, t) 6 C(ε+ 1/2)−1[1 + ux(1/2, t)] 6 C[1 + (ε+ 1/2)−a−1].

Substituting the estimates of uxx(1/2, t) and g4(x, t) into (7.2.13), we obtain∣∣∣∣∣∂2u(x, t)
∂x2

∣∣∣∣∣ = uxx(x, t) 6 C
[
1 + (ε+ 1/2)−a−1

] [ ε

ε+ x

]a+1
+ C

[
1 + (ε+ x)−a

]
.

Using (ε+ 1/2)−a−1 6 (ε)−a−1 in the above inequality, we obtain∣∣∣∣∣∂2u(x, t)
∂x2

∣∣∣∣∣ = |uxx(x, t)| 6 C
[
1 + (ε+ x)−a−1

]
, for 0 < a < 1.

Differentiating (7.1.1)-(7.1.3) and taking into account (7.2.4), we get the following result∣∣∣∣∣∂ju(x, t)
∂xj

∣∣∣∣∣ 6 C
[
1 + (ε+ x)1−a−j

]
.

Consider the case when a = 1. On integrating (7.2.8) from 1/2 to τ + 1/2, we obtain

u(1/2 + τ, t)− u(1/2, t) = ux(1/2, t)ε[ln(ε+ 1/2 + τ) exp(−g1(1/2 + τ, t))−

ln(ε+ 1/2) exp[−g1(1/2, t)] +
∫ 1/2+τ

1/2
ln(ε+ x)∂g1(x, t)

∂x
exp[−g1(x, t)] dx]+∫ 1/2+τ

1/2
g2(x, t) dx, (7.2.17)

where
∂g1(x, t)
∂x

= a(x, t)(ε+ x)−1 and g1(1/2, t) = 0

are obtained from (7.2.9). Substituting these equations into (7.2.17), we obtain

u(1/2 + τ, t)− u(1/2, t) = ux(1/2, t)ε[ln(ε+ 1/2 + τ) exp(−g1(1/2 + τ, t))

− ln(ε+ 1/2) exp[−g1(1/2, t)]−
∫ 1/2+τ

1/2
a(x, t)(ε+ x)−1 ln(ε+ x) exp[−g1(x, t)] dx]+∫ 1/2+τ

1/2
g2(x, t) dx. (7.2.18)
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Using the triangle inequality in (7.2.18) and we obtain

| ln(ε+ 1/2 + τ) exp[−g1(1/2 + τ, t)]−
∫ 1/2+τ

1/2
a(x, t)(ε+ x)−1 exp[−g1(x, t)] dx| 6 C,

we obtain

C 6 |u′(1/2, t)[ε− ε ln(ε+ 1/2)]|.

For sufficiently small ε 6 x0, x0 > 0, we have ε− ε ln(ε+ 1/2) > ε ln(ε+ 1/2). It follows

that

C > |ux(1/2, t)|[ε− ε ln(ε+ 1/2)]| 6 |ux(1/2, t)|[ε ln(ε+ 1/2)−1].

Solving this inequality, we obtain

|ux(1/2, t)| 6 Cε−1 ln−1(ε+ 1/2)−1.

Substituting this estimate into (7.2.11), we obtain∣∣∣∣∣∂g1(x, t)
∂x

∣∣∣∣∣ = |ux(x, t)| 6 C[1 + (ε+ x)−1 ln−1(ε+ 1/2)−1].

Now determine uxx(x, t) for a = 1. Now, (7.2.13) becomes

∂2u(x, t)
∂x2 = uxx(x, t) = uxx(1/2, t)

[
ε

ε+ x

]2
exp[−g3(x, t)] + g4(x, t). (7.2.19)

From (7.2.16), g4(x, t) is defined as follows

|g4(x, t)| 6 C(ε+x)−2
∫ x

1/2
[1+us(s, t)](ε+s) ds 6 C[1+(ε+x)−1 ln−1(ε+1/2)−1]. (7.2.20)

From (7.1.1), we obtain

uxx(1/2, t) 6 C(ε+ 1/2)−1[1 + ux(1/2, t)] 6 C(ε+ 1/2)−2 ln−1(ε+ 1/2)−1.

Using the estimates of uxx(1/2, t) and g4(x) into (7.1.1) and taking into account (ε +

1/2)−2 6 ε−2, we obtain

∂2u(x, t)
∂x2 = uxx(x, t) 6 C[1 + (ε+ x)−2 ln−1(ε+ 1/2)−1].

By differentiating (7.1.1) and with the help of (7.2.5), we arrive at the following result∣∣∣∣∣∂ju(x, t)
∂xj

∣∣∣∣∣ 6 C[1 + (ε+ x)−j ln−1(ε+ 1/2)−1], a = 1.
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We prove the case when a > 1 by using u′(1/2, t) 6 Cε−1 obtained from(7.2.5) for

1/2 6 x 6 x0 substituting into (7.2.11), which then leads to∣∣∣∣∣∂u(x, t)
∂x

∣∣∣∣∣ = |ux(x, t)| 6 C[1 + εa−1(ε+ x)−a].

Now determine uxx(x, t) for a > 1. Using uxx(1/2, t) 6 Cε−2 obtained from(7.2.5) for

1/2 6 x 6 x0 and |g4(x, t)| 6 C[1 + εa−1(ε+ x)−a] substituted into (7.2.13), we obtain∣∣∣∣∣∂2u(x, t)
∂x2

∣∣∣∣∣ 6 C[1 + εa−1(ε+ x)−a−1].

Differentiating (7.1.1) and taking into account (7.2.5), we easily obtain∣∣∣∣∣∂ju(x, t)
∂xj

∣∣∣∣∣ 6 C[1 + εa−1(ε+ x)1−a−j], j = 1, 2, 3, 4.

This concludes the proof of the estimate (7.2.2) for 1/2 < x 6 1/2 + τ.

case 2 : a 6 0 for 1/2− τ 6 x 6 1/2. ux(x, t) is given

ux(x, t) = ux(x0, t) exp[ψ(x0, x, t)]+∫ x

x0

f(s, t) + b(s, t)u(s, t) + d(s, t)ut(s, t)
ε+ s

exp[ψ(x0, x, t)] ds (7.2.21)

where

ψ(s, x, t) = −
∫ x

s

a(κ, t)
ε+ κ

dκ.

If a(1/2, t) = 0 then ψ(s, x, t) 6 C, 1/2 − τ 6 s, x 6 1/2. Using the triangle inequality

in (7.2.21) and choosing a point x0 ∈ [−τ/2, 1/2] such that ux(x0, t) 6 C, we obtain∣∣∣∣∣∂u(x, t)
∂x

∣∣∣∣∣ = |ux(x, t)| 6 C[1+| ln(ε+x)|], 1/2−τ 6 x 6 1/2, a(1/2) = 0, j = 1 since p = 0.

Now we determine uxx(x, t) with p = 0 for j = 2. On differentiating (7.1.1) and solving

the resulting equation for uxx(x, t), we obtain

∂2u(x, t)
∂x2 = uxx(x0, t) exp[ψ(x0, x, t)] + (ε+ x)−p−1

∫ x

x0

F (s, t)
ε+ s

(ε+ s)p+1 exp[ψ(s, x, t)] ds,

(7.2.22)
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where

ψ(s, x, t) = −
∫ x

s

a(κ, t)
ε+ κ

dκ

and

F (s, t) = f(s, t) + bs(s, t)u(s, t) + ds(s, t)ut(s, t) + [b(s, t)− as(s, t)]us(s, t).

Substituting ψ(s, x, t) 6 C and uxx(x0, t) 6 C into (7.2.22), we obtain∣∣∣∣∣∂2u(x, t)
∂x2

∣∣∣∣∣ 6 C +C(ε+ x)−p−1
∫ x

x0
[1 + us(s, t)](ε+ s)p ds 6 C[1 + (ε+ x)−p−1 ln(ε+ x)].

From (7.1.1)-(7.1.3) with p = 0, for j > 1, we obtain∣∣∣∣∣∂ju(x, t)
∂xj

∣∣∣∣∣ 6 C[1 + (ε+ x)1−j−p| ln(ε+ x)|], a+ p = 0, j > p.

Let a(1/2, t) < 0. In this case p > 1. Then there exists a constant x0 > 0 such that

a(x, t) < 0 for 1/2− τ 6 x 6 x0. Therefore, we have

ψ(s, x, t) 6 −x0 ln[(ε+ s)/(ε+ x)], 1/2− τ 6 x 6 s 6 x0.

Taking exponentials on both sides of the above inequality, we obtain

exp(ψ(s, x, t)) 6 [(ε+ x)/(ε+ s)]−x0 , 1/2− τ 6 x 6 s 6 x0.

Substituting this estimate into (7.2.21) with x = s and taking into account (7.2.5), we

obtain ∣∣∣∣∣∂u(x, t)
∂x

∣∣∣∣∣ = |ux(x, t)| 6 C, 1/2− τ 6 x 6 x0, a(0, t) < 0.

Differentiating (7.1.1) and taking into account (7.2.5), we obtain∣∣∣∣∣∂ju(x, t)
∂xj

∣∣∣∣∣ 6 C, 1/2− τ 6 x 6 1/2, a < 0, k 6 p, j = 1, 2, 3, 4.

Consider the case when j > p, a+p > 0 and a 6 0.We will estimate ux(x, t) and uxx(x, t)

by following the same steps as for 0 < a < 1. We define ux(x, t) from (7.2.8) as follows

ux(x, t) = ux(1/2, t)
[

ε

ε+ x

]a+1
exp[−g1(x, t)] + g2(x, t), 1/2− τ 6 x 6 1/2. (7.2.23)
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Following the same lines as for 0 < a < 1, we obtain∣∣∣∣∣∂u(x, t)
∂x

∣∣∣∣∣ = |ux(x, t)| 6 C[1 + (ε+ x)−a−1], a 6 0.

We estimate uxx(x, t) from (7.2.13) as follows

uxx(x, t) = uxx(1/2, t)
[

ε

ε+ x

]a+2
exp[−g3(x, t)] + g4(x, t), 1/2− τ 6 x 6 1/2. (7.2.24)

Following the same lines as for 0 < a < 1, we obtain∣∣∣∣∣∂2u(x, t)
∂x2

∣∣∣∣∣ = |uxx(x, t)| 6 C[1 + (ε+ x)−a−2], a 6 0.

Differentiating (7.1.1) and taking into account (7.2.5), we obtain∣∣∣∣∣∂ju(x, t)
∂xj

∣∣∣∣∣ 6 C[1 + (ε+ x)1−a−j], 1/2− τ 6 x 6 1/2, a 6 0, j > p.

This complete the proof of the estimate 7.2.3 for 1/2− τ < x 6 1/2.

The above bounds on the derivatives of the solution are estimated in the layer regions,

which are not sharp enough for the proof of ε convergence in Section 7.4. Therefore

we need to derive stronger bounds, which are obtained on a method originally given by

Shishkin. This can be realised by decomposing the solution of problem (7.1.1)-(7.1.3) into

two parts, namely the smooth component v(x) and the singular component w(x) ([42],

pp 47) such that

u(x, t) = v(x, t) + w(x, t),

where v(x, t) is the solution of the inhomogeneous problem

Lv(x, t) = f(x, t), (x, t) ∈ Ω1 = (1/2, 1)× (0, T ], (7.2.25)

v(x, 0) = u(x, 0) = u0, 1/2 6 x 6 1, (7.2.26)

v(1/2, t) = 0, v(1, t) = u(1, t), (7.2.27)

and w(x, t) is the solution of the homogeneous problem

Lw(x, t) = 0, (x, t) ∈ Ω1 = (1/2, 1)× (0, T ], (7.2.28)
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w(x, 0) = 0, 1/2 6 x 6 1, (7.2.29)

w(1/2, t) = u(1/2, t)− v(1/2, t), 0 6 t 6 T, (7.2.30)

w(1, t) = 0, 0 6 t 6 T. (7.2.31)

The bounds on the solution of (7.1.1)-(7.1.3) are established below.

Lemma 7.2.8. The smooth and singular components of u(x, t) of problem (7.1.1)-(7.1.3),

for 0 6 j 6 4 satisfy

∣∣∣∣∣∂jv(x, t)
∂xj

∣∣∣∣∣ 6 C



1 + (ε+ x)2−j| ln(ε+ x)|, x ∈ [0, 1/2],

1 + (ε+ x)3−a−j, a < 1, x ∈ [1/2, 1],

1 + (ε+ x)2−j| ln−1(ε+ 1/2)−1|, a = 1, x ∈ [1/2, 1],

1 + εa−1(ε+ x)3−a−j, a > 1, x ∈ [1/2, 1],

(7.2.32)

and

∣∣∣∣∣∂jw(x, t)
∂xj

∣∣∣∣∣ 6 C



(ε+ x)1−j| ln(ε+ x)|, x ∈ [0, 1/2],

(ε+ x)1−a−j, a < 1, x ∈ [1/2, 1],

(ε+ x)−j| ln−1(ε+ 1/2)−1|, a = 1, x ∈ [1/2, 1],

εa−1(ε+ x)1−a−j, a > 1, x ∈ [1/2, 1]

(7.2.33)

where C is a constant independent of ε.

Proof. We prove this lemma on Ω1 = [1/2, 1]. The proof on [0, 1/2] follows in a similar

way. The reduced problem (ε = 0), corresponding to problem (7.1.1) is

x2v0
xx + a(x, t)v0

x(x, t)− b(x, t)v0(x, t)− d(x, t)v0
t (x, t) = f(x, t), (x, t) ∈ Ω1, (7.2.34)

v0(x, 0) = v0
0(x), 1/2 6 x 6 1, v0(1, t) = u(1, t) = α1(t), t ∈ (0, T ]. (7.2.35)

Further, we decompose the smooth component v(x, t) ([42], pp 68) as follows

v(x, t) = v0(x, t) + (ε+ x)v1(x, t) + (ε+ x)2v2(x, t), (x, t) ∈ Ω̄, (7.2.36)

where v0 is the solution of the reduced problem in (7.2.34), which is independent of ε,

and having smooth coefficients a(x, t), b(x, t) and f(x, t). From these assumptions, for

0 6 j 6 4, we have ∣∣∣∣∣∂jv0(x, t)
∂xj

∣∣∣∣∣ 6 C, for all x ∈ Ω̄1, (7.2.37)
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v1 and v2 are the solutions of (7.1.1). Applying Lemma 7.2.7 for 1/2 6 x 6 0 and

j = 1, 2, 3, 4, results in the following bounds (for k = 1, 2)

∣∣∣∣∣∂jvk(x, t)∂xj

∣∣∣∣∣ 6 C


1 + (ε+ x)1−a−j, 0 < a < 1,

1 + (ε+ x)−j| ln−1(ε+ 1/2)−1|, a = 1,

1 + εa−1(ε+ x)1−a−j, a > 1.

(7.2.38)

Now, apply the triangle inequality and substitute tha above three estimates into (7.2.36),

for 0 6 j 6 4, we prove the Lemma (7.2.8) for the smooth part.

For the proof of the regular component w(x, t), define the barrier functions as follows

Ψ±(x, t) = C exp(−ηx/ε)et ± w(x, t), (x, t) ∈ Ω̄1.

First, we calculate the values of Ψ±(x, t) at the boundaries:

Ψ±(1/2, t) = C exp(−η/2ε)et ± w(1/2, t), 0 6 t 6 T,

= C exp(−η/2ε)et ± u(1/2, t)− v(1/2, t), using (7.2.30),

> 0, for a suitable choice of C 0 6 t 6 T,

Ψ±(1, t) = C exp(−η/ε)et ± w(1, t), 0 6 t 6 T,

= C exp(−η/ε)et, using (7.2.31),

> 0, 0 6 t 6 T,

Ψ±(x, 0) = C exp(−ηx/ε)± w(x, 0), 1/2 6 x 6 1,

= C exp(−ηx/ε), using (7.2.29),

> 0, 1/2 6 x 6 1.

From the above estimates, we notice that Ψ(x, t) > 0, (x, t) ∈ Ω2 = Ω̄1\Ω1. Therefore

we have

LΨ±(x, t) = (ε+ x)Ψ±xx(x, t) + a(x, t)Ψ±x (x, t)− b(x, t)Ψ±(x, t)− d(x, t)Ψ±t (x, t)

= C exp(−ηx/ε)et
[
η2(ε+ x)

ε
− ηa(x, t)

ε
− b(x, t)− d(x, t)

]
± Lw(x, t)

= C exp(−ηx/ε)et
[
η2(ε+ x)

ε2 − ηa(x, t)
ε

− b(x, t)− d(x, t)
]
, using (7.2.28)

6 0, since (x/ε) 6 [−b(x, t)− d(x, t)], (x, t) ∈ Ω1.

184https://etd.uwc.ac.za



Chapter 7: Time-dependent for interior layer convection-diffusion problems
with a variable coefficient diffusion term

Now since Lemma 7.2.1 to the barrier functions, we obtain Ψ±(x, t) > 0, (x, t) ∈ Ω̄1.

Since C exp(ηx/ε)et ± w(x, t) > 0, it follows that

w(x, t) 6 C exp(−ηx/ε)et, (x, t) ∈ Ω1

6 C exp(−ηx/ε)eT since et 6 eT

6 C exp(−ηx/ε) (x, t) ∈ Ω1.

By using the inequality relation, the above inequalities can written as

|w(x, t)| 6 C exp(−ηx/ε) 6 C


(ε+ x)1−a, a < 1,

(ε+ x)−1| ln−1(ε+ 1/2)−1|, a = 1,

εa−1(ε+ x)1−a, a > 1.

(7.2.39)

Since Lw(x) = 0, the jth derivative of w(x) can be estimated immediately from the

estimate of w(x). The following estimates hold for 0 6 j 6 4,

∣∣∣∣∣∂jw(x, t)
∂xj

∣∣∣∣∣ 6 C


(ε+ x)1−a−j, a < 1,

(ε+ x)−j| ln−1(ε+ 1/2)−1|, a = 1,

εa−1(ε+ x)1−a−j, a > 1.

(7.2.40)

which completes the proof of Lemma (7.2.8)for the regular parts.

In the following section, we design a FMFDM to solve a time-dependent convection-

diffusion problem (7.1.1)-(7.1.3).

7.3 Construction of the FMFDM

Time discretization

The Euler implicit method is used to discretize problem (7.1.1)-(7.1.3) with uniform step-

size ∆t = T/K. Note the time [0, T ] is therefore partitioned as

w̄K = {tk = k∆t, 0 6 k 6 K}. (7.3.1)
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We discretize problem (7.1.1)-(7.1.3) on w̄K as follows

(ε+x)zxx(x, tk)+a(x, tk)zx(x, tk)−b(x, tk)z(x, tk)−d(x, tk)
z(x, tk)− z(x, tk−1)

∆t = f(x, tk)

(7.3.2)

subject to

z(x, 0) = z0(x), 0 6 x 6 1, z(0, tk) = α1(t), z(1, tk) = α2(t). (7.3.3)

Now, (7.3.2) can be written as

Lz(x, tk) = f(x, tk)− d(x, t)z(x, tk−1)
∆t , (7.3.4)

subject to

z(x, 0) = z0(x), 0 6 x ≤ 1, z(0, tk) = α1(t), z(1, tk) = α2(t), (7.3.5)

where

Lz(x, tk) = (ε+ x)zxx(x, tk) + a(x, tk)zx(x, tk)−
[
b(x, tk) + d(x, tk)

∆t

]
z(x, tk−1).

The local truncation error ek at each time level to tk, is given by

ek = u(x, tk)− z(x, tk), where z(x, tk) is the solution of (7.3.4)-(7.3.5).

The local error estimate is [11]

‖ek‖∞ ≤ C(∆t)2, 1 ≤ k ≤ K. (7.3.6)

The global error estimate is [11]:

‖Ek‖∞ ≤ C∆t, 1 ≤ k ≤ K. (7.3.7)

Spatial discretization

Let Ω̄N denote the following partition in the interval [0, 1] such that: x0 = 0, xN/2 = 1/2,

xN = 1 and let Q̄K,N = w̄K×Ω̄N be the grid for the (x, t)-variables, and QK,N = Q̄K,N∩Q.
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Due to the presence of an interior layer at the point xN/2 = 1/2, the transition parameter

τ is to be chosen as

τ = min
{

1
4 ,
ε

η
ln
(
N

4

)}
, (7.3.8)

where τ is a positive constant. The spatial domain is discretized using a piecewise uniform

mesh which divides the space domain [0, 1] into the following subintervals [0, 1/2 − τ ],

[1/2 + τ, 1/2 + τ ] and [1/2 + τ, 1]. These subintervals are subdivided uniformly to contain

N/4, N/2 and N/4 mesh elements respectively. Note that the mesh spacing is given by

hj =

 4(0.5− τ)/N if j = 1, 2, · · · , N/4, 3N/4 + 1, · · · , N − 1, N,

4τ/N if j = N/4 + 1, N/4 + 2 · · · 3N/4.
(7.3.9)

We adopt the notation S(xj, tk) := Skj .We construct the following scheme to solve (7.1.1)-

(7.1.3) along with appropriate boundary conditions.

LN,KUk
j :=

 (ε+ xj)D̃xU
k
j + ãkjD

−
x U

k
j − (b̃kj + dk

j

∆t)U
k
j = f̃kj −

dk
jU

k−1
j

∆t , j = 0, · · · , N/2− 1,

(ε+ xj)D̃xU
k
j + ãkjD

+
x U

k
j − (b̃kj + dk

j

∆t)U
k
j = f̃kj −

dk
jU

k−1
j

∆t , j = N/2, · · · , N − 1,
(7.3.10)

subject to the discrete initial and boundary conditions

U0
j (x, 0) = u0

j , j = 0, 1, · · · , N, (7.3.11)

Uk
0 = αk1 ≡ α1(k), Uk

N = αk2 ≡ α2(k), 1 ≤ k ≤ K, (7.3.12)

where  ãkj = ak
j−1+ak

j

2 for j = 0, 1, · · · , N/2− 1,

ãkj = ak
j +ak

j+1
2 for j = N/2, N/2 + 1, · · · , N − 1, b̃kj = bk

j−1+bk
j +bk

j+1
3 for j = 1, 2, 3, · · · , N − 1,

f̃kj = fk
j−1+fk

j +fk
j+1

3 for j = 1, 2, 3, · · · , N − 1.

D+
x U

k
j =

Uk
j+1 − Uk

j

hkj+1
, D−x U

k
j =

Uk
j − Uk

j−1

hkj
, D̃xU

k
j = 2

hkj + hkj+1
(D+

x U
k
j −D−x Uk

j )

and

D−t U
k
j =

Uk
j − Uk−1

j

∆t .
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Now, (7.3.10) can be expressed as

LN,Kx,ε U
k
j := r−Uk

j−1 + rcUk
j + r+Uk

j+1 = Fj, j = 1, 2, 3 · · · , N − 1, (7.3.13)

where for j = 1, 2, 3 · · · , N/2− 1, we have

r−j = 2(ε+ xj)
hj(hj + hj+1)−

ãkj
hj
, rcj =

ãkj
hj
− 2(ε+ xj)

hjhj+1
− b̃kj−

dkj
∆t , r+

j = 2(ε+ xj)
hj+1(hj + hj+1) . (7.3.14)

For j = N/2, N/2 + 1, · · · , N − 1, we have

r−j = 2(ε+ xj)
hj(hj + hj+1) ; rcj = −

ãkj
hj+1

− 2(ε+ xj)
hjhkj+1

− b̃kj −
dkj
∆t ; r

+
j = 2(ε+ xj)

hj+1(hj + hj+1) +
ãkj
hj+1

(7.3.15)

and

Fj = f̃kj −
dkjU

k−1
j

∆t . (7.3.16)

The scheme (7.3.10)-(7.3.12) is a fitted mesh finite difference method (FMFDM) to solve

the problem (7.1.1)-(7.1.3).

The results of the analysis of the scheme (7.3.10)-(7.3.12) depend on the following mini-

mum principle.

Lemma 7.3.1. (Discrete minimum principle). Suppose that LN,K is the discrete given

in (7.3.10) and ξkj is any mesh function verifying LN,Kξkj ≤ 0 in QN,K , ξ0
j > 0,

1 6 j 6 N, ξk0 ≥ 0 and ξkN > 0, 1 ≤ k 6 K, then ξkj ≥ 0 in Q̄N,K .

Proof. See Lemma 3.3.1 in Chapter 3.

Lemma 7.3.2. (Uniform stability estimate). At any time level tk, if Zk
j is any mesh

function such that Zk
0 = Zk

N = 0, then

|Zk
i | 6

1
β

max
16j≤N−1

|LN,KZk
j | ∀0 6 i 6 N.

Proof. See Lemma 3.3.2 in Chapter 3.

Based on the above continuous and discrete results, we are now in a position to pro-

vide the ε-uniform convergence
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7.4 Convergence analysis

In this section, we prove that the proposed FMFDM is uniformly convergent of order one,

up to a logarithmic factor.

Theorem 7.4.1. . Let Uk
j be the approximation solution of problem (7.3.10)-(7.3.12) and

denote the solution z(xj, tk) of problem (7.3.4)-(7.3.5) at the time level tk by zkj = z(xj, tk).

Then, we have

max
0≤j≤N

|Uk
j − zkj | 6 CN−1

[
ln
(
N

4

)]2
. (7.4.1)

Proof. We prove this Lemma on the interval [1/2, 1]. The proof on [0, 1/2] follows in a

similar way. In the case of the discrete problem, the solution Uk
j of(7.3.10)-(7.3.12) can

be decomposed into a regular part and a singular part as

Uk
j = V k

j +W k
j ,

where V k
j is the solution of the inhomogeneous problem

LN,KV k
j = fkj −

dkj × V k−1
j

∆t , V 0
j = v0

j , V
k

0 = vk0 ,

and W k
j is the solution of the homogeneous problem

LN,KW k
j = 0, W 0

j = w0
j , W

k
0 = wk0 , W

k
N/2 = Uk

N/2 − V k
N/2.

Using (7.1.1) and (7.3.10) the nodal error of the smooth component is computed as

LN,K(V k
j − vkj ) = fkj −

dkj × V k−1
j

∆t − LN,Kvkj

= (ε+ xj)
(
d2

dx2 − D̃x

)
vkj + akj

(
d

dx
−D−x

)
vkj .

Then, by local truncation error estimates (Lemma 4.1 [42]) at each point (xj, tk), we

obtain

|LN,K(V k
j −vkj )| ≤ (ε+ xj)

3 (xj+1−xj−1)
wwwww∂3vj
∂x3

wwwww+
akj
2 (xj−xj−1)

wwwww∂2vj
∂x2

wwwww for N/2 6 j 6 N−1.

(7.4.2)
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Using the estimates of the derivatives of vj of Lemma 7.2.8 and hj = xj−xj−1 ≤ 4N−1 in

(7.4.2), we obtain

|LN,K(V k
j −vkj )| 6 CN−1


1 + (ε+ x) + (ε+ x)1−a, a < 1,

1 + (ε+ x) + ln−1(ε+ 1/2)−1, a = 1,

1 + (ε+ x) + εa−1(ε+ x)1−a, a > 1.

(7.4.3)

The above inequalities lead to:

|LN,K(V k
j − vkj )| 6 CN−1.

Now, applying Lemma 7.3.2 to the mesh function (V k
j − vkj ), we obtain

|(V k
j − vkj )| ≤ CN−1 for N/2 6 j 6 N − 1. (7.4.4)

The estimation of the nodal error of the singular component depends on whether τ =

1/4 or

τ = (ε/η) ln(N/4). If τ = 1/4, the mesh is uniform, i.e., τ = 1/4 6 (ε/η) ln(N/4). The

estimate of the singular component similar to equation (7.4.2), then gives

|LN,K(W k
j −wkj )| 6

(ε+ xj
3 (xj+1−xj−1)

wwwww∂3wj
∂x3

wwwww+
akj
2 (xj−xj−1)

wwwww∂2wj
∂x2

wwwww for 1 ≤ j 6 N/2−1.

(7.4.5)

Noting that xj−xj−1 ≤ 4N−1 and taking into account the bounds on wj of Lemma 7.2.8

for each case of a, we obtain

|LN,K(W k
j −wkj )| 6 CN−1


(ε+ x)−a−1, a < 1,

(ε+ x)−2| ln−1(ε+ 1/2)−1|, a = 1,

εa−1(ε+ x)−a−2, a > 1.

(7.4.6)

The above inequalities lead to

|LN,K(W k
j −wkj )| 6 CN−1ε−2. (7.4.7)

Since ε−1 6 (4/η) ln(N/4), we obtain the following inequality

|LN,K(W k
j − wkj )| 6 CN−1 ln2(N/4).
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Using Lemma 7.3.2 then we obtain

|(W k
j −wkj )| 6 CN−1 ln2(N/4) for N/2 6 j 6 N−1. (7.4.8)

If τ = (ε/η) ln(N/4), the mesh is piecewise uniform. In this case we have two sub-intervals

namely [τ + 1/2, 1] and [1/2, τ + 1/2]. A different argument is used to bound W − w in

each subinterval. Firstly, we compute the error for the singular component in the coarse

mesh region [τ + 1/2, 1], i.e. for all τ + 1/2 6 xj 6 1. Using the triangle inequality, we

have

|W k
j − wkj | 6 |W k

j |+|wkj |. (7.4.9)

Applying Lemma 7.2.8 to (7.4.9), we obtain

|wkj | 6 Cε−1xj 6 Cε−1τ.

Substituting the value of τ in the above expression, we obtain

|wkj | 6 C ln(N/4) 6 C for 3N/4 6 j 6 N. (7.4.10)

Now to obtain a similar bound on W k
j , the interested readers can obtain the following

inequalities using of Lemma 7.3 (p.58) and Lemma 7.5 (p.60) of [42] which lead to

|W k
j | 6 C ln(N/4) 6 C for 3N/4 6 j 6 N. (7.4.11)

Combining the estimates obtained by (7.4.10) and (7.4.11), we obtain

|(W k
j − wkj | 6 C ln(N/4) 6 C for 3N/4 6 j 6 N. (7.4.12)

Now the bounds in the interior region, [1/2, τ+1/2] can be obtained from (7.4.5) by using

the bounds of wj in Lemma 7.2.8 keeping in mind that h = 4τ/N, we obtain

|LN,K(W k
j − wkj )| 6 Chε−2 6 Cτε−2N−1.

From (7.4.12), we have

|(W k
N/2 − wkN/2)| = 0
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and

|W k
3N/4 − wk3N/4| 6 |W k

3N/4|+ |wk3N/4)| 6 C.

Now, introduce the barrier function Φk
j in [1/2, τ + 1/2] defined by

Φk
j = (x+ τ)C1ε

−2τN−1+ C2N
−1,

where C1 and C2 are arbitrary constants.

Now consider comparison functions [Ψ±]kj defined by

[Ψ±]kj = (xj + τ)C1ε
−2τN−1+C2N

−1 ± (W k
j − wkj ). (7.4.13)

For an appropriate choice of C1 and C2, (7.4.13) satisfies the following inequalities

Ψk
3N/4 > 0 and Ψk

N/2 = 0.

Note that

LN,K [Ψ±]kj 6 0, N/2 + 1 6 j 6 3N/4− 1.

By applying Lemma 7.3.1 on [1/2, τ + 1/2] for the function [Ψ±]kj , we obtain

[Ψ±]kj > 0, N/2 + 1 6 j 6 3N/4− 1.

Consequently,

|W k
j − wkj | 6 Φj ≤ C1ε

−2τ 2N−1 + C2N
−1.

Substituting the value of τ in the above inequality, we obtain

|W k
j − wkj | 6 CN−1 ln2 (N/4) . (7.4.14)

Using estimates (7.4.12) and (7.4.14), we obtain the estimate on the singular component

of the error on [1/2, τ + 1/2]

|W k
j − wkj | 6 CN−1 ln2 (N/4) , N/2 + 1 6 j 6 3N/4− 1. (7.4.15)

Noting that

Uk
j − zkj = (V k

j − vkj ) + (W k
j − wkj ) (7.4.16)
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and using (7.4.4) and (7.4.15), we obtain

|Uk
j − zkj | 6 CN−1 [ln(N/4)]2 , N/2− 1 6 j 6 N. (7.4.17)

A similar analysis on the subinterval [0, 1/2] yields

|Uk
j − zkj | ≤ CN−1 [ln(N/4)]2 , 1 6 j 6 N/2. (7.4.18)

Combining the inequalities (7.4.17) and (7.4.18) then gives the required result.

The next theorem provides the main result of this chapter.

Theorem 7.4.2. . Let u be the exact solution of problem (7.1.1)-(7.1.3) and U be its

numerical solution obtained via the difference equations (7.3.10)-(7.3.12). Then, there

exists a constant C independent of the perturbation parameter ε, and of the discretization

parameters hj and ∆t such that

max
0≤j≤N ;1≤k≤K

‖Uk
j − ukj‖ ≤ C

[
∆t+N−1

[
ln
(
N

4

)]2]
. (7.4.19)

Proof. The result follows from the triangle inequality

‖Uk
j − ukj‖ ≤ ‖Uk

j − zkj ‖+ ‖zkj − ukj‖,

and the combination of (7.3.7) and Theorem 7.4.1.

To increase the accuracy as well as the rate of convergence of the scheme, we use Richard-

son extrapolation in the following section.

7.5 Richardson extrapolation on the FMFDM

In order to improve the accuracy of the proposed method, we apply the Richardson ex-

trapolation method. Richardson extrapolation is a procedure where a linear combination

of two approximations of some quantity results a third and better approximation of the

quantity [49].
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We consider the mesh Ωτ
2N which is obtained by bisecting each sub-interval of Ωτ

N . It

is clear that Ωτ
N ⊂ Ωτ

2N = {x̃j} and x̃j − x̃j−1 = h̃j = hj/2. Let Uk
j and Ũk

j be the nu-

merical solution of (7.3.10)-(7.3.12) on the mesh Ωτ
N and Ωτ

2N respectively. The estimate

(7.4.17) can be written as

Uk
j − zkj = C1N

−1 ln(N/4)2 +RN(xj), ∀xj ∈ Ωτ
N (7.5.1)

and

Ũk
j − zkj = C2(2N)−1 ln(N/4)2 +R2N(x̃j), ∀x̃j ∈ Ωτ

2N , (7.5.2)

where C1 and C2 are some constants and the remainder terms

RN(xj) and R2N(x̃j) are O[N−1(ln(N/4))2].

Bear in mind that the transition parameter τ remains the same as in (7.3.8) when com-

puting both Uk
j and Ũk

j . This is seen from the factor ln(N/4).

Combination of (7.5.1) and (7.5.2) gives

zkj − (2Ũk
j − Uk

j ) = RN(xj)− 2R2N(xj) = O[N−1(ln(N/4))2], ∀xj ∈ Ωτ
n. (7.5.3)

Set

U ext,k
j = 2Ũk

j − Uk
j , ∀xj ∈ Ωτ

N , (7.5.4)

as the new approximation of zkj computed after employing Richardson extrapolation. The

error after extrapolation U ext,k
j can also be decomposed as in (7.4.16),

(U ext − z)kj = (V ext − v)kj + (W ext − w)kj , (7.5.5)

where V ext,k
j and W ext,k

j are the regular and singular components of U ext,k
j . The local

truncation error of the scheme (7.3.10)-(7.3.13) after extrapolation is given by

LN,K(U ext − z)kj = 2LN,K(Ũk
j − zj)− LN,K(Uk

j − zj), (7.5.6)

where

LN,K(Uk
j − zkj ) = r−zj−1 + rczj + r+zj+1 − (ε+ x2

j)z′′j − ãkj z′j + b̃kj z
k
j +

dkj z
k
j

∆t , (7.5.7)
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and

LN,K(Ũk
j − zkj ) = r̃−zj−1 + r̃czj + r̃+zj+1 − (ε+ x2

j)z′′j − ãjz′j + b̃kj z
k
j +

dkju
k
j

∆t . (7.5.8)

The expressions for r−, rc and r+ are given in (7.3.14) (7.3.15) and (7.3.16) respectively

while the quantities r̃−, r̃c and r̃+ are obtained by substituting hj by h̃j and hj+1 by h̃j+1

in the expressions r−, rc and r+ respectively. Taking the Taylor series expansion of zkj−1

and zkj+1 about xj yields

zkj−1 = zj − hjz′j +
h2
j

2 z
2
j −

h3
j

6 z
3
j +

h4
j

24z
4(ξ1, j), (7.5.9)

zkj+1 = zj + hj+1z
′
j +

h2
j+1

2 z2
j +

h3
j+1

6 z3
j +

h4
j+1

24 z4(ξ2, j), (7.5.10)

zkj−1 = zj − h̃jz′j +
h̃2
j

2 z
2
j −

h̃3
j

6 z
3
j +

h̃4
j

24z
4(ξ̃1, j), (7.5.11)

zkj+1 = zj + h̃j+1z
′
j +

h̃2
j+1

2 z2
j +

h̃3
j+1

6 z3
j +

h̃4
j+1

24 z4(ξ̃2, j), (7.5.12)

where

(ξ1, j) ∈ (xj−1, xj), (ξ2, j) ∈ (xj, xj+1), ξ̃1 ∈ (xj−1 + xj
2 , xj) and ξ̃2 ∈ (xj,

xj + xj+1

2 ).

Substituting (7.5.9) and (7.5.10) into (7.5.7), (7.5.11) and (7.5.12) into (7.5.8), we obtain

LN,K(Uk
j − zkj ) = k1zj + k2z

′
j + k3z

2
j + k4z

3
j + k5,1z

4(ξ1, j) + k5,2z
4(ξ2, j) (7.5.13)

and

LN,K(Ũk
j − zkj ) = k̃1zj + k̃2z

′
j + k̃3z

2
j + k̃4z

3
j + k̃4z

4
j + k̃5,1z

4(ξ̃1, j) + k̃5,2z
4(ξ̃2, j). (7.5.14)

The coefficients in (7.5.13) are

k1=
2(ε+ xj)

hj(hj+hj+1)−
2(ε+ xj)
hjhj+1

+ 2(ε+ xj)
hj+1(hj+hj+1) , k2=0,

k3=
(ε+ xj)hj
hj+hj+1

−
ãkjhj

2 +
(ε+ x2

j)hj+1

hj+hj+1
− (ε+ xj),

k4 =
−(ε+ xj)h2

j

3(hj+hj+1) +
ãkjh

2
j

6 +
(ε+ xj)h2

j+1

3(hj+hj+1) , k5,1 =
(ε+ xj)h3

j

12(hj+hj+1) −
ãkjh

3
j

24 , k5,2 =
(ε+ xj)h3

j+1

12(hj+hj+1) .
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The quantities for k̃1, k̃2, k̃3, k̃4, k̃5,1 and k̃5,2 can be obtained by substituting hj by h̃j
and hj+1 by h̃j+1.

Substituting (7.5.13) and (7.5.14) into (7.5.6), we obtain

LN,K(U ext − z)kj = T1zj + T2z
′′
j + +T3z

′′′
j + +T4,1z

(4)(ξ1, j) + T4,2z
(4)(ξ2, j), (7.5.15)

where

T1 = 14(ε+ xj)
hj(hj + hj+1) −

14(ε+ xj)
hjhj+1

+ 14(ε+ xj)
hj+1(hj + hj+1) ,

T2 = (ε+ xj)hj
hj + hj+1

− (ε+ xj) + (ε+ xj)hj+1

hj + hj+1
, T3 = −

ãkjh
2
j

12 ,

T4,1 = −
(ε+ xj)h3

j

24(hj + hj+1) +
ãkjh

3
j

32 and T4,2 = −
(ε+ xj)h3

j+1

24 .

Given (7.3.9) and for the sake of simplicity, we use the notation

hj =

 H if j = 3N/4, 3N/4 + 1, · · · , N,

h if j = N/2, N/2 + 1, · · · 3N/4.
(7.5.16)

Using the fact that, for ∀j = 3N/4, 3N/4 + 1, · · · , N , H = hj 6 4N−1 substituted into

(7.5.15) in the subinterval [τ + 1/2, 1], we obtain

LN,K(V ext − v)kj = −
ãkjH

2

12 v′′′j +
[
εH2

48 +
ãkjH

3

32

]
v(4)(ξ1, j)−

εH3

24 v(4)(ξ2, j). (7.5.17)

Using the triangle inequality and Lemma 7.2.8 substituting into (7.5.17), we obtain:

|LN,K(V ext−v)kj | 6 CN−2


1 + (ε+ x)−a, a < 1,

1 + (ε+ x)−1 ln−1(ε+ 1/2)−1, a = 1,

1 + εa−1(ε+ x)−a, a > 1.

(7.5.18)

The above inequalities lead to

|LN,K(V ext−v)kj | 6 CN−2.

Hence, by Lemma 7.3.2, we obtain

|(V ext − v)kj | 6 CN−2. (7.5.19)
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The estimate of the nodal error of the singular component depends on whether τ = 1/4 or

τ = (ε/η) ln(N/4). Firstly, the mesh is uniform and (ε/η) ln(N/4) ≥ 1/2. The estimate

of the singular part of the local truncation error is obtained as follows

LN,K(W ext − w)kj = −
ãkjh

2

12 w′′′j +
[
εh2

48 +
ãkjh

3

32

]
w(4)(ξ1, j)−

εh3

24 w
(4)(ξ2, j). (7.5.20)

Now, applying the triangle inequality and Lemma 7.2.8 substituted into (7.5.20), we

obtain

LN,K(W ext − w)kj 6 Ch−2


(ε+ x)−a−2, a < 1,

(ε+ x)−3 ln−1(ε+ 1/2)−1, a = 1,

εa−1(ε+ x)−a−2, a > 1.

(7.5.21)

The above inequalities lead to

LN,K(W ext − w)kj 6 Ch−2ε−2 6 CN−2ε−2. (7.5.22)

Since ε−1 6 (2/η) ln(N/4), (7.5.22) becomes

|LN,K(W ext − w)kj | 6 CN−2 ln2 (N/4) .

Hence, by Lemma 7.2.8 we obtain

|(W ext − w)kj | 6 CN−2 ln2 (N/4) . (7.5.23)

Secondly, the mesh is piecewise uniform with the mesh spacing h = hj 6 4τN−1 for

∀j = N/2, . . . , 3N/4 on [1/2, τ + 1/2]. We obtain from (7.5.22)

|LN,K(W ext − w)kj | 6 C1N
−2τ 2ε−2. (7.5.24)

Using τ = (ε/η) ln(N/4) and Lemma 7.2.8 in (7.5.24) we obtain

|(W ext − w)kj | 6 CN−2 ln2 (N/4) . (7.5.25)

A similar analysis can be performed on [0, 1/2].

Combination (7.5.19), (7.5.23) and (7.5.25) along with (7.5.5), gives rise to the following

theorem.
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Theorem 7.5.1. Let z and U be the solution of (7.3.4)-(7.3.5) and (7.3.10)-(7.3.12),

respectively. Then, there exists a constant C, independent of the perturbation parameter

ε and the space discretization parameters hj such that

max
0≤j≤N

|(U ext − z)kj | 6 CN−2
[
ln
(
N

4

)]2
. (7.5.26)

Once more, using the triangle inequality and combining (7.3.7) and Theorem 7.5.1,

we obtain the error after extrapolation which we state in the following theorem.

Theorem 7.5.2. (Error after extrapolation). Let u be the exact solution of (7.1.1)-(7.1.3)

and U its numerical approximation obtained via the scheme (7.3.10)-(7.3.12). Then, there

exists a constant C, independent of the perturbation parameter ε, the time discretization

∆t and the space discretization parameters hj such that

max
0≤j≤N ;1≤k≤K

|(U ext − u)kj | 6 C

[
∆t+N−2

[
ln
(
N

4

)]2]
. (7.5.27)

7.6 Numerical example

In this section, we present the numerical results obtained for the test problem. We begin

with N = 16 and ∆t = 0.1 and then we multiply N by two and divide ∆t also by two.

The maximum errors and order of convergence are calculated by the exact solution. The

solution in the example has a turning point at x = 0.5 , which gives rise to an interior

layer.

Example 7.6.1. Here we consider the following problem (7.1.1)-(7.1.3) for

a(x, t) = (2x− 1)(1 + t), b(x, t) = (1 + xt), d(x, t) = e−xt, T = 1

and the functions f(x, t) and u0(x) are such that the exact solution is given by

u(x, t) = εe−t/ε(2x− 1 + ε)2 cos π(2x− 1).

Maximum errors at all mesh points are determined

Eε,N,K = max
0≤j≤N ;0≤k≤K

|uε,N,Kj,k − U ε,N,K
j,k |, and we compute Eε,N,K = max

0≤ε≤1
Eε,N,K ,
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where uε,N,Kj,k denotes the exact solution, and U ε,N,K
j,k denotes the numerical solution which

is obtained by a constant time step ∆t using N mesh intervals in the entire domain

Ω = [0, 1]. In addition, the numerical rate of uniform convergence is computed as

rl ≡ rε,l = log2

(
Eε,Nl,Kl/Eε,2Nl,2Kl

)
.

After extrapolation the maximum errors at all mesh points and the numerical rates of

convergence are calculated as follows:

Eext
ε,N,K = max

0≤j≤N ;0≤k≤K
|U ext

j,k − u
ε,N,K
j,k |, and RN,K ≡ Rε,N,K ≡ log2(Eext

ε,Nl,Kl
/Eext

ε,2Nl,2Kl
).

199https://etd.uwc.ac.za



Chapter 7: Time-dependent for interior layer convection-diffusion problems
with a variable coefficient diffusion term

Table 7.1: Results for Example 7.6.1 Maximum errors before extrapolation
ε N = 16 N = 32 N = 64 N = 128 N = 256 N = 512

K = 16 K = 32 K = 64 K = 128 K = 1256 K = 512

10−2 2.23E-02 1.61E-02 1.08E-02 1.02E-02 1.02E-02 1.02E-02

10−3 2.22E-02 1.60E-02 1.10E-02 6.32E-03 3.47E-03 1.82E-03

10−4 2.22E-02 1.61E-02 1.10E-02 6.33E-03 3.48E-03 1.83E-03

10−11 2.21E-02 1.61E-02 1.11E-02 6.34E-03 3.48E-03 1.83E-03
...

...
...

...
...

...
...

10−25 2.21E-02 1.61E-02 1.11E-02 6.34E-03 3.48E-03 1.83E-03

Table 7.2: Results for Example 7.6.1 Maximum errors after extrapolation
ε N = 16 N = 32 N = 64 N = 128 N = 256 N = 512

K = 16 K = 432 K = 64 K = 128 K = 256 K = 10240

10−2 3.34E-02 1.21E-02 1.02E-02 1.02E-02 1.02E-02 1.02E-02

10−3 3.36E-02 1.24E-02 3.63E-03 1.00E-03 1.01E-03 1.01E-03

10−4 3.36E-02 1.24E-02 3.64E-03 9.60E-04 2.44E-04 1.02E-04

10−11 3.36E-02 1.24E-02 3.64E-03 9.74E-04 2.52E-04 6.40E-05
...

...
...

...
...

...
...

10−25 3.36E-02 1.24E-02 3.64E-03 9.74E-04 2.52E-04 6.40E-05

Table 7.3: Results for Example 7.6.1 Rates of convergence before extrapolation
ε r1 r2 r3 r4 r5

10−4 0.47 0.54 0.80 0.68 0.00

10−5 0.47 0.54 0.80 0.87 0.93

10−7 0.46 0.54 0.80 0.86 0.93
...

...
...

...
...

...

10−25 0.46 0.54 0.80 0.86 0.93

Table 7.4: Results for Example 7.6.1 Rates of convergence after extrapolation
ε r1 r2 r3 r4 r5

10−4 1.43 1.77 1.92 1.98 1.26

10−5 1.43 1.77 1.92 1.99 2.00

10−7 1.43 1.77 1.90 1.95 1.98
...

...
...

...
...

...

10−25 1.43 1.77 1.90 1.95 1.98
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7.7 Discussion

In this chapter, we proposed a Fitted Mesh Finite Difference Method (FMFDM) for a

class of time-dependent singularly perturbed problems in which the diffusion term is a

function ε with x as a linear function. In addition, the solution to this problem displays an

interior layer due to the presence of a turning point. After providing appropriate bounds

on the solution and its derivatives, we used the classical Euler method to discretize the

time variable. This process resulted in a system of interior layer boundary value problems

(one at each time level), which we solved by using a FMFDM. The proposed method

used an upwind scheme on an appropriate non-uniform mesh of Shishkin type, fine in the

(interior) layer and coarse elsewhere. Using bounds on the solution and its derivative,

we showed that numerical method was uniformly convergent relative to the perturbation

parameter ε and the step-size.

Theoretical results were validated through a numerical experiment. We computed the

maximum point-wise errors and the corresponding rates of convergence for different

values of N and K. The results displayed in tables 7.1 and 7.3 that the method was uni-

formly convergent. Furthermore, we investigated the effect of Richardson extrapolation

via FMFDM in order to improve our results. For comparison purposes, we kept the same

values of N and K considered above with numerical results shown in tables 7.2 and 7.4.
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Concluding remarks and scope for

future research

In this thesis, we considered various classes of singularly perturbed two-point boundary

value problems and time-dependent parabolic problems whose solution exhibited an inte-

rior layer due to the presence of a turning point. Cases of constant and variable diffusion

coefficients were investigated. The major objective of this thesis was to construct and

analyse fitted mesh finite difference methods (FMFDMs) on Shishkin meshes and to use

Richardson extrapolation to increase their accuracy and rate of convergence. Noting that

a Shishkin mesh is a piecewise constant mesh, we wanted to investigate how these meth-

ods would perform if the mesh was graded. To this end, in Chapter 4, we designed a

FMFDM on a Bakhvalov mesh.

For each of the problems, we commenced by establishing bounds on the solutions and

their derivatives before embarking on the design of the method. These bounds were in-

strumental in the convergence analyses of the proposed FMFDMs.

Investigations of the two-point boundary value problems indicated that the proposed

methods were ε-uniformly convergent of order one which was improved to order two when

applying Richardson extrapolation. Similarly, methods proposed for the parabolic proved
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to be ε-convergent of order one in the time and space. Richardson extrapolation was

applied in space direction to achieve second order accuracy. These theoretical results

were supported with extensive simulations. Numerical results were tabulated in relevant

chapters.

As far as the scope for further research is concerned, we intend to

• Present a mesh-independent analysis to the problems considered.

• Explore the possibility of extending the proposed approach for elliptic singular per-

turbation problems having a variable diffusion coefficient.

• Construct higher order fitted mesh methods to solve the problems considered.

• Explore the possibility of extending the proposed method to solve fractional order

differential equations.

• Explore problems in applied sciences where solutions change in the interior of the

domain and are sensitive to the change in the diffusion coefficient.
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