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A B S T R A C T

Throughout the nuclear chart, particle-hole correlations give rise to giant resonances and, together with the
proton–neutron interaction, deformation and rotational bands. In order to shed light on many-body correlations
in open-shell nuclei, I explore macroscopic properties that could manifest from the collective behaviour of
protons and neutrons. Intuitively, the correlation of proton and neutron Cooper pairs can be inferred from the
respective pairing gaps, that can precisely be extracted from the AME 2020 atomic mass evaluation through
odd-even atomic mass differences. This work shows that the combination of large and close-lying proton and
neutron pairing gaps is sensitive to onsets of collectivity and subshell gaps in superfluid nuclei, away from
major shell closures. Trends of reduced transition probabilities or B(E2) values — which describe the collective
overlap between the wave functions of initial and final nuclear states — are revealed in overall agreement
with data. Specially interesting is the peak of collectivity in the tin isotopes at 110Sn, instead of at midshell, as
expected by large-scale shell-model calculations; a situation that has astounded the nuclear physics community
for quite some time.
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Despite the lack of a definite non-local two-nucleon (NN) interac-
ion, a new and exciting era has started for microscopic nuclear struc-
ure physics with advancements arising from chiral effective field the-
ry [1,2], renormalization methods [3–6] and high-performance super-

computing [7]. Nonetheless, calculations of nuclear structure properties
away from light nuclei and shell closures remain challenging, more of-
ten impossible, because of the impracticality for a microscopic descrip-
tion of open-shell, heavy nuclei [8–10]. Renormalization techniques
may be missing some physics while integrating out the unsettling in-
finities and smoothing down high-order terms such as matrix elements
arising from two-pion exchange. Modern supercomputing technologies
and numerical algorithms cannot diagonalize the Schrödinger equation
with the large matrix dimensions (>1012) involved in the many-body
correlations of open-shell nuclei. The challenge is reaching numerical
convergence of physical observables in the infinite-dimensional Hilbert
basis space. This is probably the reason for the underestimation of
collective properties such as electric quadrupole (E2) reduced transi-
tion probabilities — or B(E2) values — and spectroscopic quadrupole
moments [11].

We are urged to explore alternative ideas that may uncover the
collective behaviour of protons and neutrons in open-shell nuclei.
Inasmuch the microscopic behaviour of individual atoms and molecules
manifest through macroscopic average properties such as mass, temper-
ature, electric-quadrupole or magnetic-dipole moments, such properties
can also be determined in nuclear systems, and provide information on
how the nucleus behaves collectively [12–16].

In the current study, I explore weak-collective systems characterized
y small B(E2) values, where the quadrupole-quadrupole interaction
oes not give rise to large deformations. In particular, I investigate
 key property of open-shell nuclides in the Ni, Cd, Sn and Te iso-

topes; namely, nuclear superfluidity. Remarkably, unlike the smooth
behaviour of excitation energies and neutron separation energies within
an isotopic chain, correlations between proton and neutron pairing gaps
show high sensitivity to onsets of nuclear collectivity and subshell gaps
n open-shell nuclei. This study expands on previous work [17] by
onsidering two major upgrades on data evaluation [12,18]. Namely,

the 2016 tables of B(E2) values from the first excited states in even–
ven nuclei [12] and the 2020 Atomic Mass Evaluation [18], which

substantially improve previous ones [19–21] in accuracy and range.
Average nuclear properties such as charge radii and quadrupole

deformations are closely related, through a density function, to ground-
state masses [14,22–24]. The macroscopic finite-range droplet with
ipkin-Nogami pairing [14] and Thomas–Fermi [22] models with mi-
roscopic corrections can calculate reasonably well quadrupole defor-

mations with parameters fitted exclusively to mass data. Moreover,
icroscopic approaches based on Hartree Fock with BCS pairing pro-

ides good results for charge radii and quadrupole deformations [23].
The deformation energy can be defined as the difference between the
masses for the spherical configuration, 𝑀𝑠𝑝ℎ, and the mass calculated
at the equilibrium, 𝑀𝑒𝑞 𝑢𝑖𝑙,
𝐸𝑑 𝑒𝑓 = 𝑀𝑠𝑝ℎ −𝑀𝑒𝑞 𝑢𝑖𝑙 > 0. (1)

Through proton and neutron separation energies, atomic masses are
sensitive indicators of nuclear structural changes within an isotopic
chain, either by pointing at shell gaps [25] or an onset of deformation
[26]. Nevertheless, any structural changes remain inconspicuous for
open-shell nuclei, as shown in Fig. 1 for the tin isotopes by the smooth
behaviour of the two-neutron separation energies, 𝑆 , below 132Sn.
2𝑁

2 
Fig. 1. Two-neutron separation energies (𝑆2𝑁 ) for the 102−140Sn even-even isotopes
extracted from the 2020 atomic mass evaluation [18], presenting a smooth trend from
02−130Sn and a dramatic drop at 𝑁 = 82 (dashed vertical line). The dotted line is shown
or visual purposes.

Within the BCS pairing model [27], the first excitation in deformed
uclei — generally 𝐽𝜋 = 2+1 — arises by breaking one Cooper pair, and
s interpreted as a two quasiparticle which lies at least at the pairing
nergy, 2𝛥.

The magnitude of the neutron, 𝛥𝑛, and proton, 𝛥𝑝, pairing gaps can
e determined from experimental odd-even mass differences derived

from the Taylor expansion of the nuclear mass in nucleon-number
differences [14]. These prescriptions assume that pairing is the only
non-smooth contribution to nuclear masses. For weakly-deformed even-
ven nuclei away from neutron shell closures, we extract 𝛥𝑛 and 𝛥𝑝 from

the symmetric five-point mass difference [14,28],

𝛥𝑛 = −1
8
[𝑀(𝑍 , 𝑁 + 2) − 4𝑀(𝑍 , 𝑁 + 1) + 6𝑀(𝑍 , 𝑁)

− 4𝑀(𝑍 , 𝑁 − 1) +𝑀(𝑍 , 𝑁 − 2)] (2)

𝛥𝑝 = −1
8
[𝑀(𝑍 + 2, 𝑁) − 4𝑀(𝑍 + 1, 𝑁) + 6𝑀(𝑍 , 𝑁)

− 4𝑀(𝑍 − 1, 𝑁) +𝑀(𝑍 − 2, 𝑁)]. (3)

Here, we make the strong assumption of a valid 𝛥𝑝 in the re-
gion of study, although the kink of binding energies at shell closures
would a priori not allow a Taylor expansion. This assumption is some-

hat supported by the 56Ni [29–31] and 100Sn [32,33] soft cores and
Refs. [34,35]. Doubly magic nuclei are not included in the pairing-
ap systematics since in these cases both magic-number and Wigner

cusps span singularities in the mass surface [36]. The top panels of
Fig. 2 show 𝛥𝑛 and 𝛥𝑝 values in the even-mass (a) Ni, (b) Cd, (c) Sn
and (d) Te isotopes. Except for the Te isotopes, 𝛥𝑝 lies lower than the
corresponding 𝛥𝑛 values.

For nuclei where proton and neutron Fermi surfaces lie close to each
other, one can assume that the interplay of both proton and neutron
pairing gaps may contribute to the collective origin of the 2+

1 state.
Accordingly, we introduce the relative neutron-proton pairing gap, 𝛥𝑟,
given by,
2 2 2
𝛥𝑟 ∶= ∣ (𝛥𝑝 − 𝛥𝑛)(𝛥𝑝 + 𝛥𝑛) ∣ = ∣ 𝛥𝑝 − 𝛥𝑛 ∣ , (4)
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Fig. 2. The top panels show proton (circles) and neutron (squares) pairing gaps from the AME 2020 Atomic Mass Evaluation [18], whereas the bottom panels show a comparison
of E(2+

1 ) (triangles up) and 𝛥𝑟 (diamonds) energies for the even-mass (a) Ni, (b) Cd, (c) Sn and (d) Te isotopes.
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where the first term (𝛥𝑝 − 𝛥𝑛) is the resonant factor, which accounts for
the proximity of proton and neutron pairing-gaps. That is, the smaller
(𝛥𝑝 − 𝛥𝑛), the larger the overlap between proton and neutron pairing
fields and the more collective is the nuclear system. The second term
(𝛥𝑝 + 𝛥𝑛) is the energy factor, and accounts for the energy that can be
rovided to the nuclear system before breaking Cooper pairs, i.e., the

larger the (𝛥𝑝 + 𝛥𝑛), the less collective is the system.
The bottom panels of Fig. 2 show the trends of 𝛥𝑟 values and

+
1 excitation energies, which follow similar, but not identical trends.
harper energy differences are observed for 𝛥𝑟 values, with more

sensitivity to subshell closures characterized by energy gaps at 𝑁 = 40,
𝑁 = 64, 𝑁 = 66 and 𝑁 = 62 for the Ni, Cd, Sn and Te isotopes,
respectively. Additionally, 𝛥𝑟 values are clearly more sensitive to onsets
of deformation, characterized by the proximity of 𝛥𝑝 and 𝛥𝑛 values, at

= 34, 𝑁 = 72, 𝑁 = 60, 74 and 𝑁 = 70 in the Ni, Cd, Sn and Te
sotopes, respectively. These neutron numbers correspond to peaks of

collectivity, as observed by the trend of experimental 𝐵(𝐸2; 0+1 → 2+1 )
values [12,37,38]. Such trends of 𝐵(𝐸2; 0+1 → 2+1 ) values in isotopic
chains have been calculated using Grodzins’ formula and variations of
it [21,39,40], and shown to be inversely proportional to 𝐸(2+1 ). Here,
we instead propose the use of 𝛥𝑟 values, which clearly show a sharper
distinction than excitation energies for a particular isotopic chain. One
can simply infer a similar collectivity for 60,62,64Ni with 𝛥𝑟 ≈ 0.6 MeV,
and sharp minima at 118−120Cd, 110Sn and 122Te with 𝛥𝑟 values of 0.32–

.34, 0.63 and 0.38 MeV, respectively. This simple model fails for the i

3 
neutron-rich Te isotopes, as the 𝑁 = 82 shell closure approaches and
nuclei stop behaving like a superfluid.

The foundations for this remarkable behaviour predicted by pairing
aps are laid in my previous work [17], which has recently been
upported by more precise calculations using generalized seniority and

large-scale shell-model calculations [37,38,41]. The converging idea
lies in the Lipkin-Nogami pairing formalism [42,43], which allows the
etermination of proton pairing gaps at magic numbers [44] and where

𝐵(𝐸2; 0+1 → 2+1 ) values can be inferred as inversely proportional to the
air degeneracy 2𝛺 = (2𝑗 + 1) [45] and the pairing strength [41].

Finally, this interpretation considers pairing and quadrupole cor-
relations but lacks the major source of deformation arising from the
interaction of pairs of valence 𝑁𝑝 protons and 𝑁𝑛 neutrons [46–51]
— namely, the product 𝑁𝑝𝑁𝑛 — which can certainly influence these
weakly-collective nuclides. The interaction of a pair of neutrons and
protons can be associated with 𝛼-type correlations [52,53], which are
also needed to describe 𝛼 particle reduced widths [54–57].

In order to investigate the influence of 𝛼 correlations is instructive
o quantify the role of 𝛥𝑟 in the collectivity of the 2+

1 states. This was
artially done in my previous work [17] for the Ni and Sn isotopes,

where 𝐵(𝐸2; 0+1 → 2+1 ) ∝
1

2𝛥𝑟
, showing agreement for the Ni isotopes,

but deviations in the tin isotopes where 𝛼 correlations are known
to be more relevant [56–59]. More advanced large-scale-shell model
calculations can nicely reproduce the 𝐵(𝐸2; 0+1 → 2+1 ) trend in the tin
sotopes by truncating the model space after fixing the orbits involved
n the configuration mixing [37]. The relevant inclusion of 𝛼-type
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correlations deserves further exploration that will be presented in a
eparate manuscript.
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[55] A. Sǎndulescu, Nucl. Phys. 37 (1962) 332–343.
[56] N. Sandulescu, D. Negrea, C.W. Johnson, Phys. Rev. C 86 (4) (2012) 041302.
[57] V.V. Baran, D.S. Delion, Phys. Rev. C 94 (3) (2016) 034319.
[58] D.S. Delion, Phys. Rev. C 80 (2) (2009) 024310.
[59] D.S. Delion, R. Wyss, R.J. Liotta, B. Cederwall, A. Johnson, M. Sandzelius, Phys.

Rev. C 82 (2) (2010) 024307.

http://refhub.elsevier.com/S0092-640X(24)00064-0/sb1
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb2
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb3
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb4
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb5
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb6
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb6
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb6
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb7
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb8
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb9
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb10
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb11
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb11
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb11
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb12
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb12
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb12
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb13
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb14
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb14
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb14
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb15
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb15
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb15
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb16
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb16
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb16
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb17
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb18
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb18
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb18
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb19
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb19
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb19
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb20
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb20
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb20
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb21
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb21
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb21
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb22
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb23
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb23
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb23
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb24
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb25
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb25
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb25
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb25
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb25
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb26
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb26
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb26
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb26
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb26
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb27
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb28
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb29
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb29
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb29
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb30
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb31
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb31
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb31
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb32
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb32
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb32
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb32
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb32
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb33
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb33
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb33
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb33
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb33
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb34
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb35
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb36
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb37
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb38
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb38
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb38
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb39
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb40
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb41
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb42
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb43
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb44
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb44
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb44
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb45
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb46
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb47
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb48
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb49
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb50
http://arxiv.org/abs/1510.01473
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb52
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb53
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb54
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb55
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb56
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb57
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb58
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb59
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb59
http://refhub.elsevier.com/S0092-640X(24)00064-0/sb59

	Subshell gaps and onsets of collectivity from proton and neutron pairing gap correlations
	Declaration of competing interest
	Data availability
	References


