















































Chapter 1. Introduction 2

to probe the nature of DE and modified gravity, and to test general relativity itself.
The GR corrections will also be crucial for extracting the primordial non-Gaussianity
[4, 5, 16, 32, 34, 35| signal that seeded the large-scale structure.

Over the past couple of decades, the amount and quality of observational data col-
lected for characterising the Universe have increased substantially. It is becoming clearly
evident that matter structures in the Universe are ubiquitous [36]. These structures
range from planets and stars (~ 1My) up to galaxy superclusters (~ 10%Mg) [37].
Importantly, the past recent years have remarkably transformed our understanding of
the cosmic features in the galaxy distribution. However, as upcoming surveys stretch
out even more to larger regions of the Universe, our current conception of the matter
structure may likely change — portraying how much we still do not know about most of
the accessible Universe.

Moreover the assumption that, out at large distances the Universe looks homogeneous
and isotropic, remains only a guiding but crucial principle: now well known as the
cosmological principle. By ‘homogeneous’ it is meant that at a given cosmic epoch all
positions in the Universe look geometrically identical, and by ‘isotropy’ it is meant that
the Universe (and hence, the galaxy distribution) possesses the same global properties
when viewed at any angle at any cosmic epoch. Current galaxy maps however reveal
significant level of inhomogeneity in the distribution of galaxies (for scales covering less
than 150 Mpc) — with the galaxy clustering properties depending on both the galaxy
local environment and on the inherent properties of the galaxy [38]. On these scales
any cosmological parameters tied to perturbations in the underlying matter distribution
will possibly show spatial variations. Hence the cosmological principle may be valid
but only at scales 2 150 Mpc, i.e. the linear regime, where spatial gradients vanish or
are negligible. Fortunately, the observed cosmic inhomogeneities, and hence the GR
corrections, can be well studied within cosmological perturbation theory.

This thesis aims at computing the predictions (i.e. power spectra) of the large-scale
structure that needs to be confronted with future data — taking GR corrections into
account. All computations are done within linear perturbation theory [39-46]: via the
Einstein’s field equations, generically given by [47-49]

87G 1
Guv = — T, G#V = R — igMVR7 (1'1)

A
where R, g, and T}, are the Ricci, the metric and the energy-momentum tensors,
respectively; with R = R, being the Ricci scalar. The associated density transport
equations are obtained by the energy-momentum conservation: V,T*, = 0. Solving
Eq. (1.1) is preceded by introducing perturbations in the well known FRW metric for a
homogeneous and isotropic background Universe, given in polar coordinates by

dr?

2 2 742 2
dS = —C dt +a (t) m

+ r?(d6* + sin® 0dv?) | , (1.2)
where a(t) is the scale factor, ¢ is the physical time and the spacetime curvature is
normalized to K = 0,+1. Henceforth, we shall assume only FRW Universe.

In what follows, we give an overview of linear cosmological perturbation theory in a
FRW Universe (i.e. in section 1.2).
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1.2 Perturbations of a FRW Universe

The FRW cosmology allows only a preferred class of observers, being the ‘fundamental’
observers, which see the Universe as isotropic. An appropriate metric for this model
then, is one with the (proper) time coordinate being tangent to the world lines of the
fundamental observers, and with the spatial coordinates being constant along the world
lines of these observers. In this case the observers are ‘co-moving’ with the cosmic
content. Hence these observers are also referred to as comowving observers, with the
coordinates as comoving coordinates. By implication, a consistent energy-momentum
tensor for the cosmic content is one that has the 4-velocity of the cosmic content as the
same as the fundamental 4-velocity of the comoving observers — making the comoving
observers to be at rest relative to the cosmic content. Moreover, this velocity is invariably
time-like, running along the time coordinate. This way, the FRW Universe will only
admit a preferred vector field, being along the world line of the comoving observer [50].
In this section we give an overview of linear (classical) cosmological perturbation the-
ory in a FRW Universe. This section is not meant to substitute a thorough treatment
of the theory, but only serves to layout the basics of the parts relevant in this thesis.
We begin by reviewing the metric tensor which prescribes the gravitational field; we
then proceed through to the gravitational field and the energy-momentum conservation
equations in general and in specific gauges; to hydrodynamical and scalar field pertur-
bations, respectively. Henceforth we adopt: conformal time 7, where dt = adn, t is
physical (cosmic) time and a = a(n) is the ‘scale factor’ measuring the magnitude of the
cosmic expansion; natural units where h = kg = ¢ = 1; and only scalar perturbations.

1.2.1 The metric tensor

The spacetime is prescribed by a line element called the metric [27, 39, 40, 42, 43, 45,
51, 52|, which measures the interval or distance between any two neighbouring points
separated only by an infinitesimal displacement. It is often given as a squared quantity
expressed in the form of a quadratic differential in terms of the (geometric) metric tensor!
Juv, given in real coordinates x# generically by

ds? = g, drtdz”, (1.3)

where Eq. (1.3) shows that the squared infinitesimal distance between any adjacent
points is given by the sum of the product of the various differentials of the coordinates.

The metric tensor is a symmetric tensor function g, (z*) of the spacetime coordinates
z®. In general relativity, the metric tensor components govern the matter distribution
and motion through spacetime, and in turn, the motion and distribution of matter
determine the metric tensor, via the gravitational field equations (1.1) [51]. Moreover,
the metric tensor generates the gravitational field: described by a system of equations of
functions of the metric tensor components and their derivatives, with the metric tensor
components as the gravitational field (generating) functions.

In a perturbed FRW Universe, the metric tensor may be decomposed by

G = Guv + 5guua (1'4)

!Note that, unless the associated metric is initially of a flat spacetime (i.e. Minkowskian), the metric
tensor of a curved spacetime can not be reduced by any coordinate transformations or other methods
into the Minkowskian metric tensor [51].
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where g, = G (n) is the background term, dg,, = dg,. (1, z%) is the perturbation, and
goo = —a’, gio = 0 = goj, gij = a’vij, (1.5)

where we consider (henceforth) only linear perturbations. Moreover, for the rest of this
thesis we consider only scalar perturbations: since tensor modes give rise to gravitational
waves which do not interact with neither energy density nor pressure fluctuations, and
any primordial vector modes would have decayed out kinematically by now (i.e. the
late Universe) in an expanding Universe [37, 40]. Thus the perturbation ég,, may be
parametrised by scalar fields, i.e. if ' denotes the space 3-vector, then we can express
the perturbation of the metric tensor by the scalar quantities ¢ = é(n,2), B = B(n, "),
D = D(n,z") and E = E(n, "), accordingly by

Sgoo = —2a*®, Sgio = a*B;, 6gij = —2a* (Dvij — Eyj), (1.6)

where B; = B); and Ejj = Ej;; — ’yZ]V E is a traceless transverse tensor?. The scalar
¢ corresponds to the perturbatmn amplitude in a (time) lapse function, which mea-
sures the ratio of proper-time distance to coordinate-time distance between any adja-
cent constant-n hypersurfaces; B corresponds to the shift vector perturbation amplitude,
which measures the displacement rate of a constant spatial line from the normal of a
constant-n hypersurface; D corresponds to the perturbation amplitude of a unit spa-
tial volume; and E corresponds to the amplitude of anisotropic deformation of each
constant-n hypersurface [39]. The total covariant metric tensor (1.4) thus becomes

guv = @* ( B, s 2¢)’Yz']j + 2E|ij> ’ (1)

where ¥ = D + %VQE. Therefore, the metric (1.3) in a perturbed FRW Universe is
given completely by

= a*{—(1+2¢)dn’ + 2Bjdz'dn + [(1 — 2¢)ij + 2E};;] da'da’ } (1.8)

where the various given scalar-field parametrizations of the metric perturbations com-
pletely exhaust the (scalar) perturbative degrees of freedom of the metric. Note that all
the given scalar amplitudes of the metric (1.8) perturbations are coordinate-dependent.

Moreover, the metric (1.8) has two displeasing features [53]: (i) even by using only
scalar perturbations in the metric, the resulting cosmological equations remain compli-
cated; (ii) such generic perturbations (1.6) do give rise to ghost scalar and vector modes
in the solutions of these equations. The latter difficulty can be removed while the former
is alleviated if one fixes the coordinate system — by choosing a gauge (see section 1.2.6).

1.2.2 The energy-momentum tensor

The energy momentum tensor [27, 39, 40, 42, 43, 45, 51, 52] of a fluid, which describes
the dynamics in the gravitational field, is given here in the contracted form by

T+, = (p + p)u“u,, + pé“u + 77”1/7 (1'9)

where p, p and u* are the total energy density, pressure and 4-velocity, respectively; 7,
is the anisotropic stress tensor.

2That is E*; = 0, such that it has no contribution to the term D&%; in the diagonal plane.
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In a perturbed FRW Universe, the perturbative degrees of freedom follow from the

decomposition by B
™, = TV, + 6T, (1.10)

where the background components are given as follows

TOQ = —p, T = 0 = Toj, Tij = ;552-, (1.11)

with T“# = —p + 3p, and the perturbative degrees of freedom are given by

—dp (p+p)(v+ B)ﬁ)
6T“V:( I / : , 1.12
—(p+ p)v! opd'j +m'; (1.12)

where vl" = v = §u? /@ is the ‘peculiar’ velocity, and v is the velocity potential. The
4-velocity decomposes by u* = u* + dut, where it conforms to the normalization given

by utu, = guutu” = —1. A consequence of this yields
ut = a7t (1 — ¢,v‘i) , (1.13)
u, = a(—-1—¢,(v+B)). (1.14)

The peculiar velocities are irrotational, i.e. the curl of the velocity is VAT = 0, whence
the velocity is obtainable as the spatial gradient of the potential v. The contracted
anisotropic stress tensor, with scalar potential II, is given by

| 1 .
, = quj—g&{jv?H, (1.15)

where both vectorial and tensorial contributions are neglected. Note that 7#, is a gauge-
independent symmetric spatial quantity, with no temporal component.
1.2.3 The gravitational field equations

In this section we give the gravitational field equations in conformal general gauge, in
terms of the generic forms of the scalar perturbations. We shall use the Einstein’s field
equations, here given by [27, 40, 43, 47, 50|

1
G', = 8xGT",, G, = R, = J9"R, (1.16)

where §#, = g#,g%, and, the Ricci tensor R, is given by
Ru = R0 = 0aT% — 0,T%0 + T, 17, — 19,17 0, (1.17)

with the contraction convention implying R*, = g'*R,, and R = g"” R,,,,. The Christof-
fel symbols® I'*,,,, are given by

1
Fa;w = igaﬁ (aug,uﬁ + 8,ugﬂl/ - aﬁguu) ) (1‘18)

where here we take all quantities to denote the totals, i.e. having both background
and perturbed parts; and the various metric tensor components g,, take values from

3But ', is also called connection coefficients, affine connections, or Levi-Civita connections, see,
e.g. [47, 48, 50].
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Eq. (1.7). Hence the equations decompose into background and perturbed parts, where
the background Einstein’s tensor is given by

Go% = 3a2(H>+K), G% =0 =G, G =a % (H>+2H + K), (1.19)
whence by Egs. (1.16) and (1.11), we obtain the background Friedmann equation

8rGa?

H? = s P K, (1.20)

where the associated background acceleration equation is given by

ArGa?

I
o= 3

(7+3D). (1.21)

Similarly, by Egs. (1.16) the perturbed Einstein’s tensor evaluates:

i 1 , D
0G'; = 2072 |+ 2HY + HY + (B +2H) ¢ — Ko — SV°D| &) + a“,(mz)

6G°; = 2a7 (Y +Ho+ Ko) b (1.23)
6G% = 2a7*{V* (¢ + Ho)+ 3Ky — 3H (Ho+ ')}, (1.24)

where
D= —-¢+¢+2Ho+0 oc=-B+FE. (1.25)

Given Eq. (1.22), then for i # j and for ¢ = j we have, respectively, the perturbed
Einstein’s field equations

o' +2Ho+ ¢ — ¢ = 8rGa’ll, (1.26)

W+ 2HY +HY + (H*+2H ) ¢ — Ky = 4nGa® <5p - §v2n> . (.27)

By Eqgs. (1.24) and (1.23) we obtain the energy and the momentum densities constraint
equations, respectively, given by

(V2+3K) 1+ HV?e —3H (' + Hp) = 4rGa®Sp, (1.28)
V' +Ho+ Ko = —4nGa*(p+p)(v+ B), (1.29)

which essentially constitute the equations of motion. Therefore, Eqgs. (1.20), (1.21) and
Egs. (1.26) — (1.29) make up the background and the generic perturbed cosmological
field equations, accordingly.

1.2.4 The energy-momentum conservation equations

Given that the total energy and momentum in the Universe are conserved, this provides
that the covariant derivative of the total energy-momentum tensor vanishes, given by

V'uTuy = 8’,LTMV +Pua,u,TaV - Fal/uT'uoz = 07 (130)
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where this equation decomposes into background and perturbed parts. The background
evaluates into a single equation given by

7 +3H(p+p) =0, (1.31)

which is the background energy density continuity equation; the perturbed part evaluates
into the continuity equations for the perturbed energy density and for the momentum
density, respectively, given by

5p' + 3H (6p + dp)

[(p+P)o+ BY] +dp+ = (V24 3K) T

(p+p) [30 = V* (v + E)], (1.32)
—(p+Dp)[d+4H(v+ B)]. (1.33)

Note that the momentum density has no background conservation equation, which
is a consequence of the background isotropy [42]. Moreover, the energy-momentum
conservation (1.30), which states the equations of motion of objects in the gravitational
field, is a consequence of the Bianchi identities [27, 50]: V,G*, = 0. (Given the Bianchi
identities, the energy-momentum conservation (1.30) follows directly from Eq. (1.16).)

1.2.5 Gauge transformations

In general relativity there are no preferred coordinates — all physical laws, if expressed
in tensors, retain the same form in all coordinate systems. Hence we are always free to
choose or change coordinates. This is often referred to as ‘coordinate freedom’. However,
by changing coordinates, the scalar perturbations also change. How then do we deal with
this coordinate freedom?

Given a set of initial coordinates z#* = (1, 2'), consider the generic coordinate change:
ot — @ = (7,3, (1.34)

with the temporal and the spatial transformations being given, respectively, by
i =n+&&ma’), =2+ (1.35)

where ¢* = (£0,€7) is the transformation 4-vector, ¥ is the ‘time shift’ whose magnitude
measures the separation of two successive constant-n hypersurfaces, £ is the ‘space shift’
between spatial coordinates on the hypersurface; and |£#| < 1. Here (henceforth), in
order that the scalar perturbations (and hence the metric (1.8)) preserve their scalar
nature after the coordinate transformation (1.34), i.e. to prevent any induced vector
and/or tensor modes — we have restricted the spatial component of the transformation
vector to being strictly a scalar-generated quantity ¢ = £IF = §°¢, with € being a 4-scalar
living in the perturbed FRW spacetime.
Consequently, the metric tensor transforms via the tensor transformation law by

.(th(i'a) = g,uu(xg) - gaua,uga - guaaufa' (1'36)

However, rather than working with such transformations, which affect both the coordi-
nates and the unperturbed fields (as well as the perturbations to the fields), it is more
suitable to use gauge transformations: which affect only the field perturbations [53].
Gauge transformations modify the coordinate-dependent perturbations into forms that
enables the physical laws (equations) to maintain their usual form. In fact, the gauge
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transformations that leave the field equations unchanged, may be given by
5 (%) = S0 (2%) + Aguu (), (1.37)
by which the field equations should indeed stay invariant, with Ag,, given by
Agu(27) = Gu(x7) = g (7)), (1.38)

where the background metric tensor g,,(«”) remains the same. By first order Taylor
expanding the tensor g, (%) = G (27) + {%0aguw (z7) and applying Eq. (1.36), then

!?,uu(ﬂfg) = g;w(-rg) - gcwauga - guaauga - gaaag/u/a (139)

whence we obtain the ‘gauge transformation law’ for the perturbations of the covariant
metric tensor from Eq (1.37), under a given arbitrary coordinate change, given by

0Ju = 09w — Le Guv, (1.40)
where Eqgs. (1.38) and (1.39) give Ag,, = —L¢guw, with L¢ being the Lie derivative by
LeGuy = E0aGuy + Jar0uE” + Jua0n€™. (1.41)

Similarly, for any given scalar field A the gauge transformation law follows by
0A = SA—Le A, LA = £20,A. (1.42)

It should be noted that the transformation (1.40) holds generally for covariant tensors
of rank 2. Moreover, Egs. (1.40) and (1.41) directly yield

0 = @ (‘2 (¢ —HE" - &%) By +&%; =€) )
" B +&i—¢& 2@ +HE) v +2(E—8);)°

where 1 = a’/a, and we have used the definition of Ej; (see below Eq. (1.6)). Hence
given an arbitrary coordinate change (1.34), the gauge transformations (1.40) leave the
spacetime metric (hence, the field equations) in same form:

(1.43)

ds? = @ [—(1 +20)di? + 2Bd# dij + [ (1 — 20)vi; + QEW] d@"d:ﬁj} . (1.44)

where the gauge transform of the various metric perturbations are given by

¢ = o—HL -, (1.45)
B = B+¢ ¢, (1.46)
v o= P+HEO, (1.47)
E = E-c¢. (1.48)

Given the definition of v, Egs. (1.47) and (1.48) imply that D transforms as

D = D+éV2£+H§O. (1.49)
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Moreover, Egs. (1.45)—(1.48) reveal that there are mainly two independent scalar degrees
of freedom in the metric, since they can be combined into two basic equations.

Similarly, following Egs. (1.36)—(1.40), we obtain the gauge transformation law for
the contracted energy-momentum tensor, given by

5TH, = 6T", — LT, (1.50)
where the Lie derivative of the background mixed energy-momentum tensor is given by
LeTH, = £20,TH, + TH0,6% — T,0,8". (1.51)

Whence we compute the gauge transform of the energy-momentum tensor, given by

B -5 0/ P / B .
5T#V — B P_+€ p N (p+p) (OU_/'F 6 + )\J , (1‘52)
—(p+p) (w+&)" (op = &) 6% +
where B is as given by Eq. (1.46) and that the anisotropic 3-tensor 7*; is gauge-invariant.
From Eq. (1.52) we read off the gauge transforms of the energy density, pressure and
peculiar velocity potential, respectively, given by

6p = op—E°0, op = op— &%, b=uv4+¢. (1.53)

Clearly we notice that the parameters in Eq. (1.53), being scalars, only obey Eq. (1.42).
Moreover, we see that the gauge transformations also leave the energy-momentum tensor
in its usual form, just as with the metric tensor — hence all equations retain their usual
forms (i.e.remain invariant ‘on the whole’) under gauge transformations.

1.2.6 Choosing a gauge

It is often suitable to split the entire spcaetime into constant-n slices or hypersurfaces,
in which the coordinates are defined. Choosing a specific gauge corresponds to selecting
a set of certain constant-n hypersurfaces, restricting them to a particular geometric
orientation, by applying a given condition or set of conditions on the spacetime metric.
This way, the spacetime coordinates are fixed. We often use the name of the gauge in
place of the hypersurface since the hypersurface is actually fixed by the gauge (or gauge
condition). However, the coordinate freedom of general relativity can be removed [53]:
either by adopting a gauge-invariant formalism [39, 41, 54, 55] or by choosing a gauge®.

The perturbative gauge types include the uniform curvature (1; =FE= 0) gauge, the
co-moving (& = 0) time-orthogonal (B = 0) gauge and the uniform density (65 = 0)
gauge, all of which are not being discussed in this thesis, but see e.g. [39, 42]. However,
of interest in this thesis are the conformal Newtonian or longitudinal gauge and the
conformal synchronous gauge.

1.2.6.1 Conformal Newtonian gauge

The conformal Newtonian (“N”) gauge [40, 42, 45, 53, 56] is reached if we choose a
condition such that all the gauge transforms on the off-diagonal plane of the metric
completely vanish, i.e. by requiring 6go; = 0 and 0g;; o ;;, which implies B=E=0.
This immediately fixes the spacetime coordinates into longitudinal hypersurfaces by

“Hence, invariably fixing the spacetime coordinates.
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Nevertheless, the perturbation in the magnification SM = M — M induces an excess
distortion in the observed number density, given by 6y = Sn(/\;l) —1i.e. depending on mag-
nification. Hence the contribution solely from magnified sources, i.e. the magnification
distortion in the observed galaxy number density, is given by

57 N
(") _ oM : (2.33)
n magnified galaxies M magnification

where Q is the magnification bias [5, 62]. Then to first order we have that

<, - Ong , ~ 1 o0n ~

(M) = =B (M) = — 2 5M, 2.34

M) = TE) = T (234)
where 7, denotes the (extra) galaxy number density sourced purely by magnification.
Thus from Eq. (2.34) we have that the magnification contrast 6,, = 0 M /M traces the
induced galaxy contrast §,, up to the magnification bias, given by

On(k,a) = Q(a)d,,(k,a). (2.35)

Note that 0, is an observable, hence is independent of gauge. Here the magnification
bias is given by

O0lnng
dlnM|,~

Again we have that, for linear perturbations (of large-scale structure), Q is a physical,
scale-independent quantity —i.e. by virtue of the gauge-independence of Eq. (2.35). The
magnification bias thus corrects for the discrimination introduced in the observation
sample, owing to cosmic magnification.

O)—=

(2.36)

Thus magnification will transform the galaxy contrast so that the effective large-scale
bias corresponds to the sum of the given biases, i.e.

Agal(k,a) = bla) Ap(k,a) + Q(a)d,,(k,a). (2.37)

As we shall see later (chapter 3), although A,, solves the large-scale gauge problem
posed by 6,,, the density contrast A, is only an approximation to the (physical) ob-
served galaxy number density perturbation: A, does not match the physical galaxy
number density perturbation on very large scales — it requires corrections to account for
relativistic effects. We compute these corrections in chapter 4, where we also compute
the magnification contrast 5 . in the correct relativistic approach.

2.4 The Kaiser Approximation

In observational cosmology, observers measure the redshift-space coordinates s of sources,
and not their real-space coordinates x. In a perfectly homogeneous Universe, e.g. a
background FRW Universe, the transformation from real to redshift space would be
one-to-one: with redshifts directly replacing real (radial) distances. In such case, the
evolution of sources would follow the cosmic expansion (i.e. the Hubble flow). However,
in an inhomogeneous Universe, density fluctuations in sources would generate local grav-
itational fields which in turn cause distortions (i.e. deviations) to the flow of sources.
These distortions would surface in redshift space as small peculiar velocity fields. Thus


















Chapter 3

The Relativistic Density
Perturbation

Until recently, galaxy surveys had been considered to map the distribution of matter
density perturbations (up to a bias factor), characterised by the comoving galaxy density
perturbation A, (see chapter 2). However, there is a problem with using only A, as
a probe of matter density perturbations, which is that it does not correspond to the
observed galaxy overdensity [3, 5—7, 9, 19] on horizon scales, because of general relativistic
(GR) effects — lightcone and redshift effects — in the observational process [1]. (These
effects become significant on very large scales.) By observing on the past lightcone, the
observed redshift is perturbed: by Doppler effect, owing to the motions of the galaxies
relative to the observer; and by the gravitational potential, both local at the galaxies
and also integrated along the line of sight. The survey volume is also deformed given
that the observation angles are distorted [9], owing to gravitational weak lensing. Hence
during observations, observers measure the volume perturbations along with the galaxy
number density perturbations, per redshift bin in a given direction, and a given angle.

Forthcoming galaxy surveys in the optical, the infrared and in the 21 cm emission
of neutral hydrogen (HI), e.g. upcoming surveys like DES [29], EUCLID [30], BOSS
[31] and the SKA [32, 33], will extend to higher redshifts z > 1 and wider areas of
the sky, covering greater volumes — spanning scales approaching and larger than the
Hubble radius (i.e. aH~!): on these scales, the usual Newtonian approach is inadequate
[1]. A fully GR analysis [1, 3-24], is therefore necessary in order to extract maximal
and accurate information from these large-volume galaxy surveys. Firstly, we need
to incorporate the well-known effects of redshift-space distortions (see chapter 2) and
weak lensing. These are typically the dominant GR effects in the observed overdensity.
Secondly, there are also other GR effects that arise when we correctly define the physical,
observed galaxy overdensity [1]. The cosmic magnification perturbation also sources
additional terms. Nevertheless, current galaxy surveys only cover low z and smaller sky
areas, hence the GR effects are negligible.

In this chapter we aim to compute what large-scale galaxy surveys really measure,
i.e. the (physical) observed galaxy overdensity. This chapter draws largely from [9], but
also from [5]. The outline of this chapter is thus viz.: in section 3.1, we derive and dis-
cuss the GR geodesic equations; in section 3.2 we derive the physical, observed galaxy
overdensity, i.e. the relativistic density perturbation, where we compute the density dis-
tortion (subsection 3.2.1), the volume distortion (subsection 3.2.2) and the magnification
distortion (subsection 3.2.3).
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where 6, = dng/ng, with the background part ng remaining the same. We have used
that, to first order, on = (07/9z)0z. Thus Eq. (3.24) becomes

~ 3 0z
g(n, z) = dg(n,z) — (3 —be(2)) 11z (3.25)
where a = (1 + 2)~!, and the galaxy evolution bias [5] is given by
d1n(any)
b, = L4 Tg) 3.26
dln(a) |,’ (3:26)

with a?’ng being the comoving galaxy number density. Hereafter, we will work with the
gauge-invariant potentials ®, ¥ and V (see subsection 1.2.7.3), given by

d = ¢—Ho—o, (3.27)
1

U = D+ §V2E + Ho, (3.28)

V = v+ FE, (3.29)

which correspond to the gauge-invariant potentials ¢, , 1, and v, computed in the
conformal Newtonian gauge (see subsection 1.2.6.1).

Next we compute the observed redshift z. A photon which propagates along the
direction n from a source S will be seen by an observer O, located elsewhere in the
Universe with fundamental 4-velocity @* in the metric d3? (3.5), to be moving with an
energy® E = —nt, under the direction —m. The redshift z, which is the fractional
change in energy of the photon in propagating through the gravitational field from S to
O, is given by
(Wiy)g _ Ao
(ﬁ“ﬂu)o ag
where we used Egs. (3.8) and (3.14). Given that z = Z 4 dz, then by perturbing
Eq. (3.30) to first order we get

142 = [1 + 5(n“uu)\ﬂ : (3.30)

0z
1+72

=9 (n“uu)|§ = [ﬁiv‘i + ﬁiBh» —on® — ¢

@]
. (3.31)

where a,/a, =1+ Z. By using Egs. (3.18), (3.27)-(3.29), then Egs. (3.30) and (3.31)
yield (see Appendix A) the total redshift of the propagating photon, given by

0
l+z=(1+2) |1+ (P+T+V —zp)\gs / df(<1>’+‘1!')] , (3.32)
TS
where we have neglected the unobservable metric term 9,E' inn-v = Vi— n'O;E'. Note

that the perturbations in the square bracket in Eq. (3.32) correspond to dz/(1 + Z):
from Eq. (3.31). Thus the redshift-space density distortion (3.25), becomes

~ 0
5yn,z) — A¢(n,z)+3(<P—|—\I/)(n,z)—|—3V||(n,z)—|—3/ dF (& + V) (n, 2)

S

0
—be(2) |@(n,2) + V|(n, 2) + / dr (®' 4+ ¥') (n, z)} ) (3.33)

rs

3See discussion under Eq. (3.4) — given that u,, is a conformal Killing vector.
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where Ay, = dg — 319 — beHo is the density perturbation in uniform curvature gauge [9].
Note that the second line in Eq. (3.33) is (wrongly) omitted in [9]. Thus,

Ay = Ag+(3—b)HV — 30, (3.34)
where A, is given by Eq. (2.30), and given Eq. (3.26), we used that
gy = —H (3 —be) g, (3.35)

As before, A, is related to the comoving matter overdensity by Eq. (2.31). Moreover,
we can relate the galaxy bias (2.28) to the evolution bias (3.26), given by
0 1
b= —HEB-b)2m = 1- b, (3.36)
" 3

where the second equality follows from the continuity equation pl,, = —3Hpy,.

3.2.2 The volume distortion

In a flat background FRW Universe, geodesics are essentially straight lines. This implies
that the photon emission angles — i.e. the zenith and azimuthal angles, 6, and 9,
respectively — are equal to the corresponding observed angles 6, and 9,,i.e. 0, =0 = 0.
However, in a perturbed Universe these angles become perturbed, and are given by

0

= 0,400, D, = 9, +, (3.37)

S S

where we take 60, = 0 = 69,. Given the perturbations in the angles and in the redshift,
the observed volume thus becomes perturbed. This give rise to a distortion SV in the
volume which surfaces in the observed galaxy overdensity, in redshift space. Hence,
similar to Eq. (3.24), in order to compute the volume distortion SV (n,z), we take a
gauge transformation from real space to the redshift space, given by

o,(n,2) = 8,(n,z)— diny

0z(n, 2), (3.38)

z

where 6,, = 6V/ V is the volume distortion given in real space. In real space, an infinites-
imal element of the survey volume, containing a source with 4-velocity 4* in the metric
ds? (3.5), is given by [9]

dv = \/~§ €uapt’di’di*di”, (3.39)
= V(z,0,,0,)dzdd,dJ,, (3.40)

where the total volume density V is given here by

0(0s,0s)
9(00,95)

sV 9ra 5B
V = /5 et 2 0101 . (3.41)

9z 90, 9V,

Then given Eq. (3.37), the determinant of J = d(f,9,)/d (8,,7,) becomes

|J| = 1+ 0900 + 0yd0. (3.42)
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Moreover § = det(g,. ), being the determinant of g,, (3.7), yields

VG = at (14 0% = a'i o= 3D) (3.43)

where by definition E%; = 0. Then we have the only non-vanishing terms of V giving

dr _ aFdi
_ 3 _ ar 2 g o _ (.. an’y 2 .
YV =a’(1+¢—-3D) [dzr |J|sin 6 (¢d2 +vrd2> T sm@o} , (3.44)
=y [1 —3D—n-v— 7d57“ + *a; %5; + 2&“ + (cot 6 + 9p) 60 + (919(519} , (3.45)

where V(2) = a*7(2)*H(z) 'sinf,. We have used Eq. (3.17), and that to lowest order
along the photon geodesic, dr/dz = —dn/dz = a/H. Moreover, by assuming d6 to be
very small, we used that sin és = (1 +06coth,)sinf,. The comoving distance along
the radial coordinate is r = 7 + dr. We have also used that v, = eivl- = —n'vy;, with eﬁ
being the radial unit vector in polar coordinates. Here we define d,, (3.38) by

d,(n,z2) = W (3.46)

The perturbation in V arises mainly as a result of the perturbation in z. Hence given
Egs. (3.38), (3.45) and (3.46) we obtain

< déor  a déz  _dr 2 H
=-3D— -t ——+4+2—+ 00 0 4— —
J, 3 n-v d)\+7-ld/\+ + (cot § + 0g) 6 + Oy +a( 7 H2>6z
(3.47)
where the derivative of the background volume density is
dy 2 H N -
e e L (3.45)

To compute the various terms of the volume distortion Sv (3.47), we consider the
observer and the source to be enclosed in a (hypothetical) sphere — with the observer at
the centre and the source on the circumference. Thus we need to relate the polar coordi-
nates &* to Cartesian coordinates x#. The displacement 4-vectors in these coordinates
are related (to first order) by

Ot
ox?

ozt = dx¥ = oM, dx”. (3.49)

The spatial displacement vector of a particle in the polar coordinates is given by
0% = dre, +7d0ey+Tsinbovey, (3.50)

where e,, eg and ey are the orthonormal? unit vectors of the polar coordinates #*, with
ey = Ope,, egsinfl = Oye,. For convenience we have chosen that e, = —n, which thus
implies that 0, = —n‘0;. Moreover, given Eq. (3.50), we have that

or = e, - 0, 700 = eg- 0, Tsinf oy = ey - 0&. (3.51)

“That is, e, €, =eg-es —=€g-ey =1L and e, -eg = eg- €9 =e, - ey = 0.
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Thus given Egs. (3.20) and (3.51), we get that
4 1 [Ts
or = —n;0z" = —2/ dr 6gag nnP, (3.52)
0

where we have integrated by parts once and applied the stationary conditions on bound-
ary terms, which then vanish. Similarly, given Eq. (3.51), we obtain that

TS ; 1 (Ts .
7o 00 = / drégjgegnﬁ—2/ dF (7 — 74) €,0; (3gap) 1A%,  (3.53)
0 0
_ S R B L a8
Tg sinfoy = drdgjgeyn’ — 3 dr (7 —Tg) ey0; (0gap) n0”, (3.54)
0 0

where §x%, 50 and J9 are all evaluated at S. Given Eqgs. (3.17) and (3.52), we have

dir
dA

1 dB
= iagaﬁnanﬁ = —(<I>+\I/)++<

2
dA

a2 T dx

d*’E dFE'
) , (3.55)

where we used Eqs. (3.27) and (3.28) and that dX/d\ = X'+ 7'0; X (for any scalar X).
After some lengthy, but straightforward calculations (see Appendix A), we obtain

rs -
(cot 0+ D) 30 + Dy —/ dr(r—7) LV (& +0) - V2E
0

s

i 3.56
SENCED

where Vi = V2 - 09? — 2719, is the ‘screen space’ Laplacian — i.e. in the plane of the

source, transverse to the line of sight. By using that 0, = —n'0;, we obtain
’E  _dE' 2 (dE
2 2 " /
E = E—|———-2—+F -|—==-F). 3.57
Vi v (d/\2 HA >+r(d/\ ) (3:57)

Thus given Eqgs. (3.47), (3.52), (3.55), (3.56), and (3.57), we have

rs

b,(n,2) = —4V, —2(®+T)+ 0 dF(F—fS)fLVi(CD—i-\I/)
S
TS 2 Ts 1 d‘/H
(O + W) + — F(®+ )+ — [0 S—
+3/O dr (' + )+7‘s/o dr (@ + )+H[ + Oy dA]
+ EJFL (I>+V—/rsdf(<I>’+\I/’) (3.58)
"2 A L ’ '

where similarly, we have neglected the unmeasurable (metric) term in n-v —i.e. as given
in Eq. (3.32). Moreover, given Egs. (3.17) and (3.28), we have used that

1dv  1d 1, dE'  H' dB
m—mu(“:a”)*(dxwE)‘(cuwB)' (3:59)

Equation (3.58) gives the distortion that arises in the observed volume of galaxy red-
shift surveys. Then by assuming that galaxies (hence, pressureless matter) move along
geodesics, we have the Euler equation to be given by

Vi'+ M1V —0,® = 0. (3.60)












Chapter 4

Clustering Effects of Quintessence
on Large Scales

In this chapter we discuss some self-consistent models of DE, known as ‘quintessence’
[1, 25, 26, 69-74], as suitable alternatives to A. Quintessence is given by a canonical
scalar field ¢ (see subsection 1.2.8) evolving along a potential U(y), with a time-varying
equation of state parameter: —1 < w, < 0. Moreover, quintessence is known to exhibit
the so-called ‘tracker behaviour’ [69-72] — i.e. where various evolutions from a broad
set of initial conditions eventually come together into a single evolution. This property
alleviates the problem associated with the choice of initial conditions. Other merits and
challenges of the quintessence models (QCDM, hereafter) are discussed in e.g. [70, 73, 74].
In QCDM, the late cosmic acceleration is driven by ¢, where the different models are
given by various choices of U(yp).

4.1 Quintessence Dynamics

Quintessence can cluster only on horizon scales, i.e. on distance scales of sizes near and
greater than the Hubble radius. An important question then to ask is: what is the
effect of this clustering on the observed matter distribution? To answer this, we need a
relativistic approach (discussed in chapter 3) that goes beyond the standard Newtonian
calculation and deals properly with large scales. In particular, we need to account
for GR effects on super-Hubble scales. The GR effects become substantial on these
scales, and are crucial for: testing of DE and modified gravity models; and measuring
primordial non-Gaussianity — e.g. the Planck data has constrained the amplitude of local
non-Gaussianity to be small, given by [1, 75]

fNL = 2.7+5.8. (4.1)

Hence an accurate measurement of fyr, in large-scale structure will require careful ac-
counting of the relativistic effects in the observed overdensity [4, 5, 10, 11, 16]. The
key problem with quantifying large-scale clustering is cosmic variance, but this can be
overcome if we have multiple tracers of the underlying matter distribution [11, 76].
Note that this chapter is based on the work by [1]. Until the work by [1], rela-
tivistic effects in the observed fractional HI brightness temperature fluctuations have
been computed for flat ACDM models (except for [17, 18]). If DE is dynamical, e.g. a
quintessence, then it can cluster on super-Hubble scales, unlike A which does not cluster
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FIGURE 4.2: The cosmic evolution of the QCDM Hubble rate (left) and matter density
parameter (right): relative to the ACDM — for the RP (B.1), SUGRA (B.2) and DExp
(B.3) potentials, respectively.

where 6 = 6p,/pp, and Sy, is the matter-quintessence relative entropy perturbation.
Thus Eq. (4.14) together with the Poisson and other perturbation equations, determine
the full initial matter and quintessence fluctuations: see Appendix C (section C.1).

For QCDM, Eq. (2.59) is no longer true. However, the normalization we have chosen
means that Eq. (2.59) does hold at z = 0 on small scales, where the quintessence
perturbations are negligible — i.e. we have Dg(k, z) and D,,(k, z) to be

QCDM:  Dg(k,0) = D,,(k,0) for k> Ho. (4.15)

This property is shown in Fig. 4.3 (top panels) — where we show the gravitational po-
tential growth function Dg(k,0), and the linear matter power factor Dy, (k,0)/Dg(k,0).
We see that indeed the given growth functions coincide on small scales at the present
epoch, revealing the consequence of our normalization. They however begin to deviate
on approaching horizon scales and beyond.

In order to incorporate the largest scales, we avoid the gauge-dependent density
contrast d,,, and use the comoving density contrast A,,, for the matter power spectrum:
P,, = Pa,,, given by Eq. (2.25). From (4.15), we see that the power spectrum for
QCDM today will match that of ACDM on small scales. The changes induced by
quintessence will be imprinted in P,, via D,,/Dgo and will show up on the largest
scales. These features are illustrated in Fig. 4.3, which shows the growth functions and
power spectra for the QCDM models. Quintessence clusters on large scales, leading to
a scale-dependent Dg on large scales. On small scales, Dg becomes scale-independent,
since quintessence does not cluster on these scales. The offset between this constant
value and that of ACDM follows from the different expansion history of quintessence
that is necessary to achieve the same 2,,0. This behaviour in Eq. (4.15) eventually
propagates into the linear matter power spectrum F,,(k,0) — bottom panels: Fig. 4.3.

We also show, in Fig. 4.3, the unphysical case of smooth quintessence — i.e. forcing
quintessence perturbations to zero, given by A, = 6, = V,;, = 0 with the evolution equa-
tions (4.12) and (4.13) being ignored. This approximation is often made, but it clearly
breaks down badly on large scales. The smooth quintessence leads to an inconsistency
in the perturbations equations, so that the results are gauge-dependent. In Newtonian
gauge, smooth quintessence predicts a strong boost of matter power on the largest scales.
Whereas in fact, the quintessence perturbations act to slightly suppress the matter power
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FIGURE 4.3: For the QCDM models, from top to bottom: the gravitational po-
tential growth function Dg(k,0) (top left), and the linear matter power factor
Dy, (k,0)/Dg(k,0) (top right); the linear matter power spectrum Py, (k,0) (bottom left),
with zoom-in at large scales (bottom right). The dashed lines give the (unphysical) case
of smooth quintessence — i.e. where quintessence perturbations are forced to zero.

on these scales, when the small-scale power is normalized to the ACDM power at z = 0.
These results are consistent with previous works [77-83].

Owing to our normalization at z = 0, the QCDM power spectrum today matches
that of ACDM on small scales. This is not true for z > 0, as illustrated in Fig. 4.4. In
QCDM, the matter power is enhanced on sub-Hubble scales with increasing z. This is
necessary in order to achieve the same power as ACDM today — given that in QCDM,
Qm(2) is smaller and H(z) = a~'(2)H(2) is bigger, for 0 < z < 10. On super-Hubble
scales, power is suppressed, more strongly at low redshifts, at the level of ~5 — 10%
for the Ratra-Peebles potential. In the next subsection we extend previous results to
consider the observable angular power spectrum Cy(z), including all relativistic effects.

4.4 Relativistic Effects in the Observed Overdensity

Up to this point, we have worked with the matter density contrast A,, and its power
spectrum P,,, i.e. with the perturbations in the total matter (dark and baryonic).
However, we cannot observe the total matter fluctuations, only tracers of them, such
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FIGURE 4.4: Plots of the fractional change in the linear matter power spectrum for in-
homogeneous QCDM (using RP potential (B.1)), relative to ACDM at various redshifts
z: where here we have AP, = PQ¢PM _ pACDM,

as galaxies. Hence the galaxy density contrast that corresponds to A,, is the gauge-
invariant overdensity Ay (2.31). As often used in the literature, the relation

ds(k,2) = b(2)0m(k,2), (4.16)

is gauge-dependent on very large scales, and thus cannot be used to define the physical
bias [3, 4]. Since the bias is physically defined in the matter rest frame, we must use the
comoving density perturbation in the bias definition (2.31).

However, as pointed out in [1], owing to lightcone and redshift effects in the obser-
vational process, A, does not correspond to the observed overdensity on large scales,
because of relativistic effects. The problem is that: (1) Firstly, we need to incorporate
the well-known effects of redshift space distortions and weak lensing. These are typically
the dominant relativistic effects in the observed overdensity. (2) Secondly, there are also
other relativistic effects that arise when we correctly define the physical, observed galaxy
overdensity Agbs [1, 3, 5-7, 9] (see chapter 4).

The observed overdensity (3.74) is unique and physically defined. It does not cor-
respond to any of the standard gauge-invariant definitions of overdensity — but it is
automatically gauge-invariant. We can write it in the form [1]

A(g’bs(n7 z) = Ag(n, z) + Appe(n, 2) + Aing(n, 2). (4.17)

The comoving position of the source is x = r(z)n, as given in section 2.4, where the
comoving radial distance is thus given by

z dz
@ = |, o o















Chapter 5

Dark Energy Homogeneity in
General Relativity

Dark energy is ‘dark’, but its underlying physics is even ‘darker’. Understanding the
nature of DE remains a puzzle in general relativity. A long standing question is that:
is DE actually static vacuum energy A, i.e. like in the standard concordance model
(ACDM); or a dynamic field, e.g. like in the quintessence models (QCDM)? If DE is
described by A then it can not have perturbations (or evolve) at all. Moreover, although
ACDM is the best-fit model to the current data, other alternatives have been considered
in the literature, e.g. a homogeneous dynamical DE. However, if DE is dynamical then it
can have perturbations. How then do we define a valid homogeneous (dynamical) DE?

Thusfar, there does not appear to be an agreed (or adequate) definition of homoge-
neous DE (except for [57]). For example, if the DE physical sound speed is cs; = 1,
then DE cannot cluster on sub-Hubble scales. Thus it is sometimes concluded that DE
is approximately homogeneous (see e.g. [84-102]). The caveat to this assumption is that
it only ensures a ‘scale-dependent’ homogeneity, in the sense that it makes DE homoge-
neous only on sub-Hubble scales, but on super-Hubble scales DE becomes significantly
inhomogeneous. This is because, c¢s,, = 1 implies that the DE density perturbations
propagate with the speed of light; hence DE fails to cluster, and is perturbatively in-
significant. However, on horizon scales the perturbation behaviour is different and the
homogeneity assumption breaks down — i.e. the implicit assumption of no clustering in
DE on super-Hubble scales, given that cs; = 1, is inconsistent.

Moreover, an assumption often used for DE homogeneity is the requirement that all its
perturbations vanish [1, 77, 80, 83, 103-105], i.e. by setting the DE density perturbation
and velocity potential to zero, given by [1, 57] (see also chapter 4)

Ay =6, =V, = 0, (5.1)

where the associated evolution equations are therefore discarded. However, it has been
pointed out that a fluctuating, inhomogeneous component is the only valid way of in-
troducing an additional energy component (i.e. DE): a smooth (non-fluctuating), time-
varying component is unphysical — it violates the equivalence principle [106]. Moreover,
it is known that Eq. (5.1) leads to a violation of the self-consistency of the equations of
general relativity, by causing a contradiction in the equations. For example, it has been
shown that Eq. (5.1) leads to a false boost in the matter power spectrum [1, 80], and in
the ISW effect [83, 106] (of the CMB) — on horizon scales. (Also, recently it has been
shown in [107] that neglecting the DE perturbations can lead to misleading estimation
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Chapter 6

Large Scale Imprint of Interacting
Dark Energy

The dark sector, i.e. DE and (cold) dark matter (DM), does not interact with baryonic
matter. Moreover, in the standard cosmologies, e.g. as described in chapters 4 and 5, DE
and DM interact only indirectly by gravitation — i.e. via the Poisson equation. However,
DE may interact with DM non-gravitationally: via a reciprocal exchange of energy and
momentum — hence, is called interacting DE (IDE).

So far [2]: there is no concrete observational evidence for the existence of a non-
gravitational interaction between DE and DM, nor is there guidance from fundamental
theory as to the possible forms of such an interaction. However, there is also no consistent
explanation for standard (i.e. non-interacting) DE from fundamental theory. And IDE
is not ruled out by current observations. (For a range of work on IDE, see [130-212].)
Various observations have been used to place constraints on IDE models. In nearly
all cases, the IDE models are compatible with current observations, provided that the
interaction is not too strong, i.e. the magnitude of the interaction parameter is small.
A few of the models result in non-adiabatic large-scale instabilities (see, e.g. [170, 172]),
and hence may be ruled out. However, several of these models can be ‘fixed’ by adjusting
the DE equation of state (see, e.g. [149, 174, 194]).

Up to the time of writing this thesis, only [2] (to the best of knowledge) had done
an analysis of the IDE imprints on structure formation that takes into account the GR
effects on the galaxy power spectrum. These GR effects arise from observing galaxies
on the past lightcone, and they become significant on very large scales [1, 3-22]. As
previously mentioned, future galaxy surveys will cover wide sky areas and reach high
redshifts, and thus begin to probe scales beyond the equality scale, and approaching the
Hubble scale (at higher redshifts). In order to analyse observations on these scales, we
need to use the correct theoretical model — i.e. including the GR effects which deviate
from the Newtonian approximation that is only accurate on smaller scales.

Future large-volume galaxy surveys will allow us to: (i) extend tests of DE and
modified gravity models — and general relativity itself — to horizon scales; (ii) measure
the primordial non-Gaussian signal in the galaxy power spectrum at higher precision
levels than the CMB. GR effects have been discussed in the case of (i) by [1, 17, 18] and
in the case of (ii) by [4, 5, 16, 32, 34, 35]. Recently, [213] investigated the degeneracy
between the large-scale imprint of primordial non-Gaussianity and the imprint of some
IDE models, but without considering the GR corrections to the power spectrum.

Here we extend the work on DE models by investigating the GR effects on the galaxy
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Appendix A

Derivation of the Relativistic
Density Perturbation

A.1 The Geodesic Equation

A geodesic z* may be defined as a path between two points on surface for which
fl.f 0(ds) = 0, where ds measures the infinitesimal distance between any two adjacent
positions along the path [68] — given by the metric (1.3) as

ds? = g drtdr”. (A.1)

To determine the geodesic equation, given that the end points (i.e. initial ¢; final f)
are fixed, we give the path a deformation by perturbing every intermediate point so that
the line element ds between the end points yields
dx

M d 5 M d 1%
da” Do gy + g,wﬂdx” + g S (52, (A.2)

2(5(d8) = dx ds ds uv ds

where we used 69, = 02“0ng,,.- Thus by applying the stationary condition fl.f 0(ds) =0
between the terminal points, we have

L b g v ’ o
0 = / ds |:(S£L’adxdw8ag,uu+ <ga1/dx+g,uaﬁ9> d(éx >:| (A3)

2 ds ds ds ds
1 [ [da* dx¥ d da” dat N
SR E o T O | SRS

where we set the dummies ¢ = o = v in Eq. (A.3), and we obtain Eq. (A.4) by
integrated by parts (once) the second term in the square bracket of Eq. (A.3) — and
applying the condition éx“|; = 0 = éx|y. Then since Eq. (A.4) holds for all values
of 0x“(s) at every point between the end points of the path, it implies that the square
bracket of the integrand must vanish. (Note that s becomes a parameter along z“.)
Thus we expand the second term in the square bracket of Eq. (A.4) and collect like
terms. Furthermore, we use that dg., = 0ugardz”, and set the dummy indices p and v

on second derivatives as v = 8 = p. Then by multiplying through by —g?“ we obtain
the required geodesic equations, given by [68]
d?x° dxt dx”
4T, =0 A5
d\? T dX dA ’ (4.5)
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Appendix C. Adiabatic Initial Conditions 99

where wy, o and wy e are given by Eq. (6.3), and ®4(k) is given by Eq. (2.12). Thus
Egs. (C.12)—(C.17) specify the initial conditions for the evolutions in chapter 6.
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