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ABSTRACT

A comprehensive theoretical investigation of the effects of electron beams on high frequency electron-acoustic waves is conducted for plasmas
comprising two warm (adiabatic) electron components, Boltzmann electrons, and immobile ions of which one or both adiabatic electron fluid
components are modeled as drifting (beams). A systematic approach is followed, starting with a single beam model comprising cool electrons,
warm beam electrons, and hot electrons consistent with Berthomier et al. [Phys. Plasmas 7, 2987–2994 (2000)] and then proceeding to mod-
els with asymmetric and symmetric counterstreaming electron beams. The subsonic character of the solitons in the nonlinear regime is attrib-
uted to the effect of the beam(s) that support(s) the directional change of the backward propagating fast (or both slow mode) waves in the
model with a single (counterstreaming) beam(s). This results in the coupling of two wave modes, which decouple for higher beam speeds.
The results of our study are generic to other plasma systems containing heavier inertial plasma components as the findings are very similar to
ion beam effects on low frequency ion-acoustic waves reported by Zank and McKenzie [J. Plasma Phys. 39, 183–191 (1988)] and Lakhina
et al. [Phys. Scr. 95, 105601 (2020)] in models with a single and counterstreaming ion beams, respectively. In fact, similar reasoning applies
in validating the generation of subsonic waves in the above reports as it relates to the directional change(s) of the linear wave(s), which also
explains the generation of subsonic waves in the paper by Berthomier and coworkers in a single beam model.

VC 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution-NonCommercial 4.0
International (CC BY-NC) license (https://creativecommons.org/licenses/by-nc/4.0/). https://doi.org/10.1063/5.0274881

I. INTRODUCTION

The electron-acoustic mode is a fundamental high frequency
electrostatic wave that propagates in a plasma with two-temperature
(cool and hot) electrons. The propagation of this wave, which relies on
inertial effects of the cool electrons and restoring force provided by the
pressure of the hot electrons, is the high frequency analog of the ion-
acoustic wave.

The electron-acoustic mode has been theoretically investigated by
several authors in both the linear and nonlinear wave regimes. The rel-
ative streaming between the cool and hot electrons or between one or
more electron components in models with more than two electron
species excites the electron-acoustic or electron streaming instabilities,
which have been investigated by several authors in plasmas with a
single1–3 or counterstreaming1,4,5 electron beams.

In the nonlinear regime, the electron-acoustic mode propagates
as solitons, which are propagating bell-shaped pulses in potential. The
nonlinear propagation characteristics of the electron-acoustic wave
were investigated in an early study by Mace et al.6 in a model with cool
inertial electrons, hot Boltzmann electrons, and inertial ions. The sup-
ported solitons were found to have negative polarity.

The modeling in the theoretical studies especially as relates to
electron-acoustic waves has beenmotivated by several satellite observa-
tions including FAST in the downward current region of the mid-
altitute auroral region,7 Polar satellite in the high altitude polar
magnetosphere,8 Geotail in the magnetotail,9 Wind10 in the terrestrial
bow shock and CLUSTER in the dayside magnetosheath,11 of electro-
static solitary waves with bipolar shaped electric field waveforms which
are parallel to the magnetic field. The formation of the observed
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structures, which are reliant on electron dynamics, are found to have
positive potential signatures. The positive polarity structures are
interpreted12 as “electron holes” which appear as BGK solutions
involving trapped and untrapped electron populations in a Vlasov–
Poisson system of equations or as electrostatic solitary waves.

In attempting to offer a theoretical explanation for the observed
nonlinear structures, the extension of the theoretical model with iner-
tial cool electrons and inertialess hot electrons to include an electron
beam by Berthomier et al.13 appears to have been a step in the right
direction in interpreting the observations, noting that the nonlinear
structures that are supported in the model of Ref. 6 are contradictory
to the observations as the model predicts only negative polarity struc-
tures can occur. Nevertheless, the generation of positive polarity soli-
tons has been shown to occur in a simpler model by Cattaert et al.14

with the incorporation of inertial effects but not including streaming
for the hot electrons. Similar reasoning applies in explaining the occur-
rence of electron-acoustic (or slow electron solitons), which have posi-
tive polarity reported by Maharaj et al.15 (or Singh et al.16 and Mbuli
et al.17), which is reliant on retaining inertial effects of the hot (or
warm electrons) in plasma models with two15 (or three16,17) electron
components. The existence of slow and fast electron-acoustic solitons
associated with the slow17 and fast18 electron-acoustic modes is sup-
ported in plasmas containing three electron constituents, of which at
least two are inertial fluid components. The distinction between the
cool, warm, and hot electrons in the investigated models is a result of
the disparity between the thermal speeds of the constituent electrons.

A similar phenomenon arises in a theoretical model with two
inertial plasma constituents, which is driven primarily by high speed
beam effects and not by differences in the thermal speeds of the inertial
beam plasma components. This invokes the existence of a class of
“slow” solitons in plasmas with sufficiently high speed beam compo-
nents. This has been investigated more recently by Lakhina et al.19 in
which solitons associated with the ion-acoustic mode, which propagate
for speeds below the critical acoustic speeds of the linear waves, have
been reported to occur in a plasma with symmetric counterstreaming
ion beams. It has been confirmed in a subsequent study by Verheest
and Hellberg20 based on a simpler model to that in Ref. 19, but one
which neglects thermal effects of the counterstreaming beams, that
these solitons are indeed subsonic (propagate for speeds that are
below the acoustic speed). The supported nonlinear structures have
amplitudes that diminish with increasing soliton speed and
vanish at the acoustic speed as observed from a (stationary) laboratory
frame.

To the best of our knowledge, the paper by Zank and McKenzie21

appears to be the very first report on the occurrence of subsonic ion-
acoustic solitons generated by high speed beams, however in a model
with a single ion beam in contrast to the models with counterstream-
ing ion beams in Refs. 19 and 20. In a similar vein, it appears that
Berthomier et al.13 were the first to report on the occurrence of sub-
sonic solitons on the short timescale of electron dynamics synonymous
with the high frequency electron-acoustic wave in a plasma with non-
drifting cool electrons, a warm electron beam, and Boltzmann hot elec-
trons. The main thrust of their investigation is on the role of the warm
electron beam in supporting the existence of electron-acoustic solitons
having positive polarity. More recent investigations include the
study by Singh et al.22 in which subsonic ion-acoustic waves are dis-
cussed in a model with counterstreaming ion beams (symmetric and

asymmetric) and kappa-distributed electrons. The latest report on the
topic of subsonic waves generated by high speed beams is the study by
Maxengana et al.23 of subsonic ion-acoustic waves, which have been
investigated for plasma models with a single and counterstreaming ion
beams.

Our main interest in this paper is on the role of electron beams in
the generation of slow waves which are subsonic in the high frequency
regime. We consider the generation of subsonic waves by high speed
beams to be a novel area of research as the focus in the earlier16–18

studies was on slow and fast waves that arise due to differences in ther-
mal speeds of the constituent electrons, for which beams are not
needed. In fact, the novelty of the research on subsonic waves gener-
ated by high speed beams has also been attested to in the more recent
study by Singh et al.,22 who also point out that the bulk of the theoreti-
cal investigations until now has mainly been on solitary waves that are
supersonic in a very wide variety of plasma models. The generation of
the slow waves in the context of our study, which is reliant on the pres-
ence of high speed beams is consistent with the earlier studies in Refs.
19–22 in which subsonic waves are investigated in models with ion
beams. It is necessary to point out that the focus in the earlier studies
was more on the features but not on the actual generation mechanism
of the subsonic waves, which is our primary undertaking here. This
has been addressed most recently in the study by Maxengana et al. in
Ref. 23, and is attributed to the directional changes of the linear waves
under the influence of the ion beams in the respective models with a
single and counterstreaming ion beams, which are asymmetric and
symmetric.

We redirect our efforts to show here that a similar phenome-
non occurs in the high frequency regime, as it relates to the effects
of electron beams in the generation of high frequency waves, which
are subsonic. In doing so, we follow a systematic approach by
investigating first the model with a single electron beam and pro-
ceed next to the model with asymmetric and then symmetric coun-
terstreaming electron beams in this order. The reason for this
ordering is that the results in the single beam model aid in the
interpretation of the results in the second model with asymmetric
electron beams, which, in turn, provides insights into understand-
ing the effects of symmetric counterstreaming beams in the third
model. The detailed linear analyses in terms of the effect of beam
speed on the plots of xðkÞ, which we include as a prequel to the
nonlinear studies for all three models, is vital for the understanding
of how the subsonic character of the waves in the nonlinear regime
arises, which insights are missing in Refs. 13, 19, 20, 21, and 22.
The results of our study are relevant for a variety of plasma envi-
ronments within the terrestrial magnetosphere, including the day-
side polar cusp24 and auroral25 regions where single electron
beams occur, and separatrix26 regions of magnetic reconnection
sites where counterstreaming electron beams occur.

Following this introduction, we present details of the theory in
Sec. II which is subdivided into Secs. IIA and II B that discuss aspects
of the theory related to linear and nonlinear waves, respectively. The
results in the model with non-drifting cool electrons, hot electrons,
and a single warm electron beam are discussed in Sec. III. The results
in the model with asymmetric counterstreaming electron beams,
which are cool and warm, are presented in Sec. IV. This is followed by
the model with symmetric counterstreaming beams in Sec. V. For each
model in Secs. III–V, the results in the linear and nonlinear regimes
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are discussed in Secs. IIIA, III B, IVA, IVB, VA, and VB, respectively.
To conclude, a summary of our findings is presented in Sec. VI.

II. THEORY

We initially consider a general four-component plasma model
with two (counterstreaming) electron beams, Boltzmann hot electrons
and immobile ions. The set of governing equations for such a general
model can be reduced to special situations corresponding to a single
electron beam, asymmetric and symmetric counterstreaming electron
beams by an appropriate choice of electron densities, temperatures
and beam speeds as will be seen in the next three sections.

The ions are modeled as immobile and provide a neutralizing
background, which is justified on short timescale fluctuation phenom-
ena associated with electron dynamics. The ion density remains fixed
at its equilibrium value satisfyingNi ¼ Ni0 ¼ const.

We assume a Boltzmann distribution for the hot electrons with
number density in normalized form given by

Nh ¼ exp Uð Þ; (1)

where U is the normalized electrostatic potential.
The dynamics of the two counterstreaming electron beam plasma

components are governed by the set of fluid equations16 given by

@Nj

@t
þ @

@x
ðNjVjÞ ¼ 0; (2)

@Vj

@t
þ Vj

@Vj

@x
¼ @U

@x
� 1
Nj

@Pj
@x

; (3)

@Pj
@t

þ Vj
@Pj
@x

þ 3Pj
@Vj

@x
¼ 0: (4)

The system of equations is closed by Poisson’s equation

@2U
@x2

¼
X
j

Nj þ Nh � Ni: (5)

Here Nj;Vj; Pj, respectively, are the number density, velocity and pres-
sure of the different electron beam species j and U is the electrostatic
potential. We have used the adiabatic equation of state (4) with poly-
tropic index c ¼ 3 for the cool and warm beam electrons. The densi-
ties are normalized by the total electron density n0 ¼ ni0
¼ nbw0 þ nbc0 þ nh0, velocities by the thermal speed of the hot elec-
trons vthe ¼ ðkBTh=meÞ1=2, lengths by kdh ¼ ð�0kBTh=n0e2Þ1=2, time
by the inverse electron plasma frequency x�1

pe ¼ ðn0e2=�0meÞ�1=2,
temperature by hot electron temperature Th, potential by kBTh=e and
pressure by n0Th.

A. Linear analysis

The dimensional forms of the set of Eqs. (2)–(5), including
Eq. (1), are linearized, which yields the linear wave dispersion relation

X
j

x2
pj

ðx�kvj0Þ2�3k2v2tj
� 1

k2k2dhe
�1¼0; (6)

where the plasma frequency xpj ¼ ðnj0e2=�0meÞ1=2, thermal speed vtj
¼ ðkBTj=meÞ1=2 and Debye shielding length kdhe ¼
ð�0kBTh=nh0e2Þ1=2. Here, the vj0 denote the dimensional speeds of the
electron beam components at equilibrium.

Normalizing frequencies with respect to the inverse total electron

plasma frequency x�1
pe ¼ ðn0e2=�0meÞ�1=2, thermal speeds by the

hot electron thermal speed vthe ¼ ðkBTh=meÞ1=2 and lengths by kde
¼ ð�0kBTh=n0e2Þ1=2, we obtain the dimensionless form of the disper-
sion relation (6) given by

X
j

Nj0

ðX� KVj0Þ2 � 3K2rj
� Nh0

K2
� 1 ¼ 0; (7)

which, after multiplying by K2, can be written in the form

X
j

Nj0

ðM � Vj0Þ2 � 3rj
� Nh0 � K2 ¼ 0; (8)

where the dimensionless wave phase speed M ¼ X=K is a ratio of
the dimensionless frequency X and wavenumber K. Here Vj0

(� vj0=vthe), Nj0 (� nj0=n0) and rj (� Tj=Th) are now dimension-
less quantities denoting the speed, density, and temperature of the
electron beams.

The dispersion relation (7) can be rewritten as

Nb10

ðX� KVb10Þ2 � 3K2rb1
þ Nb20

ðX� KVb20Þ2 � 3K2rb2

� Nh0

K2
� 1 ¼ 0: (9)

B. Nonlinear study

In order to study the properties of the nonlinear structures
of arbitrary amplitudes, we transform the set of Eqs. (2)–(5) to
the stationary frame f ¼ x �Mt where M ¼ V=vthe is the
normalized solitary wave speed with respect to the hot electron
thermal speed.

We obtain expressions for the densities by integrating Eqs. (2)–
(4). making use of the following boundary conditions for localized
solutions

Nh ! Nh0; Nj ! Nj0; Vj ! Vj0; Pj ! Nj0rj;

U ! 0 and
dU
df

! 0 as jfj ! 61:
(10)

We follow popular practice in rewriting the obtained expressions for
the densities in the form proposed by Ghosh et al.27 for ease of integra-
tion of Poisson’s equation in obtaining the expression for the Sagdeev
pseudopotential. This density expression is signed [for an example, cf.
Eq. (11) in Ref. 28] such that the solution, which coincides with the
plus and minus sign, corresponds to subsonic and supersonic species,
respectively. When substituted into Poisson’s equation, this yields a
signed expression for the Sagdeev pseudopotential [for an example, cf.
Eq. (15) in Ref. 28] after integration.

In order to eliminate the inconvenience of using a signed version
of the Sagdeev pseudopotential for which different expressions apply
for solutions for solitons associated with the fast and slow mode waves,
we follow the ideas in Olivier et al.29 in using a “factored” form for the
density expressions for the beam electrons in our model which is given
by
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Nj ¼
Nj0 ðM � Vj0Þ þ

ffiffiffiffiffiffiffi
3rj

ph i
2

ffiffiffiffiffiffiffi
3rj

p 1þ 2U

ðM � Vj0Þ þ
ffiffiffiffiffiffiffi
3rj

ph i2
0
@

1
A

1=2

�
Nj0 ðM � Vj0Þ �

ffiffiffiffiffiffiffi
3rj

ph i
2

ffiffiffiffiffiffiffi
3rj

p 1þ 2U

ðM � Vj0Þ �
ffiffiffiffiffiffiffi
3rj

ph i2
0
@

1
A

1=2

:

(11)

The solution corresponding to the upper sign (“þ”) in front of
the second term was discarded from Eq. (11) as the solution corre-
sponding to the lower sign (“�”) applies to both supersonic and

subsonic species [satisfying Nj ! Nj0 in accordance with Eq. (10)] as
pointed out in Ref. 29 which refers the reader to the Appendix in
Ref. 30.

The expressions (1) for the Boltzmann hot electrons and Eq. (11)
for the electron beam fluid components are then substituted in
Poisson’s equation (5).

Integrating Poisson’s equation, we obtain the energy integral

1
2

dU
df

� �2

þ VðU;MÞ ¼ 0; (12)

where the Sagdeev pseudopotential is given by

VðU;MÞ ¼ Nh0ð1� eUÞ þ Ni0U

þ
X
j

Nj0ððM � Vj0Þ þ
ffiffiffiffiffiffiffi
3rj

p Þ3
6

ffiffiffiffiffiffiffi
3rj

p 1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2U

ððM � Vj0Þ þ
ffiffiffiffiffiffiffiffiffiffiffi
3rj Þ2

q
vuut

0
B@

1
CA

3
8>><
>>:

9>>=
>>;

�
X
j

Nj0ððM � Vj0Þ �
ffiffiffiffiffiffiffi
3rj

p Þ3
6

ffiffiffiffiffiffiffi
3rj

p 1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2U

ððM � Vj0Þ �
ffiffiffiffiffiffiffiffiffiffiffi
3rj Þ2

q
vuut

0
B@

1
CA

3
8>><
>>:

9>>=
>>;
: (13)

This unsigned expression for the Sagdeev pseudopotential (13) will yield solutions for solitons for both the slow and fast electron-acoustic modes
in the present form precisely as written.

The expression (13) can be rewritten in the form

VðU;MÞ ¼ Nh0ð1� eUÞ þ Ni0U

þ Nb10ððM � Vb10Þ þ
ffiffiffiffiffiffiffiffiffi
3rb1

p Þ3
6

ffiffiffiffiffiffiffiffiffi
3rb1

p 1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2U

ððM � Vb10Þ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
3rb1 Þ2

q
vuut

0
B@

1
CA

3
8>><
>>:

9>>=
>>;

� Nb10ððM � Vb10Þ �
ffiffiffiffiffiffiffiffiffi
3rb1

p Þ3
6

ffiffiffiffiffiffiffiffiffi
3rb1

p 1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2U

ððM � Vb10Þ �
ffiffiffiffiffiffiffiffiffiffiffiffiffi
3rb1 Þ2

q
vuut

0
B@

1
CA

3
8>><
>>:

9>>=
>>;

þ Nb20ððM � Vb20Þ þ
ffiffiffiffiffiffiffiffiffi
3rb2

p Þ3
6

ffiffiffiffiffiffiffiffiffi
3rb2

p 1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2U

ððM � Vb20Þ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
3rb2 Þ2

q
vuut

0
B@

1
CA

3
8>><
>>:

9>>=
>>;

� Nb20ððM � Vb20Þ �
ffiffiffiffiffiffiffiffiffi
3rb2

p Þ3
6

ffiffiffiffiffiffiffiffiffi
3rb2

p 1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2U

ððM � Vb20Þ �
ffiffiffiffiffiffiffiffiffiffiffiffiffi
3rb2 Þ2

q
vuut

0
B@

1
CA

3
8>><
>>:

9>>=
>>;

: (14)

1. Existence criteria for solitons

In proceeding to investigate beam effects on solitons in the non-
linear regime, we include here the expressions for the second and third
derivatives of the Sagdeev pseudopotential (13).

The requirement for the existence of soliton solutions is that
the second derivative of the expression for the Sagdeev pseudopo-
tential, i.e., FðMÞ ¼ V 00ðU;MÞ which evaluated at U ¼ 0, must
satisfy
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FðMÞ ¼
X
j

Nj0

ðM � Vj0Þ2 � 3rj
� Nh0 � 0: (15)

This condition establishes lower limits forM (Mmin) for the exis-
tence of solitons, which must satisfy FðMÞ ¼ 0, i.e.,

FðMÞ ¼
X
j

Nj0

ðMmin � Vj0Þ2 � 3rj
� Nh0 ¼ 0; (16)

which becomes

FðMÞ ¼ Nb10

ðM � Vb10Þ2 � 3rb1
þ Nb20

ðM � Vb20Þ2 � 3rb2
� Nh0 ¼ 0:

(17)

We refer to the Mmin values satisfying FðMÞ ¼ 0 as the critical
acoustic speeds which have to be exceeded for the existence of solitons.

On the other hand, the upper limit on M for soliton existence as
it applies to the negative polarity structures coincides with the value of
Mmax, which, if exceeded, the density of one of the inertial electron
beam components given by Eq. (11) becomes complex valued. This
establishes the existence of an upper limit on the amplitude Umax of
the supported negative potential solitons, which must satisfy

U � Umax;j ¼ � ðM � Vj0Þ �
ffiffiffiffiffiffiffi
3rj

ph i2.
2:

The density will break down at the lower of the two upper poten-
tials such that the soliton amplitudes cannot exceed min Umax;bc;f
Umax;bwg using the example of the model with cool beam (j ¼ bc) and
warm beam electrons (j ¼ bw) which is discussed in Sec. IV to elabo-
rate on this point. This limits the admissibleM range of the supported
solitons toMmin < M < Mmax whereMmax ¼minfMmax;bc;Mmax;bwg.
Similar arguments apply to the two upper potentials in the models
with a single warm electron beam and non-drifting cool electrons
(j ¼ bw; c) (Sec. III) and symmetric counterstreaming electron beams
(j ¼ b1; b2) (Sec. V). The two upper potentials will have the same mag-
nitude in the symmetric beammodel.

Since in our model the ions are stationary, there is no density
expression associated with dynamic ions to limit the existence of posi-
tive polarity solitons, which have been shown to be limited by the
occurrence of a double layer in Ref. 14.

We have additionally included here the expression for the third
derivative of the Sagdeev pseudopotential V 000ðU;MÞ evaluated at
U ¼ 0, yielding

GðMÞ ¼
X
j

� 3Nj0ðrj þ ðM � Vj0Þ2Þ
ð�3rj þ ðM � Vj0Þ2Þ3

� Nh0; (18)

which can be used to determine the polarity of the solitons which have
a sech 2 profile in the limit of small wave amplitude as guided by the
expression (28) in the study by Berthomier et al.13

III. MODEL WITH A SINGLE ELECTRON BEAM
A. Linear results

We start with the model consisting of a beam of warm electrons
(j ¼ bw), non-drifting cool (j ¼ c) and hot electrons. The dispersion
relation in this model given by

Nc0

X2 � 3K2rc
þ Nbw0

ðX� KVbw0Þ2 � 3K2rbw

� Nh0

K2
� 1 ¼ 0; (19)

was obtained from the dispersion relation for a plasma with counter-
streaming beams [Eq. (9)], by replacing the subscripts “b1” and “b2”
with “bw” and “c,” respectively, and setting Vbc0 ¼ 0. The fixed param-
eters are Nc0 ¼ 0:4, Nbw0 ¼ 0:2, rc ¼ 0.001, and rbw ¼ 0:2 for the
densities and temperatures of the cool and warm beam electrons,
respectively, and Nh0 ¼ 0:4 is the density of the hot electrons. The
numerical solutions of Eq. (19) for the dimensionless complex fre-
quency x=xpe (� X) having real and imaginary parts xr=xpe (� Xr)
and c=xpe (� Xi) as a function of the dimensionless wavenumber kkde
(� K) for the various supported waves are depicted in Fig. 1 for differ-
ent values of the speed of the warm electron beam.

The dispersion curves when beam effects of the warm electrons
are not included (Vbw0 ¼ 0) are shown in panel (a) in Fig. 1. There are
two fast electron-acoustic modes, one with xr=xpe > 0 and the other
with xr=xpe < 0 denoted by the red and orange curves, respectively.
There are also two slow electron-acoustic modes of which one has
xr=xpe > 0 and the other xr=xpe < 0 denoted by the blue and green
curves, respectively. We refer to the two directions in which the slow
and fast waves with positive (ðxr=xpeÞ=kkde > 0) and negative phase
velocities (ðxr=xpeÞ=kkde < 0) propagate as the forward (to the right)
and backward directions (to the left), respectively.

The dispersion curves for a higher Vbw0 ¼ 0:8 in panel (b) dem-
onstrates an interesting effect in that the fast mode (orange) that was
propagating in the backward direction for Vbw0 ¼ 0 [panel (a)]
changes direction and propagates in the forward direction for Vbw0

¼ 0:8 [panel (b)].
For an even higher Vbw0 ¼ 1:0 (panel (c)) the fast mode (orange)

that has changed direction, couples with the slow mode that is propa-
gating in the forward direction (blue). The result of this coupling is
that the dispersion curve corresponding to xr=xpe is double-branched
in frequency over regions of small kkde (< 1:569) and large kkde
(> 3:895). The plasma also becomes unstable to the beam instability
as the frequencies x=xpe of the two modes, which have coupled
become complex valued, one with a positive valued imaginary part
(c=xpe > 0) (magneta) and the other with a negative valued imaginary
part (c=xpe < 0) (brown) signifying damping. This growth/damping
occurs over an intermediate region in kkde (1:569 � kkde � 3:895)
where the dispersion curve corresponding to xr=xpe is single-
branched over kkde (cyan colored portion of curve).

We observe here that the fast mode which was propagating in the
backward direction (orange) and changed propagation direction to the
forward direction and coupled with the forward propagating slow
mode (blue), has not yet completely overtaken the forward propagat-
ing slow mode as the orange portion of the curve is still below the blue
curve in the region of small kkde (< 1:569). However, the behavior is
different for large kkde (> 3:895) where we observe that the orange
portion of the curve is above the blue curve. The cyan colored portion
of the dispersion curve for intermediate kkde (1:569 � kkde � 3:895)
where growth/damping occurs is common to both modes.

It becomes evident that the two coupled modes start to decouple
for a higherVbw0 ¼ 1:2 [panel (d)]. This is evident from the dispersion
curve for xr=xpe which is no longer double-branched in the region of
small kkde and the regime for instability/damping shifts now to the
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region of small kkde. The region in kkde where instability/damping
occurs diminishes for a higher Vbw0 ¼ 2 [panel (e)] which signifies
further decoupling of the two modes.

We observe that the two modes are uncoupled for the higher
Vbw0 ¼ 3 [panel (f)] and Vbw0 ¼ 4 [panel (g)]. This is evident from
the dispersion curves for xr=xpe for the two modes (orange and blue)
which have separated and are now distinct.

The effect of symmetry breaking associated with increasing speed
of the warm beam is clearly evident in Fig. 1 starting from a symmetric
picture corresponding to the slow and fast modes having almost iden-
tical phase speeds in the forward and backward directions when there
is no beam [panel (a)] to highly asymmetric in the presence of a fast
beam as seen in panels (f) and (g) in which there are three modes
propagating in the forward direction and only one in the backward

FIG. 1. Dispersion curves for the real fre-
quency xr=xpe (red, blue, orange, green,
cyan) and growth (magneta) and damping
rate (brown) c=xpe for (a) Vbw0 ¼ 0, (b)
Vbw0 ¼ 0:8, (c) Vbw0 ¼ 1:0, (d) Vbw0
¼ 1:2, (e) Vbw0 ¼ 2, (f) Vbw0 ¼ 3, and
(g) Vbw0 ¼ 4. The insets provide magni-
fied views of the regions of instability and
damping. The fixed parameters are rc
¼ 0:001, rbw ¼ 0:2, Nh0 ¼ 0:4, Nc0
¼ 0:4, and Nbw0 ¼ 0:2.
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direction. This occurs as a result of the directional change of the fast
mode from propagation in the backward direction when there is no
beam [panel (a)] to the forward direction for higher speeds [panels
(b)–(g)].

We proceed now directly to the nonlinear study in which our
main interest is on the characteristics of the solitons which occur for
high beam speeds.

B. Nonlinear study

We focus our attention in this section on the effect of the warm
electron beam on the characteristics of the supported solitons. We treat
the electron beam as warm consistent with Berthomier et al.13 We
remind the reader that current neutrality in equilibrium, which
requires Nbw0Vbw0 þ Nbc0Vbc0 ¼ 0, is not satisfied in our single beam
model which is similar to the model of Berthomier et al.13 as there is
no cold electron beam (Vbc0 ¼ 0) to oppose the current flow associated
with the warm electron beam for which the beam speeds are positive-
valued (Vbw0 > 0) as the beam is aligned with the forward direction. A
very similar situation arises in the study of ion-acoustic solitons in a
model with a single ion beam by Zank and McKenzie.21 While large
deviations from current neutrality will invalidate the electrostatic
approximation, through the generation of currents in Amp�ere’s law,
the magnitudes of the deviations from current neutrality in our study
are below unity even for the higher beam speeds, and we consider this
effect to be small. In fact, the model with cool, hot, and beam electrons
is a very popular one in the literature, as there are several31–33 studies
using particle-in-cell simulations in which single electron beams are
found to excite high frequency electrostatic waves. This highlights the
relevance of single electron beams as a source of electrostatic wave
emissions in the polar cusp24 region in the magnetosphere and also in
the lunar34 environment. Furthermore, there are several reports on
studies in the context of laboratory experiments35–37 in which ion
beam effects on ion-acoustic solitons have been investigated in plas-
mas, which typically have two ion components, viz., one that is station-
ary and the other is a beam. The ion beams are not only drivers for the
excitation of electrostatic waves in the linear regime but are also
responsible for the amplification of solitons in the nonlinear regime. A
careful study of the parameters used in Refs. 35–37, reveals that the ion
beam densities are quite high and can span up to 80% of the plasma
density and the ion beam speed (which is normalized by the ion sound
speed) is typically between 1 and 2 but even higher ratios of up to 5
have been used. The normalized beam density Nbw ¼ 0:2 and beam
speed Vbw ¼ 4 (selecting the largest value in panel (g) in Fig. 1) of the
warm (beam) electrons are within the limits of the parameters for the
ion beams in the experimental studies, and we consider these accept-
able values in our investigation of electrostatic waves.

Returning now to the nonlinear investigation in our own study,
the standard plasma parameters are fixed at the same values as in
Sec. III A. The linear analysis, which provides insight into solutions of
the dispersion relation (8), is a crucial preliminary study in investigat-
ing solitons in the nonlinear regime. The dispersion curves (xðkÞ) pre-
sented in Fig. 1 in this model are based on the dispersion relation (19),
which is specific to this model. This was obtained from the general
form of the dispersion relation (8) by linearizing the set of Eqs. (2)–(5)
in Sec. II A. The FðMÞ plots are generated using the function defined
on the left hand side of Eq. (16). The equivalence of Eqs. (8) and (16)
is not surprising as the phase speeds of the linear waves (in the limit of

K ! 0) satisfying FðMÞ ¼ 0 coincide with the minimum speeds
required for the existence of solitons in the nonlinear regime which are
labeled A-Q in the plots of FðMÞ in Fig. 2. The explicit forms of the
expressions for the Sagdeev pseudopotential VðU;MÞ and the second

FIG. 2. The dispersion function FðMÞ for Vbw0 ¼ 0 [panel (a)], 1 [panel (b)], 3
[panel (c)], and 4 [panel (d)]. The fixed parameters are Vbc0 ¼ 0:0, rc ¼ 0:001,
rbw ¼ 0:2, Nh0 ¼ 0:4, Nc0 ¼ 0:4, and Nbw0 ¼ 0:2.
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derivative FðMÞ in this model are obtained by replacing “b1” and “b2” in
the expressions (14) and (17) with “bw” and “c,” respectively and setting
Vbc0 ¼ 0, which is consistent with the dispersion relation in Eq. (19).

We consider first the case in the absence of the beam (Vbw0 ¼ 0).
The plot of the dispersion function FðMÞ in the panel (a) in Fig. 2 is
consistent with the dispersion curves in panel (a) in Fig. 1 in which the
propagation characteristics of the backward and forward propagating
slow and fast waves are found to be approximately symmetrical. There
are two backward propagating (M < 0) waves, viz., one fast and one
slow wave associated with the negative valued critical acoustic speeds
labeled A and B, respectively, and there are two forward propagating
(M > 0) slow and fast waves corresponding to the positive valued crit-
ical acoustic speeds labeled C and D, respectively, in panel (a) in Fig. 2.

We shift our attention now to the plots of the Sagdeev pseudopo-
tentials in Fig. 3. The fast electron-acoustic solitons in panel (a) in
Fig. 3 propagate for speeds that exceed the value of the higher valued
critical acoustic speedM ¼ 1:3268 at D in Fig. 2. The amplitude of the
supported solitons increases with increasing M above M ¼ 1:3268
(solid, black) up to a maximum value of M ¼ 1:5353 (dash-dot, blue)
beyond which solitons do not occur.

The slow electron-acoustic solitons in panel (b) in Fig. 3, which
propagate for lower speeds than the fast solitons, are coincidentally

found to have positive polarity, which is in agreement with Eq. (18)
when there is no beam. This affirms that solitons can switch polarity
from negative to positive potential, as has been the main interest of
Berthomier et al.,13 but as it relates to the role of the beam in support-
ing this. This confirms our claim in the introduction that the inclusion
of streaming over and above the retention of inertial effects for the
warm electrons is not always necessary for the existence of positive
polarity solitons. However, we do not discount the fact that streaming
may be necessary for the existence of positive polarity solitons in other
parameter regimes such as those discussed by Berthomier et al.13 The
slow solitons propagate for M, which is above M ¼ 0:5854 (solid,
black) up to a limiting value of M ¼ 0:59001 (dash-dot, blue) for
which a double layer occurs.

The upper M values where the propagation of the fast and slow
solitons terminate are the usual expected limits for the nonlinear struc-
tures arising from the breakdown in the density Eq. (11) of the cool or
warm electrons when there are no beams (Vj0 ¼ 0, j ¼ bc; bh) and the
occurrence of a double layer for the slow solitons.

Next we consider a higher beam speed Vbw0 ¼ 1:0 for which
FðMÞ is positive-valued in an intermediate range in M which is
between the critical acoustic speeds labeled F and G in panel (b) in our
Fig. 2 similar to the dispersion function HðVÞ in panel (b) in Fig. 1 in
Ref. 13. We note the change in sign of the (first) derivative of the func-
tion from positive to negative in this portion of FðMÞ which is of inter-
est to us. On the basis of our results in the linear analysis, we can easily
reconcile the behavior of the dispersion function FðMÞ with the dis-
persion curves in panel (c) in our Fig. 1, in which we found that the
backward propagating fast wave changes direction (orange) and cou-
ples with the forward propagating slow wave (blue). This accounts for
the double branched nature of the dispersion curves in the regions of
small (< 1:569) and large kkde (> 3:895). We remind the reader that
in the region of small kkde, the fast mode, which changed direction,
has not completely overtaken the forward propagating slow mode
(orange branch of the dispersion curve for xr=xpe is below the blue
branch). However, in the region of large kkde (orange branch of the
dispersion curve for xr=xpe is above the blue branch), the fast mode
has overtaken the forward propagating slow mode.

We shift attention now to investigate the solitons associated with
the linear mode having phase speed labeled F in panel (b) in Fig. 2 which
changed direction but has not overtaken the forward propagating slow
mode having phase speed labeled G. The solitons are found to have pos-
itive polarity in panel (a) in Fig. 4. The nonlinear structures are subsonic
and propagate for M values which are below the critical acoustic speed
M ¼ 0:2452 at F having amplitudes which increase with decreasing M
which should vanish at F. However, it is found that the existence of the
nonlinear structures is limited by VðU;MÞ not being defined for nega-
tive values ofU forM values which are smaller thanM ¼ 0:226. This is
a direct violation of the requirement that the pseudopotential must have
a local maximum at the origin (U ¼ 0) governed by
d2Vð0;MÞ=dU2 < 0, which is necessary for the existence of solitons.
We attribute this unusual characteristic of the nonlinear structures to
linear instability in the range 1:5689 � kkde � 3:895, which is adjacent
to the region of small kkde (< 1:569) in panel (c) in Fig. 1. This results
in an imbalance between nonlinearity and dispersion, which accounts
for the unusual characteristics of the nonlinear structures.

The subsonic character of the wave in the nonlinear regime, as
applies to the solitons associated with the phase speed of the linear

FIG. 3. Sagdeev pseudopotentials for M ¼ 1:3268 (solid, black), 1.37 (long dash,
red), 1.42 (medium dash, orange), 1.45 (short dash, green), 1.5 (tiny dash, cyan),
and 1.5353 (dash-dot, blue) in panel (a). In panel (b) M ¼ 0:5854 (solid, black),
0.5870 (long dash, red), 0.5882 (medium dash, orange), 0.589 (short dash, green),
0.5895 (tiny dash, cyan), and 0.59001 (dash-dot, blue). The fixed parameters are
Vbw0 ¼ 0, Vbc0 ¼ 0, rc ¼ 0:001, rbw ¼ 0:2, Nh0 ¼ 0:4, Nc0 ¼ 0:4, and
Nbw0 ¼ 0:2.
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wave labeled F, is attributed to the change in propagation direction of
the linear wave. The solitons associated with the fast mode wave in
panel (a) in Fig. 1, which propagates in the backward direction
(xr=xpe < 0 and the wave phase speed ðxr=xpeÞ=kkde is negative val-
ued) are supersonic when there is no beam, i.e., propagate for speeds
that exceed the critical acoustic speed corresponding to the phase
speed of the linear wave, i.e., for values of M, which are below the
(orange) dispersion curve for xr=xpe. However, when the wave
changes propagation direction to the forward direction (now having
xr=xpe > 0 and the wave phase speed ðxr=xpeÞ=kkde is positive val-
ued) as in panels (f) and (g) in Fig. 1, theM values required for soliton
existence which are below the (orange) dispersion curve for xr=xpe

are now lower than the critical acoustic speed corresponding to the
phase speed of the linear wave, which renders the nonlinear structures
subsonic. This is in agreement with our findings that the solitons asso-
ciated with the wave, which changed direction, and have higher phase
speeds labeled K and P for higher Vbw0 in panels (c) and (d) in Fig. 2,
in comparison with F in panel (b), are also subsonic, as will be dis-
cussed. It is imperative to point out that the nonlinear structures are
still supersonic in the frame of the warm beam electrons guided by the
arguments presented by Verheest et al.20 on the effects of counter-
streaming ion beams on ion-acoustic solitons.

The subsonic nature of nonlinear structures has already been
alluded to in Refs. 19–21 as applies to ion-acoustic waves for a disper-
sion function which is negative-valued for the range of M-values
between the critical acoustic speeds in which the derivative of the func-
tion changes sign from negative to positive similar to the behavior of
FðMÞ which occurs for higher beam speeds as seen in panel (c) in
Fig. 2. An interesting finding in this study is that the occurrence of a
dispersion function which is positive-valued for the range of M-values
between the pair of critical acoustic speeds in which the derivative of
the function changes sign from positive to negative [panel (b) in Fig. 2]
can be reconciled with dispersion curves which are double-branched
in the regions of both small and large kkde as observed in panel (c) in
Fig. 1. This situation appears to arise only in plasma models which are
asymmetric as in the single beam model investigated by Berthomier
et al.13 (Sec. III in this paper) and the model with asymmetric counter-
streaming electron beams (Sec. IV in this paper) but not in plasma
models with symmetric electron beams (Sec. V in this paper and in the
study with symmetric counterstreaming ion beam components in
Ref. 19). Our initial interest in the study was to investigate the genera-
tion of subsonic solitons associated with a dispersion function which is
negative-valued for the range of M-values between the pair of critical
acoustic speeds [labeled J and K in panel (c) in Fig. 2 or O and P in
panel (d)] in which the derivative of the function changes sign from
negative to positive, for which the modes which were coupled for lower
beam speeds have uncoupled and the dispersion curves which were
double-branched have separated and are distinct for higher beam
speeds [cf. dispersion curves in panels (f) and (g) in Fig. 1]. However
our detailed investigation of the effects of the beams on the dispersion
curves, which is included here, provides broad insights relating to the
characteristics of the linear waves which was not investigated in the
paper by Berthomier et al.13 such as how the dispersion curves differ
when the dispersion function is positive-valued as opposed to
negative-valued for the range ofM-values between the critical acoustic
speeds in which the derivative of the function changes sign.

Returning to our results, we refer the reader now to plots of
Sagdeev potentials in panel (b) in Fig. 4 corresponding to the solitons
associated with the linear mode with phase speed labeled G in panel
(b) in Fig. 2. These solitons which are supersonic, propagate for speeds
which are aboveM ¼ 0:7159 (solid black) in panel (b) in Fig. 4 up to a
well defined upper limit for solitons M ¼ 0:8435 (dash-dot, blue)
associated with breakdown in the density of the warm beam electrons
(11) or the cool non-drifting (Vbc0 ¼ 0) electrons.

We note the evolution in the dispersion function FðMÞ from
positive-valued for the range of M-values between the critical acoustic
speeds (labeled F and G) in which the derivative of the function
changes sign from positive to negative for Vbw0 ¼ 1 [panel (b) in
Fig. 2] to negative-valued for the range ofM-values between the critical
acoustic speeds (labeled J and K) in which the derivative of the func-
tion changes sign from negative to positive for a higher Vbw0 ¼ 3
[panel (c) in Fig. 2]. The linear mode which has changed direction has
overtaken the slow mode which is labeled J in panel (c) in Fig. 2 and
has the higher phase speed labeled K for a higher Vbw0 ¼ 3 in panel
(c) in Fig. 2. The two modes have uncoupled noting that the dispersion
curves denoted in blue and orange have separated and are now distinct
in panel (f) in Fig. 1. The nonlinear structures in this high beam speed
regime for which FðMÞ is negative-valued for the range of M-values
between the pair of critical acoustic speeds in which the derivative of

FIG. 4. Sagdeev pseudopotentials for M ¼ 0.2452 (solid, black), 0.24 (long dash,
red), 0.237 (medium dash, orange), 0.235 (short dash, green), 0.23 (tiny dash,
cyan), and 0.226 (dash-dot, blue) in panel (a). In panel (b) M ¼ 0.7159 (solid,
black), 0.75 (long dash, red), 0.8 (medium dash, orange), 0.82 (short dash, green),
0.83 (tiny dash, cyan), and 0.8435 (dash-dot, blue). The fixed parameters are
Vbw0 ¼ 1, Vbc0 ¼ 0, rc ¼ 0:001, rbw ¼ 0:2, Nh0 ¼ 0:4, Nc0 ¼ 0:4, and
Nbw0 ¼ 0:2.
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the function changes sign from negative to positive, corresponds to a sit-
uation in which the linear modes are stable. This follows the intermedi-
ate beam speed regime in which the two linear modes which are
coupled are unstable (and damped). Our results based on a study in a
different plasma context with inertial electron components of which one
is a drifing electron beam component, are in complete agreement with
the results of Zank and McKenzie21 for low frequency phenomena, in
which paper it is explicitly stated that the condition for the existence of
three forward propagating ion-acoustic solitons associated with three
forward propagating waves is the absence of linear instabilities.

The solitons associated with J are supersonic and propagate for
M increasing above M ¼ 1.0959 (solid, black) at J, to M ¼ 1.2 (long
dash, red), M ¼ 1.3 (medium dash, orange) and M ¼ 1.5 (short dash,
green) as observed in Fig. 5. These have amplitudes which increase
with increasingM. This is immediately followed by the propagation of
the second group of solitons associated with the higher valued critical
acoustic speed K which are subsonic and therefore propagate for M
values below K because of the directional change of the linear wave.
These have amplitudes that diminish for increasingM, as observed for
M ¼ 1.7 (tiny dash, cyan), which has lower amplitude than the soliton
that occurs for M ¼ 1:5 (short dash, green), which terminates at
M ¼ 1.8580 (dash-dot, blue) at K in Fig. 5. This confirms that soliton
propagation is continuous in the range in M between the critical
acoustic speeds at J and K.

We finally consider the effect of Vbw0 ¼ 4 in Fig. 6, which is
higher than Vbw0 ¼ 3 in Fig. 5. We note there is not much change in
the dispersion curves when Vbw0 increases from Vbw0 ¼ 3 in panel (f)
to Vbw0 ¼ 4 in panel (g) in Fig. 1, except that the phase speeds are
higher for Vbw0 ¼ 4. The phase speeds of the linear modes labeled O
and P in panel (d) in Fig. 2 correspond, respectively, to the forward
propagating slow mode and the fast mode that changed direction.
Consequently, the solitons associated with O and P are supersonic and
subsonic, respectively. The solitons associated with O, therefore, prop-
agate for M that exceed the value M ¼ 1:0334 (solid, black) at O and
terminates at M ¼ 1:7590 (dash-dot, blue) in panel (a) in Fig. 6. The
propagation of the second group of solitons associated with P, which
are subsonic, and therefore, propagate for M values that are below P
starts just aboveM ¼ 2:797 (dash-dot, blue) having amplitudes, which
diminish for increasing M, and terminates at M ¼ 2:9200 (solid,
black) at P, as observed in panel (b) in Fig. 6. This results in the

occurrence of a stopband range of M values for which no solitons
propagate, which starts at M ¼ 1:7590 and terminates at M ¼ 2:797
and lies between the two critical acoustic speeds O and P. This differs
in contrast to the effect of a lower beam speedVbw0 ¼ 3 for which soli-
ton propagation is continuous in M between the two critical acoustic
speeds at J and K in panel (c) in Fig. 2.

IV. MODELWITH COUNTER-STREAMING ELECTRON
BEAMS (ASYMMETRIC)
A. Linear analysis

We now shift to a plasma model with counterstreaming electron
beams, which are asymmetric as the beams have different temperatures
and densities. The warm (j ¼ bw) and cool (j ¼ bc) beams are aligned
with the forward and backward directions, respectively. The dispersion
relation specific to this model given by

Nbc0

ðX� KVbc0Þ2 � 3K2rbc
þ Nbw0

ðX� KVbw0Þ2 � 3K2rbw

� Nh0

K2
� 1 ¼ 0; (20)

FIG. 6. Sagdeev pseudopotentials for M ¼ 1.0334 (solid, black), 1.2 (long dash,
red), 1.35 (medium dash, orange), 1.5 (short dash, green), 1.6 (tiny dash, cyan),
and 1.7590 (dash-dot, blue) are shown in panel (a). In panel (b) Sagdeev pseudo-
potentials are shown for M ¼ 2.9200 (solid, black), 2.89 (long dash, red), 2.87
(medium dash, orange), 2.84 (short dash, green), 2.82 (tiny dash, cyan), and 2.797
(dash-dot, blue). The fixed parameters are Vbw0 ¼ 4, Vbc0 ¼ 0, rc ¼ 0:001,
rbw ¼ 0:2, Nh0 ¼ 0:4, Nc0 ¼ 0:4, and Nbw0 ¼ 0:2.

FIG. 5. Sagdeev pseudopotentials for M ¼ 1.0959 (solid, black), 1.2 (long dash,
red), 1.3 (medium dash, orange), 1.5 (short dash, green), 1.7 (tiny dash, cyan), and
1.8580 (dash-dot, blue). The fixed parameters are Vbw0 ¼ 3, Vbc0 ¼ 0,
rc ¼ 0:001, rbw ¼ 0:2, Nh0 ¼ 0:4, Nc0 ¼ 0:4, and Nbw0 ¼ 0:2.
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was obtained from the general dispersion relation for a plasma with
counterstreaming beams [Eq. (9)], by replacing the subscripts “b1” and
“b2” with “bw” and “bc,” respectively.

The parameters are fixed at the values rbc ¼ 0:001 and rbw ¼ 0:2
and Nbc0 ¼ 0:2 and Nbw0 ¼ 0:3, respectively, for the temperatures and
densities of the cool and warm beam electrons. The cool and warm elec-
tron beams are assumed to be aligned with the backward and forward

directions, respectively, having speeds which are denoted by Vbc0ð<0Þ
and Vbw0ð>0Þ.

In investigating the effects of counterstreaming electron beams,
we will assume that current neutrality, viz., Nbw0Vbw0 þ Nbc0Vbc0 ¼ 0
is satisfied in equilibrium as this offers some variation from the previ-
ous model that will allow us to assess whether the assumption of a cur-
rent neutral condition in equilibrium will invoke significant differences

FIG. 7. Dispersion curves for the real fre-
quency xr=xpe (red, blue, orange, green,
cyan) and growth (magneta) and damping
rate (brown) c=xpe for (a) Vbw0 ¼ 0
and Vbc0 ¼ 0, (b) Vbw0 ¼ 0:3 and
Vbc0 ¼ �0:2, (c) Vbw0 ¼ 0:525 and
Vbc0 ¼ �0:35, (d) Vbw0 ¼ 0:87 and Vbc0
¼ �0:58, (e) Vbw0 ¼ 1:05 and Vbc0
¼ �0:7, (f) Vbw0 ¼ 1:35 and
Vbc0 ¼ �0:9, and (g) Vbw0 ¼ 2:25 and
Vbc0 ¼ �1:5. The insets provide magni-
fied views of the regions of instability and
damping. The fixed parameters are
rbc ¼ 0:001, rbw ¼ 0:2, Nh0 ¼ 0:5, Nbc0
¼ 0:2, and Nbw0 ¼ 0:3.
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in wave characteristics in contrast to nonzero-current conditions in
equilibrium synonymous with the plasma model with the single elec-
tron beam in Sec. III, in which there is a net current associated with
the finite drift speed of the warm beam electrons. Having fixed the
densities and temperatures of the cool and warm electron beams at
Nbc0 ¼ 0:2 and Nbw0 ¼ 0:3, respectively, we have carefully selected the
combination of the cool and warm electron beam speeds to satisfy
Nbw0Vbw0 þ Nbc0Vbc0 ¼ 0 so that current neutrality prevails in
equilibrium.

We again start with the situation with no beams in panel (a) in
Fig. 7. There are two slow and two fast modes. The slow (and fast)
mode denoted in blue (and red) having xr=xpe > 0 propagates in the
forward direction. The slow (and fast) mode denoted in green (and
orange) havingxr=xpe < 0 propagates in the backward direction.

We observe in Fig. 7 that for increasing speed of both the warm
and cool electron beams denoted Vbw0 and Vbc0, respectively, the phase
speed of both the forward (blue) and backward propagating (green)
slow mode waves [panel (a)] which are most sensitive to increasing
speed of the backward and forward aligned cool and warm electron
beam, respectively, decrease and eventually change directions to prop-
agation in the backward and forward directions, respectively, [panels
(d)–(g)].

The two slow modes, which are most sensitive to the speed of the
counterstreaming beams, have now coupled in panel (c) as evident
from the dispersion curve, which is double-branched in xr=xpe in
regions of small (< 2:71) and large kkde (> 7:549). These regions lie
on either side of an intermediate region in kkde (2:71 � kkde � 7:549)
where wave growth (and damping) of the slow modes occur which
coincides with the single-branched portion of the dispersion curve in
xr=xpe (cyan). We point out here that the slow mode (blue) has not
yet passed the slow mode (green) in the region of small kkde (< 2:71)
as the blue portion of the dispersion curve in xr=xpe is still above the
green branch of the dispersion curve. However the slow mode corre-
sponding to the blue curve has passed the slow mode corresponding to
the green curve in the region of large kkde (> 7:549) where the
blue branch of the dispersion curve in xr=xpe is below the green
branch.

We observe that the two modes, which are coupled in panel (c) in
Fig. 7, start to decouple for higher speeds for the warm and cool elec-
tron beams. The kkde range over which instability (and damping)
occurs diminishes for the combination of higher values of Vbw0 ¼ 0:87
and Vbc0 ¼ �0:58 [panel (d)] and this range diminishes further for
Vbw0 ¼ 1:05 and Vbc0 ¼ �0:7 [panel (e)]. The decoupling is complete
for higher combinations of Vbw0 ¼ 1:35 and Vbc0 ¼ �0:9 in panel (f)
and Vbw0 ¼ 2:25 and Vbc0 ¼ �1:5 in panel (g). The slow modes that
were propagating in the forward (blue) and backward directions
(green) when there are no beams (Vbc0 ¼ Vbw0 ¼ 0, panel (a)) have
now changed propagation directions to the backward and forward
directions, respectively.

Looking ahead to the plots of the dispersion function FðMÞ for
Vbw0 ¼ 0:525 and Vbc0 ¼ �0:35 in panel (a) in Fig. 8, we point out
that the solitons associated with the linear mode with phase speed
labeled F can then be reconciled with the branch of the dispersion
curve which is shown in green in the region of small kkde in panel (c)
in Fig. 7. The linear mode with phase speed that is labeled G can be
reconciled with the branch of the dispersion curve which is shown in
blue in the region of small kkde.

These two waves pass each after uncoupling and the critical
acoustic speed F (or G) can then be reconciled with the higher
phase speed modes labeled K (or J) for Vbw0 ¼ 1:35 and Vbc0

¼ �0:9 in panel (b) in Fig. 8 and P (or O) for Vbw0 ¼ 2:25 and
Vbc0 ¼ �1:5 in panel (c) in Fig. 8) corresponding to the green (or
blue) dispersion curve in panels (f) and (g) in Fig. 7. Both waves
have reversed propagation directions for high beam speeds in pan-
els (f) and (g) in Fig. 7 in comparison with panel (a) when there are
no beams.

FIG. 8. The dispersion function FðMÞ for Vbw0 ¼ 0:525 and Vbc0 ¼ �0:35 [panel
(a)], Vbw0 ¼ 1:35 and Vbc0 ¼ �0:9 [panel (b)] and Vbw0 ¼ 2:25 and Vbc0 ¼ �1:5
[panel (c)]. The fixed parameters are rbc ¼ 0:001, rbw ¼ 0:2, Nh0 ¼ 0:5,
Nbc0 ¼ 0:2, and Nbw0 ¼ 0:3.
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We conclude this section by pointing out that an increase in the
speed of the two counterstreaming beams on the waves is qualitatively
very similar to the effect of increasing the speed of the warm electron
beam on the waves in the case of the single beam model. There are
subtle differences as it is the fast mode which changes propagation
direction from the backward to forward direction and couples with the
forward propagating slow wave in the single beam model. Here in the
model with asymmetric counterstreaming beams, it is the slow mode
that has changed propagation direction from the forward to the back-
ward direction and couples with the backward propagating slow mode.
Nevertheless, the observed coupling to decoupling of the waves is very
similar in both models. The similarities are found to extend to the non-
linear regime.

B. Nonlinear study

Moving to the nonlinear study in a plasma configuration with
counterstreaming beams, which are asymmetric, the effect of the two
beams appears to be consistent with the single beam results discussed
earlier. The relevant expressions for VðU;MÞ and FðMÞ in this model
are obtained by replacing subcripts “b1” and “b2” in Eqs. (14) and (17)
with “bw” and “bc,” respectively.

We will consider first the combination Vbw0 ¼ 0:525 and Vbc0

¼ �0:35 for the speeds of the counterstreaming beams for which the
dispersion function FðMÞ is positive-valued for the range of M-values
between the critical acoustic speeds as observed in panel (a) in Fig. 8.
The critical acoustic speeds labeled F and G occur at
M ¼ �0:2407 and M ¼ 0:0440, respectively. We reconcile this situa-
tion with the dispersion curve for xr=xpe in panel (c) in Fig. 7, in
which, the slow mode, which propagates in the forward direction
(blue) when there are no beams, has changed direction for large kkde
(>0:5) and couples with the backward propagating slow mode wave
(green). There is still a region of small kkde (<0:5) where the wave
propagates in the forward direction. The two slow modes have not yet
passed each other and the green branch of the dispersion curve is still
below the blue branch in the region of small kkde (<2:71), but is above
the blue branch in the region of large kkde (>7:549). The solitons asso-
ciated with F can be reconciled with the linear mode, which corre-
sponds to the green branched portion of the dispersion curve for
which the phase speed is negative valued. The solitons associated with
G, on the other hand, can be reconciled with the linear mode that cor-
responds to the blue branch portion of the dispersion curve, which has
a phase speed that is positive (negative)-valued for kkde < 0:5 (>0:5).

The Sagdeev pseudopotentials associated with F and G are not
shown, as the properties of the nonlinear structures are quite similar to
those in the earlier model, except that the nonlinear structures associ-
ated with F are supersonic in this model. It is found that these struc-
tures do not occur for large values of M as VðU;MÞ becomes
undefined on the side of negative values of U such that VðU;MÞ does
not have a local maximum at U ¼ 0. This is because the nonlinear
structures are associated with the branch of the dispersion curve,
which is unstable for intermediate kkde (2:71 � kkde � 7:549) that is
directly adjacent to the region of small kkde where the phase speed of
the wave occurs. The nonlinear structures associated with G, on the
other hand, do not exhibit the characterisic that VðU;MÞ becomes
undefined on the side of negative values of U, as these are associated
with the (stable) branch of the dispersion curve that is damped in the
range of intermediate kkde.

The two slow modes have decoupled for higher speeds Vbw0

¼ 1:35 and Vbc0 ¼ �0:9 for the counterstreaming electron beams,
and the propagation directions of the slow mode waves are reversed in
comparison to when there are no beams or for very low beam speeds.
The solitons associated with the phase speeds of the linear modes
labeled J and K in panel (b) in Fig. 8 can be reconciled with the two
slow modes that have changed direction in panel (f) in Fig. 7. The slow
mode (green) has now uncoupled from the slow mode shown in blue
and the slow modes shown in blue (and green) have changed propaga-
tion directions to the backward (and forward) directions. The waves
have higher phase speeds labeled O and P for higher beam speeds in
panel (c) in Fig. 8, which can be reconciled with the dispersion curves
in panel (g) in Fig. 7.

It is the directional change of both the backward and forward
propagating slow modes that renders the nonlinear soliton structures
subsonic for sufficiently high beam speeds as the phase speeds required
for soliton existence, which are below (or above) the green (or blue)
dispersion curve when there are no beams [Fig. 7(a)] are lower than
the critical acoustic speeds when the wave changes direction to the for-
ward (or backward) direction [panels (f) and (g) in Fig. 7].

Consequently, the two groups of solitons associated with critical
acoustic speeds J and K for Vbw0 ¼ 1:35 and Vbc0 ¼ �0:9 [panel (b)
in Fig. 8] and O and P for the higher Vbw0 ¼ 2:25 and Vbc0 ¼ �1:5
[panel (c) in Fig. 8] are subsonic. The results are very similar to those
of the earlier model in that soliton propagation is found to be continu-
ous in the range in M between the critical acoustic speeds for lower
beam speeds (above a critical value); however, a stopband range of
non-admissible soliton speeds occurs for higher beam speeds. The
main difference in comparison with the results of the earlier model
with a single electron beam is that the two groups of solitons associated
with the pair of critical acoustic speeds propagate in opposite direc-
tions in the model with asymmetric counterstreaming beams. The soli-
tons associated with J propagate in the backward direction for values
of M which are below M ¼ �0:0567 at J, and have amplitudes which
increase for decreasing magnitude of M to just below M ¼ 0 as
revealed by the Sagdeev pseudopotentials in Fig. 9. This is followed by
the propagation of the second group of solitons in the forward direc-
tion having amplitudes that diminish for M increasing above M ¼ 0
to vanishing of the solitons at M ¼ 0:0615 at K. In the ion rest frame,
soliton propagation also occurs forM ¼ 0 where the amplitude of the

FIG. 9. Sagdeev pseudopotentials for M ¼ �0.0567 (solid, black), �0.05 (long
dash, red), �0.03 (medium dash, orange), 0.0 (short dash, green), 0.05 (tiny dash,
cyan), and 0.0615 (dash-dot, blue). The fixed parameters are Vbw0 ¼ 1:35,
Vbc0 ¼ �0:9, rbc ¼ 0:001, rbw ¼ 0:2, Nh0 ¼ 0:5, Nbc0 ¼ 0:2, and Nbw0 ¼ 0:3.
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nonlinear structures is maximum, and at which value the separation of
the M regimes for the backward and forward propagating solitons
occurs. This reveals that soliton propagation is continuous in the range
inM between the critical acoustic speeds at J and K in Fig. 8.

This differs in contrast to the propagation characteristics of the
solitons associated with O and P for the higher Vbw0 ¼ 2:25 and
Vbc0 ¼ �1:5. The backward propagating solitons which propagate
below M ¼ �0:8430 at O which have amplitudes which increase for
diminishing M terminates at M ¼ �0:2966 as seen in panel (a) in
Fig. 10. The forward propagating solitons for which the propagation
starts just above M ¼ 1:002 which have amplitudes which diminish
for increasing M terminates at M ¼ 1:1380 at P as observed in panel
(b) in Fig. 10. This yields a stopband range in non-admissible soliton
speeds which starts at M ¼ �0:2966 and terminates at M ¼ 1:002
between the critical acoustic speeds O and P, which is consistent with
the findings in the high beam speed regime in the earlier model.

V. MODELWITH COUNTER-STREAMING ELECTRON
BEAMS (SYMMETRIC)
A. Linear analysis

We consider here a plasma configuration with counterstreaming
electron beams that are symmetric (have the same density, temperature,
and speed). The dispersion relation specific to this model corresponds
exactly to the expression (9). The beam, which is aligned with the for-
ward or backward direction, respectively, has a speed that is denoted by
Vb10ð>0Þ or Vb20ð<0Þ. The densities and temperatures of the beams
are fixed at the values Nb10 ¼ 0:3, Nb20 ¼ 0:3 and rb1 ¼ 0:2 and
rb2 ¼ 0:2, respectively, for the forward and backward aligned electron
beams and the hot electron density is fixed atNh0 ¼ 0:4.

We again start with the situation with no beams corresponding
to the combination Vb10 ¼ 0 and Vb20 ¼ 0 in panel (a) in Fig. 11. We
observe that the slow modes are absent when the thermal speeds of the
two beam components are identical. The two fast modes that propa-
gate in the forward and backward directions correspond to the disper-
sion curves forxr=xpe shown in red and orange, respectively.

For finite values of the speed of the forward and backward aligned
beams corresponding to Vb10 ¼ 0:5 and Vb20 ¼ �0:5, respectively, in
panel (b) we note the appearance of the two slow mode waves with
real frequencies denoted by the blue and green curves, which propa-
gate in the forward and backward direction, respectively.

For a higher combination of speeds Vb10 ¼ 0:8 and Vb20 ¼ �0:8
in panel (c), we note that xr=xpe ¼ 0 for the two slow mode waves,
one of which has a positive valued imaginary part c=xpe and the other
a negative valued imaginary part in the region of small kkde (< 3:82).

These are “zero frequency” modes of which one is purely growing
(c=xpe > 0) and the other damped (c=xpe < 0) denoted by the curves
shown in magenta and brown, respectively. However, xr=xpe is finite
valued outside the region where instability (and damping) occurs.

The range of kkde values over xr=xpe ¼ 0 for the two slow
modes, which coincides with where instability (and damping)
occurs, now diminishes over the range kkde < 1:592 for a higher
Vb10 ¼ 0:9 and Vb20 ¼ �0:9 [panel (d)]. The phase speeds of the two
slow modes outside the region, where instability (and damping)
occurs, are higher for Vb10 ¼ 0:9 and Vb20 ¼ �0:9 in panel (d) than
in panel (c).

For a higher Vb10 ¼ 1:5 and Vb20 ¼ �1:5 [panel (e)] the regime
for instability (and damping) vanishes and finite valued solutions for
xr=xpe are obtained over the entire range in kkde for the forward and
backward propagating slow mode waves. The behavior is very similar
for an even higher Vb10 ¼ 3 and Vb20 ¼ �3 in panel (f) except that
the wave phase speeds are higher than in panel (e). A very similar sym-
metrical picture for the propagation characteristics of the backward
and forward propagating slow and fast ion-acoustic waves was
reported to arise in the model with symmetric counterstreaming ion
beams by Lakhina et al.19

It is very tempting to conclude that there is no directional change
of the two slow modes in the symmetric model because of perfect sym-
metry in the propagation characteristics of the backward and forward
propagating slow (and fast) modes. The directional change of the two
modes would be difficult to detect unless the two modes have asym-
metric propagation characteristics. However, with the insights gained
from the earlier models with a single and asymmetric counterstream-
ing electron beams, which, respectively, were found to support the
directional change of one and two wave modes, we have swopped the
colors of the forward and backward propagating slow modes (green
with blue and blue with green) in panels (d), (e), and (f) in Fig. 11 to
indicate the directional change of the backward and forward propagat-
ing slow modes which has occurred for the higher combinations of
beam speeds in comparison with lower beam speeds in panels (b) and
(c). The understanding that the two slow mode waves have changed
direction is also evident in the nonlinear regime through the observed
subsonic character of solitons associated with the two modes for higher
beam speed combinations, which is discussed in Sec. VB.

B. Nonlinear study

Shifting attention to the nonlinear study in the model with sym-
metric counterstreaming beams, the expressions for the Sagdeev

FIG. 10. Sagdeev pseudopotentials for
M ¼ �0.8430 (solid, black), �0.7 (long
dash, red), �0.6 (medium dash, orange),
�0.5 (short dash, green), �0.38 (tiny dash,
cyan), and �0.2966 (dash-dot, blue). In
panel (b) M ¼ 1.1380 (solid, black), 1.1
(long dash, red), 1.07 (medium dash,
orange), 1.04 (short dash, green), 1.02 (tiny
dash, cyan), and 1.002 (dash-dot, blue).
The fixed parameters are Vbw0 ¼ 2:25,
Vbc0 ¼ �1:5, rbc ¼ 0:001, rbw ¼ 0:2,
Nh0 ¼ 0:5, Nbc0 ¼ 0:2, and Nbw0 ¼ 0:3.
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pseudopotential VðU;MÞ and FðMÞ, respectively, correspond exactly
to the expression (14) and the left hand side of (17). The consideration
of counterstreaming electron beams which are symmetric (have the
same density, temperature and speed) invokes symmetry in the plasma
system such that the critical acoustic speeds of the backward and for-
ward propagating slow mode waves now have the same magnitude in
contrast to the case of asymmetric beams in Sec. IV. We have not
included the relevant figures of the dispersion function FðMÞ and
associated Sagdeev pseudopotentials for this model as the figures are
very similar to those shown for the earlier model with asymmetric
counterstreaming beams.

The dispersion function FðMÞ is never positive-valued but only
negative-valued for a range of M-values in which the derivative of the
function changes sign, in the model with symmetric counterstreaming
beams. The nonlinear structures in this model have similar characteris-
tics as the nonlinear structures which were found to be supported in
the previous model with asymmetric counterstreaming electron beams
in that while there is no stopband between theM regimes for the back-
ward and forward propagating solitons for low combinations of equal
speeds for the counterstreaming electron beams, a stopband arises

between the critical acoustic speeds for high combinations of equal
beam speeds. The subsonic nature of both groups of solitons associated
with the pair of critical acoustic speeds in the low and high beam speed
regimes corroborates the directional changes of the two slow mode
waves which we had alluded to in the linear analysis in Sec. VA. The
directional changes would be difficult to detect due to the symmetric
propagation characteristics of the two slow mode waves in the model
with symmetric counterstreaming beams. We remind the reader that
we swapped the colors of the dispersion curves for xr=xpe for the
backward and forward propagating slow mode waves in panels (d),
(e), and (f) in comparison with panels (b) and (c) in Fig. 11.

These results are consistent with the results of the earlier models
with asymmetric counterstreaming beams in Sec. IV and the single
warm electron beam in Sec. III. In comparing the results in the differ-
ent models, the main difference is that for sufficiently high beam
speeds for which FðMÞ is negative-valued for a range of M-values in
which the derivative of the function changes sign, only one group of
solitons which are associated with the pair of critical acoustic speeds is
subsonic in the model with a single beam which is attributed to the
directional change of only one of the wave modes. This differs in

FIG. 11. Dispersion curves for the real fre-
quency xr=xpe (red, blue, orange, green)
and growth (magneta) and damping rate
(brown) c=xpe for (a) Vb10 ¼ 0 and Vb20
¼ 0, (b) Vb10 ¼ 0:5 and Vb20 ¼ �0:5, (c)
Vb10 ¼ 0:8 and Vb20 ¼ �0:8, (d) Vb10
¼ 0:9 and Vb20 ¼ �0:9, (e) Vb10 ¼ 1:5
and Vb20 ¼ �1:5, and (f) Vb10 ¼ 3 and
Vb20 ¼ �3:. The insets provide magnified
views of the regions of instability and damp-
ing. The fixed parameters are rb1 ¼ 0:2,
rb2 ¼ 0:2, Nh0 ¼ 0:4, Nb10 ¼ 0:3, and
Nb20 ¼ 0:3.

Physics of Plasmas ARTICLE pubs.aip.org/aip/pop

Phys. Plasmas 32, 112303 (2025); doi: 10.1063/5.0274881 32, 112303-15

VC Author(s) 2025

 10 D
ecem

ber 2025 10:37:49

pubs.aip.org/aip/php


contrast to the models with asymmetric or symmetric counterstream-
ing beams in which both groups of solitons are subsonic which are
associated with the directional changes of the two slow mode waves.

VI. CONCLUSIONS

Our main objective in this paper was to investigate the effect of
high speed electron beams in the generation of nonlinear soliton struc-
tures which are subsonic in models with two species of adiabatic elec-
trons, Boltzmann hot electrons, and a single ion species, the dynamics
of which are not considered. One or both of the inertial electron spe-
cies are modeled as drifting (beam) components. We started with the
model with a single warm electron beam consistent with that of
Berthomeier et al.13 and extended the studies to models with counter-
streaming electron beams which are asymmetric and symmetric.

As a prequel to the nonlinear studies for the three models the linear
analyses have been conducted to investigate the explicit effect of beam
speed on the dispersion curves xr=xpe (� X) plotted as a function of
the normalized wave number kkdeð� KÞ. The effect of increasing speed
of the single electron beam or both asymmetric beam components in
the model with counterstreaming electron beams was found to have the
effect of supporting the directional change(s) of one (or two) wave
modes, which couple with the slow mode propagating in the opposite
direction. For intermediate beam speeds it is found that there are regions
in K where there is instability (and damping) for the two wave modes
which coupled, viz. the fast mode, which changed direction and coupled
with the forward propagating slow mode, and the two coupled slow
mode waves, respectively, in the model with a single beam and asym-
metric counterstreaming beams. The instability (and damping) regimes
vanish when the waves decouple for higher beam speeds.

In proceeding to investigate the nonlinear structures, we have
identified two beam speed regimes, respectively, low and high for
which the dispersion function FðMÞ (which corresponds to the second
derivative of the Sagdeev potential evaluated at U ¼ 0) assumes posi-
tive or negative values in intermediate regions of wave phase speed M
between the two pairs of critical acoustic speeds in which the derivative
of the function changes sign. The M (� X=K) values for which
FðMÞ ¼ 0 coincide with the phase speeds of the linear waves in the
limit of small K are the critical acoustic speeds, which, traditionally, are
the minimum speeds for soliton existence.

The situation for FðMÞ, which is positive-valued in the interval
between the pair of critical acoustic speeds F and G, in which the deriv-
ative of the function changes sign from positive to negative, corre-
sponds to two linear waves, which are coupled, and the dispersion
curves are double-branched in xr=xpe in ranges of small and large
kkde. The waves associated with the lower (upper) branch are unstable
(stable). This explains the unusual character of the nonlinear struc-
tures, which are subsonic (supersonic) in the model with a single elec-
tron beam (asymmetric counterstreaming electron beams) as the
waves are associated with the lower branch of the dispersion curves
and their existence is found to be limited by VðU;MÞ not being
defined for negative values ofU for small (large) values ofM.

The dispersion function FðMÞ which is negative-valued in the
interval between the pair of critical acoustic speeds J and K (or O and
P), in which the derivative of the function changes sign from negative
to positive for higher beam speeds, corresponds to the situation in
which the linear modes have uncoupled signified by the dispersion
curves for xr=xpe, which have separated and are distinct for the two
modes. The nonlinear structures do not exhibit unusual characteristics

in this high beam speed regime as the waves in the linear regime are
now stable.

A key finding in our study is that the subsonic character of the
solitons in the nonlinear regime is the result of the directional change
of the backward propagating fast mode to the forward direction in the
single beam model and the directional changes of both the backward
and forward propagating slow modes in the model with asymmetric
counterstreaming beams. These insights were then applied to attribute
the subsonic character of the two slow mode waves in the model with
symmetric counterstreaming beams to the directional changes of these
two slow mode waves, which would otherwise be difficult to detect
due to the symmetric propagation characteristics of the forward and
backward propagating slow electron-acoustic mode waves in this
model.

There is consistency across the models in both the low and high
beam speed regimes, for which FðMÞ is negative-valued in the interval
between the pair of critical acoustic speeds in which the derivative of
the function changes sign. It is found that soliton propagation is contin-
uous in the range in M between the critical acoustic speeds labeled J
and K in the plots of FðMÞ for low values of the speed(s) of the
beam(s), however, a stopband region for soliton propagation occurs
between the critical acoustic speeds labeled O and P in the plots of
FðMÞ for high beam speeds. The effect of current neutral plasma condi-
tions in equilibrium which is satisfied in our models with symmetric
and asymmetric counterstreaming beams but violated in the single
beammodel, appears to have no significant effect on the overall charac-
teristics of the waves in the nonlinear regime. The main difference is
that there is less symmetry breaking in a plasma with asymmetric coun-
terstreaming beams in which model the two slow waves propagate in
opposite directions and symmetry is retained even for high beam
speeds (there are two forward propagating and two backward propagat-
ing waves) in contrast to the model with a single beam (there are three
forward propagating and one backward propagating waves).

The results of our study, which are generic, can be applied to
explaining the subsonic character of ion-acoustic solitons in studies by
Lakhina et al.19 and Zank and McKenzie,21 respectively, in models
with counterstreaming and single ion beams, and the subsonic charac-
ter of electron-acoustic solitons in the single electron beam model of
Berthomier et al.13
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