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ABSTRACT
Analysis and robust simulation of mathematical models of HIV and

Leishmaniasis co-infection

by

Elias M. Adamu

PhD thesis, Department of Mathematics and Applied Mathematics, Faculty of

Natural Sciences, University of the Western Cape

The purpose of this thesis is the theoretical and numerical study of epidemiological

models of Visceral Leishmaniasis (VL) and human immunode�ciency virus (HIV) co-

infection. We study these models theoretically and design and analyze robust numer-

ical methods to solve them. The �rst sub-model describes the transmission dynamics

of VL and incorporates three populations: the human, the reservoir, and the vector

host populations. Then we study the Anthroponotic Visceral Leishmaniasis (AVL)

between the human and the vector host population. The second sub-model describes

a deterministic SIAT (Susceptible-Infected-AIDS-Treated) HIV/AIDS model that in-

corporates the treatments of HIV-infected and AIDS-infected individuals. Numerical

simulations revealed that with the help of treatment, there is a possibility of more than

83% reduction in the prevalence of HIV at the end of 2030. We then extend these ideas

to study the AVL and HIV co-infection with the treatment of both diseases. We apply

the geometric singular perturbation theory to study the co-infection model. Finally,

since the governing models are very complex and hard to solve analytically, we develop

and analyze dynamically consistent nonstandard �nite di�erence schemes and use them

to obtain numerical simulation results that support our theoretical �ndings.

October 2022.
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Chapter 1

General introduction

Leishmania and HIV co-infections have challenged the control and elimination of Vis-

ceral Leishmaniasis, as HIV-infected people are particularly vulnerable to the disease.

Leishmania and HIV reinforce each other, posing signi�cant clinical and public health

problems. Both conditions suppress the immune system, resulting in more severe mor-

bidity, limited therapeutic options, higher relapse rates, exposure to medicines with

increased toxicity, and higher mortality rates. The HIV/AIDS pandemic has modi�ed

the natural history of leishmaniasis [147]. HIV infection increases the risk of develop-

ing VL by 100 to 2,320 times in areas of endemicity [9]. On the other hand, visceral

leishmaniasis promotes the clinical progression of HIV disease and the development of

AIDS-de�ning conditions.

The �rst case of leishmaniasis-HIV co-infection was reported in Europe in 1985 [9];

the co-infection is currently con�rmed in around 45 countries, with high prevalence

reported in Brazil, Ethiopia, and the Bihar state in India [147]. Co-infected patients

are prone not just to additional comorbid conditions, including TB and cryptococcal

meningitis, but also to stigma and human rights problems.

The number of cases has increased signi�cantly, and this trend is expected to con-

tinue due to the geographical overlap of both diseases as a result of leishmaniasis

urbanization and HIV ruralization. In Southern Europe, it is estimated that 25-70%

of adults with VL are also co-infected with HIV [90]. Co-infection has particular as-

1
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pects regarding clinical presentation, diagnosis, and response to a speci�c treatment.

Moreover, early diagnosis is essential to reduce both disease severity and mortality.

Mathematical models are powerful tools to describe and investigate the dynamics

of biological systems. In this thesis, these models are characterized by autonomous

systems of nonlinear ordinary di�erential equations. Such systems are not always easy

to solve analytically. One of the most challenging problems is solving these di�erential

equations e�ciently. Many numerical solvers fail to give accurate solutions, instead gen-

erating oscillations, bifurcations, chaos, and false steady states. To avoid inaccuracies

given by standard �nite di�erence methods such as forward Euler, more complicated

and sophisticated solvers such as the Runge-Kutta method have been developed. How-

ever, it needs small step sizes to provide accurate results. Therefore, to avoid numerical

instabilities and overly small step sizes, we design nonstandard �nite di�erence (NSFD)

schemes based on the properties and nature of the di�erential equation.

A brief background for AVL and HIV co-infections is presented in the next section.

1.1 AVL-HIV co-infection

Leishmaniasis is a vector-borne disease caused by a protozoan parasite transmitted

to humans by the bite of infected female phlebotomine sand�ies. There are three

main forms of the disease: Visceral Leishmaniasis (VL, also known as Kala-Azar);

Cutaneous Leishmaniasis (CL); and Mucocutaneous Leishmaniasis (MCL) [147]. In

addition, leishmaniasis can be classi�ed as anthroponotic or zoonotic depending on

whether the natural reservoir of the parasite is human or animal. Leishmaniasis is

widely distributed across the tropical, subtropical, and temperate regions in eighty-

eight countries, seventy-two of which are developing [21]. The main factors for the

emergence and spread of leishmaniasis are deforestation, climate changes, co-infection

with HIV, development of drug resistance, increased traveling to endemic regions, dog

importation, war, poor socio-economic status, and low-income households [112]. Three

hundred and �fty million women, men, and children are at risk in widely scattered
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areas. More than 12 million people su�er from leishmaniasis, with 500,000 new cases

of VL per year and 1 to 1.5 million new cases of CL per year, with 2.4 million disability-

adjusted life-years. While Cutaneous Leishmaniasis is the most common form of the

disease, Visceral Leishmaniasis is the most severe and can be fatal if untreated [21].

The VL can be treated with drugs such as miltefosine, paromomycin, and liposomal

amphotericin B (L-AMB) [31].

Visceral leishmaniasis is prevalent in seventy-eight countries, although it mainly

a�ects economically disadvantaged populations in East Africa, Southeast Asia, and

Brazil [10]. The VL is characterized by irregular bouts of fever, weight loss, enlargement

of the spleen and liver, and anemia. Currently, the Indian subcontinent and eastern

Africa carry more than 70% of the VL burden [140]. There are two types of VL

based on transmission properties. The zoonotic form, with animals as a reservoir, is

caused by L. infantum, and occurs in the Mediterranean basin, China, the Middle East,

and South America. The anthroponotic form, with humans as a reservoir, is caused

by L. donovani and is prevalent in East Africa, Bangladesh, India, and Nepal [138].

Post-kala-azar dermal leishmaniasis (PKDL) is a chronic skin rash characterized by a

macular, maculopapular, and nodular rash. It often develops after e�ective treatment

of VL due to L. donovani [138, 163]. It a�ects 5% to 10% of persons within 2 to 4

years after treatment in India and approximately 50% of persons within 0 to 6 months

of treatment in the Sudan [21].

Human immunode�ciency virus/acquired immunode�ciency syndrome (HIV/AIDS)

is still a major global health problem, despite widespread e�orts to combat the disease

[116]. The �rst case of AIDS was discovered in the USA in 1981 [63], and HIV was

identi�ed as the causal agent in 1983 [20]. Since that time, 79.3 million people have

been infected with HIV, and 36.3 million have died as a result of AIDS-related illnesses

[136]. HIV is transmitted through unsafe sexual contact, blood transfusion, mother to

child in utero (during birth or breastfeeding), and the sharing of contaminated needles

in health-care settings and drug injection. In 2020, there were around 1.5 million new

HIV cases, and around 37.7 million people were living with HIV globally, with 36 million
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adults and 1.7 million children (0-14 years) [135]. Eastern and southern Africa remain

the regions most a�ected by the HIV epidemic, accounting for 44% of the world's new

HIV infections and 54% of people living with HIV globally by 2020 [135]. HIV is a

severe public health problem if left without treatment and control. There is currently

no vaccine or cure for HIV. Antiretroviral therapy (ART) helps people with HIV live

longer. ART reduces the amount of virus (or viral load) in the blood and body �uids.

ART is recommended for all individuals with HIV, no matter how long they have had

the virus or how healthy they are. In addition, if taken successfully, ART decreases

the risk of transmitting HIV to others [30]. Taking ART every day prevents the spread

of HIV, which reduces the risk of HIV mutating and developing drug-resistant HIV.

Skipping ART allows HIV to multiply and raises the risk of drug resistance and HIV

treatment failure [5]. It is estimated that the global coverage of ART reached 67% at

the end of 2019. The treatment also helps to reduce the AIDS-related death globally

to 16% since 2015 [134].

The �rst case of leishmaniasis-HIV co-infection was reported in 1985, while the

number of cases has subsequently increased rapidly in southern Europe [9]. Forty-�ve

countries have since reported cases of co-infection [147]. The number of co-infected

patients in European countries where the disease is endemic has decreased dramat-

ically since the introduction of ART. However, due to the increased overlap of the

two diseases, the problem has spread to other major foci of leishmaniasis worldwide.

The natural history of leishmaniasis has been altered by the HIV/AIDS epidemic. In

endemic areas, HIV infection raises the risk of developing VL by 100 to 2,320 times,

reduces the likelihood of treatment response, and dramatically increases the probabil-

ity of relapse. Simultaneously, VL enhances HIV disease clinical progression and the

development of AIDS-de�ning symptoms. Because both diseases target identical im-

mune cells, they have a synergistic detrimental e�ect on the cellular immune response

[9].

No standard drug has been developed so far to treat the AVL-HIV co-infection.

Visceral leishmaniasis patients co-infected with HIV have been shown to be highly in-
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fectious to sand �ies [123]. Treatment of VL-HIV co-infection has complications like

early failures, the toxicity of drugs, and higher mortality. Currently, WHO recommends

treating VL in HIV co-infected people with a combination of L-AMB and miltefosine,

and secondary prophylaxis is especially recommended for patients at high risk of re-

lapse, such as those who are not on ART, have a low CD4 cell count (< 200 cells/mm3),

have had multiple previous VL episodes, and have had no increase in CD4 cell count at

follow-up [151]. Also, those people who are recently diagnosed with HIV are suggested

to commence antiretroviral therapy [123]. Further, HIV protease inhibitors employ an

obstructive e�ect against the Leishmania parasite [139].

1.2 Literature Review

Mathematical models are essential tools in understanding and describing the dynamics

of infectious diseases in a community. However, the mathematical modeling of the

transmission of leishmaniasis has been poorly developed compared to other vector-

transmitted diseases such as malaria and dengue; speci�cally, the co-infection between

leishmaniasis and HIV is extremely rare.

Dye and Wolpert [47] studied the �rst VL model that used data between 1875

and 1950 in Assam, India. They designed a simple SIR-deterministic model in which

individuals in the human population were considered. After this pioneering work, var-

ious improvements have been made to study and analyze the transmission dynamics of

leishmaniasis. Zamir et al. [159] formulated a comprehensive mathematical model that

incorporates sand�ies, humans, and dogs (reservoirs). They incorporate three types of

strains, CL, VL, and PKDL. They focused on the eradication of di�erent strains of

leishmaniasis with the help of nonpharmaceutical interventions to control the biting

rate of sand�ies, the density of seropositive dogs, and the density of the vector popula-

tion. Their interventions include bed nets, eradication of infectious dogs, and residual

sprays. Through these interventions, they found that cutaneous leishmaniasis can be

eliminated in 1200 days. In [51], a mathematical model for the transmission dynamics
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of cutaneous leishmaniasis among the vector, humans, and dogs is formulated to assess

the impact of dogs as a reservoir as well as the impact of asymptomatic humans and

dogs on the spread of leishmaniasis. The author in [25] studied and analyzed a math-

ematical model for the seasonal outbreak of Visceral Leishmaniasis with data from

South Sudan. Using an optimal control strategy, the author found that mass treat-

ment is not su�cient, and that additional control programs, such as vaccination with

treatment, are required to control the outbreak of VL in the population. Hussaini et al.

[77] studied a mathematical model for the transmission dynamics of zoonotic visceral

leishmaniasis (ZVL). The model undergoes a backward bifurcation. The authors found

that a strategy that focuses on reducing sand�ies, rather than the animal reservoir via

culling, may be more e�ective in reducing the ZVL burden in the community.

Regarding the HIV/AIDS infection, Okosun et al. [109] studied the impact of op-

timal control on the treatment and screening of unaware infected individuals on the

transmission dynamics of HIV. Their results show that successful screening of unaware

infected individuals signi�cantly reduces the endemicity of HIV/AIDS. Their �ndings

also show that the impact and cost of unaware infectives in the community are sig-

ni�cant. In [162], a deterministic HIV model including immune response, neutralizing

antibodies, and multi-drug e�ects is introduced. In [4], Afassinou et al. developed

a model for HIV/AIDS to assess the impact of combining pre-exposure prophylaxis

(PrEP) use for prevention, and antiretroviral drugs (ARVs) use for treatment, with

drug resistance, in the �ght against HIV infection progression. Their results predicted

a signi�cant decrease in the number of new HIV infections when PrEP and ARVs are

concurrently implemented at high levels. On the other hand, PrEP drug resistance has

the potential to slow down or reverse the e�ects of PrEP, especially at low e�cacy lev-

els. Ngina and Luboobi [106] investigated the emergence of a drug-resistant HIV virus

during treatment to determine the proper use of HIV therapy to lessen drug resistance.

They proposed a ten-dimensional in vivo mathematical model and formulated it by

taking into account two virus strains, a wild type and a naive type of HIV virus. Using

the optimal control method, they found a protease inhibitor to be the most e�ective
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drug for HIV treatment if well implemented. Their results also suggest that prolonged

use of ART leads to the development of drug-resistant infections and that people with

drug-resistant infections could play a core role in the epidemic of HIV.

To the best of our knowledge, the �rst AVL-HIV co-infection model was given by

Stauch et al. [127] in 2011. First, they consider a deterministic model for the transmis-

sion dynamics of AVL. Their model focused on the dynamics in the Indian subcontinent,

intending to extend di�erent �ndings on AVL, that is, the quanti�cations of epidemi-

ological parameters for the natural history of infection and transmission dynamics of

AVL and predictions of the e�ects of di�erent intervention strategies. In particular,

the roles of asymptomatic and symptomatic infections were considered. Their �ndings

suggest vector control combined with treatment as an intervention strategy to control

AVL transmission. The model further included the transmission of HIV and was mod-

eled independently of infection with AVL, and emerged with a rate of HIV infection

from all human compartments.

Hussaini et al. [76] developed a model for the transmission dynamics of AVL and

HIV in a population that was used to assess the impact of the co-endemicity of the two

diseases on the dynamics of each disease. The model consists of eighteen coupled non-

linear ordinary di�erential equations, sixteen describing the host population (humans),

and two dedicated to the vector population (female sand�ies). Their model extends the

AVL-HIV model in [127] by incorporating AIDS class and allowing for HIV and/or AVL

transmission by singly or dually-infected individuals with AIDS symptoms. Unlike in

[127], they allow for relapse of PKDL and stratify the PKDL population regarding their

HIV status. Further, their model extends the VL model in [49] by using a standard

incidence rate to model HIV infection rate (linear constant rate was used in [49]), using

a nonlinear biting rate (constant rate was used in [49]), and using a logistic growth

rate for susceptible sand�ies (constant rate was used in [49]). Unlike the model in [49]

their model is focused on the anthroponotic transmission of VL.

Their main theoretical and numerical results are listed below.

(i) The AVL-only sub-model undergoes the phenomenon of backward bifurcation



http://etd.uwc.ac.za/

CHAPTER 1. GENERAL INTRODUCTION 8

when the AVL-associated mortality is nonzero.

(ii) The disease-free equilibrium of the full AVL-HIV model is shown to be locally-

asymptotically stable whenever the associated reproduction number (RLH) is less

than unity and is unstable if it exceeds unity.

(iii) Numerical simulations of their model show that the two diseases co-exist (with

AVL dominating but not driving HIV to extinction) whenever the reproduction

number of each disease exceeds unity.

(iv) The HIV-endemic equilibrium is locally-asymptotically stable whenever the in-

vasion reproduction number (R̂L) is less than unity and is unstable if it exceeds

unity. In other words, AVL can invade a population where HIV is endemic if the

associated invasion reproduction number (R̂L) exceeds unity.

Using sensitivity and uncertainty analysis, their full AVL-HIV model (or its associated

sub-models) show the following:

(v) The three main drivers of the AVL infection (with respect to the response function

RL) are the average number of times a sand�y bites humans per unit time,

the carrying capacity of sand�ies and the transmission probability from infected

humans to susceptible sand�ies.

(vi) The top three parameters that a�ect the HIV dynamics (with respect to the

response function RH) are the transmission rate of HIV, HIV-induced death

rate, and the modi�cation parameter for the increase in infectiousness of AIDS

individuals in comparison to HIV infected without clinical symptoms of AIDS.

(vii) The dominant parameters that a�ect the dynamics of their full AVL-HIV model

(with respect to the response function RLH) are the transmission rate of HIV, the

average number of times a sand�y bites humans per unit time and HIV-induced

death rate.
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In [96], Melese and Alemneh formulated SI-type mathematical models for VL-HIV

co-infection that incorporate three populations: the human host, reservoir host, and

sand�y host. They calculated the basic reproduction number and investigated the lo-

cal and global stability of the DFE. Using the center manifold theory, they found that

the co-infection model would undergo a backward bifurcation under certain conditions.

They conducted a sensitivity analysis and investigated the parameters a�ecting the

transmission of the disease. Their simulation result suggests that increasing the rate of

VL recovery, the recovery rate for VL-HIV co-infection, removing reservoirs, and min-

imizing the contact rate for HIV infection would result in controlling the transmission

of the individual disease and the co-infection of VL-HIV in the community.

Except for some of the works mentioned above, we could hardly �nd mathematical

models on AVL-HIV co-infections. However, from a biological perspective, the reader

may look at the work on co-infection dynamics in [8, 40, 89, 117, 121]. However, the

other works dealing with HIV-only infections are [18, 22, 46, 59, 66, 72, 78, 101, 105,

109, 111, 143] whereas those dealing with cutaneous leishmaniasis are [19, 24, 33], and

visceral leishmaniasis are [3, 26, 58, 120, 126, 129, 130, 161].

The above literature covers selected works on AVL, HIV, and the co-infection.

However, to keep the presentations in the chapters self-contained, some literature is

also reviewed in the particular chapters.

The numerical scheme we will explore in detail is a special class of numerical schemes

called the nonstandard �nite di�erence (NSFD) schemes. The rules for constructing

these NSFD schemes are presented in the work of Mickens [97, 98, 99]. Patidar in

[114, 115] provides more details on these rules and an extensive review of these schemes.

Recently, Raza et al. [119] proposed a NSFD scheme for the heroin epidemic model,

and the scheme e�ectively preserves the dynamical properties of the model, such as

positivity, boundedness, consistency, and stability. In [52], Farooqi et al. constructed

a NSFD scheme of predictor-corrector type for the SEIR measles model. They found

that the scheme is dynamically compatible with the continuous system, unconditionally

convergent, and satis�es the positivity of the state variables involved in the system of
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the SEIR model.

1.3 Mathematical preliminaries

In this section, we summarize some mathematical results which will be used in the rest

of the thesis.

Stability for ordinary di�erential equations

Stability analysis is used to study the qualitative properties of the solutions based on

the characteristics of the di�erential equations.

Local stability

In this section, we present results that will be used to prove the local stability of systems

of ordinary di�erential equations.

De�nition 1.3.1. The basic reproduction number [137], denoted by R0, is the expected

number of secondary cases produced, in a completely susceptible population, by a typical

infective individual. If R0 < 1, then an infected individual produces, on average, less

than one new infected individual over the course of its infectious period; hence, the

infection cannot grow. On the other hand, if R0 > 1, then each infected individual

produces, on average, more than one new infection, and the disease can invade the

population.

The basic reproduction number cannot be determined from the structure of the

mathematical model alone but depends on the de�nition of infected and uninfected

compartments. We de�ne Xs to be the set of all disease-free states. That is

Xs = {x ≥ 0 : xi = 0, i = 1, ...,m}.
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In order to compute R0, it is important to distinguish new infections from all other

changes in the population. Let Fi(x) be the rate of appearance of new infections in

compartment i, V +
i (x) be the rate of transfer of individuals into compartment i by all

other means, and V −i (x) be the rate of transfer of individuals out of compartment i.

It is assumed that each function is continuously di�erentiable at least twice in each

variable. The disease transmission model consists of non-negative initial conditions

together with the following system of equations:

ẋ = fi(x) = Fi(x)− Vi(x), i = 1, 2, ..., n, (1.3.1)

where Vi(x) = V −i (x) − V +
i (x) and the functions satisfy assumptions (A1)-(A5) de-

scribed below. Because each function represents a directed transfer of individuals, they

are all non-negative. Thus,

(A1) if x ≥ 0, then Fi,V
+
i ,V

−
i for i = 1, 2, ..., n.

If a compartment is empty, then there can be no transfer of individuals out of

the compartment by death, infection, nor any other means. Thus,

(A2) if xi = 0 then V −i = 0. In particular, if x ∈ Xs then V −i = 0 for i = 1, 2, ...,m.

(A3) Fi = 0 if i > m.

(A4) If x ∈ Xs then Fi = 0 and V +
i = 0 for i = 1, 2, ...,m.

The remaining condition is based on the derivatives of f near a DFE. For our

purposes, we de�ne a DFE of (1.3.1) to be a (locally asymptotically) stable

equilibrium solution of the disease-free model, i.e., (1.3.1) restricted to Xs. Note

that we need not assume that the model has a unique DFE. Consider a population

near the DFE x0. If the population remains near the DFE (i.e., if the introduction

of a few infective individuals does not result in an epidemic), then the population
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will return to the DFE according to the linearized system

ẋ = Df(x0)(x− x0),

where Df(x0) is the derivative [∂fi/∂xi] evaluated at the DFE, x0 (i.e., the

Jacobian matrix). Here, and in what follows, some derivatives are one-sided

because x0 is on the domain boundary. We restrict our attention to systems in

which the DFE is stable in the absence of new infection. That is,

(A5) if F (x) is set to zero, then all eigenvalues of Df(x0) have negative real parts.

Theorem 1.3.2. [7] (Routh-Hurwitz Criteria). Given the polynomial,

P (λ) = λn + a1λ
n−1 + ...+ an−1λ+ an,

where the coe�cients ai are real constants, i = 1, ..., n, de�ne the n Hurwitz matrices

using the coe�cients ai, of the characteristic polynomial:

H1 =
(
a1

)
, H2 =

 a1 1

a3 a2

 , H3 =


a1 1 0

a3 a2 a1

a5 a4 a3

 , and

Hn =



a1 1 0 0 · · · 0

a3 a2 a1 1 · · · 0

a5 a4 a3 a2 · · · 0
...

...
...

... · · · ...

0 0 0 0 · · · an


,

where aj = 0 if j > n. All of the roots of the polynomial P (λ) are negative or have a

negative real part if and only if the determinants of all Hurwitz matrices are positive:

det(Hj) > 0, j = 1, 2, ..., n.
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When n = 2, the polynomial P (λ) = λ2 + a1λ + a2 and the Routh-Hurwitz criteria

simplify to det(H1) = a1 > 0 and det(H2) = det

 a1 1

0 a2

 = a1a2 > 0 or a1 > 0

and a2 > 0. For polynomials of degree n = 2, 3, and 4, the Routh-Hurwitz criteria are

summarized below:

n = 2 : a1 > 0 and a2 > 0.

n = 3 : a1 > 0, a3 > 0, and a1a2 > a3.

n = 4 : a1 > 0, a3 > 0, a4 > 0, and a1a2a3 > a2
3 + a2

1a4.

Global stability

The global stability of DFE is established through a result in [34]. This is done as

follows. Firstly, the system (1.3.1) can be rewritten in the form

dX

dt
= F (X,Z),

dZ

dt
= G(X,Z) with G(X, 0) = 0,

 (1.3.2)

where X ∈ Rm denotes the number of uninfected individuals and Z ∈ Rn denotes

the number of infected individuals including latent, infectious, etc. Let U0 = (X0, 0)

denote the disease-free equilibrium of the system (1.3.2). Then consider the following

two assumptions

(H1) For
dX

dt
= F (X, 0), X0 is globally asymptotically stable.

(H2) G(X,Z) = AZ− Ĝ(X,Z), Ĝ(X,Z) ≥ 0 for (X,Z) ∈ Γ, where A = DZG(X0, 0),

the o�-diagonal elements of A are nonnegative, and Γ is the feasible region.

If system (1.3.2) satis�es the above two conditions, then the following theorem

holds.

Theorem 1.3.3. [34] The disease free equilibrium U0 = (X0, 0) is globally asymptoti-

cally stable equilibrium of system (1.3.2) if R0 < 1 provided that the assumptions (H1)

and (H2) are satis�ed.
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Theorem 1.3.4. ([35]) Consider the following general system of ordinary di�erential

equations with a parameter φ

dx

dt
= f(x, φ), f : Rn × R→ Rn, and f ∈ C2(Rn × R). (1.3.3)

Without loss of generality, it is assumed that 0 is an equilibrium for system (1.3.3) for

all values of the parameter φ, (i.e., f(0, φ) ≡ 0 for all φ). Assume

A1 : A = Dxf(0, 0) =

(
∂fi
∂xj

, 0, 0

)
is the linearize matrix of system (1.3.3) around the

equilibrium 0 with φ evaluated at 0. Zero is a simple eigenvalue of A, and all

other eigenvalues of A have negative real parts;

A2 : The matrix A has a nonnegative right eigenvector w and a left eigenvector v

corresponding to the zero eigenvalue.

Let fk be the kth component of f and

acs =
n∑

k,i,j=1

vkwiwj
∂2fk
∂xi∂xj

(0, 0),

bcs =
n∑

k,i=1

vkwi
∂2fk
∂xi∂φ

(0, 0).

The local dynamics of system (1.3.3) around 0 are totally determined by the values of

acs and bcs as follows:

(i) When acs > 0, bcs > 0: φ < 0 with |φ| � 1, 0 is locally asymptotically stable and

there exists a positive unstable equilibrium; when 0 < φ � 1, 0 is unstable and

there exists a negative and locally asymptotically stable equilibrium.

(ii) When acs < 0, bcs < 0: φ < 0 with |φ| � 1, 0 is unstable; when 0 < φ � 1, 0 is

locally asymptotically stable, and there exists a positive unstable equilibrium;

(iii) When acs > 0, bcs < 0: φ < 0 with |φ| � 1, 0 is unstable, and there exists a

locally asymptotically stable negative equilibrium; when 0 < φ � 1, 0 is stable,

and a positive unstable equilibrium appears;
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(iv) When acs < 0, bcs > 0: φ changes from negative to positive, 0 changes its stability

from stable to unstable. Correspondingly a negative unstable equilibrium becomes

positive and locally asymptotically stable.

Particularly, if acs > 0 and bcs > 0, then a backward bifurcation occurs at φ = 0.

Let x∗ be an equilibrium of the system ẋ = f(x), where f : Rn → Rn.

De�nition 1.3.5. A scalar function L(x) such that L : Rn → R is called radially

unbounded if L(x)→∞ as ‖x‖ → ∞.

De�nition 1.3.6. Let L be a continuous scalar function, that is, L : Rn → R. The

function L is called positive de�nite on the entire space if L(x∗) = 0 and L(x) > 0 for

x 6= x∗.

Now we can state Lyapunov's theorem for global stability of the equilibrium x∗.

For proof of Lyapunov's theorem see [37].

Theorem 1.3.7. [92] (Lyapunov's Stability Theorem). If a function L(x) is glob-

ally positively de�nite and radially unbounded, and its time derivative is globally nega-

tive,

L̇(x) < 0 for all x 6= x∗,

then the equilibrium x∗ is globally stable.

De�nition 1.3.8. If a function L(x) satis�es the conditions of Theorem 1.3.7, then

this function is called a Lyapunov function.

Sensitivity analysis

A parameter is called sensitive if small changes in the parameter's value produce sig-

ni�cant changes in the solution of the di�erential equations.
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De�nition 1.3.9. (Local sensitivity). Local sensitivity analysis is a sensitivity anal-

ysis that examines the change in the output values that result from a change in one input

parameter.

The local sensitivity, based on the normalized sensitivity index, of a variable R0,

that depends di�erentiably on a parameter, p, is de�ned as [38]:

ΥR0
p =

∂R0

∂p
× p

R0

.

De�nition 1.3.10. (Global sensitivity). Global sensitivity analysis examines changes

in the output values that result from changes in all parameter values over the parame-

ters' ranges.

The global sensitivity analysis of a model with parameter p as an input and the basic

reproduction number R0 as output is determined using Latin Hypercube Sampling

(LHS) and Partial Rank Correlation Coe�cient (PRCC) methods.

The LHS is a strati�ed sampling that e�ectively studies parameter variations across

simultaneous uncertainty ranges in each parameter [23, 91, 95, 125].

The PRCC measures the strength of the relationship between the model outcome

and the parameters, expressing the degree of the impact that each parameter has on

the outcome [23, 91, 95, 125].

Nonstandard �nite di�erence modeling rules

Modeling rules for constructing NSFD methods, as proposed by Mickens (using the

exact di�erence equations as a guide) [98], are given follows

Rule 1 The orders of the discrete derivatives should be equal to the orders of the

corresponding derivatives of the di�erential equations.

Rule 2 Denominator functions for the discrete derivatives must, in general, be ex-

pressed in terms of more complicated functions of the step sizes than those con-

ventionally used.
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Rule 3 Nonlinear terms should, in general, be replaced by nonlocal discrete represen-

tations.

Rule 4 Special conditions that hold for the solutions of the di�erential equations should

also hold for the solutions of the �nite di�erence scheme.

Rule 5 The scheme should not introduce extraneous or spurious (special) solutions.

Rule 6 For di�erential equations having N(> 3) terms, it is generally useful to con-

struct �nite di�erence schemes for various sub-equations composed of M terms,

whereM < N , and then combine all the schemes together in an overall consistent

�nite di�erence model.

Remark 1.3.11. It is to be noted that any method [114], which is not standard, can be

considered as nonstandard. However, when we talk about the nonstandard �nite di�er-

ence methods, we mean those methods which consider at least one of the nonstandard

modeling rules proposed by Mickens as above.

Stability of discrete systems

Lemma 1.3.12. [7](Jury condition, Schur-Cohn criteria, n = 3)

Suppose the characteristic polynomial P (λ) = λ3 + p1λ
2 + p2λ + p3 is given. The

solutions λi, i = 1, 2, 3 of P (λ) satisfy |λi| < 1 if the following three conditions are

held:

(i). P (1) = 1 + p1 + p2 + p3 > 0,

(ii). (−1)3P (−1) = 1− p1 + p2 − p3 > 0,

(iii). 1− p2
3 > |p2 − p3p1|.

Lemma 1.3.13. (Jury condition, Schur-Cohn criteria, n = 4)

Suppose the characteristic polynomial P (λ) = λ4 + p1λ
3 + p2λ

2 + p3λ+ p4 is given. For

the polynomial P (λ), let b4 = 1− p2
4, b3 = p1− p4p3, b2 = p2− p4p2, b1 = p3− p4p1; c4 =



http://etd.uwc.ac.za/

CHAPTER 1. GENERAL INTRODUCTION 18

b2
4 − b2

1, c3 = b4b3 − b1b2, c2 = b4b2 − b1b3. The Jury conditions, which ensure that the

roots of the polynomial P (λ) have magnitudes less than one, are P (1) > 0, P (−1) >

0, |p4| < 1, |b4| > |b1| , |c4| > |c2|.

Slow-fast dynamical systems

The term slow-fast system is commonly used to model phenomena that evolve on two

(or more) di�erent time scales. A slow-fast system in standard form is a singularly

perturbed ordinary di�erential equation with two time scales often described as

ẋ = F (x, y, ε),

εẏ = G(x, y, ε),

 (1.3.4)

where the dot ˙ denotes the derivative with respect to the slow time t, F and G are

assumed to be smooth, x ∈ Rns , y ∈ Rnf , and 0 < ε � 1 is a small parameter that

describes the timescale separation between x and y.

Re-scaling the slow time t by ε we obtain an equivalent system that evolves on the

fast time-scale τ = t/ε. We thus write

x′ = εF (x, y, ε),

y′ = G(x, y, ε),

 (1.3.5)

where the primes indicate the derivative with respect to the faster time-scale τ .

Due to the slower time-scale t (respectively, the faster time-scale τ) used in the dy-

namics of equation (1.3.4) (respectively, (1.3.5)), these system of equations are referred

to as slow dynamics (respectively, fast dynamics). We take the (singular) limit ε→ 0

in slow system (1.3.4) and obtain ns-dimensional di�erential-algebraic system

ẋ = F (x, y, 0),

0 = G(x, y, 0),

 (1.3.6)
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known as the reduced problem, which represents a dynamical system for the slower

variable x subject to G(x, y, 0) = 0.

Alternatively, taking the singular limit in (1.3.5), we obtain the nf dimensional

layer problem

x′ = 0,

y′ = G(x, y, 0),

 (1.3.7)

where the slow variables act as parameters. It represents a dynamic for the fast problem

independently of the slow variables, which are assumed to evolve so slowly that they

are treated as parameters.

De�nition 1.3.14. The critical manifold is de�ned as the set of equilibria of the layer

problem

S := {(x, y) ∈ Rns × Rnf : G(x, y, 0) = 0}.

It is worth noting that the critical manifold is an important geometric structure

that acts as an interface between the slow and fast dynamics of (1.3.6) and (1.3.7).

The goal of geometric singular perturbation theory [56] is to consolidate the slow and

fast dynamics of the lower dimensional sub-problems (1.3.6) and (1.3.7), and therefore

predict the dynamics of the full (Rns +Rnf )-dimensional system for 0 < ε� 1. Below

we state a theorem due to Fenichel that can be found in [67].

Theorem 1.3.15. Suppose M0 ⊂ S is compact, possibly with boundary, and normally

hyperbolic, that is, the eigenvalues λ of the Jacobian
∂G

∂y

∣∣∣∣
M0

all satisfy <(λ) 6= 0.

Suppose F and G are smooth. Then for ε > 0 and su�ciently small, there exists a

manifold Mε, O(ε) close and di�eomorphic to M0, that is locally invariant under the

�ow of the full problem (1.3.4).
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1.4 Outline of the thesis

This thesis deals with the analysis and implementation of robust numerical methods

to solve mathematical models of AVL and HIV co-infection. We �rst studied the sub-

models and then the full model. More speci�c details are provided below.

In chapter 2, we consider a mathematical model of Visceral Leishmaniasis. The

model incorporates three populations, the human, the reservoir, and the vector host

populations. The model undergoes a backward bifurcation when the associated re-

production threshold is less than unity. For the case where the death rate due to

VL is negligible, the disease-free equilibrium of the model is shown to be globally

asymptotically stable if the reproduction number is less than unity. We develop an

unconditionally stable nonstandard �nite di�erence (NSFD) scheme based on nonlocal

approximation for the nonlinear terms to obtain the numerical solution.

In chapter 3, we use the geometric singular perturbation method to reduce, inves-

tigate and analyze a model of Anthroponotic visceral leishmaniasis (AVL). The AVL

model is divided into two sub-models: one characterized by a slower dynamic for the

human population and the other by the fast dynamic of the sand�y population. We

focus on the slow dynamic model at the critical manifold of the fast dynamic, and a

comprehensive stability analysis is performed. The slow model undergoes the usual

phenomenon of backward bifurcation exhibited by similar vector-borne disease trans-

mission models. In the absence of such phenomenon (which is shown to arise due

to disease-induced mortality), the nontrivial disease-free equilibrium of the model is

shown to be globally asymptotically stable when the associated reproduction number

of the model is less than unity. We then construct and analyze a nonstandard �nite

di�erence scheme (NSFD) to approximate the solution of the slow system.

In chapter 4, we construct a deterministic SIAT (Susceptible-Infected-AIDS-Treated)

model to study the transmission dynamics of the HIV/AIDS epidemic. The model in-

corporates the treatments of both HIV-infected and AIDS-infected individuals. We pro-

vide the local stability and global stability analysis of the equilibrium points. Through
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uncertainty and sensitivity analyses of the model, we investigate the most signi�cant

parameters that a�ect the dynamics of HIV/AIDS. We found that the top three most

signi�cant parameters that a�ect the dynamics of HIV/AIDS are the transmission rate

of HIV-infected individuals, the rate of developing AIDS symptoms, and the rate of

transfer of individuals to HIV-infected due to treatment failure. Finally, numerical

simulations are carried out to determine the e�ect of treatment on both HIV-infected

and AIDS-stage individuals on the dynamics of HIV/AIDS.

Chapter 5 is devoted to the construction and analysis of two classes of NSFD

schemes to solve the SIAT HIV/AIDS model. The �rst one uses non-local discretization

of nonlinear terms but with a standard denominator function, whereas the second class

of methods use non-local discretization of nonlinear terms with three di�erent types

of denominator functions which are constructed using more sophisticated approaches.

Comparisons between the schemes are presented.

In chapter 6, we develop a nonlinear mathematical model for co-infection of AVL

and HIV. We �nd the basic reproduction number and the equilibrium points and

present the stability analysis. We show the global stability of the disease-free equi-

librium and the possibility of backward bifurcation of the AVL-HIV co-infection. We

design and analyze a novel NSFD scheme to approximate the solutions of the AVL-HIV

co-infection model. Comparisons are made with other classical methods, such as the

Euler and Runge Kutta fourth order.

In chapter 7, we use the geometric singular perturbation method to sub-divide,

investigate and analyze the AVL-HIV co-infection model. The full model is divided

into two sub-models: one characterized by slower dynamic of HIV transmission and

the other by the fast dynamic of AVL disease. We focus on the slow dynamic model

(HIV) and perform a comprehensive stability analysis.

Finally, in Chapter 8, we conclude and summarize the main results and indicate

possible future research directions.
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Chapter 2

An unconditionally stable

nonstandard �nite di�erence method

to solve a mathematical model

describing Visceral Leishmaniasis

In this chapter, a mathematical model of Visceral Leishmaniasis is considered. The

model incorporates three populations, the human, the reservoir and the vector host

populations. A detailed analysis of the model is presented. This analysis reveals that

the model undergoes a backward bifurcation when the associated reproduction thresh-

old is less than unity. For the case where the death rate due to VL is negligible,

the disease-free equilibrium of the model is shown to be globally-asymptotically stable

if the reproduction number is less than unity. The governing model is a system of

highly nonlinear di�erential equations, its analytical solution is hard to obtain. To this

end, a special class of numerical methods, known as the nonstandard �nite di�erence

(NSFD) method is introduced. A rigorous theoretical analysis of the proposed numer-

ical method is carried out. We show that this method is unconditionally stable. The

results obtained using the NSFDM are compared with other well-known standard nu-

22
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merical methods such as the forward Euler method and the fourth-order Runge-Kutta

method. Further, the NSFDM preserves the positivity of the solutions and is more

e�cient than the standard numerical methods.

2.1 Introducton

Leishmaniasis is a vector-borne disease, caused by a protozoan parasite which is trans-

mitted to humans by the bite of infected female phlebotomine sand�ies. There are

four main forms of the disease: Visceral Leishmaniasis (VL, also known as Kala-Azar);

Post-Kala-Azar Dermal Leishmaniasis (PKDL); Cutaneous Leishmaniasis (CL); and

Mucocutaneous Leishmaniasis (MCL). In addition to these, Leishmaniasis can be clas-

si�ed as anthroponotic or zoonotic depending on whether the natural reservoir of the

parasite is human or animal [149]. It was indicated in [21] that the Leishmaniasis is

widely distributed across the tropical, subtropical, and temperate regions in 88 coun-

tries, 72 of which are developing. Three hundred �fty million women, men, and children

are at risk in widely scattered areas. An estimated 12 million people su�er from Leish-

maniasis, with 500,000 new cases of VL per year and 1 to 1.5 million new cases of CL

per year, with 2.4 million disability-adjusted life-years. While Cutaneous Leishmania-

sis is the most common form of this disease, Visceral Leishmaniasis is the most serious

and can be fatal if untreated.

Mathematical models are a powerful tool to describe and investigate the dynamics

of biological systems. In most cases, these models are described by autonomous systems

of nonlinear ordinary di�erential equations. For instance, mathematical models for VL

in [25, 49, 77, 161], are systems of nonlinear ordinary di�erential equations. Existing

mathematical models of VL suggest that treatment is a key parameter in the control

of the disease among the human population [49]. Vaccination also contribute in the

control of the disease [25]. As the author in [25] pointed out, the mass treatment

alone cannot control the outbreak of VL disease. To eradicate the disease from the

community, high rate of human treatment should be accompanied by vector control
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strategies as suggested by Elmojtaba et al. [49]. In the case of zoonotic VL, di�erent

models revealed that controlling sand�y population is the most e�ective strategy but

not culling dogs [77, 161].

Such systems are not always easy to solve analytically and are often studied through

robust numerical methods. Well known numerical methods such as Euler and Runge-

Kutta methods sometimes fail because they generate oscillations, bifurcations, chaos

and false steady states (see [39, 65]). As a result we construct a more reliable solver

that does not su�er such drawbacks. We design a nonstandard �nite di�erence schemes

based on the properties and nature of the di�erential equation. Readers may note that

NSFD schemes are originally designed and explored for numerous mathematical models

as indicated in the pioneering works of Mickens [97, 99] and two survey articles of one

of the authors of this paper [114, 115].

The NSFD schemes are used to solve many biological problems. Standard numerical

methods such as Euler and Runge-Kutta methods are usually applied for the compari-

son with many of NSFD schemes models [14, 15, 60, 81, 108, 131]. In models [15, 108]

the matlab solvers are also applied for comparison purposes. It was noticed by these

researchers that standard methods like those mentioned above often fail to re�ect some

essential qualitative features, such as, positivity and invariance of a solution, backward

bifurcation, convergence to the correct equilibrium for relatively large step-sizes, etc.,

as stated in [60]. The author in [81] also mentioned that such methods produce bad ap-

proximations when simulating the model for large time step-sizes. However, the NSFD

schemes are more e�cient and usually preserve essential properties of the continuous

model [81]. Arenas et al. [15] showed the e�ectiveness of their NSFD scheme. Further,

the NSFD schemes are stable in larger region than some other contemporary methods

[131]. This approach has also been applied to mathematical models of vector borne

diseases, such as, Dengue and Malaria. However, to the best of our knowledge the

NSFD schemes are yet to be explored for VL disease model.

In this chapter, we develop a nonstandard �nite di�erence scheme to obtain numer-

ical solution of a VL disease model. The continuous model that we considered is based
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on transmission of VL disease between three di�erent populations, human host popu-

lation, reservoir host population and vector host population. This model is represented

by a system of eight ordinary di�erential equations [49]. To our knowledge this is the

�rst NSFD scheme applied to this model. The construction of the scheme is based on

some nonlocal approximation for the nonlinear terms with the aim of obtaining positive

approximations. A brief overview of di�erent descriptions of these methods along with

extensive account of works on these NSFD methods can be found in [114, 115].

The rest of this chapter is organized as follows: In Section 2.2, the mathematical

model developed in [49] is presented along with its detailed stability analysis. In Sec-

tion 2.3, we design and analyze a novel NSFD scheme. Using this scheme, extensive

numerical simulations are carried out and results are presented in Section 2.4. Fi-

nally, in Section 2.5, we present some discussions on these results and draw relevant

conclusions.
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2.2 Mathematical model and its analysis

The model to be considered in this study is that of the dynamics of Visceral Leishma-

niasis in the Sudan [49]. It consists of the following system of equations

S ′H = ΛH − abIV
SH
NH

− µhSH ,

I ′H = abIV
SH
NH

− (α1 + δ + µh)IH ,

P ′H = (1− σ)α1IH − (α2 + β + µh)PH ,

R′H = σα1IH + (α2 + β)PH − µhRH ,

S ′R = ΛR − abIV
SR
NR

− µrSR,

I ′R = abIV
SR
NR

− µrIR,

S ′V = ΛV − acSV
IH
NH

− acSV
PH
NH

− acSV
IR
NR

− µvSV ,

I ′V = acSV
IH
NH

+ acSV
PH
NH

+ acSV
IR
NR

− µvIV ,



(2.2.1)

where all state variables in the above system and their de�nitions are presented in Table

2.2.1. The meanings and values of the parameters used in this system are presented in

Table 2.2.2.

It was assumed in [49] that ΛH = bhNH ,ΛR = brNR and ΛV = bvNV are the

recruitment rates of human, reservoir and vector, where bh, br and bv are the rate

for natural birth of human, reservoir and vector population, respectively. The total

populations in each population group are given by NH(t) = SH(t) + IH(t) + PH(t) +

RH(t), NR(t) = SR(t)+ IR(t) and NV (t) = SV (t)+ IV (t). These along with (2.2.1) lead

to

N ′H = (bh − µh)NH − δIH ,

N ′R = (br − µr)NR,

N ′V = (bv − µv)NV .
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The subscripts H, R and V refer to the population of human, reservoir and vector

respectively. Now we scale the system (2.2.1) as

Table 2.2.1: State variables used in the system (2.2.1)

Variable De�nition
SH(t) Susceptible population, individuals who have never encountered

Visceral Leishmaniasis
IH(t) Individuals infected with Visceral Leishmaniasis
PH(t) Individuals who develop PKDL after treatment of Visceral

Leishmaniasis
RH(t) Individuals who are recovered and have permanent immunity
NH(t) Human host population
SR(t) Susceptible reservoir
IR(t) Infected reservoir
NR(t) Reservoir host population
SV (t) Susceptible sand�ies, vectors which are susceptible for the disease
IV (t) Infected sand�ies
NV (t) Vector population.

sh =
SH
NH

, ih =
IH
NH

, ph =
PH
NH

, rh =
RH

NH

, sr =
SR
NR

, ir =
IR
NR

,

sv =
SV
NV

, and iv =
IV
NV

.

Also let m =
NV

NH

be the female vector-human ratio and n =
NV

NR

be the female vector-

reservoir ratio; both of which are considered as constants [49]. Then (2.2.1) reduces to
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the following equivalent system

s′h = bh − (abmiv + bh − δih)sh,

i′h = abmivsh − (α1 + δ + bh − δih)ih,

p′h = (1− σ)α1ih − (α2 + β + bh − δih)ph,

r′h = σα1ih + (α2 + β)ph − (bh − δih)rh,

s′r = br − abnivsr − brsr,

i′r = abnivsr − brir,

s′v = bv − (acih + acph + acir + bv)sv,

i′v = acihsv + acphsv + acirsv − bviv.



(2.2.2)

All parameters in the above system, their interpretations and appropriate values are

presented in Table 2.2.2. Most of the parameters values were obtained from the liter-

ature, namely from [49] and the references therein. The value of the biting rate was

made varying to explore the biting rates the promote the extinction of the disease.

Table 2.2.2: Parameters used in the system (2.2.2), their interpretation and values.

Parameter Interpretation Value
bh Natural birth rate of human 0.0015875 day−1

br Natural birth rate of reservoir host population 0.073 day−1

bv Natural birth rate of vector 0.299 day−1

a Biting rate of sand�ies 0.2856 day−1

b Progression rate of VL in sand�y 0.22 day−1

c Progression rate of VL in human and reservoir 0.0714 day−1

α1 Treatment rate of VL 0.9 day−1

1− σ Developing PKDL rate after treatment 0.36 day−1

σ Recovery rate from VL infection after treatment 0.64 day−1

δ Death rate due to VL 0.011 day−1

α2 PKDL recovery rate without treatment 0.00556 day−1

β PKDL recovery rate after treatment 0.033 day−1.

For the model represented by system (2.2.2), we have
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Theorem 2.2.1. The set

Γ =
{

(sh, ih, ph, rh, sr, ir, sv, iv) ∈ R8
+ : 0 ≤ sh, ih, ph, rh, sh + ih + ph + rh ≤ 1;

0 ≤ sr, ir, sr + ir ≤ 1; 0 ≤ sv, iv, sv + iv ≤ 1} ,

is positively invariant.

Proof. Adding the equations of system (2.2.2) we obtain

d

dt
(sh + ih + ph + rh) = (bh − δih)(1− (sh + ih + ph + rh))

≤ bh(1− (sh + ih + ph + rh)).

It follows that

sh + ih + ph + rh ≤ 1− e−bht(1− (sh(0) + ih(0) + ph(0) + rh(0))),

where sh(0), ih(0), ph(0) and rh(0) represents the initial values of the susceptible, in-

fected, post kalazar and recovered human populations respectively. Thus

lim
t→+∞

sup(sh + ih + ph + rh) ≤ 1.

For the reservoir population

d

dt
(sr + ir) = br(1− (sr + ir)).

It follows that

sr + ir = 1− e−brt(1− (sr(0) + ir(0))),

where sr(0) and ir(0) represent the initial values of the susceptible and infected reservoir

populations, respectively. Thus lim
t→+∞

sup(sr + ir) ≤ 1.
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Similarly for the vector population

d

dt
(sv + iv) = bv(1− (sv + iv)).

It follows that

sv + iv = 1− e−bvt(1− (sv(0) + iv(0))),

where sv(0) and iv(0) represents the initial values of the susceptible and infected vector

populations respectively. Thus lim
t→+∞

sup(sv + iv) ≤ 1. It implies respectively that the

region

Γ =
{

(sh, ih, ph, rh, sr, ir, sv, iv) ∈ R8
+ : 0 ≤ sh, ih, ph, rh, sh + ih + ph + rh ≤ 1;

0 ≤ sr, ir, sr + ir ≤ 1; 0 ≤ sv, iv, sv + iv ≤ 1} ,

is a positively invariant set for system (2.2.2).

The disease free equilibrium (DFE) of the system (2.2.2) is obtained by setting the

right-hand sides of the equations in (2.2.2) to zero, and is given by

E0 = (1, 0, 0, 0, 1, 0, 1, 0).

The basic reproduction number

The basic reproduction number, R0, for the system (2.2.2) is investigated by using the

next generation matrix approach [137]. The matrices F (for the new infection terms)

and V (for the remaining transition terms) evaluated at DFE are given by

F =


0 0 0 abm

0 0 0 0

0 0 0 abn

ac ac ac 0

 and V =


α1 + δ + bh 0 0 0

−(1− σ)α1 α2 + β + bh 0 0

0 0 br 0

0 0 0 bv

 .
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The spectral radius, ρ, of the matrix FV−1 (known as the next generation matrix) is

the basic reproduction number, R0, given by

R0 =

√
ac[abmbr(α2 + β + bh + (1− σ)α1) + abn(α1 + δ + bh)(α2 + β + bh)]

brbv(α1 + δ + bh)(α2 + β + bh)
. (2.2.3)

The above R0 determines the local stability of the DFE through

Lemma 2.2.2. The disease free equilibrium is locally asymptotically stable if R0 < 1

and unstable if R0 > 1.

The global stability of DFE is established through a result in [34]. This is done as

follows. Firstly, the system (2.2.2) can be rewritten in the following form

dX

dt
= F (X,Z),

dZ

dt
= G(X,Z) with G(X, 0) = 0,

 (2.2.4)

where X ∈ Rm denotes the number of uninfected individuals and Z ∈ Rn denotes

the number of infected individuals including latent, infectious, etc. Let U0 = (X0, 0)

denote the disease free equilibrium of the system (2.2.4). Then consider the following

two assumptions

(H1) For
dX

dt
= F (X, 0), X0 is globally asymptotically stable.

(H2) G(X,Z) = AZ − Ĝ(X,Z), Ĝ(X,Z) ≥ 0 for (X,Z) ∈ Γ, where A = DZG(X0, 0),

the o� diagonal elements of A are nonnegative, and Γ is the feasible region.

If system (2.2.4) satis�es the above two conditions, then the following theorem holds.

Theorem 2.2.3. [34] The disease free equilibrium U0 = (X0, 0) is globally asymptoti-

cally stable equilibrium of system (2.2.4) if R0 < 1 provided that the assumptions (H1)

and (H2) are satis�ed.

The following result ensures the global stability of the disease free equilibrium E0

when R0 < 1.
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Theorem 2.2.4. The disease free equilibrium E0 of the system (2.2.2) is globally

asymptotically stable if R0 < 1 and δ = 0.

Proof. Considering X = (sh, rh, sr, sv)
T and Z = (ih, ph, ir, iv)

T , and comparing system

(2.2.2) with system (2.2.4), we have

F (X,Z) =


bh − (abmiv + bh − δih)sh

σα1ih + (α2 + β)ph − (bh − δih)rh
br − abnivsr − brsr

bv − (acih + acph + acir + bv)sv


and

G(X,Z) =


abmivsh − (α1 + δ + bh − δih)ih

(1− σ)α1ih − (α2 + β + bh − δih)ph
abnivsr − brir

acihsv + acphsv + acirsv − bviv

 .

The disease free equilibrium of the system (2.2.2) is U0 = E0 = (X0, 0) with X0 =

(1, 0, 1, 1). Hence,

(H1)
dX

dt
= F (X, 0) is equivalent to the system of equations

s′h = bh − bhsh = bh(1− sh),

r′h = −bhrh,

s′r = br − brsr = br(1− sr),

s′v = bv − bvsv = bv(1− sv).


(2.2.5)

Integrating (2.2.5) and using the initial conditions as (1, 0, 1, 1), we obtain sh =

1 − e−bht, rh = 0, sr = 1 − e−brt and sv = 1 − e−bvt. Clearly as t → ∞, sh →

1, rh → 0, sr → 1 and sv → 1. Hence X0 is globally asymptotically stable for
dX

dt
= F (X, 0) as X → X0 when t→∞.

Now
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(H2) G(X,Z) =


−(α1 + δ + bh) 0 0 abm

(1− σ)α1 −(α2 + β + bh) 0 0

0 0 −br abn

ac ac ac −bv




ih

ph

ir

iv

−Ĝ(X,Z)

where

Ĝ(X,Z) =


abmiv(1− sh)− δihih

−δihph
abniv(1− sr)

ac(ih + ph + ir)(1− sv)

 .

Because sh ≤ 1, sr ≤ 1, sv ≤ 1 and if δ = 0 then Ĝ(X,Z) ≥ 0.

Thus, if R0 < 1 and δ = 0, the disease free equilibrium E0 of system (2.2.2) is globally

asymptotically stable.

Remark 2.2.5. If δ 6= 0, this will violate the non-negativity of Ĝ(X,Z) and therefore

E0 may or may not be globally stable. This indicates the possibility for the existence

of endemic equilibria when R0 < 1.

Theorem 2.2.6. The system (2.2.2) exhibits backward bifurcation at R0 = 1 whenever

the bifurcation coe�cient, acs, given by equation (2.2.10), is positive.

Proof. Consider system (2.2.2) and set sh = x1, ih = x2, ph = x3, rh = x4, sr = x5, ir =

x6, sv = x7, and iv = x8. Using the vector notation X = (x1, x2, x3, x4, x5, x6, x7, x8)T

system (2.2.2) can be written in the form

dX

dt
= (f1, f2, f3, f4, f5, f6, f7, f8)T ,
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i.e.,

x′1 = bh − (abmx8 + bh − δx2)x1,

x′2 = abmx8x1 − (α1 + δ + bh − δx2)x2,

x′3 = (1− σ)α1x2 − (α2 + β + bh − δx2)x3,

x′4 = σα1x2 + (α2 + β)x3 − (bh − δx2)x4,

x′5 = br − abnx8x5 − brx5,

x′6 = abnx8x5 − brx6,

x′7 = bv − (acx2 + acx3 + acx6 + bv)x7,

x′8 = acx2x7 + acx3x7 + acx6x7 − bvx8.



(2.2.6)

Consider the case when R0 = 1. Suppose further that b = b∗ is chosen as a bifurcation

parameter. Solving for b = b∗ with R0 = 1 in (2.2.3) gives

b = b∗ =
brbv(α1 + δ + bh)(α2 + β + bh)

a2c(mbr(α2 + β + bh + (1− σ)α1) + n(α1 + δ + bh)(α2 + β + bh))
.

The Jacobian of the system (2.2.6), evaluated at the DFE E0 with b = b∗ (denoted by

J∗), is given by

J∗ =



−bh δ 0 0 0 0 0 −ab∗m

0 −(α1 + δ + bh) 0 0 0 0 0 ab∗m

0 (1− σ)α1 −(α2 + β + bh) 0 0 0 0 0

0 σα1 α2 + β −bh 0 0 0 0

0 0 0 0 −br 0 0 −ab∗n

0 0 0 0 0 −br 0 ab∗n

0 −ac −ac 0 0 −ac −bv 0

0 ac ac 0 0 ac 0 −bv



.

The Jacobian (J∗) of the linearized system has a zero eigenvalue (with all other eigen-

values having negative real part). Hence, the centre manifold theory [35, 137] can be
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used to analyze the dynamics of the system (2.2.6). In particular, a theorem in [35]

will be used. Following the notation in Castillo-Chavez and Song [35], we proceed as

follows.

Eigenvectors of J∗ |b=b∗: For the case R0 = 1, it can be shown that J∗ has a right

eigenvector (corresponding to the zero eigenvalue), given by w = [w1, w2, w3, w4, w5, w6, w7, w8]T ,

where

w1 =
−ab∗m(α1 + bh)

bh(α1 + δ + bh)
w8,

w2 =
ab∗m

α1 + δ + bh
w8,

w3 =
ab∗m(1− σ)α1

(α1 + δ + bh)(α2 + β + bh)
w8,

w4 =
ab∗mα1(α2 + β + δbh)

bh(α1 + δ + bh)(α2 + β + bh)
w8,

w5 =
−ab∗n
br

w8,

w6 =
ab∗n

br
w8,

w7 = −w8,

w8 = w8 and w8 > 0.



(2.2.7)

Similarly, the components of the left eigenvector of J∗ (corresponding to the zero
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eigenvalue), denoted by v = [v1, v2, v3, v4, v5, v6, v7, v8]T are given by

v1 = 0,

v2 =
ac(α2 + β + bh + (1− σ)α1)

(α1 + δ + bh)(α2 + β + bh)
v8,

v3 =
ac

α2 + β + bh
v8,

v4 = 0,

v5 = 0,

v6 =
ac

br
v8,

v7 = 0,

v8 = v8 and v8 > 0.



(2.2.8)

For the transformed system (2.2.6), the associated non-zero partial derivative of f

(evaluated at the DFE E0) are given by

∂2f2

∂x8∂x1

=
∂2f2

∂x1∂x8

= ab∗m,
∂2f2

∂x2
2

= 2δ,
∂2f3

∂x3∂x2

=
∂2f3

∂x2∂x3

= δ,

∂2f6

∂x8∂x5

=
∂2f6

∂x5∂x8

= ab∗n,
∂2f8

∂x7∂x2

=
∂2f8

∂x7∂x3

=
∂2f8

∂x7∂x6

= ac,

∂2f2

∂x8∂b∗
= am,

∂2f6

∂x8∂b∗
= an.


(2.2.9)

Using the expressions in (2.2.7)-(2.2.9), it follows that

acs =
8∑

k,i,j=1

vkwiwj
∂2fk
∂xi∂xj

(0, 0)

= 2ac

(
δ(ab∗m)2(1− σ)α1

(α1 + δ + bh)3(α2 + β + bh)2
+
δ(ab∗m)2(α2 + β + bh + (1− σ)α1)

(α1 + δ + bh)2(α2 + β + bh)

−(ab∗m)2(α1 + bh)(α2 + β + bh + (1− σ)α1)

bh(α1 + δ + bh)2(α2 + β + bh)
− (ab∗n)2

b2
r

− ab∗m

α1 + δ + bh

− ab∗m(1− σ)α1

(α1 + δ + bh)(α2 + β + bh)
− ab∗n

br

)
v8w

2
8 (2.2.10)
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and

bcs =
8∑

k,i=1

vkwi
∂2fk
∂xi∂b∗

(0, 0)

gives

bcs = a(v2m+ v6n)w8 > 0.

Note that the coe�cient bcs is positive, hence, it follows that the system (2.2.2) (or its

transformed equivalent (2.2.6)) will undergo backward bifurcation if the coe�cient acs,

given by (2.2.10), is positive.

The phenomenon of backward bifurcation in the system (2.2.2) can be removed if

the death rate due to VL is negligible (i.e., δ = 0) as in the case of VL submodel of the

co-infection model [76]. When δ = 0 in the bifurcation coe�cient acs, given by (2.2.10)

it is clear that acs < 0 and bcs remains positive. Hence, the system (2.2.2) with δ = 0

does not undergo backward bifurcation.

Theorem 2.2.7. The endemic equilibrium is locally asymptotically stable whenever it

exists for R0 > 1.

Proof. We use the center manifold theory [137, 35] to obtain the local asymptotic

stability of the endemic equilibrium. In particular, Theorem 1.3.4 from [35] will be

used.

It can be shown that 0 is a simple eigenvalue of the linearization matrix, J∗, of

system (2.2.2) around the DFE when b = b∗. Hence, Theorem 2.2.7 can be used to

analyse the dynamics of system (2.2.6) near b = b∗. In particular, it will be used to

show local asymptotic stability of the endemic equilibrium of system (2.2.6) (which is

the same as the endemic equilibrium of system (2.2.2)), for b near b∗.

From the above it is clear that bcs > 0 and acs < 0 whenever R0 > 1. So by

item (iv) of Theorem 1.3.4, the endemic equilibrium is locally asymptotically stable

whenever it exists for R0 > 1.

In next section, we design and analyze a novel numerical method to solve the system

(2.2.2).
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2.3 Construction and analysis of NSFD scheme

In this section, we construct a nonstandard �nite di�erence scheme to simulate the sys-

tem (2.2.2). The main aim of the scheme is to obtain dynamically consistent numerical

results and to ensure the positivity of the variables representing the subpopulations

sh(t), ih(t), ph(t), rh(t), sr(t), ir(t), sv(t) and iv(t).

The basic terminology, including modeling rules regarding the constructions of these

schemes is presented in the pioneering work of Mickens [97, 98, 99]. Subsequent illus-

trations of these rules as well as extensive review on the works that used these methods

are presented in two survey articles of Patidar [114, 115].

To begin with the construction of the method for the model considered in this

chapter, let us denote by skh, i
k
h, p

k
h, r

k
h, s

k
r , i

k
r , s

k
v and i

k
v the approximations of sh(k`),

ih(k`), ph(k`), rh(k`), sr(k`), ir(k`), sv(k`) and iv(k`), respectively, for k = 0, 1, 2, 3, ...,

and ` the time-step of the scheme. The sequences skh, i
k
h, p

k
h, r

k
h, s

k
r , i

k
r , s

k
v and i

k
v should

be nonnegative in order to be consistent with the biological nature of the model [85].

The numerical scheme to solve system (2.2.2) is therefore constructed with the aim of

obtaining positive approximations as follows

sk+1
h − skh

`
= bh − abmikvsk+1

h − bhsk+1
h + δikhs

k
h,

ik+1
h − ikh

`
= abmikvs

k+1
h − (α1 + δ)ik+1

h − bhik+1
h + δikhi

k
h,

pk+1
h − pkh

`
= (1− σ)α1i

k
h − (α2 + β)pk+1

h − bhpk+1
h + δikhp

k
h,

rk+1
h − rkh

`
= σα1i

k
h + (α2 + β)pkh − bhrk+1

h + δikhr
k
h,

sk+1
r − skr

`
= br − abnikvsk+1

r − brsk+1
r ,

ik+1
r − ikr

`
= abnikvs

k+1
r − brik+1

r ,

sk+1
v − skv

`
= bv − ac(ikh + pkh + ikr)s

k+1
v − bvsk+1

v ,

ik+1
v − ikv

`
= ac(ikh + pkh + ikr)s

k+1
v − bvik+1

v .



(2.3.1)
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After rearranging (2.3.1) we obtain the following explicit scheme

sk+1
h =

skh + `bh + `δikhs
k
h

1 + `abmikv + `bh
,

ik+1
h =

ikh + `abmikvs
k+1
h + `δikhi

k
h

1 + `(α1 + δ + bh)
,

pk+1
h =

pkh + `(1− σ)α1i
k
h + `δikhp

k
h

1 + `(α2 + β + bh)
,

rk+1
h =

rkh + `σα1i
k
h + `(α2 + β)pkh + `δikhr

k
h

1 + `bh
,

sk+1
r =

skr + `br
1 + `abnikv + `br

,

ik+1
r =

ikr + `abnikvs
k+1
r

1 + `br
,

sk+1
v =

skv + `bv
1 + `ac(ikh + pkh + ikr) + `bv

,

ik+1
v =

ikv + `ac(ikh + pkh + ikr)s
k+1
v

1 + `bv
.



(2.3.2)

It is clear from (2.3.2) above that if the initial conditions sh(0), ih(0), ph(0), rh(0),

sr(0), ir(0), sv(0) and iv(0) are non-negative, then the right hand side of equations

(2.3.2) admit no negative terms for any k. This implies the positivity of the solution

for the NSFD method given by (2.3.2).

The following result will be used to show the stability of the �xed points of (2.3.2).

Theorem 2.3.1. Consider the nonlinear system Xt+1 = ψ(Xt), where ψ : Rn → Rn,

is a C1-di�eomorphism with a �xed point, X0. Then a steady-state equilibrium, X0, is

locally asymptotically stable if and only if the moduli of all eigenvalues of the Jacobian

matrix, J(X0), are smaller than one.

Proof. The reader is referred to [57] for the proof of Theorem 2.3.1.

Let us consider X0, to be the �xed point of the system (2.3.2), i.e.,

X0 = (ŝh, îh, p̂h, r̂h, ŝr, îr, ŝv, îv).
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This is obtained by solving

ŝh = f1(ŝh, îh, p̂h, r̂h, ŝr, îr, ŝv, îv),

îh = f2(ŝh, îh, p̂h, r̂h, ŝr, îr, ŝv, îv),

p̂h = f3(ŝh, îh, p̂h, r̂h, ŝr, îr, ŝv, îv),

r̂h = f4(ŝh, îh, p̂h, r̂h, ŝr, îr, ŝv, îv),

ŝr = f5(ŝh, îh, p̂h, r̂h, ŝr, îr, ŝv, îv),

îr = f6(ŝh, îh, p̂h, r̂h, ŝr, îr, ŝv, îv),

ŝv = f7(ŝh, îh, p̂h, r̂h, ŝr, îr, ŝv, îv),

îv = f8(ŝh, îh, p̂h, r̂h, ŝr, îr, ŝv, îv),



(2.3.3)

where

f1(ŝh, îh, p̂h, r̂h, ŝr, îr, ŝv, îv) =
ŝh + `bh + `δîhŝh

1 + `abmîv + `bh
,

f2(ŝh, îh, p̂h, r̂h, ŝr, îr, ŝv, îv) =
îh + `abmîvŝh + `δîhîh

1 + `(α1 + δ + bh)
,

f3(ŝh, îh, p̂h, r̂h, ŝr, îr, ŝv, îv) =
p̂h + `(1− σ)α1îh + `δîhp̂h

1 + `(α2 + β + bh)
,

f4(ŝh, îh, p̂h, r̂h, ŝr, îr, ŝv, îv) =
r̂h + `σα1îh + `(α2 + β)p̂h + `δîhr̂h

1 + `bh
,

f5(ŝh, îh, p̂h, r̂h, ŝr, îr, ŝv, îv) =
ŝr + `br

1 + `abnîv + `br
,

f6(ŝh, îh, p̂h, r̂h, ŝr, îr, ŝv, îv) =
îr + `abnîvŝr

1 + `br
,

f7(ŝh, îh, p̂h, r̂h, ŝr, îr, ŝv, îv) =
ŝv + `bv

1 + `ac(̂ih + p̂h + îr) + `bv
,

f8(ŝh, îh, p̂h, r̂h, ŝr, îr, ŝv, îv) =
îv + `ac(̂ih + p̂h + îr)ŝv

1 + `bv
.



(2.3.4)

In the above system, if îh = 0, p̂h = 0, îr = 0, îv = 0, and given that fi(X0) = X0, i =
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1, 2, ..., 8, then

ŝh =
ŝh + `bh
1 + `bh

⇒ ŝh + ŝh`bh = ŝh + `bh ⇒ ŝh = 1,

r̂h =
r̂h

1 + `bh
⇒ r̂h + r̂h`bh = r̂h ⇒ r̂h = 0,

ŝr =
ŝr + `br
1 + `br

⇒ ŝr + ŝr`br = ŝr + `br ⇒ ŝr = 1,

ŝv =
ŝv + `bv
1 + `bv

⇒ ŝv + ŝv`bv = ŝv + `bv ⇒ ŝv = 1.

Thus the disease free equilibrium is unique and is given by E0 = (1, 0, 0, 0, 1, 0, 1, 0).

Remark 2.3.2. The continuous system (2.2.2) and the discrete system (2.3.2) have

the same disease free equilibrium.

Equations of system (2.3.3) are nonlinear in ŝh, îh, ŝr and ŝv , and hence explicit

solutions are di�cult to �nd. We therefore solve the system (2.3.3) numerically to

obtain the endemic �xed point.

The Jacobian matrix of (2.3.2) at the disease free equilibrium is given by

J(E0) =



a11 a12 0 0 0 0 0 a18

0 a22 0 0 0 0 0 a28

0 a32 a33 0 0 0 0 0

0 a42 a43 a44 0 0 0 0

0 0 0 0 a55 0 0 a58

0 0 0 0 0 a66 0 a68

0 a72 a73 0 0 a76 a77 0

0 a82 a83 0 0 a86 0 a88



,
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where

a11 =
1

1 + `bh
, a12 =

`δ

1 + `bh
, a18 =

−`abm
1 + `bh

, a22 =
1

1 + `(α1 + δ + bh)
,

a28 =
`abm

1 + `(α1 + δ + bh)
, a32 =

`(1− σ)α1

1 + `(α2 + β + bh)
, a33 =

1

1 + `(α2 + β + bh)
,

a42 =
`σα1

1 + `bh
, a43 =

`(α2 + β)

1 + `bh
, a44 =

1

1 + `bh
, a55 =

1

1 + `br
, a58 =

−`abn
1 + `br

,

a66 =
1

1 + `br
, a68 =

`abn

1 + `br
, a72 =

−`ac
1 + `bv

, a73 =
−`ac

1 + `bv
, a76 =

−`ac
1 + `bv

,

a77 =
1

1 + `bv
, a82 =

`ac

1 + `bv
, a83 =

`ac

1 + `bv
, a86 =

`ac

1 + `bv
, a88 =

1

1 + `bv
.

The characteristic equation associated with the above matrix is |J(E0)− λI| = 0,

which can be simpli�ed as (a11 − λ)(a44 − λ)(a55 − λ)(a77 − λ)ϕ(λ) = 0, where

ϕ(λ) = λ4 + (−a88 − a66 − a33 − a22)λ3 + (a22a33 + a22a66 + a22a88 − a28a82

+a33a66 + a33a88 + a66a88 − a68a86)λ2 + (−a22a33a66 − a22a33a88

−a22a66a88 + a22a68a86 − a28a32a83 + a28a33a82 + a28a66a82

−a33a66a88 + a33a68a86)λ+ (a88a66a33a22 − a22a33a68a86

+a28a32a66a83 − a28a33a66a82).

We need to show that each eigenvalue λi satis�es |λi| < 1. Because `bh > 0, `br >

0, `bv > 0, it is clear that λ1 = a11 =
1

1 + `bh
< 1, λ2 = a44 =

1

1 + `bh
< 1, λ3 = a55 =

1

1 + `br
< 1, λ4 = a77 =

1

1 + `bv
< 1, for every values of the step length ` > 0.

Now consider ϕ(λ) = λ4+a1λ
3+a2λ

2+a3λ+a4 where a1, ..., a4 are the corresponding

coe�cients of ϕ(λ) above.

For the polynomial ϕ(λ), let b4 = 1−a2
4, b3 = a1−a4a3, b2 = a2−a4a2, b1 = a3−a4a1;

c4 = b2
4 − b2

1, c3 = b4b3 − b1b2, c2 = b4b2 − b1b3. The Jury conditions, which ensure that

the roots of the polynomial ϕ(λ) have magnitudes less than one, are ϕ(1) > 0, ϕ(−1) >

0, |a4| < 1, |b4| > |b1| , |c4| > |c2|.
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The �rst condition ϕ(1) = 1 + a1 + a2 + a3 + a4 implies that

ϕ(1) =
1

((δ`+ `bh + `α1 + 1)(β`+ `bh + `α2 + 1)(`br + 1)(`bv + 1))
(`4(a2bcmσbrα1

+βδbrbv + βbhbrbv + βbrbvα1 + δbhbrbv + δbrbvα2 + b2
hbrbv + bhbrbvα1

+bhbrbvα2 + brbvα1α2 − a2bβcδn− a2bβcmbr − a2bβcnbh − a2bβcnα1

−a2bcδnbh − a2bcδnα2 − a2bcmbhbr − a2bcmbrα1 − a2bcmbrα2 − a2bcnb2
h

−a2bcnbhα1 − a2bcnbhα2 − a2bcnα1α2)).

After some simpli�cations, we obtain

ϕ(1) =
`4brbv(α1 + δ + bh)(α2 + β + bh)(1−R2

0)

(1 + `br)(1 + `bv)(1 + `(α1 + δ + bh))(1 + `(α2 + β + bh))
.

It is clear that ϕ(1) > 0 when R0 < 1.

Now the second condition ϕ(−1) = 1− a1 + a2 − a3 + a4 simpli�ed as

ϕ(−1) =
1

(1 + `br)(1 + `bv)(1 + `(α1 + δ + bh))(1 + `(α2 + β + bh))

(
(2 + `bv)

(2 + `br)((α1 + δ + bh)`+ 2)((α2 + β + bh)`+ 2) + `3a2bcmα1(1− σ)

(2 + `br)− a2bc`2(((α1 + δ + bh)n+mbr)`+ 2m+ 2n)

((α2 + β + bh)`+ 2)
)
.

It is hard to retrieve what above right hand sides will give us for ϕ(−1) but some

simulations show that its value is always positive when R0 < 1.

The third condition requires us to show that |a4| < 1, which is equivalent to 1−a2
4 >

0. Hence, let us consider

1− a2
4 = 1− (1 + a2bc`2(mα1(1− σ)`− (m+ n)))2

((1 + `(α2 + β + bh))(1 + `(α1 + δ + bh))(1 + `br)(1 + `bv))2
,
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which is positive when

1+a2bc`2(mα1(1−σ)`−(m+n)) < (1+`(α2+β+bh))(1+`(α1+δ+bh))(1+`br)(1+`bv).

This condition is always true for parameter values used in our simulation. Hence, the

inequality |a4| < 1 is also satis�ed.

Finally, we have to verify that the inequalities

∣∣1− a2
4

∣∣ > |a3 − a1a4|

and

∣∣(1− a2
4)2 − (a3 − a1a4)2

∣∣ > ∣∣(1− a2
4)(a2 − a2a4)− (a3 − a1a4)(a1 − a3a4)

∣∣
are true. This is rather complicated to study theoretically. However, through numer-

ical simulations with the parameters presented in Table 2.2.2, we could see that the

inequalities are true when R0 < 1 for all ` > 0. Hence, we can conclude that all the

eigenvalues of the Jacobian matrix are less than one in magnitude. Thus, by Theorem

2.3.1, the scheme (2.3.2) is unconditionally stable when R0 < 1.

To study the stability of the steady sates of the NSFD numerically, we generated

ten-thousand sets of parameter values randomly. For each parameter set, we calculated

reproductive number R0, the disease free and endemic equilibria and the spectral radius

of their respective Jacobian matrix. The reproductive number R0 and the spectral radii

are plotted in Fig. 2.3.1. We observe that when R0 < 1, the spectral radius is less than

1, indicating that the DFE of the NSFD is locally asymptotically stable. When R0 > 1,

the spectral radius of the DFE is larger than 1 (positive logarithmic values) and that of

the EE is less than 1 (negative logarithmic values) indicating that the DFE is unstable

and the EE is asymptotically stable. In other words, the stability of the equilibrium

points of the NSFD correspond to that of equilibrium points of the continuous model.
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Fig. 2.3.1: The logarithm of the spectral radii of the Jacobian of the NSFD at the DFE
(left) and EE (right), and the reproductive number R0. Each point represents a set of
randomly generated parameter values. The step size is ` = 10.

Remark 2.3.3. The endemic equilibrium of the NSFD is locally asymptotically stable

when R0 > 1.

In section 2.4, we present some numerical results con�rming the above mentioned

theoretical observations.

2.4 Numerical results

In this section, we present extensive numerical results obtained by simulating the model

with NSFDM and other classical methods for a range of time step-sizes. Parameter

values used for the simulations are presented in Table 2.2.2. Further, numerous values of

the biting rate of sand�ies, a, which are used in the numerical simulations, are indicated

in the captions of �gures and tables. Initial condition used for these simulations is

indicated in Table 2.4.1.
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Table 2.4.1: Initial condition used for numerical simulations

Initial condition Value
sh(0) 0.985
ih(0) 0.0025
ph(0) 0.0005
rh(0) 0.012
sr(0) 0.9
ir(0) 0.1
sv(0) 0.8
iv(0) 0.2

Disease free equilibrium (R0 < 1)

In this section, we present the results to study the convergence behavior of the nu-

merical methods to disease free equilibria. We provide the results for di�erent values

of biting rate of sand�ies a satisfying R0 < 1. In Fig. 2.4.1, it can be seen that

all the numerical methods converge to the disease free equilibrium when the step-size

` = 1. Then, in Table 2.4.2, we present some results about convergence of forward

Euler, fourth-order Runge-Kutta and NSFD schemes for di�erent time step-sizes. It

can be seen that the NSFD method converges to the correct disease free equilibrium for

all ` used in the numerical simulations, and preserves positivity of the state variables

whereas both forward Euler and fourth-order Runge-Kutta methods only converge for

smaller values of ` and diverge for larger values of time step-sizes. In addition, Table

2.4.4 provides the spectral radius for di�erent values of ` and initial conditions for the

forward Euler and NSFD schemes. It can be observed for the NSFD scheme, these radii

are less than one for all values of the time step-size and initial conditions. Hence, by

Theorem 2.3.1, the disease free equilibrium is asymptotically stable for NSFD scheme.

Endemic equilibrium (R0 > 1)

In this section, we study the behavior of the numerical methods to endemic equilibria.

We provide the results for di�erent values of biting rate of sand�ies a satisfying R0 > 1.
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Fig. 2.4.1: Solution pro�les obtained by di�erent numerical methods for ` = 1, a =
0.1556 and R0 < 1.

Table 2.4.2: Numerical convergence to the DFE for a = 0.1556, R0 < 1 (Initial
condition: See Table 2.4.1).

` Euler RK4 NSFD
0.01 Convergent Convergent Convergent
0.05 Convergent Convergent Convergent
0.1 Convergent Convergent Convergent
0.5 Convergent Convergent Convergent
1 Convergent Convergent Convergent
2.5 Divergent Convergent Convergent
3.5 Divergent Divergent Convergent
7 Divergent Divergent Convergent
10 Divergent Divergent Convergent
100 Divergent Divergent Convergent

It can be seen from Fig. 2.4.2 that all the numerical methods converge to the endemic

equilibrium. However, in Table 2.4.3, we can see the qualitative values of convergence

for forward Euler, fourth-order Runge-Kutta and NSFD schemes for di�erent time step-

sizes. It can be concluded that the NSFD method converges to the correct endemic

equilibrium for large values of `, whereas the forward Euler and fourth-order Runge-

Kutta methods only converge for smaller values and diverge for larger `. From Figure
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Table 2.4.3: Numerical convergence to the EE for a = 0.2856, R0 > 1 (Initial condition:
See Table 2.4.1).

` Euler RK4 NSFD
0.01 Convergent Convergent Convergent
0.05 Convergent Convergent Convergent
0.1 Convergent Convergent Convergent
0.5 Convergent Convergent Convergent
1 Convergent Convergent Convergent
2.5 Divergent Convergent Convergent
3.5 Divergent Divergent Convergent
7 Divergent Divergent Convergent
10 Divergent Divergent Convergent
100 Divergent Divergent Convergent
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Fig. 2.4.2: Solution pro�les obtained by di�erent numerical methods for ` = 1, a =
0.2856 and R0 > 1.

2.4.3, we see that the forward Euler and fourth-order Runge Kutta methods failed

to converge to the endemic equilibrium. On the other hand the NSFD scheme with

di�erent initial conditions converges to the correct endemic equilibrium even for large

values of ` (see Fig. 2.4.4). In addition, it can be observed from Table 2.4.5 that the

spectral radius of the NSFD scheme is less than one for all values of the time step-size

` and initial conditions. Hence, the endemic equilibrium is stable for NSFD.
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Fig. 2.4.4: The approximations generated by the NSFD method with ` = 10 converges
to the EE (red dots) for di�erent initial conditions. The biting rate is a = 0.2856 giving
a reproductive number R0 > 1.

2.5 Discussion and conclusions

In this chapter, a numerical scheme for the dynamics of Visceral Leishmaniasis disease

was proposed. We formulated the NSFD scheme based on nonlocal approximations for

the nonlinear terms. We studied the convergence behavior of the numerical methods

near the steady state. We provided the results for di�erent values of biting rate of



http://etd.uwc.ac.za/

CHAPTER 2. AN UNCONDITIONALLY STABLE NONSTANDARD FINITE
DIFFERENCE METHOD TO SOLVE A MATHEMATICAL MODEL
DESCRIBING VISCERAL LEISHMANIASIS 50

Table 2.4.4: Numerical convergence to the DFE for di�erent time step-size ` and initial
conditions. Here a = 0.1556 and 0.1656, giving R0 = 0.9351 and 0.9951, respectively.

` sh(0) ih(0) ph(0) rh(0) sr(0) ir(0) sv(0) iv(0) R0 ρ(Euler) ρ(NSFD)
0.1 0.985 0.0025 0.0005 0.012 0.9 0.1 0.8 0.2 0.9351 0.99984 0.99984
1 0.8 0.1 0.01 0.09 0.6 0.4 0.7 0.3 0.9951 0.99943 0.99949
2.2 0.985 0.0025 0.0005 0.012 0.9 0.1 0.8 0.2 0.9351 1.00791 0.99652
2.2 0.8 0.1 0.01 0.09 0.6 0.4 0.7 0.3 0.9951 1.00794 0.99901
10 0.985 0.0025 0.0005 0.012 0.9 0.1 0.8 0.2 0.9951 8.12703 0.99739
10 0.8 0.1 0.01 0.09 0.6 0.4 0.7 0.3 0.9351 8.12689 0.98437

Here ρ(Euler) and ρ(NSFD) denote the spectral radii of Euler and NSFD methods, respectively.

Table 2.4.5: Numerical convergence to the EE for di�erent time step-size ` and initial
conditions. Here a = 0.2856 and 0.2956, giving R0 = 1.7163 and 1.7764, respectively.

` sh(0) ih(0) ph(0) rh(0) sr(0) ir(0) sv(0) iv(0) R0 ρ(Euler) ρ(NSFD)
0.1 0.985 0.0025 0.0005 0.012 0.9 0.1 0.8 0.2 1.7163 0.99984 0.99984
1 0.8 0.1 0.01 0.09 0.6 0.4 0.7 0.3 1.7764 0.99951 0.99951
2.2 0.985 0.0025 0.0005 0.012 0.9 0.1 0.8 0.2 1.7163 1.00854 0.99658
2.2 0.8 0.1 0.01 0.09 0.6 0.4 0.7 0.3 1.7764 1.38846 0.99893
10 0.985 0.0025 0.0005 0.012 0.9 0.1 0.8 0.2 1.7764 8.13057 0.98464
10 0.8 0.1 0.01 0.09 0.6 0.4 0.7 0.3 1.7163 9.51766 0.99520

Here ρ(Euler) and ρ(NSFD) are used for the spectral radius of Euler and NSFD schemes, respec-
tively.
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Fig. 2.4.5: The population size at equilibrium obtained by NSFD method for ` = 10
with di�erent values of the biting rate (a). The solid black and red lines are the
susceptible and infected population, respectively. The dashed black line on the left
represents the PKDL and recovered human population.

sand�ies, a, and R0.

The change in the values of the parameter a, the biting rate of sand�ies, changes
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the dynamics of the system (see Fig. 2.4.5). When a < 0.166 then R0 < 1 and the

DFE is stable, and when a > 0.166 then R0 > 1 and the endemic equilibrium is stable.

We also noted that the NSFD scheme is unconditionally stable for R0 < 1 and

converge to the disease free equilibrium for arbitrary step-sizes. On the other hand,

the forward Euler and fourth-order Runge-Kutta methods diverge for several time step-

sizes. Similarly, for the case R0 > 1, NSFD scheme is unconditionally convergent to the

endemic equilibrium point whereas the forward Euler and fourth-order Runge-Kutta

methods diverge for several time step-sizes.

The Euler and Runge-Kutta fourth order methods converge to the correct steady

state only when the time step-sizes are very small and diverge for larger values. How-

ever, the NSFD scheme converges to the correct steady state for all positive parameter

values. Hence, it can be concluded from the numerical results presented in section 2.4,

that the proposed NSFD scheme is more e�cient computationally than the other well

known numerical methods.
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Chapter 3

An unconditionally convergent NSFD

scheme for the slow-fast dynamics of

AVL transmission

In this chapter, we use the geometric singular perturbation method to reduce, inves-

tigate and analyze a model of Anthroponotic visceral leishmaniasis (AVL). The AVL,

caused by the protozoan parasite Leishmania donovani and transmitted to humans

by the bite of female phlebotomine sand�ies, is endemic in many parts of the world

(mainly East Africa and India). The slow model undergoes backward bifurcation ex-

hibited by similar vector-borne disease transmission models. In the absence of such

phenomenon (which is shown to arise due to disease-induced mortality), the nontriv-

ial disease-free equilibrium of the model is shown to be globally asymptotically stable

when the associated reproduction number of the model is less than unity. The AVL

model is divided into two sub-models: one characterized by a slower dynamic for the

human population and the other by the fast dynamic of the sand�y population. The

focus of this study is on the slow dynamic model at the critical manifold of the fast

dynamic, and a comprehensive stability analysis is performed. We then construct and

analyze a nonstandard �nite di�erence scheme (NSFD) to approximate the solution of

52
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the slow system. The performance of the proposed NSFD scheme is compared with

other classical methods. We show that the NSFD scheme satis�es all the essential

qualitative properties and converges to the correct steady-state irrespective of the time

step size. Our results show that the slow system best approximates the full AVL model.

3.1 Introducton

Visceral leishmaniasis (VL, kala-azar) is a disseminated protozoan infection caused by

Leishmania donovani (L. donovani) and Leishmania infantum (L. infantum) [138].

Transmission occurs through the bite of female phlebotomine sand �ies. It is fatal

if left untreated in over 95% of cases. It is characterized by irregular bouts of fever,

weight loss, enlargement of the spleen and liver, and anemia. Globally, an estimated

500,000 new cases occur annually. Currently, the Indian subcontinent and eastern

Africa carry more than 70% of the VL burden [140]. Visceral leishmaniasis remains

one of the top parasitic diseases with outbreak and mortality potential. In 2020, more

than 90% of new cases occurred in 10 countries: Brazil, China, Ethiopia, Eritrea,

India, Kenya, Somalia, South Sudan, Sudan, and Yemen [147]. There are two types of

VL based on transmission properties. The zoonotic form with animals as a reservoir,

caused by L. infantum, occurs in the Mediterranean basin, China, the Middle East,

and South America. The anthroponotic form with humans as a reservoir, caused by L.

donovani, is prevalent in East Africa, Bangladesh, India, and Nepal [138]. Post-kala-

azar dermal leishmaniasis (PKDL) is a chronic skin rash, characterized by a macular,

maculopapular, and nodular rash, often develops after e�ective treatment of VL due

to L. donovani [138, 163].

Several mathematical models (see, e.g., [25, 49, 77, 120, 126, 157]) describing the

dynamical transmission of VL disease in the population have been developed. Most

of the models describe the zoonotic VL. Shimozako et al. [126] proposed a zoonotic

VL transmission model among humans, dogs, and sand�ies populations by considering

only the dog population as a source of infection. They recommended a need for priority
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of control in the sand�y population. In [25], Biswas studied the dynamics of VL using

incidence data from South Sudan for a speci�c seasonal period. Using optimal control,

the author suggested that mass treatment is not su�cient to control the outbreak of

VL; additional control programs (such as vaccination) with treatment are required.

Some mathematical models of zoonotic VL suggest that sand�y control and the use of

insecticide-impregnated dog collars can reduce the infection of VL in humans [120, 157].

Our model is di�erent from previous ones in the sense that none of those studies

considered a model for the transmission dynamics for the anthroponotic VL except [158]

and a co-infection model in [76]. In [158], Zamir et al. designed a mathematical model

for the dynamics of the AVL epidemic with a saturated infection rate that recommends

di�erent control strategies to manage the spread of the disease in the community.

Mathematical models can be used as a tool to systematically help understand the

complex behavior of AVL systems despite limitations in data related to AVLs. This

chapter considers a simple SIR type model (SH , IH , PH , RH) for the anthroponotic

VL. Similar models for the zoonotic VL are presented in [25, 49]. Using the geometric

singular perturbation method, we reduce, investigate and analyze the AVL model.

Systems involving two well-separated timescales are often described by slow-fast

di�erential equations [56]. Such equations occur in di�erent �elds of studies, speci�-

cally in di�erent epidemic modeling such as malaria models [88], tuberculosis models

[128], co-infection of TB, and HIV dynamics [64]. The geometric singular perturba-

tion technique e�ciently reduces the complex structure of di�erential equations that

can be used to get rid of the fast and stable dynamics and leaves behind a dynamic

characterized by the slow process [56].

In this chapter, using the geometric singular perturbation technique, we approxi-

mate the AVL model with a slow model at the critical manifold. We analyze the slow

model at the critical manifold. This helps in understanding the properties of the orig-

inal system through the study of behaviors of the simpli�ed slow system. We develop

a nonstandard �nite di�erence scheme (NSFD) to obtain a numerical solution for the

slow AVL system. To our knowledge, this is the �rst NSFD scheme applied to the slow
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model of AVL. The construction of the scheme is based on a nonlocal approximation

for the nonlinear terms to obtain positive approximations. A brief overview of di�er-

ent descriptions of these methods and an extensive account of works on these NSFD

methods can be found in [114, 115].

The rest of this chapter is organized as follows: In Section 3.2, the mathematical

model for the AVL and its slow-fast formulation using the geometric singular pertur-

bation theory is presented along with its detailed stability analysis. In Section 3.3, we

design and analyze a novel NSFD scheme for the slow dynamics model and the original

model. Extensive numerical simulations are carried out, and results are presented in

Section 3.4. Finally, in Section 3.5, we present some discussions on these results and

draw relevant conclusions.

3.2 Mathematical model and its analysis

The model for Anthroponotic Visceral Leishmaniasis (AVL) transmission dynamics in

a community is designed by sub-dividing the total human population at time t, de-

noted by NH(t), into the mutually-exclusive sub-populations of susceptible individuals

(SH(t)), infected individuals (IH(t)), recovered individuals RH(t) and PKDL individ-

uals (PH(t)), so that

NH(t) = SH(t) + IH(t) +RH(t) + PH(t).

It is assumed that all patients with PKDL have a prior history of VL. We ignore

patients with PKDL that has no prior history of VL. Infected individuals IH(t) and

PKDL individuals PH(t) can transmit AVL infection to the susceptible sand�ies.

The total vector population at time t, denoted by NV (t), is sub-divided into sus-

ceptible vectors (SV (t)) and infected vectors (IV (t)), so that

NV (t) = SV (t) + IV (t).
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The population of susceptible individuals in the human population is generated by the

constant recruitment rate ΛH . It is reduced by infection, following e�ective contacts

with infected vectors, at a rate λH given by

λH =
βhbIV (t)

NH(t)
,

where βh is the probability of transmission from infectious sand�ies to susceptible

humans during the bite and b is the number of bites per human per unit time. The

population is further decreased by a natural death at a rate µh. It is assumed that

natural death occurs in all human compartments at this rate. Thus,

dSH
dt

= ΛH − λHSH − µhSH .

The population of infected individuals is generated by the fraction of the infection of

susceptible individuals at a rate λH . It is decreased by developing PKDL (at a rate

(1−σ)α1) and recovery (at a rate σα1). The population is further decreased by natural

death and AVL-induced death (at a rate δ). Thus,

dIH
dt

= λHSH − (α1 + δ + µh)IH .

The population of PKDL individuals (PH(t)) is generated by the fraction of infected

individuals (at a rate (1 − σ)α1). It is decreased due to recovered after successful

treatment (at a rate α2) and natural recovery (at a rate β). The population is further

decreased by natural death. Hence,

dPH
dt

= (1− σ)α1IH − (α2 + β + µh)PH .

The population of recovered individuals (RH) is generated due to successful treat-

ment of infected individuals (at a rate σα1 and successful treatment of PKDL individ-

uals (at a rate α2). It is also increased due to natural recovery of PKDL individuals
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(at a rate β). The population is further decreased by natural death. Hence,

dRH

dt
= σα1IH + (α2 + β)PH − µhRH .

The population of susceptible vectors is generated by the constant recruitment rate

ΛV . It is reduced by infection, following e�ective contacts with infected humans, at a

rate λV given by

λV =
βvc(IH + PH)

NH

,

where βv is the probability of transmission from infectious humans to susceptible sand-

�ies during the bite and c is the number of bites per sand�y per unit time. This

population is further decreased by natural death (at a rate µv). Thus,

dSV
dt

= ΛV − λV SV − µvSV .

The population of infected vectors is generated by the infection of susceptible vectors

(at a rate λV ) and decreased by natural death (at a rate µv). Hence,

dIV
dt

= λV SV − µvIV .

From the aforementioned, the transmission dynamics of the AVL model is given by
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Fig. 3.2.1: Schematic diagram of the AVL model (3.2.1).

the following deterministic system of non-linear di�erential equations,

dSH
dt

= ΛH − λHSH − µhSH ,

dIH
dt

= λHSH − (α1 + δ + µh)IH ,

dPH
dt

= (1− σ)α1IH − (α2 + β + µh)PH ,

dRH

dt
= σα1IH + (α2 + β)PH − µhRH ,

dSV
dt

= ΛV − λV SV − µvSV ,

dIV
dt

= λV SV − µvIV .



(3.2.1)

A �ow diagram of the model is depicted in Fig. 3.2.1, and the associated variables

and parameters are described in Table 3.2.1 and Table 3.2.2, respectively.

Now we scale the system (3.2.1) using

sh =
SH
NH

, ih =
IH
NH

, ph =
PH
NH

, rh =
RH

NH

, sv =
SV
NV

, and iv =
IV
NV

.

Let m =
NV

NH

be the female vector-human ratio which is considered as constant [49].
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Table 3.2.1: State variables used in the model (3.2.1).

Variable De�nition
SH(t) Susceptible individuals
IH(t) Infected individuals
TH(t) Individuals who are under treatment
RH(t) Recovered individuals
PH(t) PKDL individuals
NH(t) Total population of humans
SV (t) Susceptible sand�ies, vectors which are susceptible for the disease
IV (t) Infected sand�ies
NV (t) Total population of sand�ies.

Then (3.2.1) reduces to the following equivalent system

dsh
dt

= bh − (βhbmiv + bh − δih)sh,

dih
dt

= βhbmivsh − (α1 + δ + bh − δih)ih,

dph
dt

= (1− σ)α1ih − (α2 + β + bh − δih)ph,

drh
dt

= σα1ih + (α2 + β)ph − (bh − δih)rh,

dsv
dt

= bv − (βvc(ih + ph) + bv) sv,

div
dt

= βvc(ih + ph)sv − bviv.



(3.2.2)

The average life span of humans is several years, while the average life span of

sand�ies is several days. In other words, the natural death rate of humans is much

less than the natural death rate of sand�ies, i.e., µh � µv. We hence introduce a

scaling parameter ε =
µh
µv
� 1 such that bh = εb̄h, βh = εβ̄h, µh = εµ̄h, δ = εδ̄, α1 =

εᾱ1, α2 = εᾱ2, β = εβ̄, where ε is a small positive parameter. For simplicity, we denote
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Table 3.2.2: Description of parameters in the model (3.2.1).

Parameter Interpretation Value Source
ΛH Recruitment rate of humans 0.0015875×NH day−1 [49]
ΛV Recruitment rate of vectors 0.299×NV day−1 [49]
bh Birth rate of humans 0.0015875 day−1 [49]
bv Birth rate of vectors 0.299 day−1 [49]
µh Natural death rate of humans 0.00004 day−1 [49]
µv Natural death rate of vectors 0.189 day−1 [49]
βh Probability of transmission from 0.3 day−1 [76]

infectious sand�ies to susceptible
humans during bite

βv Probability of transmission from 0.025 day−1 [76]
infectious humans to susceptible
sand�ies during bite

b Number of bites per human per 0.22 day−1 [49]
unit time

c Number of bites per sand�y per 0.0714 day−1 [49]
unit time

δ Disease-induced mortality rate for 0.011 day−1 [49]
infected individuals

α1 Treatment rate of AVL 0.56 day−1 [76]
σ Recovery rate from AVL infection 0.64 day−1 [49]

after treatment
1− σ Developing PKDL rate after 0.36 day−1 [49]

treatment
α2 PKDL recovery rate without 0.00556 day−1 [49]

treatment
β PKDL recovery rate after 0.033 day−1. [49]

treatment

b̄h, β̄h, µ̄h, δ̄, ᾱ1, ᾱ2, β̄ as bh, βh, µh, δ, α1, α2 and β, respectively. Then we obtain

dsh
dt

= ε (bh − (βhbmiv + bh − δih)sh) ,

dih
dt

= ε (βhbmivsh − (α1 + δ + bh − δih)ih) ,

dph
dt

= ε ((1− σ)α1ih − (α2 + β + bh − δih)ph) ,

drh
dt

= ε (σα1ih + (α2 + β)ph − (bh − δih)rh) ,

dsv
dt

= bv − (βvc(ih + ph) + bv) sv,

div
dt

= βvc(ih + ph)sv − bviv.



(3.2.3)
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To distinguish the fast and slow dynamics, we consider two time scales: the original

time t, referred to as the fast time variable, and τ = εt, referred to as the slow time

variable. In terms of the slow time scale, the system (3.2.3) with respect to the slow

time variables reads as

dsh
dτ

= bh − (βhbmiv + bh − δih)sh,

dih
dτ

= βhbmivsh − (α1 + δ + bh − δih)ih,

dph
dτ

= (1− σ)α1ih − (α2 + β + bh − δih)ph,

drh
dτ

= σα1ih + (α2 + β)ph − (bh − δih)rh,

ε
dsv
dτ

= bv − (βvc(ih + ph) + bv) sv,

ε
div
dτ

= βvc(ih + ph)sv − bviv.



(3.2.4)

When ε = 0 in (3.2.3), we obtain the following system for the fast dynamics:

dsv
dt

= bv − (βvc(ih + ph) + bv) sv,

div
dt

= βvc(ih + ph)sv − bviv.

 (3.2.5)

From [56] the critical manifold of system (3.2.3) can be taken as

M0 =

(x, y)T ∈ R6

∣∣∣∣∣∣
bv − (βvc(ih + ph) + bv) sv = 0

βvc(ih + ph)sv − bviv = 0


where x = (sv, iv)

T is the fast variable, and y = (sh, ih, ph, rh)
T is the slow variable.

Then we have

Lemma 3.2.1. For any ih, ph ∈ [0, 1], system (3.2.3) has a critical manifold

M0 =

(x, y)T ∈ R6

∣∣∣∣∣∣∣∣
sv =

bv
βvc(ih + ph) + bv

iv =
βvc(ih + ph)

βvc(ih + ph) + bv

 (3.2.6)
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and this critical manifold is normally hyperbolically stable.

Proof. The Jacobian matrix of (3.2.5) about (sv, iv) is

J :=

 −βvc(ih + ph)− bv 0

βvc(ih + ph) −bv

 .

The eigenvalues of J are λ1 = −bv and λ2 = −βvc(ih + ph)− bv. Because the Jacobian

has determinant |J | 6= 0 if ih ≥ 0, ph ≥ 0, by Implicit Function Theorem, we can obtain

that M0 is given as the graph of a function of x in terms of y, i.e. M0 has the form of

(3.2.6). For ih ≥ 0, ph ≥ 0, we have λ1 < 0, λ2 < 0, implying that the critical manifold

M0 is normally hyperbolically stable. This completes the proof.

On the critical manifold, the slow system becomes

dsh
dτ

= bh −
(
βhβvbcm(ih + ph)

βvc(ih + ph) + bv
+ bh − δih

)
sh,

dih
dτ

=
βhβvbcm(ih + ph)sh
βvc(ih + ph) + bv

− (α1 + δ + bh − δih)ih,

dph
dτ

= (1− σ)α1ih − (α2 + β + bh − δih)ph,

drh
dτ

= σα1ih + (α2 + β)ph − (bh − δih)rh.


(3.2.7)

Our study of the model uses the geometric theory of singular perturbations [56] and

dynamical systems techniques. Applying the geometric theory to the present problem,

one immediately has the persistence of the slow manifold M0. More precisely, as ε is

small, there are smooth functions

sεv = sv + O(ε), iεv = iv + O(ε),

with respect to sh, ih, ph, rh, varying smoothly in ε, such that the manifold (called
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center manifold)

Mε =
{

(x, y) ∈ R6|sv = sεv, iv = iεv
}
,

is di�eomorphic to M0, normally hyperbolically stable, and invariant with respect to

both (3.2.3) and (3.2.4) as ε > 0. The dynamics on the center manifold Mε are simply

described by (3.2.7), and Mε admits asymptotic phase [55, 88], which, in terms of

solutions (sh, ih, ph, rh, sv, iv) of (3.2.4), means that

sv = sεv(sh, ih, ph, rh) + Y1(t),

iv = iεv(sh, ih, ph, rh) + Y2(t),

 (3.2.8)

where sh, ih, ph and rh are the solutions of (3.2.7) (in the slow time scale of τ), and Y1(t)

and Y2(t) are exponentially decay functions with exponents in the scale of the upper

bound of the eigenvalues of linearization of (3.2.5) about (sv, iv) ∈ M0 [55]. Thus,

if the slow dynamics of (3.2.7) can be described by bifurcations, then the bifurcating

dynamics on the critical manifold M0 are structurally stable and hence robust subject

to perturbations. As a result, because ε is small, one has a complete understanding

of the dynamics of (3.2.7) on the center manifold Mε, as well as the full dynamics

of (3.2.3) or (3.2.4) according to (3.2.8). In this sense, (3.2.5) and (3.2.7) together

characterize the full dynamical properties of (3.2.1).

Theorem 3.2.2. The set

Ω =
{

(sh, ih, ph, rh) ∈ R4
+ : 0 ≤ sh, ih, ph, rh, sh + ih + ph + rh ≤ 1

}
,

is positively invariant.
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Proof. Adding the equations of system (3.2.7) we obtain

d

dτ
(sh + ih + ph + rh) = (bh − δih)(1− (sh + ih + ph + rh))

≤ bh(1− (sh + ih + ph + rh)).

It follows that

sh + ih + ph + rh ≤ 1− e−bht(1− (sh(0) + ih(0) + ph(0) + rh(0))),

where sh(0), ih(0), ph(0) and rh(0) represents the initial values of the susceptible, in-

fected, PKDL and recovered human populations respectively. Thus lim
t→+∞

sup(sh + ih +

ph + rh) ≤ 1. This completes the proof.

Basic reproduction number

The disease free equilibrium (DFE), E0, of system (3.2.7) is given by

E0 = (s0
h, i

0
h, p

0
h, r

0
h) = (1, 0, 0, 0) .

The basic reproduction number, denoted by R0, is the number of secondary infections

in completely susceptible population due to infections from one introduced infectious

individual with AVL [42]. Therefore, for the slow system (3.2.7), the value of R0 is

computed by using the next generation matrix approach [137].

We assume z = (ih, ph)
T then from system (3.2.7)

dz

dτ
= F (z)− V (z)

=

 βhβvbcm(ih + ph)sh
βvc(ih + ph) + bv

0

−
 (α1 + δ + bh − δih)ih
−(1− σ)α1ih + (α2 + β + bh − δih)ph


where F (z) consists of the new infection term only and V (z) contains the other terms.
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So, the corresponding linearized matrices of F (z) and V (z) evaluated at the DFE E0

are respectively

F =

 βhβvbcm

bv

βhβvbcm

bv

0 0

 and V =

 α1 + δ + bh 0

− (1− σ)α1 α2 + β + bh

 .

Then the spectral radius, ρ, of the matirix, FV−1 will be the basic reproduction number

[137],

R0 = ρ(FV−1) =
βhβvbcm ((1− σ)α1 + α2 + β + bh)

bv (α2 + β + bh) (α1 + δ + bh)
. (3.2.9)

Following [137], the local stability of E0 is established below.

Theorem 3.2.3. The disease free equilibrium E0 is locally asymptotically stable if

R0 < 1 and it is unstable if R0 > 1.

Theorem 3.2.4. The disease free equilibrium E0 of the slow system (3.2.7) is hyper-

bolically asymptotically stable whenever R0 < 1.

Proof. We consider the Jacobian matrix of the system (3.2.7) at the DFE E0 which is

given by

J0 =



−bh −βhβvbcm
bv

+ δ −βhβvbcm
bv

0

0
βhβvbcm

bv
− bh − δ − α1

βhβvbcm

bv
0

0 (1− σ)α1 −bh − β − α2 0

0 σα1 α2 + β −bh


.

The structure of J0 allows us to immediately read o� the eigenvalues, λ1 = λ2 = −bh <

0. The remaining eigenvalues can be calculated as the roots of the following equation

λ2 + a1λ+ a2 = 0 (3.2.10)
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where

a1 = (α1 + δ + bh) + (α2 + β + bh)−
βhβvbcm

bv
,

a2 = (α2 + β + bh) (α1 + δ + bh) (1−R0) .

For local stability we must ensure the Routh-Hurwitz criteria, a1 > 0 and a2 > 0, are

satis�ed. The condition a2 > 0 holds whenever R0 < 1.

To show a1 > 0, from R0 < 1 we have

βhβvbcm

bv
<

(α2 + β + bh) (α1 + δ + bh)

(1− σ)α1 + α2 + β + bh
<

(α2 + β + bh) (α1 + δ + bh)

α2 + β + bh
= α1 + δ + bh

< (α1 + δ + bh) + (α2 + β + bh)

This implies (α1 +δ+bh)+(α2 +β+bh) >
βhβvbcm

bv
. It follows that a1 > 0 holds. Thus,

by the Routh-Hurwitz criteria, the DFE E0 of system (3.2.7) is locally asymptotically

stable whenever R0 < 1.

The global stability of the DFE is established through a result in [34]. This is done

as follows.

Theorem 3.2.5. The disease free equilibrium E0 is globally asymptotically stable if

R0 < 1 and it is unstable if R0 > 1.

Proof. First, the system (3.2.7) can be rewritten in the following form

dX

dτ
= F (X,Z),

dZ

dτ
= G(X,Z) with G(X, 0) = 0,

 (3.2.11)

where X = (sh, rh)
T denotes the number of uninfected individuals and Z = (ih, ph)

T

denotes the number of infected individuals. Let E0 = (X0, 0) denote the DFE of the

system (3.2.11). Then E0 is globally asymptotically stable if the following conditions



http://etd.uwc.ac.za/

CHAPTER 3. AN UNCONDITIONALLY CONVERGENT NSFD SCHEME FOR
THE SLOW-FAST DYNAMICS OF AVL TRANSMISSION 67

hold:

(H1) For
dX

dτ
= F (X, 0), X0 is globally asymptotically stable.

(H2) G(X,Z) = AZ − Ĝ(X,Z), Ĝ(X,Z) ≥ 0 for (X,Z) ∈ Ω, where A = DZG(X0, 0)

is a matrix in which the o� diagonal entries are nonnegative and Ω is the feasible

region (i.e where the model makes biological sense).

Comparing system (3.2.7) with system (3.2.11), we have

F (X,Z) =

 bh −
βhβvbcm(ih + ph)sh
βvc(ih + ph) + bv

− (bh − δih)sh

σα1ih + (α2 + β)ph − (bh − δih)rh


and

G(X,Z) =

 βhβvbcm(ih + ph)sh
βvc(ih + ph) + bv

− (α1 + δ + bh − δih)ih

(1− σ)α1ih − (α2 + β + bh − δih)ph

 .

The DFE of the system (3.2.7) is E0 = E0 = (X0, 0) with X0 =

(
ΛH

µh
, 0

)
. Thus

(H1)
dX

dτ
= F (X, 0) is equivalent to the system of equations

dsh
dτ

= bh − bhsh
drh
dτ

= −bhrh

whose solution is sh = 1− e−bhτ, rh = 0. Clearly sh → 1 as τ→∞. Hence X0 is

globally asymptotically stable for
dX

dτ
= F (X, 0) as X → X0 when τ→∞. Now



http://etd.uwc.ac.za/

CHAPTER 3. AN UNCONDITIONALLY CONVERGENT NSFD SCHEME FOR
THE SLOW-FAST DYNAMICS OF AVL TRANSMISSION 68

(H2) G(X,Z) =

 βhβvbcm

bv
− (α1 + δ + bh)

βhβvbcm

bv

(1− σ)α1 −(α2 + β + bh)


 ih

ph

− Ĝ(X,Z) where

Ĝ(X,Z) =

 βhβvbcm (ih + ph)

(
βvc (ih + ph) + bv (1− sh)
bv (βvc (ih + ph) + bv)

)
− δihih

−δphih


Because sh ≤ 1 and if δ = 0 then Ĝ(X,Z) ≥ 0.

This implies that if R0 < 1 and δ = 0 the assumptions (H1) and (H2) hold true. Thus,

the disease free equilibrium E0 is globally asymptotically stable.

We make the following remark.

Remark 3.2.6. If δ 6= 0, then Ĝ(X,Z) will fail non-negativity and therefore E0 may or

may not be globally stable. This indicates the possibility for the existence of endemic

equilibria when R0 < 1.

Lemma 3.2.7. The system (3.2.7) without disease-induced death (δ = 0) has no en-

demic equilibrium when R0 ≤ 1, and has a unique endemic equilibrium otherwise.

Proof. Considering the system (3.2.7) without disease-induced death (δ = 0) we obtain

the nonzero equilibria

ŝh =
bhβvc ((1− σ)α1 + bh + β + α2) + bv (α2 + β + bh) (bh + δ + α1)

cβv ((1− σ)α1 + bh + β + α2) (bβhm+ bh)

îh =
bhbv (α2 + β + bh) (R0 − 1)

βvc (bβhm+ bh) ((1− σ)α1 + bh + β + α2)

p̂h =
(1− σ)α1îh
α2 + β + bh

r̂h =
α1 (σbh + β + α2) îh

(α2 + β + bh) bh
.

Clearly, ŝh > 0 and îh ≤ 0 whenever R0 ≤ 1. Therefore, the system (3.2.7) without

disease-induced death has no endemic equilibrium whenever R0 ≤ 1. If R0 > 1 then
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îh > 0 implies p̂h > 0 and r̂h > 0. Therefore, the system (3.2.7) without disease-induced

death has unique endemic equilibrium (ŝh, îh, p̂h, r̂h). This completes the proof.

Remark 3.2.8. The DFE, E0, of system (3.2.7) without disease-induced death (δ = 0),

is globally asymptotically stable in Ω if R0 < 1.

In the next sub-section, we explore the existence of the phenomenon of backward

bifurcation in slow system (3.2.7) whenever δ 6= 0.

Bifurcation analysis

Theorem 3.2.9. The slow system (3.2.7) undergoes backward bifurcation at R0 = 1

whenever the bifurcation coe�cient, acs, given by equation (3.2.16), is positive.

Proof. Consider system (3.2.7) and set sh = x1, ih = x2, ph = x3 and rh = x4. Using

the vector notation X = (x1, x2, x3, x4)T system (3.2.7) can be written in the form

dX

dτ
= (f1, f2, f3, f4)T ,

i.e.,

x′1 = bh −
(
βhβvbcm(x2 + x3)

βvc(x2 + x3) + bv
+ bh − δx2

)
x1,

x′2 =
βhβvbcm(x2 + x3)x1

βvc(x2 + x3) + bv
− (α1 + δ + bh − δx2)x2,

x′3 = (1− σ)α1x2 − (α2 + β + bh − δx2)x3,

x′4 = σα1x2 + (α2 + β)x3 − (bh − δx2)x4.


(3.2.12)

Consider the case when R0 = 1. Suppose further that b = b∗ from R0 = 1 in (3.2.9)

is chosen as a bifurcation parameter. Then,

b = b∗ =
bv (α2 + β + bh) (α1 + δ + bh)

βhβvcm ((1− σ)α1 + α2 + β + bh)
.



http://etd.uwc.ac.za/

CHAPTER 3. AN UNCONDITIONALLY CONVERGENT NSFD SCHEME FOR
THE SLOW-FAST DYNAMICS OF AVL TRANSMISSION 70

The Jacobian of the system (3.2.12), evaluated at the DFE E0 with b = b∗ (denoted

by J∗), is given by

J∗ =



−bh −βhβvb
∗cm

bv
+ δ −βhβvb

∗cm

bv
0

0
βhβvb

∗cm

bv
− (α1 + δ + bh)

βhβvb
∗cm

bv
0

0 (1− σ)α1 −(α2 + β + bh) 0

0 σα1 α2 + β −bh


.

The transformed system (3.2.12), with b = b∗, has a non-hyperbolic equilibrium point

such that the linear system has a zero eigenvalue (with all other eigenvalues have

negative real parts). Hence, the centre manifold theory [35, 137] can be used to analyze

the dynamics of the system (3.2.12). In particular, a theorem in [35] will be used.

Following the notation in Castillo-Chavez and Song [35], we proceed as follows.

Eigenvectors of J∗ |b=b∗: For the case when R0 = 1, it can be shown that J∗ has a

right eigenvector (corresponding to the zero eigenvalue), given by w = [w1, w2, w3, w4]T ,

where

w1 =
(δ (α2 + β + bh) bv + b∗βhβvcm (σα1 − β − α2))

bh (βhβvb∗cm− (σα1 + bh + δ) bv)
w3,

w2 =
((α2 + β + bh) bv − βhβvb∗cm)

βhβvb∗cm− (σα1 + bh + δ) bv
w3,

w3 = w3 > 0,

w4 = −(((−σα1 + β + α2) bh + δ (α2 + β)) bv + b∗βhβvcm (σα1 − β − α2))

bh (βhβvb∗cm− (σα1 + bh + δ) bv)
w3.


(3.2.13)

Similarly, the components of the left eigenvector of J∗ (corresponding to the zero
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eigenvalue), denoted by v = [v1, v2, v3, v4] are given by

v1 = 0,

v2 =
bv (α2 + β + bh − (1− σ)α1)

2βhβvb∗cm− (α1 + δ + bh) bv
v3,

v3 = v3 > 0,

v4 = 0.


(3.2.14)

For the transformed system (3.2.12), the associated non-zero partial derivatives of f

(evaluated at the DFE E0) are given by

∂2f2

∂x2∂x1

=
∂2f2

∂x1∂x2

=
∂2f2

∂x1∂x3

=
∂2f2

∂x3∂x1

=
βhβvb

∗cm

bv
,

∂2f2

∂x2
2

=
−2βhβ

2
vb
∗c2m

b2
v

+ 2δ,
∂2f2

∂x2
3

=
∂2f2

∂x3∂x2

=
∂2f2

∂x2∂x3

=
−2βhβ

2
vb
∗c2m

b2
v

,

∂2f3

∂x2∂x3

=
∂2f3

∂x3∂x2

= δ,
∂2f2

∂x2∂b∗
=

∂2f2

∂x3∂b∗
=
βhβvcm

bv
.


(3.2.15)

Using the expressions in (3.2.13)-(3.2.15), it follows that

acs =
4∑

k,i,j=1

vkwiwj
∂2fk
∂xi∂xj

(0, 0) =
2w2

3v3P ((1− σ)α1 +m2)

bh (1− σ)2 α2
1m1b2

v

(3.2.16)

where

P = b2
vδm2bh − b∗βhβvcmm2 (cbhβv + bhbv + bvα1)− bhβhβ2

vc
2mα1 (1− σ)

and

bcs =
4∑

k,i=1

vkwi
∂2fk
∂xi∂b∗

(0, 0)
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gives

bcs =
βhβvcm

bv
(w2 + w3)v2 =

βhβvcm

bv

(
1 +

α2 + β + bh
(1− σ)α1

)
v2w3 > 0.

Note that the coe�cient bcs is positive, hence, it follows that the system (3.2.7) (or

its transformed equivalent (3.2.12)) will undergo backward bifurcation if the coe�cient

acs, given by (3.2.16), is positive (it is true when P > 0).

The epidemiological signi�cance of Theorem 3.2.9 is that the condition R0 to be

less than unity for the elimination of AVL, while necessary, is no longer su�cient.

Therefore, the reproduction number must be further reduced to a much smaller value

than one for the disease-free equilibrium to be locally asymptotically stable.

Existence of endemic equilibrium of the slow system

In this section, we shall investigate the existence of an endemic equilibrium (EE) of

the slow system (3.2.7).

Let an arbitrary equilibrium point of the slow system be denoted by

E∗ = (s∗h, i
∗
h, p
∗
h, r
∗
h).

Using the right hand sides of the third, fourth and �rst equations of the slow system

(3.2.7) and equating to zero, the solutions p∗h, r
∗
h and s

∗
h respectively are

p∗h =
kih

m2 − δi∗h
,

r∗h =
i∗h (−δi∗hσα1 +m2σα1 + k (β + α2))

(m2 − δi∗h) (bh − δi∗h)
, (3.2.17)

s∗h =
−bhβvcδ ih∗2 +Q1bhi

∗
h + bhbvm2

βvc δ2ih∗3 −Q2δ ih∗2 + bhbvm2 +Q3i∗h
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where,

m1 = α1 + δ + bh, m2 = α2 + β + bh, k = (1− σ)α1, Q1 = c (k +m2) βv − δbv,

Q2 = c (bβhm+ bh + k +m2) βv − δbv,

Q3 = c (k +m2) (bβhm+ bh) βv − δbv (bh +m2) .

Using the second equation of the slow system (3.2.7) and equating to zero and substi-

tuting the values of Eq. (3.2.17), we have

Φ1ih
∗4 + Φ2ih

∗3 + Φ3ih
∗2 + Φ4ih

∗ + Φ5 = 0 (3.2.18)

where,

Φ1 = −βvc δ3 < 0, (3.2.19)

Φ2 = δ2 (−δbv + βvc (bβhm+ bh + k +m1 +m2)) ,

Φ3 = −δ
(
c ((bβhm+ bh + k +m2)m1 + (k +m2) (bβhm+ bh)) βv

− bv (bh +m1 +m2) δ
)
,

Φ4 = (c (k +m2) (bβhm+ bh) βv − δbv (bh +m2))m1 + bhδ (βhβvbcm− bvm2) ,

Φ5 = bhbvm1m2 (1−R0) > 0 if R0 < 1.

The components of the EE are obtained upon solving for ih∗ from the polynomial

(3.2.18), together with substituting the positive values of ih∗ into the expressions in

(3.2.17) that also make them positive. In addition, it follows from (3.2.19) that the

coe�cient Φ1, is always negative and Φ5 is positive (negative) if R0 is less (greater) than

unity. We list the various possibilities for the positive roots of the equation (3.2.19) in

Table 3.2.3 by applying the Descartes' rule of signs on the equation [142]. We have,

therefore, the following results:

Theorem 3.2.10. The system (3.2.7) has a unique endemic equilibrium E∗ if R0 < 1

and Cases 1, 5, 6 and 7 are satis�ed. The system (3.2.7) could have more than one
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endemic equilibrium if R0 < 1 and Cases 2-4, and 8 are satis�ed. The system (3.2.7)

could have 2 or more endemic equilibria if R0 > 1 and Cases 1-6 and 8 are satis�ed.

Table 3.2.3: Number of possible positive real roots of Eq. (3.2.19) for R0 < 1 and
R0 > 1.

Cases Φ1 Φ2 Φ3 Φ4 Φ5 R0 No. of Possible number of
sign changes positive real roots

1. − + + + + R0 < 1 1 1
− + + + − R0 > 1 2 0, 2

2. − + + − + R0 < 1 3 1, 3
− + + − − R0 > 1 2 0, 2

3. − + − + + R0 < 1 3 1, 3
− + − + − R0 > 1 4 0, 2, 4

4. − + − − + R0 < 1 3 1, 3
− + − − − R0 > 1 2 0, 2

5. − − + + + R0 < 1 1 1
− − + + − R0 > 1 2 0, 2

6. − − − + + R0 < 1 1 1
− − − + − R0 > 1 2 0, 2

7. − − − − + R0 < 1 1 1
− − − − − R0 > 1 0 0

8. − − + − + R0 < 1 3 1, 3
− − + − − R0 > 1 2 0, 2

The local stability of the endemic equilibrium is ensured by the following result:

Theorem 3.2.11. The endemic equilibrium E∗ of the slow system (3.2.7) is locally

asymptotically stable if R0 > 1 and bi > 0 (i = 1, ..., 4), b1b2 − b3 > 0 and b1b2b3 − b2
3 −

b2
1b4 > 0, where bi's are de�ned in the proof of this theorem.

Proof. The Jacobian matrix of the slow system (3.2.7) corresponding to the endemic

equilibrium E∗ is given by

JEE =


a11 a12 a13 0

a21 a22 a23 0

0 a32 a33 0

0 a42 a43 a44

 ,
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where

a11 =
(δi∗h − bh) k∗h − βhβvbcm (i∗h + p∗h)

k∗h
,

a12 =
s∗h
(
c (βvc (i∗h + p∗h)− k∗h) bβvmβh + δ k∗h

2
)

k∗h
2 ,

a13 =
βvcs

∗
h (βvc (i∗h + p∗h)− k∗h) bβhm

k∗h
2 , a21 =

βhβvbcm (i∗h + p∗h)

k∗h
,

a22 =
(2δi∗h −m1) k∗h

2 + βhβvbcms
∗
hk
∗
h − βhβ2

vb c
2m (i∗h + p∗h) s

∗
h

k∗h
2 ,

a23 = −βvcs
∗
h (βvc (i∗h + p∗h)− k∗h) bβhm

k∗h
2 , a32 = (1− σ)α1 + p∗hδ,

a33 = δi∗h −m2, a42 = δr∗h + σα1, a43 = α2 + β, a44 = δi∗h − bh.

with

m1 = α1 + δ + bh,m2 = α2 + β + bh and k∗h = βvc(i
∗
h + p∗h) + bv.

The characteristics equation of the matrix JEE at the endemic equilibrium E∗ is

ψ4 + b1ψ
3 + b2ψ

2 + b3ψ + b4 = 0, (3.2.20)

where

b1 = − (a11 + a22 + a33 + a44) ,

b2 = a11a22 + a11a33 + a11a44 − a21a12 + a22a33 + a22a44 − a32a23 + a33a44,

b3 = −a11a22a33 − a11a22a44 + a11a23a32 − a11a33a44 + a12a21a33 + a12a21a44

−a13a21a32 − a22a33a44 + a32a23a44,

b4 = a11a22a33a44 − a11a23a32a44 − a12a21a33a44 + a13a21a32a44.

By the Routh-Hurwitz criteria, it follows that all roots of Eq. (3.2.20) have negative

real parts if bi > 0 (i = 1, ..., 4), b1b2 − b3 > 0 and b1b2b3 − b2
3 − b2

1b4 > 0. Hence the



http://etd.uwc.ac.za/

CHAPTER 3. AN UNCONDITIONALLY CONVERGENT NSFD SCHEME FOR
THE SLOW-FAST DYNAMICS OF AVL TRANSMISSION 76

theorem follows.

If the eigenvalues of the Jacobian matrix JEE (or the solutions of the characteristics

equation (3.2.20)) are negative or have negative real parts, then the EE is locally

asymptotically stable. For simplicity, we determine the stability of the EE numerically

by using Table 3.2.2 with α1 = 9 × 10−3 and c = 0.714. The eigenvalues are λ1 =

−5.3284, λ2 = −9.3099 + 19.5830i, λ3 = −9.3099 − 19.5830i, λ4 = −187.8008. So, if

R0 > 1, the EE is locally asymptotically stable because all the eigenvalues are negative

or have negative real parts.

In the next section, we design and analyze a novel numerical method to solve the

slow system (3.2.7).

3.3 Construction and analysis of NSFD scheme

In this section, a nonstandard �nite di�erence scheme (NSFD) is designed to approxi-

mate the solution of the slow system (3.2.7).

The scheme we propose is based on the approximation of the derivatives by the

standard forward scheme of �rst order and non-local approximation. Thus, if f(τ) is

di�erentiable, then its derivative can be approximated by

df(τ)

dτ
=
f(τ + `)− f(τ)

`
+ O(`) as `→ 0.

Let τk = k `, where ` > 0 is the time step size and k ∈ N = {0, 1, 2, ...}. Let

(skh, i
k
h, p

k
h, r

k
h) be the approximations of the solution (sh(τk), ih(τk), ph(τk), rh(τk)) of

system (3.2.7) at the discrete time points τk. Thus, the slow system (3.2.7) is discretized

as:
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sk+1
h − skh

`
= bh −

(
βhβvbcm(ikh + pkh)

βvc(ikh + pkh) + bv
+ bh

)
sk+1
h + δikhs

k
h,

ik+1
h − ikh

`
=
βhβvbcm(ikh + pkh)s

k+1
h

βvc(ikh + pkh) + bv
− (α1 + δ + bh)i

k+1
h + δikhi

k
h,

pk+1
h − pkh

`
= (1− σ)α1i

k+1
h − (α2 + β + bh)p

k+1
h + δikhp

k
h,

rk+1
h − rkh

`
= σα1i

k+1
h + (α2 + β)pk+1

h − bhrk+1
h + δikhr

k
h.


(3.3.1)

A simple manipulation on (3.3.1) leads to the explicit NSFD scheme

sk+1
h =

(
skh + `bh + `δikhs

k
h

) (
βvc(i

k
h + pkh) + bv

)
`βhβvbcm(ikh + pkh) + (1 + `bh)

(
βvc(ikh + pkh) + bv

) ,
ik+1
h =

(1 + `δikh)
(
βvc(i

k
h + pkh) + bv

)
ikh + `βhβvbcm(ikh + pkh)s

k+1
h

(1 + `(α1 + δ + bh))
(
βvc(ikh + pkh) + bv

) ,

pk+1
h =

pkh + `(1− σ)α1i
k+1
h + `δikhp

k
h

1 + `(α2 + β + bh)
,

rk+1
h =

rkh + `σα1i
k+1
h + `(α2 + β)pk+1

h + `δikhr
k
h

1 + `bh
.


(3.3.2)

For the NSFD scheme (3.3.2) if 0 < skh < 1, 0 < ikh < 1, 0 < pkh < 1 and 0 < rkh < 1 for

all k ≥ 0 then 0 < sk+1
h < 1, 0 < ik+1

h < 1, 0 < pk+1
h < 1 and 0 < rk+1

h < 1 for all k ≥ 0.

Thus the positivity and boundedness of the solution for the NSFD scheme is satis�ed.

Stability and convergence

In order to investigate local stability of the �xed points, we �nd the Jacobian matrix

at the �xed point and show that the spectral radius is less than unity.

Lemma 3.3.1. [27] For the quadratic equation P (λ) = λ2− p1λ+ p2λ = 0 both roots

satisfy |λi| < 1 for i = 1, 2, if and only if the following conditions are satis�ed:

(1). P (1) = 1− p1 + p2 > 0,

(2). P (−1) = 1 + p1 + p2 > 0,



http://etd.uwc.ac.za/

CHAPTER 3. AN UNCONDITIONALLY CONVERGENT NSFD SCHEME FOR
THE SLOW-FAST DYNAMICS OF AVL TRANSMISSION 78

(3). p2 < 1.

Theorem 3.3.2. The DFE, E0, for the NSFD scheme is locally asymptotically stable

whenever R0 < 1.

Proof. The Jacobian matrix of the NSFD scheme (3.3.2) at the DFE, E0 = (1, 0, 0, 0),

is given by

JDFE =


a11 a12 a13 0

0 a22 a23 0

0 a32 a33 0

0 a42 a43 a44

 ,

where

a11 =
1

1 + `bh
, a12 = −` (bβhβvcm− bvδ)

(1 + `bh) bv
, a13 = − `βhβvbcm

(1 + `bh) bv
,

a22 =
bv + `βhβvbcm

(1 + ` (α1 + δ + bh)) bv
, a23 =

`βhβvbcm

(1 + ` (α1 + δ + bh)) bv
,

a32 =
` (1− σ)α1

1 + ` (α2 + β + bh)
, a33 =

1

1 + ` (α2 + β + bh)
, a42 =

`σα1

1 + `bh
,

a43 =
` (α2 + β)

1 + `bh
, a44 =

1

1 + `bh
.

The characteristic equation associated with the above matrix is |JDFE − λI| = 0,

which can be simpli�ed as (a11 − λ)(a44 − λ)P (λ) = 0, where P (λ) = λ2 − p1λ + p2

with p1 = a22 + a33 and p2 = a22a33 − a23a32.

We need to show that each eigenvalue λi satis�es |λi| < 1. Because `bh > 0, it

is clear that λ1 = λ2 =
1

1 + `bh
< 1, for all ` > 0. To check that the roots of the

polynomial P (λ) also have absolute values less than one, it su�ces to show that the

conditions (i)-(iii) of Lemma 3.3.1 hold.

P (−1) = 1 + p1 + p2 =
M1`

2 +M2`+M3

bv (1 + ` (α2 + β + bh)) (1 + ` (α1 + δ + bh))
,
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where

M1 = bv (α2 + β + bh) (α1 + δ + bh) (1−R0) + 2bβhβvcm (α2 + β + bh) ,

M2 = (2α1 + 2α2 + 4bh + 2β + 2δ) bv + 2bβhβvcm,

M3 = 4bv.

Here M1 > 0 is always true for R0 < 1 and M2,M3 > 0. So that the �rst condition is

satis�ed.

The second condition is given as

P (1) = 1− p1 + p2 =
(α2 + β + bh) (α1 + δ + bh) (1−R0) `2

(1 + ` (α2 + β + bh)) (1 + ` (α1 + δ + bh))

P (1) > 0 when R0 < 1.

The last condition is given as

1− p2 =
N1`

2 +N2`

bv (1 + ` (α2 + β + bh)) (1 + ` (α1 + δ + bh))

where

N1 = (α2 + β + bh) (α1 + δ + bh) bv + βhβvmbc (1− σ)α1,

N2 = (α1 + α2 + 2bh + β + δ) bv − βhβvbcm.

It is clear that N1 > 0 and N2 > 0 whenever (α1 + α2 + 2bh + β + δ) bv > βhβvbcm

which is always true for R0 < 1. It implies that 1 − p2 > 0 or p2 < 1 hold true. As a

consequence, all the eigenvalues of JDFE have absolute values less than 1. This implies

that the DFE is locally asymptotically stable, as desired.

Theorem 3.3.3. The EE, E∗, for the NSFD scheme is locally asymptotically stable

whenever R0 > 1.
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Proof. The Jacobian matrix of (3.3.4) at the endemic equilibrium, E∗, is given by

JEE =


a11 a12 a13 0

a21 a22 a23 0

0 a32 a33 0

0 a42 a43 a44

 ,

where

a11 =
(`δi∗h + 1) k∗h

`βhβvbcm (i∗h + p∗h) + C1k∗h
, a12 =

(
bmβvC4cβh + C1δ k

∗
h

2s∗h
)
`

(`βhβvbcm (i∗h + p∗h) + C1k∗h)
2 ,

a13 =
((δi∗hs

∗
h + bh) `+ s∗h) βhbmβv (βvc (i∗h + p∗h)− k∗h) `c

(`βhβvbcm (i∗h + p∗h) + C1k∗h)
2 , a21 =

`βhβvbcm (i∗h + p∗h)

C2k∗h
,

a22 =

(
2δi∗hk

∗
h

2 + bβhβvcms
∗
hk
∗
h − bβhβ2

vc
2ms∗h (i∗h + p∗h)

)
`+ k∗h

2

k∗h
2C2

, a23 =
`bbvβhβvcms

∗
h

k∗h
2C2

,

a32 =
` (1− σ)α1 + `δp∗h

C3

, a33 =
1 + `δi∗h
C3

, a42 =
` (δr∗h + α1σ)

C1

, a43 =
` (α2 + β)

C1

,

a44 =
1 + `δi∗h
C1

and where

k∗h = βvc(i
∗
h + p∗h) + bv

C1 = 1 + `bh, C2 = 1 + `(α1 + δ + bh), C3 = 1 + `(α2 + β + bh),

C4 = ((δi∗hs
∗
h + bh)`+ s∗h)(i

∗
h + p∗h)cβv + k∗h((δp

∗
hs
∗
h − bh)`− s∗h).

The characteristic equation associated with the above matrix is |JEE − λI| = 0, which

can be simpli�ed as P (λ) = 0, where

P (λ) = λ4 + p1λ
3 + p2λ

2 + p3λ+ p4,
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with

p1 = −(a11 + a22 + a33 + a44),

p2 = a11a22 + a11a33 + a44a11 − a21a12 + a22a33 + a44a22 − a32a23 + a33a44,

p3 = −a11a22a33 − a44a11a22 + a11a23a32 − a44a11a33 + a12a21a33 + a44a21a12

−a13a21a32 − a33a44a22 + a32a23a44,

p4 = a11a22a33a44 − a11a23a32a44 − a12a21a33a44 + a13a21a32a44.

Then, it follows from the Jury condition given in Lemma 1.3.13 that all the eigen-

values |λi| < 1 for ∀i = 1, 2, 3, 4 if

1 + p1 + p2 + p3 + p4 > 0, 1− p1 + p2 − p3 + p4 > 0, |p4| < 1,
∣∣1− p2

4

∣∣ > |p3 − p4p1| ,∣∣(1− p2
4)2 − (p3 − p4p1)2

∣∣ > ∣∣(1− p2
4

)
(p2 − p4p2)− (p3 − p4p1) (p1 − p4p3)

∣∣
and R0 > 1. Thus the EE of the NSFD scheme is locally asymptotically stable.

Finally, we develop a NSFD scheme for the original model (3.2.4) for a comparison

in the numerical simulation.

sk+1
h − skh

`
= bh − (βhbmi

k
v + bh)s

k+1
h + δikhs

k
h,

ik+1
h − ikh

`
= βhbmi

k
vs
k+1
h − (α1 + δ + bh)i

k+1
h + δikhi

k
h,

pk+1
h − pkh

`
= (1− σ)α1i

k+1
h − (α2 + β + bh)p

k+1
h + δikhp

k
h,

rk+1
h − rkh

`
= σα1i

k+1
h + (α2 + β)pk+1

h − bhrk+1
h + δikhr

k
h,

ε

(
sk+1
v − skv

`

)
= bv −

(
βvc(i

k
h + pkh) + bv

)
sk+1
v ,

ε

(
ik+1
v − ikv

`

)
= βvc(i

k
h + pkh)s

k+1
v − bvik+1

v .



(3.3.3)
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After some simpli�cations the explicit form is given by

sk+1
h =

skh + `bh + `δikhs
k
h

1 + `(βhbmikv + bh)
,

ik+1
h =

ikh + `βhbmi
k
vs
k+1
h + `δikhi

k
h

1 + `(α1 + δ + bh)
,

pk+1
h =

pkh + `(1− σ)α1i
k+1
h + `δikhp

k
h

1 + `(α2 + β + bh)
,

rk+1
h =

rkh + `σα1i
k+1
h + `(α2 + β)pk+1

h + `δikhr
k
h

1 + `bh
,

sk+1
v =

εskv + `bv

ε+ `
(
βvc(ikh + pkh) + bv

) ,
ik+1
v =

εikv + `βvc(i
k
h + pkh)s

k+1
v

ε+ `bv
.



(3.3.4)

For the NSFD scheme (3.3.4) if 0 < skh < 1, 0 < ikh < 1, 0 < pkh < 1, 0 < rkh < 1, 0 <

skv < 1 and 0 < ikv < 1 for all k ≥ 0 then 0 < sk+1
h < 1, 0 < ik+1

h < 1, 0 < pk+1
h <

1, 0 < rk+1
h < 1, 0 < sk+1

v < 1 and 0 < ik+1
v < 1 for all k ≥ 0. Thus the positivity and

boundedness of the solution for the NSFD scheme is satis�ed.

The stability properties for NSFD scheme (3.3.4) for the original system (3.2.4) can

be done in a similar fashion as the NSFD scheme (3.3.2) for the slow system (3.2.7).

Someone can also refer our previous publication for more details [1]. So we omit it.

3.4 Numerical results

In this section, simulations are carried out to support our claimed features about the

proposed scheme and compare its performance with other classical methods for various

time step sizes. Parameter values used for the simulations are provided in Table 3.2.2

with NH = 200, 000 and NV = 500, 000 and the initial conditions sh(0) = 0.7, ih(0) =

0.1, ph(0) = 0.08, rh(0) = 0.12. Some of the parameters are varied to test the analytical

results. All simulations were conducted using MATLAB software.

The full system (3.2.4) is a six-dimensional system with 13 parameters. Our ana-

lytical results show that the dynamics of the full system are determined by the slow
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system. This section will give some numerical simulations of the slow system.

For the DFE, we provide results for parameter values in Table 3.2.2, except α1 =

5.6 × 10−3, c = 0.714 and R0 = 0.5688 < 1. While for the EE, we provide results for

parameter values in Table 3.2.2, except βh = 0.1556, βv = 0.1556, α1 = 9 × 10−3, c =

0.714 and R0 = 1.5919 > 1.

From Fig. (3.4.1), we �nd only susceptible individuals persistence, while other

populations tend to zero. On the other hand, Fig. 3.4.2 show the trajectories of

system (3.3.2) converge to the AVL-infected equilibrium.
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Fig. 3.4.1: The trajectories for system (3.2.7) using the NSFD scheme (3.3.2) when
` = 0.1. The DFE is global stable when R0 < 1.

In Fig. 3.4.3 and 3.4.4, we compare the proposed NSFD scheme with two well-

known standard numerical methods. In Fig. 3.4.3, we observe that the Euler and

Runge-Kutta methods converge for relatively smaller step sizes. When we increase the

step size, we can observe in Fig. 3.4.4 that Euler and Runge-Kutta methods do not

converge to the correct equilibrium and fail to satisfy the model's dynamical properties.

Comparison between the original system and slow system

In this subsection, we compare results for the original NSFD scheme (3.3.4) (for the

original AVL model (3.2.4)) and the slow NSFD scheme (3.3.2) (for the slow dynamics



http://etd.uwc.ac.za/

CHAPTER 3. AN UNCONDITIONALLY CONVERGENT NSFD SCHEME FOR
THE SLOW-FAST DYNAMICS OF AVL TRANSMISSION 84

0 5 10 15 20

Time (days)

0.1

0.2

0.3

0.4

0.5

0.6

0.7

P
o

p
u

la
ti

o
n

s

s
h

i
h

p
h

r
h

Fig. 3.4.2: The trajectories for system (3.2.7) using the NSFD scheme (3.3.2) when
` = 0.1. The AVL-infected equilibrium is uniformly persistence when R0 > 1.
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(a) The EE using Euler method for ` = 0.001.
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(b) The EE using RK4 method for ` = 0.01.

Fig. 3.4.3: The trajectories for system (3.2.7) using the Euler and RK4 methods.

(3.2.7)).

In Fig. 3.4.5 and 3.4.6, we can observe that the dynamics of the original AVL model

is approximated by the slow dynamics.

Next, we present maximum errors of the NSFD scheme for the original system for

di�erent values of `. The maximum errors are computed using a double mesh principle.

Hence, the maximum error between meshes with `/2 and `/4, denoted by EJ where J
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Fig. 3.4.4: The trajectories for system (3.2.7) using the Euler and RK4 methods when
` = 0.1.

indicates the number of sub intervals, is given by the formula

EJ := max
k

{∣∣∣s̃hkJ − S̃hk2J ∣∣∣ , ∣∣∣ĩhkJ − ĩhk2J ∣∣∣ , ∣∣∣p̃hkJ − p̃rk2J ∣∣∣ , ∣∣∣r̃hkJ − r̃hk2J ∣∣∣} . (3.4.1)

The order of convergence of the NSFD scheme (3.3.4) for the original system at the

�nal time, tend, is calculated using the following formula

order := log2

(
E2J

EJ

)

where EJ is calculated by (5.4.1) and E2J is the maximum error when the step-size `

is halved.

In Table 3.4.1, we present the maximum errors and order of convergence of the

NSFD scheme (3.3.4) for the original AVL system (3.2.4) for di�erent values of ` at

tend = 20.
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Fig. 3.4.5: The trajectories for the original NSFD scheme (3.3.4) and slow NSFD
scheme (3.3.2) when ` = 0.1. The DFE is globally stable when R0 < 1.

Table 3.4.1: Maximum errors and order of convergence of the NSFD scheme (3.3.4) for
the original AVL system (3.2.4) for di�erent values of ` at tend = 20.

` Maximum error Order
2−10 1.8472e-02 0.8425
2−11 9.7772e-03 0.9178
2−12 5.0319e-03 0.9583
2−13 2.5527e-03 0.9791
2−14 1.2857e-03 0.9895

3.5 Discussion and conclusions

In this chapter, we investigated a model of Anthroponotic Visceral Leishmaniasis

(AVL). The model considered is based on the transmission of AVL disease between
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Fig. 3.4.6: The trajectories for the original NSFD scheme (3.3.4) and slow NSFD
scheme (3.3.2) when ` = 0.1. The AVL-infected equilibrium is uniformly persistent
when R0 > 1.

the human host population and the vector host population. Using the Geometric Sin-

gular Perturbation Theory, the full AVL model is divided into two sub-models: one

characterized by a slower dynamic (human population) and the other by a fast dynamic

(vector population). We reduced the model into a slow model at the critical manifold.

We studied the slow system and show the dynamics of the full model is determined by

the slow system.

We then constructed and developed a nonstandard �nite di�erence (NSFD) scheme

to solve the slow dynamics and compare results with the full dynamics. The proposed

scheme is based on the approximation of the temporal derivatives by the standard

forward scheme of �rst order and non-local approximation. A comprehensive stability

analysis has been provided, investigations and numerical simulations have proved that

the proposed NSFD scheme is suitable and e�ective for simulating the dynamics of the

slow AVL model.

The e�ectiveness of the proposed NSFD scheme is compared with well-known nu-

merical methods, such as the forward Euler and RK4 methods. The Euler and RK4

only converge to the correct steady state when the time step sizes are relatively small.

They fail to satisfy the essential qualitative properties of the model, such as positivity,
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boundedness, and dynamical consistency for larger step sizes. However, the NSFD

scheme satis�es all the essential qualitative properties and converges to the correct

steady state, namely DFE and EE, irrespective of the time step size. We further com-

pare the results of the NSFD for the full dynamics and NSFD for the slow dynamics.

It is proved that the slow system best approximates the full system.
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Chapter 4

A SIAT mathematical model of the

transmission dynamics of HIV/AIDS

with treatment

In this chapter, we construct a deterministic SIAT (Susceptible-Infected-AIDS-Treated)

model to study the transmission dynamics of HIV/AIDS epidemic that incorporates the

treatments of HIV infected and AIDS infected individuals. Through rigorous math-

ematical analyses, we establish that the global dynamics of the spread of the HIV

infectious disease are determined by the basic reproduction number R0. We prove that

if R0 < 1 the disease free equilibrium is locally and globally asymptotically stable,

and if R0 > 1, the endemic equilibrium is locally and globally asymptotically stable.

Through uncertainty and sensitivity analyses of the model, using Latin Hypercube

Sampling (LHS) and partial rank correlation coe�cients (PRCC) methods, we show

that the top three most signi�cant parameters that a�ect the HIV/AIDS dynamics

(with respect to the associated response function R0) are the transmission rate of HIV

infected individuals, rate of developing AIDS symptoms and rate of transfer of indi-

viduals to HIV infected due to treatment failure. Through numerical simulations, we

show that the rate of treatment increase in HIV infected individuals together with the

89
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decrease in AIDS infected individuals and equal rate of treatment of both individuals

can drive the disease to extinction. On the contrary, the rate of treatment increase in

AIDS infected together with decrease in HIV infected individuals can cause the disease

to persist.

4.1 Introduction

The human immunode�ciency virus (HIV) is a major global public health issue, with

over 32 million people dying from AIDS-related diseases so far. In 2018, more than

seven hundred seventy thousand people died from HIV-related illnesses globally. There

were approximately 37.9 million people living with HIV at the end of 2018 with 1.7

million people becoming newly infected in 2018 globally [133]. Eastern and southern

Africa remains the regions most a�ected by the HIV epidemic, accounting for 45% of

the world's HIV infections and 53% of people living with HIV globally, by 2018 [132].

Ethiopia is one of the countries with a high burden of HIV/AIDS. The �rst evidence

of HIV infection was detected in 1984, and the �rst AIDS cases were reported in 1986

by hospitals in the capital [102]. Since the �rst case of HIV infection more than 1.93

million people have been infected with HIV and about 1.3 million have died of AIDS

[62]. According to UNAIDS (2018 est.) the total population living with HIV/AIDS in

Ethiopia is estimated as 690,000. From this 650,000 are adults aged 15 and above. The

prevalence rate of adults aged 15 to 49 is 1 [0.7-1.4]. There are over 9,200 [5,800-16,000]

deaths due to AIDS among adults aged 15 and above [133].

HIV is a serious public health problem if left without treatment and control. The

antiretroviral therapy (ART) helps people with HIV live longer, ART reduces the

amount of virus (or viral load) in the blood and body �uids. For all individuals with

HIV, ART is recommended, no matter how long they have had the virus or how healthy

they are. In addition, if taken successfully, ART decreases the risk of transmitting HIV

to others [30]. Taking ART every day prevents the spread of HIV, which reduces the

risk of HIV mutating and developing drug-resistant HIV. Skipping ART allows HIV to
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multiply, raises the risk of drug resistance and HIV treatment failure [5].

Mathematical models have been extensively used to study the dynamics of HIV/AIDS

which allow us to better understand the major factors that lead to the pandemic and

give insights in the control strategies. Various improvements have been made since

the initial HIV and AIDS models by May and Anderson [12, 13, 94], including speci�c

issues that have been well addressed by researchers [6, 28, 29, 61, 73, 74, 75, 107, 110,

118, 144, 156]. In [156], Yusuf and Benyah presented a deterministic model for control-

ling the spread of HIV/AIDS, and the results show that the optimal way to mitigate

the spread of the disease is for susceptible individuals to consistently practice safe sex,

while the ART should be initiated for patients as soon as they progress to the pre-AIDS

stage. Aldila [6] studied a model for HIV with ART treatment intervention, and the

results show that the increase in infected humans who undertake the ART treatment

program will reduce the basic reproduction number, and the number of HIV infected

individuals who proceed into AIDS can be decreased.

In [73], a model with di�erent latent stages and treatment is constructed. In [74],

an HIV/AIDS model with treatment is proposed and analyzed. They showed that

the early treatment of individuals in the asymptomatic stage of HIV infection is very

important. In [110], a deterministic model to assess the impact of testing and treatment

with ART in the prevention of HIV/AIDS is employed and they showed that the

combination of several control mechanisms would signi�cantly limit the spread of the

disease. Rahman et al. [118] developed a model based on CD4+ T cell count and

predicts early treatment programs, but treatment alone do not su�ce to eradicate

HIV epidemics, dramatically reduce infection transmission and increase community

immunity. In [107], a model incorporating condom use, sexual partner acquisition,

behavior change and treatment as HIV/AIDS control strategies was formulated. In

[75], an HIV/AIDS model with a treatment compartment was introduced, and the

results show that early treatment of AIDS is necessary and meaningful.

In this chapter, we incorporate the treatment compartment T in our model as in

[75]. According to Centers for Disease Control and Prevention (CDC) [30], ART is
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recommended for all individuals with HIV, irrespective of their health status or how

long they have had the virus. Unlike [75] all individuals in I and A compartments in our

model will transfer to the treatment compartment T to receive all kinds of treatments.

With successful treatment, ART can reduce viral load to an undetectable level. If the

treatment is unsuccessful or terminated, based on their CD4 count level individuals

in compartment T enter into the compartment of HIV infected individuals (I) or the

compartment of AIDS infected individuals (A). We have, therefore, developed a SIAT

model for transmission of HIV/AIDS that incorporate treatment as a control strategy.

Our purpose is to formulate a model for HIV/AIDS epidemic and study the e�ect of

treatment qualitatively and numerically.

The rest of this chapter is organized as follows. The HIV/AIDS model is formulated

in Section 4.2. The stability of the disease free equilibrium and the existence and global

stability of the endemic equilibrium is provided in Section 4.2. The model parameters

are estimated in Section 4.3. Because of the uncertainties that arise in the estimation of

parameter values, sensitivity and uncertainty analysis is given in Section 4.4. Numerical

simulation of the treatment of HIV infected and AIDS infected individuals is presented

in Section 4.5. Finally, concluding remarks are presented in Section 4.6.

4.2 Mathematical model and its analysis

The total population at time t, denoted by N(t), is divided into susceptible individuals

(S(t)), HIV infected individuals (I(t)), AIDS infected individuals (A(t)) and individuals

being treated (T (t)), so that N(t) = S(t) + I(t) + A(t) + T (t). In this model we

incorporate the treatment of both the HIV infected and AIDS infected individuals.

A susceptible individual may get infected through e�ective contact with infectious

individuals. We assume that AIDS infected individuals do not withdraw entirely be-

cause of their illness from sexual activities; see for instance [107]. It is assumed that a

new born children which are alive and infected at birth are directly recruited into the

HIV infected class with a rate η. The interaction between susceptible and HIV infected
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individuals is assumed to be of standard mass action type.

From the schematic diagram (see Fig. 4.2.1), we formulate the HIV/AIDS trans-

mission model as

Ṡ = Λ− λS − µS,

İ = λS + η(I + cA) + α1T − (µ+ ξ1 + γ)I,

Ȧ = γI + α2T − (µ+ δ1 + ξ2)A,

Ṫ = ξ1I + ξ2A− (µ+ α1 + α2 + δ2)T,


(4.2.1)

with initial conditions S(0) = S0, I(0) = I0, A(0) = A0, and T (0) = T0.

Susceptible individuals increase as a result of recruitment at a constant rate Λ.

These individuals acquire infection upon e�ective contact with both HIV infected and

AIDS infected individuals at a rate λ, where the infection rate is

λ =
β1I + β2A

N
.

The parameters β1 and β2 are the contact rates of susceptibles with HIV infected and

AIDS infected individuals respectively. The susceptible population is further decreased

by natural death at a rate µ.

The number of HIV infected individuals is increased by infection of the susceptible

population at rate λ, vertical transmission at rate η and cη, respectively, from the

HIV infected and AIDS infected classes. Here 0 < c < 1 is a modi�cation parameter

for AIDS infected individuals because of their sexual activities. The HIV infected

population further increase as a result of failure of treatment with a rate α1. The

population is diminished by natural death (at a rate µ), by transferring to treatment

(at a rate ξ1) and by progression to the AIDS stage (at a rate γ, where
1

γ
is the

incubation period). Here we assumed that the vertical transmission rate is less than

the natural death rate, i.e., η < µ.

The AIDS infected compartment is generated by progression of HIV infected indi-
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Fig. 4.2.1: Schematic diagram of HIV/AIDS transmission.

viduals to the AIDS stage (at rates γ), and diminished by natural death (at a rate µ),

disease-induced death (at a rate δ1) and by transferring to treatment (at a rate ξ2).

Individuals in treatment will increase due to the treatment of HIV infected with

a rate ξ1 and treatment of AIDS infected individuals with a rate ξ2. If the treatment

is successful, the individual will stay in T until they leave with either disease induced

death (at a rate δ2) or natural death (at a rate µ). While if the treatment is not

successful, depending on the level of viral count, they will move to either HIV infected

group with a rate of α1 or AIDS infected group with a rate of α2.

Positivity of solutions

In order for the HIV/AIDS model (4.2.1) to be epidemiologically meaningful, it is

important to prove that all its state variables are non-negative for all time.

Lemma 4.2.1. The solutions S(t), I(t), A(t) and T (t) of system (4.2.1) with initial

conditions S(0) > 0, I(0) ≥ 0, A(0) ≥ 0 and T (0) ≥ 0 are non-negative for all t > 0.

Proof. Let t1 = sup {t > 0 : S > 0, I ≥ 0, A ≥ 0, T ≥ 0 in [0, t]}. Thus t1 > 0. It fol-
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lows from the �rst equation of system (4.2.1) that

dS

dt
+ (λ(t) + µ)S = Λ

and this implies that

d

dt

[
S(t) exp

{∫ t

0

λ(u) du+ µt

}]
= Λ exp

{∫ t

0

λ(u) du+ µt

}
.

Hence,

S(t1) exp

{∫ t1

0

λ(u) du+ µt1

}
− S(0) =

∫ t1

0

Λ exp

{∫ x

0

λ(v) dv + µx

}
dx,

so that

S(t1) = S(0) exp

{
−
∫ t1

0

λ(u) du+ µt1

}
+ exp

{
−
∫ t1

0

λ(u) du+ µt1

}
×
∫ t1

0

Λ exp

{∫ x

0

λ(v) dv + µx

}
dx

> 0.

From the second equation of system (4.2.1), we have I ′ = λS+ η(I + cA) +α1T − (µ+

ξ1 + γ)I whose solution satis�es I(t) ≥ I(0) exp[−(µ + ξ1 + γ)] ≥ 0. Similarly, it can

be shown that A(t) ≥ 0 and T (t) ≥ 0 for all t > 0.

Invariant regions

The HIV/AIDS model (4.2.1) is analyzed in a biologically-feasible region as follows.

Lemma 4.2.2. The feasible region Ω de�ned by:

Ω =

{
(S(t), I(t), A(t), T (t)) ∈ R+

4 : 0 ≤ S(t) + I(t) + A(t) + T (t) ≤ Λ

µ− η

}

is positively invariant for system (4.2.1) with non-negative initial conditions.
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Proof. Adding the equations of system (4.2.1) we obtain

dN

dt
= Λ− µN + η(I + cA)− δ1A− δ2T

≤ Λ− (µ− η)N.

The solution N(t) of the above di�erential equation has the following property:

0 ≤ N(t) ≤ N(0)e−(µ−η)t +
Λ

µ− η
(1− e−(µ−η)t),

where N(0) represents the sum of the initial values of the variables. Thus

lim
t→∞

supN(t) ≤ Λ

µ− η
. It implies that the region Ω is a positively invariant set for

system (4.2.1).

Basic reproduction number

The basic reproduction number, denoted by R0, is the expected number of secondary

cases due to infection from a typical infected individual during its infectious time in

a completely susceptible population [42]. Using the next generation matrix approach

[137], R0 for the system (4.2.1) will be investigated. The matrices F (for the new

infection terms) and V (for the remaining transition terms) are given, respectively, by

F =


β1 + η β2 + ηc 0

0 0 0

0 0 0

 , V =


µ+ ξ1 + γ 0 −α1

−γ µ+ δ1 + ξ2 −α2

−ξ1 −ξ2 µ+ α1 + α2 + δ2

 .

(4.2.2)

The spectral radius, ρ, of the matrix FV−1 is the basic reproduction number,

R0 = ρ(FV−1) =
n1(m2m3 − ξ2α2) + n2(ξ1α2 + γm3)

m1(m2m3 − ξ2α2)− α1(ξ1m2 + ξ2γ)
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of the system (4.2.1), where

m1 = µ+ ξ1 + γ, m2 = µ+ δ1 + ξ2, m3 = µ+ α1 + α2 + δ2 (4.2.3)

n1 = β1 + η and n2 = β2 + ηc.

Rearranging the terms, the terms from the numerator and the denominator of R0 are

given by m2m3 − ξ2α2 = (µ+ δ1)(µ+ α1 + α2 + δ2) + ξ2(µ+ α1 + δ2) and (µ+ γ)(µ+

δ1)(µ+α1 +α2 + δ2) + ξ1(µ+ δ1)(µ+α2 + δ2) + ξ2µ(µ+α1 + δ2) + (µ+ δ2)(ξ1ξ2 + γξ2),

respectively. One can easily show that both terms are positive so that R0 > 0.

For simplicity we rewrite R0 as

R0 =
n1 + n2q1

m1 − α1q2

where q1 =
ξ1α2 + γm3

m2m3 − ξ2α2

> 0 and q2 =
ξ1m2 + ξ2γ

m2m3 − ξ2α2

> 0.

We can interpret R0 by writing it in a di�erent form in the remark below.

Remark 4.2.3. The number of susceptible that will become infected per unit of time

is β1k1 which is from the contact with the HIV infected, β2k2 which is from the contact

with the AIDS infected, ηk1 which is from the vertical transmission of HIV infected and

ηck2 which is from the vertical transmission of AIDS infected, where

k1 = µ2 + µξ2 + µα1 + µα2 + µδ1 + µδ2 + ξ2α1 + ξ2δ2 + α1δ1 + α2δ1 + δ1δ2,

k2 = γµ+ γα1 + γα2 + γδ2 + ξ1α2.

So that (β1 +η)k1 +(β2 +ηc)k2 is the number of new infectious population. The fraction
1

µ(k1 + k2) + ξ1k3 + γk4

is the mean infective period of the disease where

k3 = µ2 + µξ2 + µδ1 + µδ2 + ξ2δ2 + α2δ1 + δ1δ2

k4 = µξ2 + µδ1 + ξ2δ2 + α1δ1 + α2δ1 + δ1δ2.
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Thus, R0 gives the total number of secondary infections of the infectious during its life

time in susceptible populations. Here

R0 =
(β1 + η)k1 + (β2 + ηc)k2

µ(k1 + k2) + ξ1k3 + γk4

Stability analysis

In this section, we analyze the stability of the disease free equilibrium (DFE) and the

endemic equilibrium (EE) of the model (4.2.1).

Stability of the DFE

Solving model (4.2.1) by equating the derivatives to zero we obtain the DFE as E0 =(
Λ

µ
, 0, 0, 0

)
. Following [137], it is easy to prove the following local stability result:

Theorem 4.2.4. The disease free equilibrium E0 is locally asymptotically stable if

R0 < 1 and it is unstable if R0 > 1.

The theorem suggests that it is possible to eradicate HIV/AIDS if this threshold is

less than one.

Theorem 4.2.5. The disease free equilibrium is globally asymptotically stable if R0 < 1

and unstable if R0 > 1.

Proof. Consider the following candidate Lyapunov function L such that,

L (t) = C1I + C2A+ C3T,

where C1, C2, C3 are positive coe�cients to be determined. Di�erentiating L (t) with
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respect to t and using the solutions of system (4.2.1), we obtain:

L̇ = C1

(
S(β1I + β2A)

N
+ η(I + cA) + α1T − (µ+ ξ1 + γ)I

)
+C2 (γI + α2T − (µ+ δ1 + ξ2)A) + C3 (ξ1I + ξ2A− (µ+ α1 + α2 + δ2)T )

≤ C1 ((β1I + β2A) + η(I + cA) + α1T − (µ+ ξ1 + γ)I)

+C2 (γI + α2T − (µ+ δ1 + ξ2)A) + C3 (ξ1I + ξ2A− (µ+ α1 + α2 + δ2)T ) ,

(becauseS/N < 1)

= (C1n1 + C2γ + C3ξ1 − C1m1) I + (C1n2 + C3ξ2 − C2m2)A

+ (C1α1 + C2α2 − C3m3)T,

wheremi(i = 1, 2, 3) and ni(i = 1, 2) are from Eq. (4.2.3). Now, requiring the bracketed

coe�cients of A and T to zero, we obtain

C1 = m2m3 − ξ2α2 = (µ+ δ1)(µ+ α1 + α2 + δ2) + ξ2(µ+ α1 + δ2) > 0,

C2 = n2m3 + α1ξ2 > 0, C3 = α1m2 + α2n2 > 0.

After some simpli�cations, we obtain

L̇ ≤ D(R0 − 1)I,

where

D = m1(m2m3 − ξ2α2)− α1(ξ1m2 + ξ2γ)

= (µ+ γ)(µ+ δ1)(µ+ α1 + α2 + δ2) + ξ1(µ+ δ1)(µ+ α2 + δ2)

+ξ2µ(µ+ α1 + δ2) + (µ+ δ2)(ξ1ξ2 + γξ2) > 0.

Hence, it is clear that if R0 < 1 then L̇ < 0. Further, the equality L̇ = 0 holds if

I = 0 and R0 < 1. Thus the largest compact invariant set in {(S(t), I(t), A(t), T (t)) ∈

Ω|L̇ ≤ 0} is the singleton set {E0}. By LaSalle invariance principle [87], we can
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conclude that the DFE, E0, of system (4.2.1) is globally asymptotically stable for

R0 < 1.

Existence and stability of the endemic equilibrium

In this section, we provide the existence and global stability of the endemic equilibrium.

From the right hand side of equation (4.2.1), we have A∗ = q1I
∗, T ∗ = q2I

∗,

λ = w
I∗

N∗
where w = β1 + β2q1. The total population can be represented by

N∗ = S∗ + I∗ + A∗ + T ∗

= S∗ + (1 + q1 + q2)I∗

= S∗ + φI∗,

where φ = 1+q1+q2. Hence substituting λ = w
I∗

N∗
into λS+η(I+cA)+α1T−m1I = 0

we have

I∗
(
w
S∗

N∗
+ η(1 + cq1) + α1q2 −m1

)
= 0.

The case I∗ = 0 gives the disease free equilibrium E0. When I∗ 6= 0, the endemic

equilibrium is given by E∗ = (S∗, I∗, A∗, T ∗) where

S∗ =
Λφ

φµ+ (m1 − α1q2)(R0 − 1)
,

I∗ =
Λ(m1 − α1q2)(R0 − 1)

(φµ+ (m1 − α1q2)(R0 − 1))(m1 − α1q2 − η(1 + cq1))
,

A∗ = q1I
∗,

T ∗ = q2I
∗.

It is worth noting that S∗ is positive only when R0 > 1 and I∗ is positive if
m1 − α1q2

1 + cq1

>

η, so we have the following existence theorem.

Theorem 4.2.6. The endemic equilibrium exists only when R0 > 1 and
m1 − α1q2

1 + cq1

>
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η.

The stability of the endemic equilibrium is ensured by the following results:

Theorem 4.2.7. The endemic equilibrium E∗ of system (4.2.1) is locally asymptoti-

cally stable if R0 > 1 and bi > 0 (i = 1, ..., 4), b1b2 − b3 > 0 and b1b2b3 − b2
3 − b2

1b4 > 0,

where bi's are de�ned in the proof of this theorem.

Proof. The Jacobian matrix of system (4.2.1) corresponding to the endemic equilibrium

E∗ is given by

JEE =


a11 a12 a13 a14

a21 a22 a23 a24

0 a32 a33 a34

0 a42 a43 a44

 ,

where

a11 =
−(β1I

∗ + β2A
∗)(I∗ + A∗ + T ∗)

N∗2
− µ, a12 =

−S∗(β1(S∗ + A∗ + T ∗)− β2A
∗)

N∗2
,

a13 =
−S∗(β2(S∗ + I∗ + T ∗)− β1I

∗)

N∗2
, a14 =

(β1I
∗ + β2A

∗)S∗

N∗2
,

a21 =
(β1I

∗ + β2A
∗)(I∗ + A∗ + T ∗)

N∗2
,

a22 =
S∗(β1(S∗ + A∗ + T ∗)− β2A

∗)

N∗2
+ η − (µ+ ξ1 + γ),

a23 =
S∗(β2(S∗ + I∗ + T ∗)− β1I

∗)

N∗2
+ ηc, a24 =

−(β1I
∗ + β2A

∗)S∗

N∗2
+ α1,

a32 = γ, a33 = −(µ+ δ1 + ξ2), a34 = α2,

a42 = ξ1, a43 = ξ2, a44 = −(µ+ α1 + α2 + δ2).

The characteristics equation of the matrix JEE at the endemic equilibrium E∗ is

ψ4 + b1ψ
3 + b2ψ

2 + b3ψ + b4 = 0, (4.2.4)



http://etd.uwc.ac.za/

CHAPTER 4. A SIAT MATHEMATICAL MODEL OF THE TRANSMISSION
DYNAMICS OF HIV/AIDS WITH TREATMENT 102

where

b1 = − (a11 + a22 + a33 + a44) ,

b2 = a11 a22 + a11 a33 + a11 a44 − a12 a21 + a22 a33 + a22 a44 − a23 a32 − a24 a42

+a33 a44 − a34 a43,

b3 = −a11 a22 a33 − a11 a22 a44 + a11 a23 a32 + a11 a24 a42 − a11 a33 a44 + a11 a34 a43

+a12 a21 a33 + a12 a21 a44 − a13 a21 a32 − a14 a21 a42 − a22 a33 a44 + a22 a34 a43

+a23 a32 a44 − a23 a34 a42 − a24 a32 a43 + a24 a33 a42,

b4 = a11 a22 a33 a44 − a11 a22 a34 a43 − a11 a23 a32 a44 + a11 a23 a34 a42 + a11 a24 a32 a43

−a11 a24 a33 a42 − a12 a21 a33 a44 + a12 a21 a34 a43 + a13 a21 a32 a44

−a13 a21 a34 a42 − a14 a21 a32 a43 + a14 a21 a33 a42.

By the Routh-Hurwitz criteria, it follows that all roots of Eq. (4.2.4) have negative

real parts if bi > 0 (i = 1, ..., 4), b1b2 − b3 > 0 and b1b2b3 − b2
3 − b2

1b4 > 0. Hence the

theorem follows.

Theorem 4.2.8. If R0 > 1, the endemic equilibrium E∗ of system (4.2.1) is globally

asymptotically stable.

Proof. Consider the following candidate Lyapunov function L such that,

L = (S − S∗ lnS) +B(I − I∗ ln I) + C(A− A∗ lnA) +D(T − T ∗ lnT ).

The constants B,C and D are assumed to be positive and will be de�ned later. De-
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noting
β1

N
= f and

β2

N
= g, then, the derivative of L is given by

L̇ =

(
1− S∗

S

)
Ṡ +B

(
1− I∗

I

)
İ + C

(
1− A∗

A

)
Ȧ+D

(
1− T ∗

T

)
Ṫ

=

(
1− S∗

S

)
(Λ− fIS − gAS − µS)

+B

(
1− I∗

I

)
(fIS + gAS + η(I + cA) + α1T −m1I)

+C

(
1− A∗

A

)
(γI + α2T −m2A) +D

(
1− T ∗

T

)
(ξ1I + ξ2A−m3T ).

Because Ṡ = İ = Ȧ = Ṫ = 0 at the equilibrium E∗, the terms Λ, η −m1,m2 and m3

will be replaced by the expressions

Λ = fI∗S∗ + gA∗S∗ + µS∗,

η −m1 = −fS∗ − gA
∗S∗

I∗
− ηcA

∗

I∗
− α1

T ∗

I∗
,

m2 = γ
I∗

A∗
+ α2

T ∗

A∗
,

m3 = ξ1
I∗

T ∗
+ ξ2

A∗

T ∗
,
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respectively. Thus,

L̇ =

(
1− S∗

S

)
(fI∗S∗ + gA∗S∗ + µS∗ − fIS − gAS − µS)

+B

(
1− I∗

I

)
(fIS + gAS + ηcA+ α1T − fIS∗ − gA∗S∗

I

I∗
− ηcA

∗I

I∗

−α1T
∗ I

I∗
) + C

(
1− A∗

A

)
(γI + α2T − γ

I∗A

A∗
− α2

T ∗A

A∗
)

+D

(
1− T ∗

T

)
(ξ1I + ξ2A− ξ1

I∗T

T ∗
− ξ2

A∗T

T ∗
)

=

(
1− S∗

S

)
(µS∗ − µS) +

(
1− S∗

S

)
(fI∗S∗ + gA∗S∗ − fIS − gAS)

+B

(
1− I∗

I

)
(fIS + gAS + ηcA+ α1T − fIS∗ − gA∗S∗

I

I∗
− ηcA

∗I

I∗

−α1T
∗ I

I∗
) + C

(
1− A∗

A

)
(γI + α2T − γ

I∗A

A∗
− α2

T ∗A

A∗
)

+D

(
1− T ∗

T

)
(ξ1I + ξ2A− ξ1

I∗T

T ∗
− ξ2

A∗T

T ∗
).

Let us consider x =
S

S∗
, y =

I

I∗
, z =

A

A∗
and u =

T

T ∗
(from this we have S = xS∗, I =

yI∗, A = zA∗ and T = uT ∗). Then,

L̇ = −µ(1− x)2

x
S∗ +

(
1− 1

x

)
(fI∗S∗ + gq1I

∗S∗ − fxyI∗S∗ − gxzq1I
∗S∗)

+B

(
1− 1

y

)
(fxyI∗S∗ + gxzq1I

∗S∗ + ηczq1I
∗ + α1uq2I

∗ − fyI∗S∗ − gyq1I
∗S∗

−ηcyq1I
∗ − α1yq2I

∗) + C

(
1− 1

z

)
(γyI∗ + α2uq2I

∗ − γzI∗ − α2zq2I
∗)

+D

(
1− 1

u

)
(ξ1yI

∗ + ξ2zq1I
∗

−ξ1uI
∗ − ξ2uq1I

∗)

= −µ(1− x)2

x
S∗ + I∗H(x, y, z, u);
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where

H =

(
1− 1

x

)
(fS∗ + gq1S

∗ − fxyS∗ − gxzq1S
∗)

+B

(
1− 1

y

)
(fxyS∗ + gxzq1S

∗ + ηczq1 + α1uq2 − fyS∗ − gyq1S
∗ − ηcyq1

−α1yq2) + C

(
1− 1

z

)
(γy + α2uq2 − γz − α2zq2)

+D

(
1− 1

u

)
(ξ1y + ξ2zq1 − ξ1u− ξ2uq1)

= fS∗(1− xy − 1

x
+ y) + gq1S

∗(1− xz − 1

x
+ z) +BfS∗(xy − y − x+ 1)

+Bgq1S
∗(xz − y − xz

y
+ 1) +Bηcq1(z − y − z

y
+ 1) +Bα1q2(u− y − u

y
+ 1)

+Cγ(y − z − y

z
+ 1) + Cα2q2(u− z − u

z
+ 1) +Dξ1(y − u− y

u
+ 1)

+Dξ2q1(z − u− z

u
+ 1).

Next, we choose B,C and D so that none of the variable terms are positive

H = fS∗ + gq1S
∗ +BfS∗ +Bgq1S

∗ +Bηcq1 +Bα1q2 + Cγ + Cα2q2 +Dξ1

+Dξ2q2 + xy(−fS∗ +BfS∗) + xz(−gq1S
∗ +Bgq1S

∗) + y(fS∗ + Cγ +Dξ1

−BfS∗ −Bgq1S
∗ −Bηq1S

∗ −Bα1q2) + u(Bα1q2 + Cα2q2 −Dξ1 −Dξ2q1)

+z(gq1S
∗ +Bηcq1 − Cγ − Cα2q2 +Dξ2q1) + x(−BfS∗) +

1

x
(−fS∗ − gq1S

∗)

+
xz

y
(−Bgq1S

∗) +
z

y
(−Bηcq1) +

u

y
(−Bα1q2) +

y

z
(−Cγ) +

u

z
(−Cα2q2)

+
y

u
(−Dξ1) +

z

u
(−Dξ2q1).

The only variable terms that appear in the above equation with positive coe�cients

are xy, xz, y, u and z. If the sum of the coe�cients of any of these variables terms is

positive, then there is a possibility that H could be positive. In this way, we select

B,C and D so as to make the coe�cients of xy, xz, y, u and z non-positive. From the

coe�cients of xy and xz we found that B = 1. Then substituting B = 1 in the other
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coe�cients and ignoring the repetition we have the simultaneous equations:

Cγ +Dξ1 = gq1S
∗ + ηcq1 + α1q2

Cα2q2 −D(ξ1 + ξ2q1) = −α1q2.

The solutions are:

C =
q1

Q
(ξ2gq1S

∗ + ξ2ηcq1 + ξ1gS
∗ + ξ1ηc+ ξ2q2α1) and

D =
q2

Q
(gq1α2S

∗ + ηcq1α2 + q2α1α2 + γα1),

where Q = ξ1q2α2 + ξ2γq1 + ξ1γ. Then after substituting the corresponding values of

B,C and D we have

H = fS∗(2− x− 1

x
) + a1(3− u

z
− z

y
− y

u
) + a2(3− xz

y
− y

z
− 1

x
)

+a3(3− u

y
− y

z
− z

u
) + a4(4− xz

y
− u

z
− y

u
− 1

x
)− a5

(y − z)2

yz

−a6
(u− y)2

uy
− a7

(u− z)2

uz
,

where

a1 =
1

Q
(ξηcq1q2α2), a2 =

1

Q
(ξ1γS

∗gq1 + ξ2γS
∗gq2

1), a3 =
1

Q
(ξ2γq1q2α1),

a4 =
1

Q
(ξ1S

∗gq1q2α2), a5 =
1

Q
(ξ1γηcq1 + ξ2γηcq

2
1), a6 =

1

Q
(ξ1q

2
2α1α2 + ξ1γq2α1),

a7 =
1

Q
(ξ2S

∗gq2
1q2α2 + ξ2ηcq

2
1q2α2 + ξ2q1q

2
2α1α2).

Because the arithmetic mean is greater than, or equal to the geometric mean, then

2− x− 1

x
≤ 0 for x > 0 and 2− x− 1

x
= 0 if and only if x = 1; 3− u

z
− z

y
− y

u
≤ 0 for

u, y, z > 0 and 3 − u

z
− z

y
− y

u
= 0 if and only if u = y = z; 3 − xz

y
− y

z
− 1

x
≤ 0 for

x, y, z > 0 and 3− xz
y
− y
z
− 1

x
= 0 if and only if x = 1, y = z and 4− xz

y
− u
z
− y
u
− 1

x
≤ 0
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for x, y, z, u > 0 and 4− xz

y
− u

z
− y

u
− 1

x
= 0 if and only if x = 1, u = y = z.

This implies that H ≤ 0 with equality only if S = S∗,
I

I∗
=

A

A∗
=

T

T ∗
, that is

x = 1, u = y = z. So that L̇ =
−µ(1− x)2

x
S∗ + I∗H(x, y, z, u) < 0.

Therefore,
dL

dt
≤ 0 and the equality

dL

dt
= 0 holds if and only if S = S∗,

I

I∗
=

A

A∗
=

T

T ∗
. Thus the largest compact invariant set in Γ = {(S(t), I(t), A(t), T (t)) :

dL

dt
=

0} is {E∗}. By LaSalle invariance principle [87], we can conclude that the endemic

equilibrium E∗ of system (4.2.1) is globally asymptotically stable for R0 > 1.

4.3 Parameters estimation

In this section, we estimate the parameters of the model (4.2.1) based on the available

data.

To estimate the recruitment rate Λ, we consider the total population of Ethiopia

aged 15-49 for the available data starting from 2005 in [17]. This population is con-

sidered to be the most economically active group. Dividing the population by the

di�erence in age for our model, we have an average constant recruitment rate of

Λ = 1, 115, 156 individuals between the age 15-49 in Ethiopia per year.

The average life expectancy in Ethiopia is 65.5 years [155], and the average age of

�rst sexual intercourse in Ethiopia is estimated as 19 years [32], corresponding to an

average of 46.5 years of sexual activity (see also [107] for South Africa), so that the

natural death rate used in this work is µ = 0.0215. From [156], we can obtain the

disease-induced death rates δ1 and δ2 (see Table 4.3.2).

The year 2005 is our initial modeling time. It is the year that the government of

Ethiopia launched a programme to provide access to ART free of charge and made a

commitment to roll out the programme across the country [148]. The total population

of Ethiopia aged 15-49 in the year 2005 was 33,770,291 [17]. Estimated number of

the people living with HIV was 640,000 and the prevalence of adult population aged

15-49 in the same year was 1.7 [133]. So that the estimated number of the adult
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population aged 15-49 years living with HIV in 2005 would be 557,695, of which we

assume approximately one-quarter were AIDS infected individuals. Reported number

of people receiving antiretroviral therapy (15-49 years) in the same year was 16,400

[148]. So the initial conditions are S(0) = 33, 196, 196, I(0) = 418, 271, A(0) = 139, 424

and T (0) = 16, 400.

Table 4.3.1: Prevalence of HIV (aged 15-49) in Ethiopia in the period 2005-2018 [133].

Year: 2005 2006 2007 2008 2009 2010 2011 2012 2013 2014
Prev.: 1.7 1.6 1.5 1.4 1.4 1.3 1.3 1.3 1.2 1.2
Year: 2015 2016 2017 2018
Prev.: 1.1 1.1 1.1 1.0

The parameters β1, ξ1, ξ2, α1 and α2 were chosen to �t the model (4.2.1) without

vertical transmission to the prevalence data 2005-2018 from Table 4.3.1 and initial

conditions above. With certain initial guesses of these parameters, we solve the model

(4.2.1) without vertical transmission using the MATLAB built-in function ode45. Then

implementing the solutions in the MATLAB routine fmincon, as in [118] we estimate

the parameters that correspond to the minimum of the following error function

E =
14∑
i=1

(
I(ti) + A(ti) + T (ti)

N(ti)
× 100− Pr(ti)

)2

,

where I(ti), A(ti), T (ti) and N(ti) are numerically computed model solutions at time

ti and Pr(ti) is the HIV prevalence data at time ti. Fig. 4.3.1 shows the HIV data

with upper and lower estimate and the model �tted curve with the estimated values

β1 = 0.07248, ξ1 = 0.28, ξ2 = 0.16, α1 = 0.42 and α2 = 0.012.

We assume that the infection rate of AIDS infected individuals is very small because

individuals in the AIDS infected group have signi�cantly reduced their sexual activity

and so the transmission caused by them is very low compared to the HIV infected

population (see [160]). Setting b = 0.02, the transmission rate for AIDS infected

individuals become β2 = bβ1 = (0.02)(0.07248) ≈ 0.00145. The estimated parameter

values are given in Table 4.3.2.
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Fig. 4.3.1: Prevalence of HIV data (Table 4.3.1) with upper and lower estimate and
the corresponding best �t.

Table 4.3.2: Baseline values and ranges of the parameters of the model (4.2.1).

Parameter Baseline value Range Reference
(per year) (per year)

Λ 1, 115, 156 − Estimated
µ 0.0215 [0.0172, 0.0258] Estimated
δ1 0.0909 [0.07272, 0.10908] [156]
δ2 0.0667 [0.05336, 0.08004] [156]
β1 0.07248 [0.057984, 0.086976] Fitted
β2 0.00145 [0.00116, 0.00174] Assumed
γ 0.125 [0.1, 0.15] Estimated
ξ1 0.28 [0.224, 0.336] Fitted
ξ2 0.16 [0.128, 0.192] Fitted
α1 0.42 [0.336, 0.504] Fitted
α2 0.012 [0.0096, 0.0144] Fitted
η 0.02 [0.016, 0.024] Assumed
c 0.02 [0.016, 0.024] Assumed

4.4 Sensitivity analysis

It can be seen from the previous analysis that the qualitative behavior of the HIV/AIDS

model is determined by the basic reproduction number. Hence, it is important to

analyze parameters that have the most signi�cant impact on R0.
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Local sensitivity of R0

In this section, we compute the sensitivity indices to measure the relative change in

the basic reproduction number R0 when a parameter changes. The local sensitivity,

based on the normalised sensitivity index, of a variable R0, that depends di�erentiably

on a parameter, ρ, is de�ned as [38]:

ΥR0
ρ =

∂R0

∂ρ
× ρ

R0

.

The sensitivity index of R0 with respect to the parameter β1 is given by

ΥR0
β1

=
∂R0

∂β1

× β1

R0

= β1

(
(η c+ β2) (ξ1 α2 + γ (µ+ α1 + α2 + δ2))

−ξ2 α2 + (µ+ δ1 + ξ2) (µ+ α1 + α2 + δ2)
+ β1 + η

)−1

> 0.

This shows that the basic reproduction number, R0, is an increasing function of the

parameter β1. Similarly the sensitivity index of R0 with respect to the parameters β2,

γ, ξ1, ξ2, α1, α2, η, c, δ1, δ2 and µ can be obtained. We evaluate the sensitivity indices

at the baseline parameter values given in Table 4.3.2 and the results are shown in Table

4.4.1.

Table 4.4.1: Sensitivity indices of R0 to parameters of model (4.2.1).

Parameter Index
(Local sensitivity)

µ −4.8028× 10−1

δ1 −1.4449× 10−1

δ2 −2.4220× 10−1

β1 +7.8176× 10−1

β2 +1.9787× 10−3

γ −5.6929× 10−1

ξ1 −6.0148× 10−2

ξ2 +1.7614× 10−1

α1 +3.2505× 10−1

α2 −4.7769× 10−3

η +2.1626× 10−1

c +5.4585× 10−4

The most sensitive parameter is β1 with sensitivity index of ΥR0
β1

= +7.8176×10−1.
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Thus, decreasing (or increasing) β1, the transmission rate of HIV infected individuals,

by 10% increases (or decreases) R0 by 7.8176%. However, increasing (decreasing) the

next sensitive parameter γ, the rate of developing AIDS symptoms, by 10% decreases

(increases) R0 by 5.6929%. The same logic can be applied to other parameters.

Global sensitivity of R0

The local sensitivity analysis shows the in�uence of one parameter change while all

others are kept constant. Global sensitivity analysis is a better approach that esti-

mates the in�uence of one parameter change on the output while allowing all other

parameters to vary. We determined the global sensitivity analysis of the model with

parameters β1, β2, γ, ξ1, ξ2, α1, α2, η, c, δ1, δ2 and µ as an input and the basic reproduc-

tion number R0 as an output using LHS and PRCC methods. The LHS is a strati�ed

sampling technique that allows for e�ective study of parameter variations across simul-

taneous uncertainty ranges in each parameter [23, 91, 95, 125]. The PRCCmeasures the

strength of the relationship between the model outcome and the parameters, expressing

the degree of the impact that each parameter has on the outcome [23, 91, 95, 125]. To

generate the LHS matrix, we assume that all the model parameters are uniformly dis-

tributed. For parameter intervals, we chose a [−20%,+20%] variation from the baseline

values as given in Table 4.3.2. A total number of one-thousand model solutions are

simulated. Note that PRCC values vary in the interval [−1, 1], with an absolute value

of PRCC close to 1 indicating the parameter has a strong impact on the model output.

Positive (negative) of the PRCC indicating a positive (negative) correlation between

the model parameters and output. In addition, the p-value of the PRCC if less than

0.05 indicates the value is signi�cant.

It can be seen from Fig. 4.4.1 and Table 4.4.2 the most signi�cant parameters, with

|PRCC| > 0.5 and p-value less than 0.05, ordered from highest to lowest are β1, γ,

α1, ξ1, µ, δ2, η, ξ2 and δ1. Parameters β1, α1, η and ξ2 have positive PRCC values,

implying that a positive change on these parameters will increase R0. In contrast,
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parameters γ, ξ1, µ, δ2 and δ1 have negative PRCC values, and thus, increasing these

parameters will consequently reduce R0. Finally, parameters with little impact on R0

are c, β2 and α2.

1 2 1 2 1 2
c

1 2

-1

-0.5

0

0.5

1
P

R
C

C

Fig. 4.4.1: PRCC values of the parameters for the HIV/AIDS model (4.2.1) with R0

as a response function. Parameter values and ranges used are given in Table 4.3.2.

Table 4.4.2: The PRCC and p values of various parameters relative to R0.

Parameter PRCC values p values
µ −0.7978 0.0000
δ1 −0.5991 0.0000
δ2 −0.7658 0.0000
β1 +0.9659 0.0000
β2 +0.0376 0.2374
γ −0.9087 0.0000
ξ1 −0.8614 0.0000
ξ2 +0.6641 0.0000
α1 +0.8684 0.0000
α2 −0.0276 0.3863
η +0.7024 0.0000
c +0.0668 0.0358
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4.5 Numerical results

In this section, we present numerical simulations to determine the e�ect of treatment on

HIV infected and AIDS infected individuals in the dynamics of HIV/AIDS as a control

strategy. We simulate the model (4.2.1) numerically using the parameter values in Table

4.3.2 (unless otherwise stated), to assess the treatment impact of the HIV infected and

AIDS infected individuals over the progression of HIV/AIDS.

To numerically demonstrate the e�ect of the parameters ξ1 (treatment rate of HIV

infected individuals) and ξ2 (treatment rate of AIDS infected individuals), we plotted

the basic reproduction number R0 as a function of ξ1 and ξ2. In Fig. 4.5.1, R0 decreases

with an increase in ξ1 and increases with an increase in ξ2. This demonstrates that

increasing rate of treatment of HIV infected individuals (early treatment) will increase

the chance to eradicate HIV/AIDS from the community (see for example [75]). On

the other hand, it is evident that with the increase of treatment of AIDS infected

individuals, the disease induced death rate for AIDS will decrease and the CD4 count

can also increase. At this stage whenever there is treatment failure the individuals

may revert to the HIV infected group based on their CD4 count and may infect others

whenever contact is made. If we stop treating them the disease induced death rate δ2

will increase and as a result the infection rate will decrease. The overall e�ect of the

treatment of AIDS patients on the population dynamics is not straight forward. We

address this issue in what follows.

A contour plot of the reproduction number R0 as a function of the rate of treatment

of HIV infected individuals (ξ1) and the rate of treatment of AIDS infected individuals

(ξ2), is depicted in Fig. 4.5.2a. The region where R0 < 1 and R0 > 1 is shown in Fig.

4.5.2b. From these �gures, it can be seen that R0 < 1 when ξ1 is larger than or equal

to ξ2, and R0 > 1 when ξ2 is signi�cantly larger than ξ1. We provide more details on

the population dynamics in each case below.
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Fig. 4.5.1: The reproduction number R0 as a function of ξ1 and ξ2.
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Fig. 4.5.2: Relation between treatment rates of the HIV infected and AIDS infected
individuals with the basic reproduction number R0.

Case 1: when ξ1 > ξ2

When the rate of treatment of HIV infected individuals is larger than the corresponding

rate of AIDS infected individuals, the basic reproduction number R0 < 1 (see Fig.

4.5.2) and the disease free equilibrium is globally asymptotically stable.

For example, numerical simulation when the parameter values ξ1 = 0.9 and ξ2 =
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0.02 where the reproduction number less than unity is depicted in Fig. 4.5.3. In this

case, R0 = 0.3130 and the disease free equilibrium is E0 = (51867721, 0, 0, 0). In

Fig. 4.5.4, with the phase portrait, we show the global stability of the disease free

equilibrium E0 in S− I −A and S− I −T spaces. Similar assertion can also be shown

in other spaces. Thus, these results also con�rm the global asymptotic stability of the

disease free equilibrium E0.

Further, the simulation results for some selected values of treatment rates ξ1 and ξ2

when ξ1 > ξ2 is given in Fig. 4.5.5. As expected, there is a decrease of the number of

HIV infected individuals, and the number of AIDS infected individuals increase at the

beginning of the time and it decreases through time as a result of disease induced death

rate. The numerical simulation in Fig. 4.5.6 clearly show that increasing the rate of

treatment of HIV infected individuals ξ1 and decreasing the rate of treatment of AIDS

infected individuals ξ2 leads to a corresponding decrease in the prevalence of HIV. It

can be observed that at the end of 2030, from the initial year 2005, it is possible to

reduce the prevalence by more than 83%.
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Fig. 4.5.3: Simulations of system (4.2.1) when ξ1 = 0.9, ξ2 = 0.02 and R0 = 0.3130 < 1.
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Fig. 4.5.4: Phase portrait obtained when ξ1 = 0.9, ξ2 = 0.02 and R0 = 0.3130 < 1 with
t ∈ [0, 400] (a) in S − I − A space, (b) in S − I − T space.
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Fig. 4.5.5: The e�ects of varying ξ1 and ξ2 on the HIV infected and AIDS infected
individuals when ξ1 > ξ2 and R0 < 1.

Case 2: when ξ1 = ξ2

When the rate of treatment of HIV infected and rate of treatment of AIDS infected

individuals are equal, the basic reproduction number R0 < 1 (Fig. 4.5.2) and the

disease free equilibrium is globally asymptotically stable. In general, on the line ξ1 = ξ2

(see Fig. 4.5.2b), the basic reproduction number R0 is always less than unity. So that

increasing or decreasing treatment rates of both individuals as equal would always
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Fig. 4.5.6: Prediction of the prevalence of HIV for the year 2005-2030 with di�erent
values of ξ1 and ξ2 when ξ1 > ξ2.

make R0 less than unity. Therefore, the line where ξ1 = ξ2 can be considered as the

disease free line (see Fig. 4.5.2b).

Further, the simulation results for selected equal values of treatment rates ξ1 and

ξ2 is given in Fig. 4.5.7. It can be observed that with a large equal increment in

the treatment rates, both the HIV infected and AIDS infected individuals consistently

decrease in time. On the other hand, with a small equal treatment the number of HIV

infected individuals decrease and transfer to AIDS stage, as a result the individuals

in AIDS stage increase and then decrease through time due to disease induced death.

The numerical simulation in Fig. 4.5.8 clearly show that increasing both the rate of

treatment of HIV infected individuals ξ1 and the rate of treatment of AIDS infected

individuals ξ2 as equal leads to a corresponding decrease in the prevalence of HIV. It

can be observed that at the end of 2030, from the initial year 2005, it is possible to

reduce the prevalence for more than 70%. This suggests that applying higher equal

treatment is a good way to �ght against the disease.
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Fig. 4.5.7: The e�ects of varying ξ1 and ξ2 on the HIV infected and AIDS infected
individuals when ξ1 = ξ2 and R0 < 1.
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Fig. 4.5.8: Prediction of the prevalence of HIV for the year 2005-2030 with di�erent
values of ξ1 and ξ2 when ξ1 = ξ2.

Case 3: when ξ2 >> ξ1

When the rate of treatment of AIDS infected individuals is signi�cantly greater than the

rate of treatment of HIV infected individuals, the basic reproduction number R0 > 1

(see Fig. 4.5.2) and the endemic equilibrium is globally asymptotically stable.

For example, numerical simulation when the parameter values ξ1 = 0.02 and ξ2 =

0.9 and where the reproduction number exceeds unity is depicted in Fig. 4.5.9. In
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this case, the basic reproduction is R0 = 1.5871 and the endemic equilibrium is E∗ =

(24094385, 15564870, 1969897, 4002591). In Fig. 4.5.10, with the phase portrait, we

show the global stability of the endemic equilibrium E∗ inside the invariant set Γ in

S − I − A and S − I − T spaces. Similar assertion can also be shown in other spaces

for the global asymptotic stability of the endemic equilibrium E∗. Thus, these results

also con�rm that the endemic equilibrium E∗ is globally asymptotically stable.

Further, the simulation results for selected values of treatment rates ξ1 and ξ2

when ξ2 >> ξ1 is given in Fig. 4.5.11. As expected, there is an increase of the

number of HIV infected individuals I, and the number of AIDS infected individuals A

was controlled at the beginning but start rising again and increases inde�nitely. The

numerical simulation in Fig. 4.5.6 clearly show that increasing the rate of treatment

of AIDS infected individuals ξ2 and decreasing the rate of treatment of HIV infected

individuals ξ1 leads to more than 58% increase, from the initial year 2005, in the

prevalence of HIV at the end of 2030. This implies that the HIV/AIDS persists in the

community.
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Fig. 4.5.9: Simulations of system (4.2.1) when ξ1 = 0.02, ξ2 = 0.9 and R0 = 1.5871 > 1.
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Fig. 4.5.10: Phase portrait obtained when ξ1 = 0.02, ξ2 = 0.9 and R0 = 1.5871 > 1
with t ∈ [0, 400] inside the invariant set Γ (a) in S − I − A space, (b) in S − I − T
space.
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Fig. 4.5.11: The e�ects of varying ξ1 and ξ2 on the HIV infected and AIDS infected
individuals when ξ2 >> ξ1 and R0 > 1.

4.6 Discussion and conclusions

In this chapter, a SIAT deterministic model for the transmission dynamics of HIV/AIDS

in a community was designed and rigorously analysed. We evaluated the impact of

treatment as a possible control measure for the spread of HIV/AIDS. The study was

designed to observe the e�ect of treatment of both HIV infected and AIDS infected
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Fig. 4.5.12: Prediction of the prevalence of HIV for the year 2005-2030 with di�erent
values of ξ1 and ξ2 when ξ2 >> ξ1.

individuals in the HIV/AIDS with vertical transmission model. Some main themes

and �ndings of the study are:

(i) The stability of the DFE and EE of the model is analysed. The global stability

of both the DFE and EE is established. This study has shown that if R0 < 1

the DFE is globally asymptotically stable and if R0 > 1 the EE is globally

asymptotically stable.

(ii) The model parameter values are estimated.

(iii) Using sensitivity analysis the model parameters with the strongest impact are

determined. The most signi�cant parameters, ordered from highest to lowest,

of the model (with R0 as an output variable) are the transmission rate of HIV

infected individuals (β1), the rate of developing AIDS symptoms (γ), rate of

transfer of individuals to HIV infected due to treatment failure (α1), the rate of

treatment of HIV infected individuals (ξ1), natural death rate (µ), disease induced

death rate of individuals under treatment (δ2), the vertical transmission rate (η),

the rate of treatment of AIDS infected individuals (ξ2) and disease induced death

rate of AIDS infected individuals (δ1). It is noted that a small change in these

parameters a�ect the progression of HIV/AIDS dynamics.
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(iv) Numerical simulations of the model show that:

(a) The increase in rate of treatment of HIV infected individuals together with

the decrease in rate of treatment of AIDS infected individuals would result

R0 < 1, in that case the DFE is globally asymptotically stable. This also

leads for more than 83% reduction in the prevalence of HIV at the end of

2030.

(b) With equal rate of treatments of HIV infected and AIDS infected individuals

the basic reproduction number R0 < 1 and the DFE is globally asymptoti-

cally stable. This also leads to more than 70% reduction in the prevalence

of HIV at the end of 2030.

(c) The increase in rate of treatment of AIDS infected individuals together with

the decrease in rate of treatment of HIV infected individuals would result

R0 > 1, in that case the EE is globally asymptotically stable. This also

leads to more than 58% increment in the prevalence of HIV at the end of

2030.
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Chapter 5

Robust nonstandard �nite di�erence

methods for SIAT HIV/AIDS model

In this chapter, we present two classes of NSFD schemes constructed for the SIAT

HIV/AIDS model. The �rst one uses non-local discretization of nonlinear terms but

with a standard denominator function, whereas the second class of methods use non-

local discretization of nonlinear terms with three di�erent types of denominator func-

tions constructed using more sophisticated approaches. A theoretical analysis of the

schemes is performed rigorously, and comparative studies between the schemes are pre-

sented. It is observed that the NSFD-I scheme is easy to implement, unconditionally

convergent, and dynamically consistent with the continuous model. We provide results

for the second class NSFD-II schemes for di�erent values of Q in the denominator

functions that are chosen to guarantee elementary stability. The constant Q1 value is

calculated based on the Jacobian of the NSFD-IIa scheme evaluated at the steady state

and the Hurwitz matrix. The value Q2 > 0.4155 for the NSFD-IIb scheme is calcu-

lated from the eigenvalues of the continuous model that satisfy certain conditions. The

value of Q3 for the NSFD-IIc scheme is selected to satisfy elementary stability with no

restrictions. In the simulation, it is observed that the NSFD-IIb scheme is not only

dependent on the selection of Q but also on the step size. In contrast, the NSFD-IIa

123
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and NSFD-IIc schemes converge to the correct steady-state irrespective of the step

size used. It is concluded that a value of Q in the denominator function close to zero

makes the NSFD-IIc scheme converge faster. It is also observed that the NSFD-IIc

scheme substantially outperforms the corresponding NSFD-IIa and NSFD-IIb schemes

in terms of error size and order of convergence. Further, the e�ciencies of the NSFD-II

schemes are compared in terms of CPU times, and while the NSFD-IIa and NSFD-IIb

have shown comparatively the same order of e�ciency, it is seen that they show a clear

gain in e�ciency over the NSFD-IIc scheme.

5.1 Introducton

Models of di�erential equations that describe chemical, physical, biological and other

types of phenomena are increasingly frequent in literature. Providing explicit solutions

of such models is not often possible. As a consequence, they are often studied through

robust numerical methods. Well-known numerical methods, for example, Euler and

Runge-Kutta, sometimes fail because they generate oscillations, bifurcations, chaos,

and false steady states (see [39, 65]) and may require very small step size. Therefore,

we design a nonstandard �nite di�erence (NSFD) scheme that does not su�er from such

drawbacks based on the properties and nature of the continuous model. The NSFD

schemes were introduced and explored by Mickens [97, 98, 99]. A thorough overview of

these methods can be found in two survey articles by one of the authors of this paper

[114, 115].

It has been established that NSFD has the advantage of preserving the essential

qualitative features of the continuous model independently of the chosen step-size [1,

14, 36, 41, 43, 48, 53, 69, 70, 80, 81, 83, 84, 152, 153, 154]. A NSFD scheme that

preserves non-negativity and boundedness of the solution, equilibria, and their stability

conditions is presented in [84], a scheme that preserves positivity and global asymptotic

stability is constructed in [41, 69], a positive and elementary stable NSFD scheme is

proposed in [83], and an unconditionally stable NSFD scheme that preserves positivity
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and is more e�cient than the standard numerical methods is constructed in [1].

In [53], an unconditionally convergent NSFD scheme for computer virus dynamics

that preserves the essential features of the continuous model is proposed. In [36], two

NSFD schemes are proposed and analyzed; the �rst is based on the nonlocal approxi-

mation of nonlinear model terms and shown to be stable subject to a predictable bound

on step size, while the second NSFD scheme which is unconditionally stable is based

on nonlocal approximation of nonlinear model terms and use denominator function. In

[48], a NSFD scheme that preserves the positivity and boundedness of the solutions

of a virus dynamics model with antibody and cell-mediated responses is presented. In

[43], NSFD schemes are constructed and applied to general two-dimensional and three-

dimensional productive-destructive systems (PDS). The numerical techniques are based

on nonlocal modelling of the right-hand side function and a nonstandard treatment of

the time derivative. In [152], Wood et al. extended the results in [43] and designed

a dynamically consistent NSFD scheme for general n-dimensional PDS. In [153], a

positivity preserving and elementary stable NSFD scheme is constructed for solving

autonomous dynamical systems. In [154], three general NSFD schemes are presented

and applied to a speci�c four-dimensional HIV epidemic model.

Motivated by ongoing research in this �eld, we use new ways of �nding solutions for

the susceptible-infected-aids-treatment (SIAT) HIV/AIDS model. The main contribu-

tion of this work is to develop and analyze e�cient numerical schemes to approximate

the solutions of the SIAT HIV/AIDS model. Four numerical schemes of two classes

that preserve the essential properties of the continuous model are formulated. Com-

parative studies of the �rst class with classical numerical methods and comparative

studies between the second classes of schemes are presented.

The rest of this chapter is organized as follows: In Section 5.2, we design two

classes of NSFD schemes for the SIAT HIV/AIDS model. In Section 5.3, the analysis

of the schemes is provided. In Section 5.4, extensive numerical simulations are carried

out, and results are presented. Finally, in Section 5.5, discussion and conclusions are

presented.
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5.2 Construction of NSFD schemes

In this section, two class of NSFD schemes are designed to approximate the solution

of the continuous system (4.2.1).

NSFD-I

The �rst scheme, denoted NSFD-I, that we propose is based on the approximation of the

derivatives by the standard forward scheme of �rst order and non-local approximation.

A similar approach can be found e.g. in [1, 15]. Thus, if f(t) is di�erentiable, then its

derivative ḟ(t) can be approximated by

df(t)

dt
=
f(t+ `)− f(t)

`
+O(`) as `→ 0.

Let tk = k `, where ` > 0 is the time step size and k ∈ N = {0, 1, 2, ...}. Let

(Sk, Ik, Ak, T k) be the approximations of the solution (S(tk), I(tk), A(tk), T (tk)) of sys-

tem (4.2.1) at the discrete time points tk. Thus, the mathematical model for the

HIV/AIDS (4.2.1) is discretized as:

Sk+1 − Sk

`
= Λ−

(
β1I

k + β2A
k

Nk

)
Sk+1 − µSk+1,

Ik+1 − Ik

`
=

(
β1I

k + β2A
k

Nk

)
Sk+1 + η(Ik + cAk) + α1T

k − (µ+ ξ1 + γ)Ik+1,

Ak+1 − Ak

`
= γIk+1 + α2T

k − (µ+ δ1 + ξ2)Ak+1,

T k+1 − T k

`
= ξ1I

k+1 + ξ2A
k+1 − (µ+ α1 + α2 + δ2)T k+1,


(5.2.1)

where Nk = Sk + Ik + Ak + T k. A simple modi�cation of (5.2.1) leads to the explicit

NSFD-I scheme
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Sk+1 =
`Λ + Sk

1 + `µ+ `β1
Ik

Nk
+ `β2

Ak

Nk

,

Ik+1 =
`β1

IkSk+1

Nk
+ `β2

AkSk+1

Nk
+ `η(Ik + cAk) + `α1T

k + Ik

1 + `(µ+ ξ1 + γ)
,

Ak+1 =
`γIk+1 + `α2T

k + Ak

1 + `(µ+ δ1 + ξ2)
,

T k+1 =
`ξ1I

k+1 + `ξ2A
k+1 + T k

1 + `(µ+ α1 + α2 + δ2)
.



(5.2.2)

NSFD-II

In this section, a class of three NSFD schemes are designed to approximate the solution

of the continuous system (4.2.1). The selection of the schemes is based on obtaining

unconditionally stability and preserving positivity of the solutions, see also [11, 152,

153, 154].

De�nition 5.2.1. A numerical scheme is called elementary stable whenever it has no

other �xed points than those of the continuous system it approximates, the local stability

of these �xed points is the same for both the discrete and the continuous dynamical

systems for each value of the step size `.

The discretization is based on the approximations of the temporal derivatives by a

�rst order generalized forward scheme. If x(t) ∈ C1(R), we de�ne the derivative as

dx

dt
=
xk+1 − xk

ϕ(`)
+ O(`) as `→ 0,

where ϕ(`) is a nonnegative real valued denominator function de�ned later.

NSFD-IIa

The second NSFD scheme uses a nonlocal discretization of the negative terms on the

right hand side of (4.2.1) to preserve the positivity of solutions. A similar approach
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can be found e.g. in [152, 154]. Thus, system (4.2.1) is discretized as:

Sk+1 − Sk

ϕ(`)
= Λ−

(
β1I

k + β2A
k

Nk

)
Sk+1 − µSk+1,

Ik+1 − Ik

ϕ(`)
=

(
β1I

k + β2A
k

Nk

)
Sk + η(Ik + cAk) + α1T

k − (µ+ ξ1 + γ)Ik+1,

Ak+1 − Ak

ϕ(`)
= γIk + α2T

k − (µ+ δ1 + ξ2)Ak+1,

T k+1 − T k

ϕ(`)
= ξ1I

k + ξ2A
k − (µ+ α1 + α2 + δ2)T k+1,


(5.2.3)

where Nk = Sk + Ik + Ak + T k.

The NSFD scheme, denoted NSFD-IIa, is of �rst order of convergent and can be

easily rewritten in an explicit form as:

Sk+1 =
ϕ(`)Λ + Sk

1 + ϕ(`)µ+ ϕ(`)β1
Ik

Nk
+ ϕ(`)β2

Ak

Nk

,

Ik+1 =
ϕ(`)β1

IkSk

Nk
+ ϕ(`)β2

AkSk

Nk
+ ϕ(`)η(Ik + cAk) + ϕ(`)α1T

k + Ik

1 + ϕ(`)(µ+ ξ1 + γ)
,

Ak+1 =
ϕ(`)γIk + ϕ(`)α2T

k + Ak

1 + ϕ(`)(µ+ δ1 + ξ2)
,

T k+1 =
ϕ(`)ξ1I

k + ϕ(`)ξ2A
k + T k

1 + ϕ(`)(µ+ α1 + α2 + δ2)
.



(5.2.4)

It is clear that none of the discrete terms on the right hand side of (5.2.4) have

negative terms. Thus, the second numerical scheme, NSFD-IIa, satis�es the positivity

property.

Remark 5.2.2. The denominator function ϕ(`) is selected as ϕ(`) = φ(Q`)/Q, where

φ(`) is an arbitrary function that satis�es the property:

φ(`) = `+ O(`2) and 0 < φ(`) < 1 for all ` > 0. (5.2.5)

For example, φ(`) = 1− e−` satis�es (5.2.5).
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Remark 5.2.3. Construction of the denominator function ϕ(`) chosen to guarantee

elementary stability is based on the proof of Theorem 3.1 in [152]. The constant Q in

the denominator function is dependent on the eigenvalues of the Jacobian of the scheme

(5.2.4) at equilibria.

Theorem 5.2.4. The solution of the NSFD-IIa scheme (5.2.4) is bounded on any �nite

time interval.

Proof. Firstly, let us examine the sequence (Sk). From the �rst equation of (5.2.4),

we get Sk+1 ≤ Sk + ϕ(`)Λ

1 + ϕ(`)µ
. Therefore, the sequence (Sk) is decreasing (Sk+1 < Sk)

independently of the sequences (Ik), (Ak) and (T k) as long as: Sk ≥ Sk + ϕ(`)Λ

1 + ϕ(`)µ
⇐⇒

Sk > Λ/µ. Moreover, it can be shown that: Sk < Λ/µ =⇒ Sk+1 < Λ/µ. Therefore,

the sequence (Sk) is bounded, namely: ∀k ∈ N Sk ≤ max{S0,Λ/µ}.

The boundedness of the sequence (Sk) entails the boundedness of the sequence (Ik),

which in turn results in the boundedness of (Ak), which �nally in turn results in the

boundedness of (T k). Ultimately, the solution of the proposed numerical scheme is

bounded on any time interval independently of the chosen step-size `. This completes

the proof.

The following rules are for constructing the denominator function ϕ(`) for the

NSFD-IIa scheme.

i. Find the Jacobian matrix of the NSFD-IIa scheme (5.2.4) by changing ϕ(`) with `

at the equilibria. For the equilibrium point Ē = (S̄, Ī , Ā, T̄ ) the Jacobian matrix

is

C =


c11 c12 c13 c14

c21 c22 c23 c24

0 c32 c33 c34

0 c42 c43 c44


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where

c11 =
N̄2 + `S̄(β1Ī + β2Ā)

N̄(N̄ + `µN̄ + `(β1Ī + β2Ā))
, c12 =

−`S̄(β1N̄ − (β1Ī + β2Ā))

N̄(N̄ + `µN̄ + `(β1Ī + β2Ā))
,

c13 =
−`S̄(β2N̄ − (β1Ī + β2Ā))

N̄(N̄ + `µN̄ + `(β1Ī + β2Ā))
, c14 =

`S̄(β1Ī + β2Ā)

N̄(N̄ + `µN̄ + `(β1Ī + β2Ā))
,

c21 =
`(β1Ī + β2Ā)(N̄ − S̄)

N̄2(1 + `(µ+ ξ1 + γ))
, c22 =

(1 + `η)N̄2 + `S̄(β1N̄ − (β1Ī + β2Ā))

N̄2(1 + `(µ+ ξ1 + γ))
,

c23 =
`ηcN̄2 + `S̄(β2N̄ − (β1Ī + β2Ā))

N̄2(1 + `(µ+ ξ1 + γ))
, c24 =

`α1N̄
2 − `S̄(β1Ī + β2Ā)

N̄2(1 + `(µ+ ξ1 + γ))
,

c32 =
`γ

1 + `(µ+ δ1 + ξ2)
, c33 =

1

1 + `(µ+ δ1 + ξ2)
, c34 =

`α2

1 + `(µ+ δ1 + ξ2)
,

c42 =
`ξ1

1 + `(µ+ α1 + α2 + δ2)
, c43 =

`ξ2

1 + `(µ+ α1 + α2 + δ2)
,

c44 =
1

1 + `(µ+ α1 + α2 + δ2)
.

ii. Find the characteristics polynomial of C.

PC(λ) = det(C − λI4) = λ4 + d1λ
3 + d2λ2 + d3λ+ d4,

where

d1 = − (c11 + c22 + c33 + c44) ,

d2 = c11 c22 + c11 c33 + c11 c44 − c12 c21 + c22 c33 + c22 c44 − c23 c32 − c24 c42

+c33 c44 − c34 c43,

d3 = −c11 c22 c33 − c11 c22 c44 + c11 c23 c32 + c11 c24 c42 − c11 c33 c44

+c11 c34 c43 + c12 c21 c33 + c12 c21 c44 − c13 c21 c32 − c14 c21 c42 − c22 c33 c44

+c22 c34 c43 + c23 c32 c44 − c23 c34 c42 − c24 c32 c43 + c24 c33 c42,

d4 = c11 c22 c33 c44 − c11 c22 c34 c43 − c11 c23 c32 c44 + c11 c23 c34 c42

+c11 c24 c32 c43 − c11 c24 c33 c42 − c12 c21 c33 c44 + c12 c21 c34 c43

+c13 c21 c32 c44 − c13 c21 c34 c42 − c14 c21 c32 c43 + c14 c21 c33 c42.
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iii. Form the polynomial

r(λ) = (λ− 1)4PC

(
λ+ 1

λ− 1

)
= (λ+ 1)4 + d1(λ+ 1)3(λ− 1) + d2(λ+ 1)2(λ− 1)2 + d3(λ+ 1)(λ− 1)3

+d4(λ− 1)4

= r0λ
4 + r1λ

3 + r2λ2 + r3λ+ r4,

where r0 = 1+d1 +d2 +d3 +d4, r1 = 2d1−2d3−4d4 +4, r2 = −2d2 +6d4 +6, r3 =

−2d1 + 2d3 − 4d4 + 4 and r4 = 1− d1 + d2 − d3 + d4.

iv. Construct the Hurwitz matrix

H =


r1 r3 0 0

r0 r2 r4 0

0 r1 r3 0

0 r0 r2 r4


v. Evaluate the four leading principal minors of H:

∆1 = r1,

∆2 =

∣∣∣∣∣∣ r1 r3

r0 r2

∣∣∣∣∣∣ = r1r2 − r0r3,

∆3 =

∣∣∣∣∣∣∣∣∣
r1 r3 0

r0 r2 r4

0 r1 r3

∣∣∣∣∣∣∣∣∣ = r1r2r3 − r2
1r4 − r0r

2
3,

∆4 =

∣∣∣∣∣∣∣∣∣∣∣∣

r1 r3 0 0

r0 r2 r4 0

0 r1 r3 0

0 r0 r2 r4

∣∣∣∣∣∣∣∣∣∣∣∣
= r4(r1r2r3 − r2

1r4 − r0r
2
3) = r4∆3.
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vi. Find the least positive root, `k, of the numerator of ∆k(`), for k = 1, ..., 4.

vii. Take QĒ = min
1≤k≤4

(`k).

Let q = min
Ē∈Ω

QĒ, so that if Q > 1/q, then the denominator function ϕ(`) = φ(Q`)/Q

guarantees dynamical consistency. If q is unbounded, i.e. there are no positive roots

of ∆k(`), for k = 1, ..., 4, then one may choose ϕ(`) = `.

NSFD-IIb

The next numerical scheme again uses a nonlocal discretization of the negative terms

of the right hand side of (4.2.1) to preserve the positivity of solutions, but does so in

a piece-wise manner. Thus, system (4.2.1) is discretized as:

Sk+1 − Sk

ϕ(`)
=

(
Λ−

(
β1I

k + β2A
k

Nk

)
Sk − µSk

)
W k+1
S ,

Ik+1 − Ik

ϕ(`)
=

((
β1I

k + β2A
k

Nk

)
Sk + η(Ik + cAk) + α1T

k − (µ+ ξ1 + γ)Ik
)

W k+1
I ,

Ak+1 − Ak

ϕ(`)
=
(
γIk + α2T

k − (µ+ δ1 + ξ2)Ak
)
W k+1
A ,

T k+1 − T k

ϕ(`)
=
(
ξ1I

k + ξ2A
k − (µ+ α1 + α2 + δ2)T k

)
W k+1
T ,


(5.2.6)
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where

W k+1
S =


1, if fS(Sk, Ik, Ak, T k) ≥ 0

Sk+1

Sk
, if fS(Sk, Ik, Ak, T k) < 0

,

W k+1
I =


1, if fI(Sk, Ik, Ak, T k) ≥ 0

Ik+1

Ik
, if fI(Sk, Ik, Ak, T k) < 0

,

W k+1
A =


1, if fA(Sk, Ik, Ak, T k) ≥ 0

Ak+1

Ak
, if fA(Sk, Ik, Ak, T k) < 0

,

W k+1
T =


1, if fT (Sk, Ik, Ak, T k) ≥ 0

T k+1

Tk
, if fT (Sk, Ik, Ak, T k) < 0

,

where Nk = Sk + Ik +Ak +T k and fi(i = S, I, A, T ) are the right hand sides of system

(4.2.1).

Remark 5.2.5. The nonstandard function ϕ(`) is chosen to guarantee elementary

stability by specially selecting the parameter Q from Eq. 5.2.5, when Q > q such that

q ≥ max

{
|λ|2

2|Reλ|

}
, (5.2.7)

where λ′s are the eigenvalues of system (4.2.1) at the equilibria (see Section 3.2 in

[153]).

The numerical method, denoted NSFD-IIb, is again of �rst order convergent and

rearranging one gets the following explicit piece-wise form:
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Sk+1 =


Sk + ϕ(`)Λ− ϕ(`)

(
Gk
)
Sk − ϕ(`)µSk, if fS ≥ 0

(Sk)2

Sk − ϕ(`)Λ + ϕ(`) (Gk)Sk + ϕ(`)µSk
, if fS < 0

,

Ik+1 =



Ik + ϕ(`)
(
Gk
)
Sk + ϕ(`)η(Ik + cAk) + ϕ(`)α1T

k − ϕ(`)(µ+ ξ1 + γ)Ik

, if fI ≥ 0

(Ik)2

Ik − ϕ(`) (Gk)Sk − ϕ(`)η(Ik + cAk)− ϕ(`)α1T k + ϕ(`)(µ+ ξ1 + γ)Ik

, if fI < 0

,

Ak+1 =


Ak + ϕ(`)γIk + ϕ(`)α2T

k − ϕ(`)(µ+ δ1 + ξ2)Ak, if fA ≥ 0

(Ak)2

Ak − ϕ(`)γIk − ϕ(`)α2T k + ϕ(`)(µ+ δ1 + ξ2)Ak
, if fA < 0

,

T k+1 =


T k + ϕ(`)ξ1I

k + ϕ(`)ξ2A
k − ϕ(`)(µ+ α1 + α2 + δ2)T k, if fT ≥ 0

(T k)2

T k − ϕ(`)ξ1Ik − ϕ(`)ξ2Ak + ϕ(`)(µ+ α1 + α2 + δ2)T k
, if fT < 0

,


(5.2.8)

where Gk =
β1I

k + β2A
k

Nk
.

Theorem 5.2.6. The NSFD-IIb scheme (5.2.8) preserves the positivity property.

Proof. To show this, observe from (5.2.8) when Sk ≥ 0 and fS(Sk, Ik, Ak, T k) = Λ −(
β1I

k + β2A
k

Nk

)
Sk − µSk ≥ 0, then

Sk+1 = Sk + ϕ(`)Λ− ϕ(`)

(
β1I

k + β2A
k

Nk

)
Sk − ϕ(`)µSk

= Sk + ϕ(`)

(
Λ−

(
β1I

k + β2A
k

Nk

)
Sk − µSk

)
≥ 0

Also, when Sk ≥ 0 and fS(Sk, Ik, Ak, T k) = Λ −
(
β1I

k + β2A
k

Nk

)
Sk − µSk < 0, then

(Sk)
2 ≥ 0 and −ϕ(`)fS(Sk, Ik, Ak, T k) = −ϕ(`)

(
Λ−

(
β1I

k + β2A
k

Nk

)
Sk − µSk

)
> 0.
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Thus,

Sk+1 =
(Sk)2

Sk − ϕ(`)fS(Sk, Ik, Ak, T k)

=
(Sk)2

Sk − ϕ(`)Λ + ϕ(`)

(
β1I

k + β2A
k

Nk

)
Sk + ϕ(`)µSk

≥ 0.

Similarly, we can show that Ik+1 ≥ 0, Ak+1 ≥ 0 and T k+1 ≥ 0. This completes the

proof.

NSFD-IIc

To obtain the fourth NSFD scheme, system (4.2.1) can be rewritten as the form

dx

dt
= A(x)x+ g,

where A is a compartmental matrix such that

A(x) =



−(β1I + β2A)

N
− µ 0 0 0

β1I + β2A

N
η −m1 ηc α1

0 γ −m2 α2

0 ξ1 ξ2 −m3


,

x = (S, I, A, T )T , and g = (Λ, 0, 0, 0)T ≥ 0 is a constant in�ow, and where m1 =

µ+ ξ1 + γ,m2 = µ+ δ1 + ξ2 and m3 = µ+ α1 + α2 + δ2.

Remark 5.2.7. Notice that because η < µ is assumed, 0 < c < 1, Aij ≤ 0 for all

i ≥ 0, Aij ≥ 0 for all i 6= j ≥ 0 and the sum of the entries of each column of A is

nonpositive, then the matrix A is a compartmental matrix (see [79]).

The fourth NSFD scheme, denoted NSFD-IIc, has the form

xk+1 − xk

ϕ(`)
= A(xk)xk+1 + g, (5.2.9)
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or we can therefore write the NSFD-IIc scheme as

Sk+1 − Sk

ϕ(`)
= Λ−

(
β1I

k + β2A
k

Nk

)
Sk+1 − µSk+1,

Ik+1 − Ik

ϕ(`)
=

(
β1I

k + β2A
k

Nk

)
Sk+1 + (η − (µ+ ξ1 + γ))Ik+1 + ηcAk+1 + α1T

k+1,

Ak+1 − Ak

ϕ(`)
= γIk+1 + α2T

k+1 − (µ+ δ1 + ξ2)Ak+1,

T k+1 − T k

ϕ(`)
= ξ1I

k+1 + ξ2A
k+1 − (µ+ α1 + α2 + δ2)T k+1,


(5.2.10)

where Nk = Sk + Ik + Ak + T k. The numerical scheme is also �rst-order convergent,

and while the scheme is implicit in nature, each iteration can be performed by solving

a linear equation, so in practice, it can be rewritten in an explicit form. The scheme

(5.2.10) can be written as a system of the form

Ã(Sk, Ik, Ak, T k) (Sk+1, Ik+1, Ak+1, T k+1)T = B̃ (Sk, Ik, Ak, T k)T + C̃,

where Ã(Sk, Ik, Ak, T k) is the matrix



1 + ϕ

(
β1I

k + β2A
k

Nk

)
+ ϕµ 0 0 0

−ϕ
(
β1I

k + β2A
k

Nk

)
1 + ϕ(m1 − η) −ϕηc −ϕα1

0 −ϕγ 1 + ϕm2 −ϕα2

0 −ϕξ1 −ϕξ2 1 + ϕm3


,

B̃ is a four by four identity matrix and C̃ = (ϕΛ, 0, 0, 0)T .

Theorem 5.2.8. [11] The NSFD scheme (5.2.9) or its equivalent form (5.2.10) is

elementary stable whenever ϕ(`) is chosen according to (5.2.7) and ϕ(`) =
φ(Q`)

Q
.
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5.3 Analysis of NSFD schemes

In this section, we present a detailed convergence and stability analysis for NSFD-I.

The analysis for other methods can be done on similar lines, though with a bit of

tedious algebraic manipulations.

Analysis of NSFD-I:

Positivity and boundedness

In this subsection, we present some of the qualitative features (non-negativity and

boundedness of the solution) of the NSFD-I scheme.

Theorem 5.3.1. Suppose that the initial values are non-negative (i.e. S0 ≥ 0, I0 ≥

0, A0 ≥ 0, T 0 ≥ 0) and ` > 0, then Sk ≥ 0, Ik ≥ 0, Ak ≥ 0 and T k ≥ 0 for ∀k ∈ N =

{0, 1, 2, ...}.

Proof. This results by induction on the scheme (5.2.2).

Theorem 5.3.2. The solution of the NSFD-I scheme is bounded on any time interval

regardless of the step size `.

Proof. Let M = max

{
N0,

Λ

µ− (η + α1 + α2)

}
, where N0 is the initial population

size such that N0 ≤ M . Assume that Nk ≤ M for some k ∈ N. We will show that

Nk+1 ≤M .

Summing the left hand sides and the right hand sides in system (5.2.1) we have

Nk+1 −Nk

`
= Λ−

(
β1I

k + β2A
k

Nk

)
Sk+1 − µSk+1 +

(
β1I

k + β2A
k

Nk

)
Sk+1

+η(Ik + cAk) + α1T
k − (µ+ ξ1 + γ)Ik+1 + γIk+1 + α2T

k

−(µ+ δ1 + ξ2)Ak+1 + ξ1I
k+1 + ξ2A

k+1 − (µ+ α1 + α2 + δ2)T k+1

= Λ− µ(Sk+1 + Ik+1 + Ak+1 + T k+1) + η(Ik + cAk) + (α1 + α2)T k

−δ1A
k+1 + (α1 + α2 + δ2)T k+1,
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which implies that

Nk+1 ≤ `Λ + M (1 + `(η + α1 + α2))

1 + µ`
. (5.3.1)

By de�nition, we have
Λ

µ− (η + α1 + α2)
≤M . Therefore Λ ≤M (µ− (η+ α1 + α2)).

Multiplying both sides by ` gives `Λ + `(η + α1 + α2)M ≤ `µM . Then, adding M

both sides we have `Λ + M (1 + `η + `α1 + `α2) ≤ (1 + µ`)M . This implies

`Λ + M (1 + `η + `α1 + `α2)

1 + µ`
≤M . (5.3.2)

It follows from (5.3.1) and (5.3.2) that Nk+1 ≤ M . We conclude, by induction, that

Nk ≤M for all k ≥ 0. The proof is complete.

Stability and convergence

In this subsection, we determine and investigate the stability of the �xed points and

study the order of convergence of the NSFD-I scheme.

First, in order to determine �xed points of system (5.2.2), consider the right-hand

sides of the equations as functions

g1 =
`Λ + S

1 + `µ+ `β1
I

N
+ `β2

A

N

, g2 =
`β1

IS

N
+ `β2

AS

N
+ `η(I + cA) + `α1T + I

1 + `(µ+ ξ1 + γ)
,

g3 =
`γI + `α2T + A

1 + `(µ+ δ1 + ξ2)
, g4 =

`ξ1I + `ξ2A+ T

1 + `(µ+ α1 + α2 + δ2)
.

Then the �xed points of the system (5.2.2) can be obtained by solving the simul-

taneous equations Ŝ = g1(Ŝ, Î , Â, T̂ ), Î = g2(Ŝ, Î , Â, T̂ ), Â = g3(Ŝ, Î , Â, T̂ ) and T̂ =

g4(Ŝ, Î , Â, T̂ ).

First, to �nd the DFE we set Î = 0, Â = 0, T̂ = 0 then Ŝ =
`Λ + Ŝ

1 + `µ
⇒ Ŝ + Ŝ`µ =

`Λ + Ŝ ⇒ Ŝ =
Λ

µ
. Thus the DFE is unique and is given by E0 =

(
Λ

µ
, 0, 0, 0

)
.
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Now, to �nd the EE we follow the following procedures. From Â = g3(Ŝ, Î , Â, T̂ ),

we have Â =
`γÎ + `α2T̂ + Â

1 + `(µ+ δ1 + ξ2)
after some simpli�cation one can get Â =

γÎ + α2T̂

µ+ δ1 + ξ2

.

Next, T̂ = g4(Ŝ, Î , Â, T̂ ) after simplifying gives T̂ =
ξ1Î + ξ2Â

µ+ α1 + α2 + δ2

. Substituting

into

Â =
γÎ + α2T̂

µ+ δ1 + ξ2

=

γÎ + α2

(
ξ1Î + ξ2Â

µ+ α1 + α2 + δ2

)
µ+ δ1 + ξ2

=
γ(µ+ α1 + α2 + δ2)Î + α2ξ1Î + α2ξ2Â

(µ+ δ1 + ξ2)(µ+ α1 + α2 + δ2)
.

Then

Â =
γ(µ+ α1 + α2 + δ2) + ξ1α2

(µ+ δ1 + ξ2)(µ+ α1 + α2 + δ2)− ξ2α2

Î =
ξ1α2 + γm3

m2m3 − ξ2α2

Î = q1Î .

Now

T̂ =
ξ1Î + ξ2Â

µ+ α1 + α2 + δ2

=

ξ1Î + ξ2

(
ξ1α2 + γm3

m2m3 − ξ2α2

)
Î

µ+ α1 + α2 + δ2

=
ξ1m2 + ξ2γ

m2m3 − ξ2α2

Î = q2Î .

Then N̂ can be represented by

N̂ = Ŝ + Î + Â+ T̂ = Ŝ + Î + q1Î + q2Î = Ŝ + (1 + q1 + q2)Î = Ŝ + φÎ

where φ = 1 + q1 + q2. Let λ̂ =
β1Î + β2Â

N̂
then λ̂ = ω

Î

N̂
where ω = β1 + β2q1.
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Consequently Î = g2(Ŝ, Î , Â, T̂ ) becomes

Î(µ+ ξ1 + γ) = λ̂Ŝ + η(Î + cÂ) + α1T̂

=⇒ λ̂Ŝ + η(Î + cÂ) + α1T̂ −m1Î = 0

=⇒ ω
ÎŜ

N̂
+ η(Î + cq1Î) + α1q2Î −m1Î = 0

=⇒ Î

(
ω
Ŝ

N̂
+ η(1 + cq1) + α1q2 −m1

)
= 0.

The case Î = 0 gives the DFE E0. When Î 6= 0, the EE is given by E∗ = (Ŝ, Î , Â, T̂ )

where

Ŝ =
Λφ

φµ+ (m1 − α1q2)(R0 − 1)
,

Î =
Λ(m1 − α1q2)(R0 − 1)

(φµ+ (m1 − α1q2)(R0 − 1))(m1 − α1q2 − η(1 + cq1))
,

Â = q1Î ,

T̂ = q2Î .

Remark 5.3.3. The continuous system (4.2.1) and the discrete system (5.2.2) have

the same �xed points.

In order to investigate the local stability of the �xed points, we �nd the Jacobian

matrix at the �xed point and show the spectral radius is less than unity. We use Jury

conditions to show the spectral radius of the Jacobian matrix is less than unity, which

can be found, e.g., in [7, 104]. This approach has already been used in stability analysis

for di�erent systems (see, e.g., [1]).

Theorem 5.3.4. The DFE, E0, for the NSFD-I scheme is locally asymptotically stable

whenever R0 < 1.

Proof. The Jacobian matrix of the NSFD-I scheme (5.2.2) at the DFE, E0 =

(
Λ

µ
, 0, 0, 0

)
,
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is given by

JDFE =


a11 a12 a13 0

0 a22 a23 a24

0 a32 a33 a34

0 a42 a43 a44

 ,

where

a11 =
1

1 + `µ
, a12 =

−`β1

1 + `µ
, a13 =

−`β2

1 + `µ
,

a22 =
1 + `(η + β1)

1 + `(µ+ ξ1 + γ)
, a23 =

`(ηc+ β2)

1 + `(µ+ ξ1 + γ)
, a24 =

`α1

1 + `(µ+ ξ1 + γ)
,

a32 =
lγ

1 + l (µ+ δ1 + ξ2)
, a33 =

1

1 + l (µ+ δ1 + ξ2)
, a34 =

lα2

1 + l (µ+ δ1 + ξ2)
,

a42 =
lξ1

1 + l (µ+ α1 + α2 + δ2)
, a43 =

lξ2

1 + l (µ+ α1 + α2 + δ2)
,

a44 =
1

1 + l (µ+ α1 + α2 + δ2)
.

The characteristic equation associated with the above matrix is |JDFE − λI| = 0, which

can be simpli�ed as (a11 − λ)P (λ) = 0, where

P (λ) = λ3 + p1λ
2 + p2λ+ p3,

with

p1 = − (a22 + a33 + a44) ,

p2 = a22a33 + a22a44 − a23a32 − a24a42 + a33a44 − a34a43,

p3 = −a22a33a44 + a22a34a43 + a23a32a44 − a23a34a42 − a24a32a43 + a24a33a42.

We need to show that each eigenvalue λi satis�es |λi| < 1. Because `µ > 0, it is clear

that λ1 = a11 =
1

1 + `µ
< 1, for every values of the step length ` > 0. To check that
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the roots of the polynomial P (λ) also have absolute values less than one, it su�ces to

show that the conditions (i)-(iii) of Lemma 1.3.12 hold.

P (1) = 1 + p1 + p2 + p3

=
`3(M1 +M2 +M3 +M4)(1−R0)

(1 + `(µ+ ξ1 + γ))(1 + `(µ+ δ1 + ξ2))(1 + `(µ+ α1 + α2 + δ2))
,

where

M1 = (µ+ γ)(µ+ δ1)(µ+ α1 + α2 + δ2), M2 = ξ1(µ+ δ1)(µ+ α2 + δ2),

M3 = ξ2µ(µ+ α1 + δ2), M4 = (µ+ δ2)(ξ1ξ2 + γξ2).

Here P (1) > 0 when R0 < 1. This implies the �rst condition (i) of Lemma 1.3.12 is

satis�ed. The second condition is given as

(−1)3P (−1) = 1− p1 + p2 − p3

=
N1`

3 +N2`
2 +N3`+ 8

(1 + `(µ+ ξ1 + γ))(1 + `(µ+ δ1 + ξ2))(1 + `(µ+ α1 + α2 + δ2))
,



http://etd.uwc.ac.za/

CHAPTER 5. ROBUST NONSTANDARD FINITE DIFFERENCE METHODS
FOR SIAT HIV/AIDS MODEL 143

where

N1 = µ3 + (α2 + δ1 + δ2 + η + γ + ξ1 + ξ2 + β1 + α1)µ2 + ((η + γ + β1)α1

+ (α2 + δ2 + η + γ + ξ1 + β1 + α1) δ1 + (η + γ + ξ1 + ξ2 + β1) δ2

+ (η + γ + ξ1 + β1 + α1) ξ2 + α2 (η + γ + ξ1 + β1))µ+ ((η + γ + ξ1 + β1) δ2

+ (η + γ + β1)α1 + α2 (η + γ + ξ1 + β1)) δ1 + ξ2 (η + γ + ξ1 + β1) δ2

+α1 (η + 2γ + β1) ξ2 + α2ξ1 (cη + β2)− γ (µ+ α1 + α2 + δ2) (cη + β2)

> 2 ((α2 + δ1 + δ2 + ξ2 + α1 + µ)µ+ (α2 + δ2 + α1) δ1 + cα2ξ1 + δ2ξ2 + ξ2α1)

η + 2β1 (α2 + δ1 + δ2 + ξ2 + α1 + µ)µ+ 2 ((α2 + δ2 + α1) δ1 + ξ2 (δ2 + α1)) β1

+2ξ1α2β2 + 2ξ2γα1 +
(
µ3 + (γ + ξ1 + ξ2 + α1 + α2 + δ1 + δ2)µ2

+ ((γ + ξ1 + α1 + α2 + δ2) δ1 + (ξ2 + α1 + α2 + δ2) γ + (ξ1 + ξ2) δ2

+ (ξ2 + α2) ξ1 + ξ2α1)µ+ ((α1 + α2 + δ2) γ + ξ1 (α2 + δ2)) δ1 + ξ2δ2 (γ + ξ1))

(1−R0)

> 0 [it is always true forR0 < 1],

N2 = 6µ2 + 4 (ξ1 + ξ2 + γ + η + α1 + α2 + β1 + δ1 + δ2)µ+ 2 (η + γ + β1)α1

+2 (η + γ + ξ1 + β1 + α1 + α2 + δ2) δ1 + 2 (η + γ + ξ1 + ξ2 + β1) δ2

+2 (η + γ + ξ1 + β1 + α1) ξ2 + 2α2 (η + γ + ξ1 + β1)− 2γ (cη + β2)

> 0 [which is always true forR0 < 1],

N3 = 4 (ξ1 + ξ2 + γ + η + α1 + α2 + β1 + δ1 + δ2) + 12µ

> 0.

Consequently we have that (−1)3P (−1) > 0 when R0 < 1. To demonstrate the last

condition 1 − p2
3 > |p2 − p3p1|, various algebraic calculations need to be performed,

and the condition R0 < 1 needs to be employed. As a consequence, all the eigenval-

ues of JDFE have absolute values less than 1. This implies that the DFE is locally

asymptotically stable, as desired.

Theorem 5.3.5. The EE, E∗, for the NSFD-I scheme is locally asymptotically stable
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whenever R0 > 1.

Proof. The Jacobian matrix of (5.2.2) at the endemic equilibrium, E∗, is given by

JEE =


a11 a12 a13 a14

a21 a22 a23 a24

0 a32 a33 a34

0 a42 a43 a44

 ,

where

a11 =
`n̂(`Λ + Ŝ) + d̂1N̂

d̂1

2 , a12 =
`
(
`Λ + Ŝ

)(
n̂− N̂β1

)
d̂1

2 , a13 =
`
(
`Λ + Ŝ

)(
n̂− N̂β2

)
d̂1

2 ,

a14 =
`n̂
(
`Λ + Ŝ

)
d̂1

2 , a21 =
`n̂
(
N̂ − Ŝ

)
N̂2d̂2

, a22 =
`
(
N̂2η + β1ŜN̂ − Ŝn̂

)
+ N̂2

N̂2d̂2

,

a23 =
`
(
N̂2cη + N̂ Ŝβ2 − Ŝn̂

)
N̂2d̂2

, a24 =
`
(
N̂2α1 − Ŝn̂

)
N̂2d̂2

, a32 =
`γ

d̂3

, a33 =
1

d̂3

, a34 =
`α2

d̂3

,

a42 =
`ξ1

d̂4

, a43 =
`ξ2

d̂4

, a44 =
1

d̂4

,

with

n̂ = Âβ2 + Îβ1, d̂1 =
(
n̂+ N̂µ

)
`+ N̂ , d̂2 = (1 + ` (µ+ ξ1 + γ)) ,

d̂3 = 1 + `(µ+ δ1 + ξ2), d̂4 = 1 + `(µ+ α1 + α2 + δ2).

The characteristic equation associated with the above matrix is |JEE − λI| = 0, which

can be simpli�ed as P (λ) = 0, where

P (λ) = λ4 + p1λ
3 + p2λ

2 + p3λ+ p4,
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with

p1 = −(a11 + a22 + a33 + a44),

p2 = a11a22 + a11a33 + a11a44 − a12a21 + a22a33 + a22a44 − a23a32 − a24a42

+a33a44 − a34a43,

p3 = −a11a22a33 − a11a22a44 + a11a23a32 + a11a24a42 − a11a33a44 + a11a34a43

+a12a21a33 + a12a21a44 − a13a21a32 − a14a21a42 − a22a33a44 + a22a34a43

+a23a32a44 − a23a34a42 − a24a32a43 + a24a33a42,

p4 = a11a22a33a44 − a11a22a34a43 − a11a23a32a44 + a11a23a34a42 + a11a24a32a43

−a11a24a33a42 − a12a21a33a44 + a12a21a34a43 + a13a21a32a44 − a13a21a34a42

−a14a21a32a43 + a14a21a33a42.

By the Jury condition, Lemma 1.3.13, it follows that all the eigenvalues |λi| < 1 for

∀i = 1, 2, 3, 4 if

1 + p1 + p2 + p3 + p4 > 0, 1− p1 + p2 − p3 + p4 > 0, |p4| < 1,
∣∣1− p2

4

∣∣ > |p3 − p4p1| ,∣∣(1− p2
4)2 − (p3 − p4p1)2

∣∣ > ∣∣(1− p2
4

)
(p2 − p4p2)− (p3 − p4p1) (p1 − p4p3)

∣∣
and R0 > 1. Thus the EE of the NSFD-I scheme is locally asymptotically stable.

We can also prove Theorem 5.3.5 numerically by plotting the spectral radius of the

Jacobian matrix for very large time step in Fig. 5.4.8 (right). It can be seen that the

spectral radius is always less than unity. This con�rmed the EE of the NSFD-I scheme

is locally asymptotically stable.

Finally, we study the consistency, convergence and error bound of the NSFD-I

scheme with the next two Theorems.

De�nition 5.3.6. [16] A NSFD scheme is consistent if the local truncation error LY

goes to zero as the step-size ` goes to zero, i.e., LY = |Y (tk) − Y k| → 0 as ` → 0,
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where Y k is the numerical solution and Y (tk) is the solution of the continuous model

at t = tk.

Theorem 5.3.7. The NSFD-I scheme (5.2.2) is consistent.

Proof. Consider the local truncation error associated with the NSFD-I scheme (5.2.2)

at the point tk = t and denote the local truncation errors as LS, LI , LA and LT . Then

using appropriate Taylor expansions, we �nd that

LS = S(t+ `)− S(t)− `Λ + `

(
β1I(t) + β2A(t)

N(t)

)
S(t+ `) + `µS(t+ `)

= `2

(
1

2

d2S

dt2
+

(
β1I(t) + β2A(t)

N(t)

)
dS

dt
+ µ

dS

dt

)
+O(`3)→ 0 as `→ 0.

Similarly, the local truncation errors LI , LA and LT respectively are

LI = I(t+ `)− I(t)− `
(
β1I(t) + β2A(t)

N(t)

)
S(t+ `)− `η(I(t) + cA(t))− `α1T (t)

+`(µ+ ξ1 + γ)I(t+ `)

= `2

(
1

2

d2I

dt2
−
(
β1I(t) + β2A(t)

N(t)

)
dS

dt
+ (µ+ ξ1 + γ)

dI

dt

)
+O(`3)→ 0 as `→ 0,

LA = A(t+ `)− A(t)− `γI(t+ `)− `α2T (t) + `(µ+ δ1 + ξ2)A(t+ `)

= `2

(
1

2

d2A

dt2
− γdI

dt
+ (µ+ δ1 + ξ2)

dA

dt

)
+O(`3)→ 0 as `→ 0,

LT = T (t+ `)− T (t)− `ξ1I(t+ `)− `ξ2A(t+ `) + `(µ+ α1 + α2 + δ2)T (t+ `)

= `2

(
1

2

d2T

dt2
− ξ1

dI

dt
− ξ2

dA

dt
+ (µ+ α1 + α2 + δ2)

dT

dt

)
+O(`3)→ 0 as `→ 0.

Verifying that the NSFD-I scheme (5.2.2) is consistent.

Let (S(0), I(0), A(0), T (0)) with S(0) > 0, I(0) ≥ 0, A(0) ≥ 0 and T (0) ≥ 0 be any

initial value for the continuous model (4.2.1). By the boundedness of the continuous
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model (4.2.1) and the discrete model (5.2.2), we can set

CS := sup
t≥0

S(t), CI := sup
t≥0

I(t), CA := sup
t≥0

A(t), CT := sup
t≥0

T (t),

C := sup
t≥0

(S(t) + I(t) + A(t) + T (t)), C0 := inf
t≥0

(S(t) + I(t) + A(t) + T (t)),

DS := sup
k≥0

Sk, DI := sup
k≥0

Ik, DA := sup
k≥0

Ak, DT := sup
k≥0

T k,

D := sup
k≥0

(Sk + Ik + Ak + T k), D0 := inf
k≥0

(Sk + Ik + Ak + T k),

ΩCD := {(S, I, A, T )|0 ≤ S ≤ max{CS, DS}, 0 ≤ I ≤ max{CI , DI},

0 ≤ A ≤ max{CA, DA}, 0 ≤ T ≤ max{CT , DT},

min{C0, D0} ≤ S + I + A+ T ≤ max{C,D}} .

For each arbitrary �xed step size `∗ > 0, we denote

ΩD := {(S, I, A, T )|0 ≤ S ≤ DS, 0 ≤ I ≤ DI , 0 ≤ A ≤ DA, 0 ≤ T ≤ DT ,

D0 ≤ S + I + A+ T ≤ D, 0 ≤ ` ≤ `∗} .

Let f1(S, I, A, T ), f2(S, I, A, T ), f3(S, I, A, T ) and f4(S, I, A, T ) denote the right-hand

side functions of the continuous model (4.2.1). It is important to note that

S̈(t) =
∂f1

∂t
=

∂f1

∂S
f1 +

∂f1

∂I
f2 +

∂f1

∂A
f3 +

∂f1

∂T
f4,

Ï(t) =
∂f2

∂t
=

∂f2

∂S
f1 +

∂f2

∂I
f2 +

∂f2

∂A
f3 +

∂f2

∂T
f4,

Ä(t) =
∂f3

∂t
=

∂f3

∂S
f1 +

∂f3

∂I
f2 +

∂f3

∂A
f3 +

∂f3

∂T
f4,

T̈ (t) =
∂f4

∂t
=

∂f4

∂S
f1 +

∂f4

∂I
f2 +

∂f4

∂A
f3 +

∂f4

∂T
f4.

Due to the boundedness of S(t), I(t), A(t), T (t) and the continuity of f1, f2, f3, f4 we
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can set

X1 := sup
t≥0
|S̈(t)|, X2 := sup

t≥0
|Ï(t)|, X3 := sup

t≥0
|Ä(t)|, X4 := sup

t≥0
|T̈ (t)|,

X := X1 +X2 +X3 +X4 (5.3.3)

and

mi
S := max

(S,I,A,T )∈ΩCD

∣∣∣∣∂fi∂S
(S, I, A, T )

∣∣∣∣ ,
mi
I := max

(S,I,A,T )∈ΩCD

∣∣∣∣∂fi∂I
(S, I, A, T )

∣∣∣∣ ,
mi
A := max

(S,I,A,T )∈ΩCD

∣∣∣∣∂fi∂A
(S, I, A, T )

∣∣∣∣ ,
mi
T := max

(S,I,A,T )∈ΩCD

∣∣∣∣∂fi∂T
(S, I, A, T )

∣∣∣∣ , for i = 1, 2, 3, 4,

m := max

{
4∑
i=1

mi
S,

4∑
i=1

mi
I ,

4∑
i=1

mi
A,

4∑
i=1

mi
T

}
. (5.3.4)

From the right-hand side functions of the NSFD-I scheme (5.2.2) it is straightforward

to con�rm that

g1(Sk, Ik, Ak, T k, `) = Sk + `τ1f1(Sk, Ik, Ak, T k),

g2(Sk, Ik, Ak, T k, `) = Ik + `τ2f2(Sk, Ik, Ak, T k) + `2κf1(Sk, Ik, Ak, T k),

g3(Sk, Ik, Ak, T k, `) = Ak + `τ3f3(Sk, Ik, Ak, T k) + `2γτ2τ3f2(Sk, Ik, Ak, T k)

+`3γκτ3f1(Sk, Ik, Ak, T k), (5.3.5)

g4(Sk, Ik, Ak, T k, `) = T k + `τ4f4(Sk, Ik, Ak, T k) + `2(ξ1τ2τ4f2 + ξ2τ3τ4f3)

+`3(ξ1τ4κf1 + ξ2γτ2τ3τ4f4) + `4ξ2γτ3τ4κf1,
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where

τ1 =
1

1 + `µ+ `β1
Ik

Nk
+ `β2

Ak

Nk

, τ2 =
1

1 + `(µ+ ξ1 + γ)
, τ3 =

1

1 + `(µ+ δ1 + ξ2)
,

τ4 =
1

1 + `(µ+ α1 + α2 + δ2)
, κ = τ1τ2

(
β1I

k + β2A
k

Nk

)
.

From (5.3.5) one can �nd

g1(Sk, Ik, Ak, T k, 0) = Sk, g2(Sk, Ik, Ak, T k, 0) = Ik,

g3(Sk, Ik, Ak, T k, 0) = Ak, g4(Sk, Ik, Ak, T k, 0) = T k,

∂gi
∂`

(Sk, Ik, Ak, T k, 0) = fi(S
k, Ik, Ak, T k), i = 1, 2, 3, 4.

Finally set

Z1 := sup
(S,I,A,T,`)∈ΩD

∣∣∣∣∂2g1

∂`2
(S, I, A, T, `)

∣∣∣∣ , Z2 := sup
(S,I,A,T,`)∈ΩD

∣∣∣∣∂2g2

∂`2
(S, I, A, T, `)

∣∣∣∣ ,
Z3 := sup

(S,I,A,T,`)∈ΩD

∣∣∣∣∂2g3

∂`2
(S, I, A, T, `)

∣∣∣∣ , Z4 := sup
(S,I,A,T,`)∈ΩD

∣∣∣∣∂2g4

∂`2
(S, I, A, T, `)

∣∣∣∣ ,
(5.3.6)

Z := Z1 + Z2 + Z3 + Z4.

Theorem 5.3.8. The order of convergence of the NSFD-I scheme (5.2.2) is one. Fur-

ther, the sum of the errors |S(tk) − Sk| + |I(tk) − Ik| + |A(tk) − Ak| + |T (tk) − Tk| ≤
`(X + Z)

2m
(etkm − 1) for k ≥ 0.
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Proof. First, the Taylor expansion combining with (4.2.1) and (5.3.5) gives

S(tk+1) = S(tk) + `f1(S(tk), I(tk), A(tk), T (tk)) +
`2

2
S̈(ϑS), tk < ϑS < tk+1,

I(tk+1) = I(tk) + `f2(S(tk), I(tk), A(tk), T (tk)) +
`2

2
Ï(ϑI), tk < ϑI < tk+1,

A(tk+1) = A(tk) + `f3(S(tk), I(tk), A(tk), T (tk)) +
`2

2
Ä(ϑA), tk < ϑA < tk+1,

T (tk+1) = T (tk) + `f4(S(tk), I(tk), A(tk), T (tk)) +
`2

2
T̈ (ϑT ), tk < ϑT < tk+1,

and

Sk+1 = Sk + `f1(Sk, Ik, Ak, T k) +
`2

2

∂2g1

∂`2
(Sk, Ik, Ak, T k, θS), 0 < θS < `,

Ik+1 = Ik + `f2(Sk, Ik, Ak, T k) +
`2

2

∂2g2

∂`2
(Sk, Ik, Ak, T k, θI), 0 < θI < `,

Ak+1 = Ak + `f3(Sk, Ik, Ak, T k) +
`2

2

∂2g3

∂`2
(Sk, Ik, Ak, T k, θA), 0 < θA < `,

T k+1 = T k + `f4(Sk, Ik, Ak, T k) +
`2

2

∂2g4

∂`2
(Sk, Ik, Ak, T k, θT ), 0 < θT < `.

Next, applying the Taylor expansion for the functions fi(i = 1, 2, 3, 4) we obtain

∣∣fi(S(tk), I(tk), A(tk), T (tk))− fi(Sk, Ik, Ak, T k)
∣∣

=

∣∣∣∣∂fi∂S
(%i)(S(tk)− Sk) +

∂fi
∂I

(%i)(I(tk)− Ik) +
∂fi
∂A

(%i)(A(tk)− Ak)

+
∂fi
∂T

(%i)(T (tk)− T k)
∣∣∣∣

≤
∣∣∣∣∂fi∂S

(%i)

∣∣∣∣ ∣∣(S(tk)− Sk)
∣∣+

∣∣∣∣∂fi∂I
(%i)

∣∣∣∣ ∣∣(I(tk)− Ik)
∣∣+

∣∣∣∣∂fi∂A
(%i)

∣∣∣∣ ∣∣(A(tk)− Ak)
∣∣

+

∣∣∣∣∂fi∂T
(%i)

∣∣∣∣ ∣∣(T (tk)− T k)
∣∣

≤ mS
i

∣∣(S(tk)− Sk)
∣∣+mI

i

∣∣(I(tk)− Ik)
∣∣+mA

i

∣∣(A(tk)− Ak)
∣∣+mT

i

∣∣(T (tk)− T k)
∣∣ ,

where mS
i ,m

I
i ,m

A
i ,m

T
i (i = 1, 2, 3, 4) are de�ned by (5.3.4) and %i(i = 1, 2, 3, 4) are

points between (S(tk), I(tk), A(tk), T (tk)) and (Sk, Ik, Ak, T k).
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For each k ≥ 0, we denote

EkS := S(tk)− Sk, EkI := I(tk)− Ik, EkA := A(tk)− Ak, EkT := T (tk)− T k.

Then it follows that

∣∣Ek+1
S

∣∣ =

∣∣∣∣EkS + `
(
f1(S(tk), I(tk), A(tk), T (tk))− f1(Sk, Ik, Ak, T k)

)
+
`2

2
S̈(ϑS)

−`
2

2

∂2g1

∂`2
(Sk, Ik, Ak, T k, θS)

∣∣∣∣
≤

∣∣EkS∣∣+ `
(
m1
S

∣∣EkS∣∣+m1
I

∣∣EkI ∣∣+m1
A

∣∣EkA∣∣+m1
T

∣∣EkT ∣∣)+
`2

2
(X1 + Z1),

∣∣Ek+1
I

∣∣ =

∣∣∣∣EkI + `
(
f2(S(tk), I(tk), A(tk), T (tk))− f2(Sk, Ik, Ak, T k)

)
+
`2

2
Ï(ϑI)

−`
2

2

∂2g2

∂`2
(Sk, Ik, Ak, T k, θI)

∣∣∣∣
≤

∣∣EkI ∣∣+ `
(
m2
S

∣∣EkS∣∣+m2
I

∣∣EkI ∣∣+m2
A

∣∣EkA∣∣+m2
T

∣∣EkT ∣∣)+
`2

2
(X2 + Z2),∣∣Ek+1

A

∣∣ =

∣∣∣∣EkA + `
(
f3(S(tk), I(tk), A(tk), T (tk))− f3(Sk, Ik, Ak, T k)

)
+
`2

2
Ä(ϑA)

−`
2

2

∂2g3

∂`2
(Sk, Ik, Ak, T k, θA)

∣∣∣∣
≤

∣∣EkA∣∣+ `
(
m3
S

∣∣EkS∣∣+m3
I

∣∣EkI ∣∣+m3
A

∣∣EkA∣∣+m3
T

∣∣EkT ∣∣)+
`2

2
(X3 + Z3),∣∣Ek+1

T

∣∣ =

∣∣∣∣EkT + `
(
f4(S(tk), I(tk), A(tk), T (tk))− f4(Sk, Ik, Ak, T k)

)
+
`2

2
T̈ (ϑT )

−`
2

2

∂2g4

∂`2
(Sk, Ik, Ak, T k, θT )

∣∣∣∣
≤

∣∣EkT ∣∣+ `
(
m4
S

∣∣EkS∣∣+m4
I

∣∣EkI ∣∣+m4
A

∣∣EkA∣∣+m4
T

∣∣EkT ∣∣)+
`2

2
(X4 + Z4),
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which implies that

∣∣Ek+1
S

∣∣+
∣∣Ek+1
I

∣∣+
∣∣Ek+1
A

∣∣+
∣∣Ek+1
T

∣∣
≤
∣∣EkS∣∣+

∣∣EkI ∣∣+
∣∣EkA∣∣+

∣∣EkT ∣∣
+ `

(
4∑
i=1

mi
S

∣∣EkS∣∣+
4∑
i=1

mi
I

∣∣EkI ∣∣+
4∑
i=1

mi
A

∣∣EkA∣∣+
4∑
i=1

mi
T

∣∣EkT ∣∣
)

+
`2

2
(X + Z)

≤ (1 + `m)
(∣∣EkS∣∣+

∣∣EkI ∣∣+
∣∣EkA∣∣+

∣∣EkT ∣∣)+
`2

2
(X + Z),

or equivalently,

Ek+1 ≤ (1 + `m)Ek +
`2Υ

2
, Υ := X + Z, (5.3.7)

where X,m and Z are de�ned by (5.3.3), (5.3.4) and (5.3.6), respectively.

Then using (5.3.7) we have

Ek+1 ≤ (1 + `m)

(
(1 + `m)Ek−1 +

`2Υ

2

)
+
`2Υ

2
= (1 + `m)2Ek−1

+
`2Υ

2
(1 + (1 + `m))

≤ (1 + `m)2

(
(1 + `m)Ek−2 +

`2Υ

2

)
+
`2Υ

2
(1 + (1 + `m))

= (1 + `m)3Ek−2 +
`2Υ

2

(
1 + (1 + `m) + (1 + `m)2

)
≤ (1 + `m)4Ek−3 +

`2Υ

2

(
1 + (1 + `m) + (1 + `m)2 + (1 + `m)3

)
≤ ... ≤ (1 + `m)k+1E0 +

`2Υ

2

k∑
j=0

(1 + `m)j.

Because E0 = 0, we have

Ek+1 ≤ `2Υ

2

k∑
j=0

(1 + `m)j =
`2Υ

2

(1 + `m)k+1 − 1

(1 + `m)− 1
=
`Υ

2m

(
(1 + `m)k+1 − 1

)
.
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Using the fact from the inequality 1 + z ≤ ez for z ≥ 0, we obtain

Ek+1 ≤ `Υ

2m

(
e`(k+1)m − 1

)
=
`Υ

2m

(
etk+1m − 1

)
.

This concludes the proof.

5.4 Numerical results

In this section, simulations are carried out to support our claimed features about

the proposed schemes and compare their performance for a range of time step-sizes.

Parameter values used for the simulations are provided in Table 4.3.2. The initial

condition is given in [2] as it is indicated in Table 5.4.1 or assumed. Further, numerous

values of rate of treatments ξ1 and ξ2, which are taken in the numerical simulations,

are indicated in the �gure and table captions. All simulations were conducted using

MATLAB software.

Table 5.4.1: Initial condition used for numerical simulations

Initial condition Value
S(0) 33 196 196
I(0) 418 271
A(0) 139 424
T (0) 16 400

Disease free equilibrium obtained by using NSFD-I

In this subsection, we present the convergence behavior of numerical schemes to the

DFE for R0 < 1. The convergence of Euler, RK4 and NSFD-I schemes to the DFE for

the step size l = 0.5 are depicted in Fig. 5.4.1. It can be observed that Euler and RK4

methods converge rapidly than the NSFD-I scheme. In Table 5.4.2, we present some

results on the convergence of the numerical schemes to the DFE for di�erent values of

the time step `. It showed convergence of Euler and RK4 methods for only small step
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sizes and diverge otherwise. In Fig. 5.4.2, Euler and RK4 methods fail to converge

and do not ensure the positivity of the solution. However, the NSFD-I scheme always

converges to the DFE for all values of the step size ` > 0. Numerical simulations of the

NSFD-I scheme, depicted in Fig. 5.4.3, show convergence to the DFE when R0 < 1

irrespective of the step size ` (suggesting that the unique DFE is asymptotically-stable

when it exists).

In addition, in Fig. 5.4.4, the spectral radius of the Jacobian matrix at the DFE,

E0, for the Euler and NSFD-I schemes is plotted as a function of the step size `. Notice

that the spectral radius for the Euler scheme for ` > 2.632 is greater than unity. Thus,

the Euler method is not locally stable for values of ` > 2.632. While the spectral radius

of the NSFD-I scheme is always less than unity, which is consistent with the fact that

the NSFD-I scheme is always convergent.

Further, the scatter plot for R0 and the spectral radius of the Jacobian matrix for

the NSFD-I scheme at the DFE is plotted in Fig. 5.4.5 when ξ2 values in [0, 1]. It

can be seen that when R0 < 1 the spectral radius is less than unity and when R0 > 1

the spectral radius is greater than unity. This implies that the DFE for the NSFD-I

scheme is locally asymptotically stable for R0 < 1 and unstable for R0 > 1 for all

` > 0. Consequently the NSFD-I scheme is unconditionally asymptotically convergent

to the DFE.

Finally, the phase portrait obtained by the NSFD-I scheme at the DFE for ` = 1 and

` = 5 are depicted in Fig. 5.4.6. It can be observed that the NSFD-I scheme preserved

the positivity and global stability of the model. Therefore, it can be concluded that

the NSFD-I scheme for the DFE is both locally and globally asymptotically stable

irrespective of the step size used.

Endemic equilibrium obtained by using NSFD-I

In this subsection, we present the convergence behavior of numerical schemes to the

EE. We provide the results for the treatment rates ξ1 = 0.02, ξ2 = 0.9 and R0 > 1. In
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Table 5.4.2: Numerical convergence to the DFE for R0 < 1 with di�erent time step
size (Initial condition: See Table 5.4.1).

` Euler RK4 NSFD-I
0.01 Convergent Convergent Convergent
0.05 Convergent Convergent Convergent
1 Convergent Convergent Convergent

2.65 Divergent Convergent Convergent
3.67 Divergent Divergent Convergent
7 Divergent Divergent Convergent
10 Divergent Divergent Convergent
100 Divergent Divergent Convergent
1000 Divergent Divergent Convergent

Table 5.4.3, some results about the convergence of Euler, RK4 and NSFD-I schemes to

the EE for di�erent values of the time step ` is presented. The Euler and RK4 methods

showed the convergence for small step sizes. However, our NSFD-I scheme is always

converge to the EE for all values of the step size ` > 0. Numerical simulations of the

NSFD-I scheme, depicted in Fig. 5.4.7, show convergence to the EE when R0 > 1

irrespective of the step size ` (suggesting that the unique EEP is asymptotically-stable

when it exists).

In addition, in Fig. 5.4.8, the graph of the spectral radius of the Jacobian matrix

at the EE, E∗, for the Euler and NSFD-I schemes are plotted as a function of the step

size `. Notice that the spectral radius for the Euler scheme for ` > 2.407 is greater

than unity. Thus, the Euler method is not locally stable for values of ` > 2.407. While

the spectral radius of the NSFD-I scheme is always less than unity.

Further, the scatter plot for R0 and the spectral radius of the Jacobian matrix for

the NSFD-I scheme at the EE is plotted in Fig. 5.4.9 when ξ2 values in [0, 1]. It can

be seen that when R0 > 1 the spectral radius is less than unity and when R0 < 1 the

spectral radius is greater than unity. This implies that the EE for the NSFD-I scheme

is locally asymptotically stable for R0 > 1 and unstable for R0 < 1 for all ` > 0.

Finally, the numerical simulations obtained by the NSFD-I scheme for the step size

` = 1 and ` = 5 when R0 > 1 are depicted in Fig. 5.4.10. Clearly the positivity and
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Fig. 5.4.1. Simulations of system (4.2.1) when l = 0.5 with Euler, RK4 and NSFD-I
schemes for R0 < 1.

global stability of the model are preserved. These results agree completely with the

theoretical results and numerical simulations presented.

Endemic equilibrium obtained using NSFD-IIa, NSFD-IIb and

NSFD-IIc

The denominator function used in the numerical simulation for the second class of

methods is given by

ϕ(`) =
1− e−Q`

Q
.
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Fig. 5.4.2. Simulations of the Euler scheme (upper) for ` = 2.65 and RK4 scheme
(lower) for ` = 3.67 at the DFE when R0 < 1. The values of the parameters used are
listed in Table 4.3.2.

We compare the performance of the schemes for di�erent Q values, that satisfy elemen-

tary stability, for a range of time step-sizes. Let Q1, Q2 and Q3 be the values in the

denominator functions of NSFD-IIa, NSFD-IIb and NSFD-IIc schemes respectively. In

the numerical simulation we set three di�erent cases for the values of the parameter Q

as it is given in Table 5.4.4.

The value of the constant Q1 is calculated based on the Jacobian of the NSFD-IIa

scheme (5.2.3) evaluated at the EE and the Hurwitz matrix based on the rules pre-

sented. Because q is not bounded, we may select the denominator function ϕ(`) = ` as
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Fig. 5.4.3. Simulations of the NSFD-I scheme at the DFE, showing the populations
as a function of time, using the step size ` = 5, 6, 7, 8, 9, 10.
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Fig. 5.4.4. Graph of the spectral radius of the Jacobian matrix of Euler(left) and
NSFD-I(right) schemes at the DFE. The values of the parameters used are listed in
Table 4.3.2.

stated in the rules. However, instead, we select the denominator function ϕ(`) =
1− e−Q1`

Q1

and determine the values of Q1 that satisfy elementary stability of the

scheme. The value Q2 for the NSFD-IIb scheme (5.2.6) is calculated from the eigen-

values of the continuous model (4.2.1) that satis�es Eq. 5.2.7 resulted in Q2 > 0.4155.

There is no restriction on the selection of the denominator function for the NSFD-IIc

scheme (see, for example, the third scheme for θ = θ̂ = 1 in [153]). Similarly, we select
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Fig. 5.4.5. Graph of R0 vs spectral radius of the Jacobian matrix for the NSFD-I
scheme at the DFE for the parameter values ξ1 = 0.02 and ξ2 ∈ [0, 1].

Table 5.4.3: Numerical convergence to the EE for ξ1 = 0.02, ξ2 = 0.9,R0 > 1 with
di�erent time step size (Initial condition: See Table 5.4.1).

` Euler RK4 NSFD-I
0.01 Convergent Convergent Convergent
0.05 Convergent Convergent Convergent
1 Convergent Convergent Convergent
2.5 Divergent Convergent Convergent
3.5 Divergent Divergent Convergent
10 Divergent Divergent Convergent
100 Divergent Divergent Convergent
1000 Divergent Divergent Convergent

Table 5.4.4: Cases for di�erent values of the parameter Q.

Case Q1 Q2 Q3

1 0.45 0.45 0.45
2 0.1 0.44 0.1
3 0.01 0.42 0.1

the value of Q3 for the NSFD-IIc scheme to satisfy elementary stability. Therefore,

here, we demonstrate how to select the most suitable values of Q1 and Q3 by using a

variety of �gures.

For the values of Q given by Table 5.4.4, we simulate the NSFD schemes with three

cases. The simulation results of case 1 for the NSFD-IIa, NSFD-IIb and NSFD-IIc
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Fig. 5.4.6. Global stability of the DFE E0 = (51867721, 0, 0, 0) using NSFD-I scheme
in S−I−A and S−I−T spaces for ` = 1 (upper) and ` = 5 (lower) when t ∈ [0, 400].
The values of the parameters used are listed in Table 4.3.2.

schemes are shown in Fig. 5.4.11 and Fig. 5.4.12. All the schemes converge to the EE

for all step sizes used. The NSFD-IIb scheme converges faster than the other schemes.

The simulation results of case 2 for the NSFD-IIa, NSFD-IIb and NSFD-IIc schemes

are shown in Fig. 5.4.13 and Fig. 5.4.14. All the schemes converge to the EE for all

step sizes used. The NSFD-IIc scheme converges faster than the other schemes.

The simulation results of case 3 for the NSFD-IIa, NSFD-IIb, and NSFD-IIc schemes

are shown in Fig. 5.4.15 and Fig. 5.4.16. The behavior of the NSFD-IIb, as in case 2,

shows positivity and convergence at a small step size; on the contrary, it oscillates when

increasing the step size, which is unexpected. Conversely, the NSFD-IIa and NSFD-IIc

schemes converge towards the EE without oscillations for each of the observed values
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Fig. 5.4.7. Simulations of the NSFD-I scheme at the EE, showing the populations as
a function of time, using the step size ` = 5, 6, 7, 8, 9, 10. Parameter values used are
ξ1 = 0.02 and ξ2 = 0.9.
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Fig. 5.4.8. Graph of the spectral radius of the Jacobian matrix of Euler(left) and
NSFD-I(right) schemes at the EE for the parameter values ξ1 = 0.02 and ξ2 = 0.9.

of `. Again the NSFD-IIc scheme converges faster than the other schemes.

Next, we compute the numerical solutions for di�erent values of Q and `. Fig. 5.4.17

and Fig. 5.4.19 show the results and indicate that as Q→ 0, the approximate solutions

for the NSFD-IIa and NSFD-IIc schemes converges faster to the EE. Similarly, Fig.

5.4.18 shows the results and indicates that as Q > 4.12 → 4.12, the solutions for the

NSFD-IIb scheme has unexpected oscillations.
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Fig. 5.4.9. Graph of R0 vs spectral radius of the Jacobian matrix for the NSFD-I
scheme at the EE for the parameter values ξ1 = 0.02 and ξ2 ∈ [0, 1].

It is clear from the above cases, Fig. 5.4.17 and Fig. 5.4.19 that decreasing the value

of Q close to zero for the NSFD-IIa and NSFD-IIc schemes makes stable, converging

to equilibria and also containing positivity at all step sizes while decreasing the value

of Q close to 0.42 for the NSFD-IIb scheme shows convergence at small step size only

and starts oscillations with increasing step size. It is therefore recommended for the

NSFD-IIb to take smaller values of Q but not close to 0.42. When decreasing the value

of Q, the NSFD-IIc scheme converges to the EE more accurately and faster than the

other methods. This can be seen in Fig. 5.4.13, 5.4.15 and Fig. 5.4.19. We conclude

that the NSFD-IIc scheme is an e�cient and e�ective method to obtain a realistic

numerical solution for the HIV/AIDS model.

Error and order of convergence of NSFD-I

In this subsection, we study the convergence and error of the NSFD-I scheme (5.2.2).

For this purpose, we consider the HIV/AIDS model (4.2.1) when R0 < 1 and initial

conditions presented in Table 5.4.1.

The exact solution of the model (4.2.1) is not available. Hence, maximum errors are

computed using a double mesh principle. For this, the �nal time is set to tend = 100,
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Fig. 5.4.10. Global stability of the EE E∗ = (24094312, 15563438, 1969074, 4005066)
using NSFD-I scheme inside the invariant set Γ in S− I−A and S− I−T spaces with
ξ1 = 0.02, ξ2 = 0.9 for ` = 1 (upper) and ` = 5 (lower) when t ∈ [0, 400].

and an initial temporal mesh with a given step-size ` is considered. The mesh is

successively re�ned by halving the step-size of the previous courser mesh. Maximum

error between the solutions of the successive meshes is computed at the common nodes.

Because the solution of the model is very large, we investigate the proportion of the

susceptible, infected, AIDS and treated individuals instead of the population in each

class. For this purpose, we introduce the following variables to the model (4.2.1)

S̃(t) :=
S(t)

N(t)
, Ĩ(t) :=

I(t)

N(t)
, Ã(t) :=

A(t)

N(t)
, T̃ (t) :=

T (t)

N(t)
, t ≥ 0,

where N(t) = S(t)+I(t)+A(t)+T (t). Then the maximum error between meshes with
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Fig. 5.4.11. Comparison of NSFD-IIa, NSFD-IIb and NSFD-IIc with case-1 values of
Q when ` = 1 for R0 > 1. The horizontal solid line denotes the endemic equilibrium
solution. Clearly, the NSFD-IIb scheme converges �rst when ` = 1.

`/2 and `/4, denoted by EJ where J indicates the number of sub intervals, is given by

the formula

EJ := max
k

{∣∣∣S̃kJ − S̃k2J ∣∣∣ , ∣∣∣ĨkJ − Ĩk2J ∣∣∣ , ∣∣∣ÃkJ − Ãk2J ∣∣∣ , ∣∣∣T̃ kJ − T̃ k2J ∣∣∣} . (5.4.1)

Finally, the order of convergence of the NSFD-I scheme at the �nal time, tend, is
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Fig. 5.4.12. Comparison of NSFD-IIa, NSFD-IIb and NSFD-IIc with case-1 values of
Q when ` = 10 for R0 > 1. The horizontal solid line denotes the endemic equilibrium
solution. Clearly, the NSFD-IIb scheme converges �rst when ` = 10, but it has an
oscillatory behavior.

calculated by the following formula

order := log2

(
E2J

EJ

)

where EJ is calculated by (5.4.1) and E2J is the maximum error when the step-size

` is halved. The values for maximum errors and order of convergence of the NSFD-I

scheme (5.2.2) are presented in Table 5.4.5 and con�rms of �rst order convergent O(`).
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Fig. 5.4.13. Comparison of NSFD-IIa, NSFD-IIb and NSFD-IIc with case-2 values of
Q when ` = 1 for R0 > 1. The horizontal solid line denotes the endemic equilibrium
solution. Clearly, the NSFD-IIc scheme converges fast when ` = 1.

Table 5.4.5: Maximum errors and order of convergence of the NSFD-I scheme at tend =
100.

` Maximum error Order
2−1 4.8406e-04 0.9280
2−2 2.4839e-04 0.9626
2−3 1.2585e-04 0.9809
2−4 6.3347e-05 0.9904
2−5 3.1780e-05 0.9952
2−6 1.5917e-05 0.9976
2−7 7.9651e-06 0.9988



http://etd.uwc.ac.za/

CHAPTER 5. ROBUST NONSTANDARD FINITE DIFFERENCE METHODS
FOR SIAT HIV/AIDS MODEL 167

0 200 400 600 800 1000 1200 1400

Time

0.5

1

1.5

2

2.5

3

3.5

4

4.5

S

10
7

NSFD-IIa

NSFD-IIb

NSFD-IIc

0 200 400 600 800 1000 1200 1400

Time

0

0.5

1

1.5

2

I

10
7

NSFD-IIa

NSFD-IIb

NSFD-IIc

0 200 400 600 800 1000 1200 1400

Time

0

0.5

1

1.5

2

2.5

3

3.5

4

A

10
6

NSFD-IIa

NSFD-IIb

NSFD-IIc

0 200 400 600 800 1000 1200 1400

Time

0

1

2

3

4

5

6
T

10
6

NSFD-IIa

NSFD-IIb

NSFD-IIc

Fig. 5.4.14. Comparison of NSFD-IIa, NSFD-IIb and NSFD-IIc with case-2 values of
Q when ` = 10 for R0 > 1. The horizontal solid line denotes the endemic equilibrium
solution.

Error and order of convergence of NSFD-IIa, NSFD-IIb and

NSFD-IIc

In this subsection, we present comparison of maximum errors, order of convergence,

and CPU time of the second class NSFD-II schemes for di�erent values of Q. For this

purpose, we consider the HIV/AIDS model (4.2.1) when R0 > 1.

In Table 5.4.6, 5.4.7, 5.4.8 and 5.4.9, we present comparison of maximum errors

and order of convergence of the NSFD schemes for di�erent values of Q. Comparing

the numerical results for equal values of Q in Tables 4 and 5, it follows that the
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Fig. 5.4.15. Comparison of NSFD-IIa, NSFD-IIb and NSFD-IIc with case-3 values of
Q when ` = 1 for R0 > 1. The horizontal solid line denotes the endemic equilibrium
solution.

NSFD-IIb scheme is more accurate than the other schemes. However, we note that

decreasing the value of Q seems to have an e�ect on the convergence of the NSFD-IIc

scheme, as can be seen from the results in Table 5.4.8 and 5.4.9. We notice that all the

NSFD schemes gave �rst-order convergence O(`) with the NSFD-IIc demonstrating

high-order of accuracy than the other two. Therefore, the numerical results con�rm

that the NSFD-IIc scheme outperforms the corresponding NSFD-IIa and NSFD-IIb

schemes substantially both in terms of error and order of convergence.

The e�ciencies of the NSFD schemes are compared in terms of the CPU times each
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Fig. 5.4.16. Comparison of NSFD-IIa, NSFD-IIb and NSFD-IIc with case-3 values
of Q from Table 5.4.4 when ` = 10 for R0 > 1. The horizontal solid line denotes the
endemic equilibrium solution.

algorithm takes solving the problem. These schemes were implemented on MATLAB

2018a for personal computer with Intel(R) Core(TM) i7-6500U CPU @ 2.50 GHz and

8GB RAM. Di�erent values of the constant Q and the step size ` are considered. As

shown in Table 5.4.10, 5.4.11 and 5.4.12, while the NSFD-IIa and NSFD-IIb have

shown comparatively the same order of e�ciencies, it is seen that they show clear

gain in e�ciencies over the NSFD-IIc scheme. The NSFD-IIa and NSFD-IIb schemes

consistently display better performance over the NSFD-IIc for smaller step size values

`. We also note that decreasing the value of Q does not seem to have an e�ect on the
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Fig. 5.4.17. Results of NSFD-IIa with ` = 10 and di�erent values of Q when R0 > 1.
The horizontal solid line denotes the endemic equilibrium solution.

e�ciency of the NSFD-IIc scheme, as can be seen from the results in Table 5.4.13.

5.5 Discussion and conclusions

In this chapter, we constructed and developed two classes of NSFD schemes to solve

the SIAT HIV/AIDS model. The �rst uses non-local discretization of nonlinear terms

but with a standard denominator function, whereas the second class of methods use

non-local discretization of nonlinear terms with three di�erent types of denominator

functions which are constructed using more sophisticated approaches.
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Table 5.4.6: Maximum errors and order of convergence of the NSFD schemes at Q1 =
Q2 = Q3 = 0.45 and tend = 100.

`
Maximum errors Order

NSFD-IIa NSFD-IIb NSFD-IIc NSFD-IIa NSFD-IIb NSFD-IIc
2−1 0.0110 0.0059 0.0069 0.6140 0.8226 0.7967
2−2 0.0063 0.0031 0.0037 0.7963 0.9106 0.8968
2−3 0.0034 0.0016 0.0019 0.8956 0.9551 0.9481
2−4 0.0018 8.2006e-04 9.7082e-04 0.9472 0.9775 0.9740
2−5 9.0103e-04 4.1325e-04 4.8981e-04 0.9734 0.9887 0.9870
2−6 4.5469e-04 2.0743e-04 2.4602e-04 0.9867 0.9944 0.9935
2−7 2.2840e-04 1.0392e-04 1.2329e-04 0.9933 0.9972 0.9967

Table 5.4.7: Maximum errors and order of convergence of the NSFD schemes at Q1 =
Q2 = Q3 = 0.43 and tend = 100.

`
Maximum errors Order

NSFD-IIa NSFD-IIb NSFD-IIc NSFD-IIa NSFD-IIb NSFD-IIc
2−1 0.0109 0.0057 0.0066 0.6204 0.8292 0.8038
2−2 0.0062 0.0030 0.0036 0.7999 0.9139 0.9004
2−3 0.0033 0.0015 0.0018 0.8975 0.9568 0.9499
2−4 0.0017 7.8453e-04 9.3551e-04 0.9481 0.9783 0.9749
2−5 8.8338e-04 3.9522e-04 4.7185e-04 0.9739 0.9892 0.9874
2−6 4.4571e-04 1.9836e-04 2.3695e-04 0.9869 0.9946 0.9937
2−7 2.2387e-04 9.9365e-05 1.1874e-04 0.9935 0.9973 0.9969

Table 5.4.8: Maximum errors and order of convergence of the NSFD schemes at Q1 =
0.01, Q2 = 0.42, Q3 = 0.1 and tend = 100.

`
Maximum errors Order

NSFD-IIa NSFD-IIb NSFD-IIc NSFD-IIa NSFD-IIb NSFD-IIc
2−1 0.0070 0.0055 0.0026 0.7669 0.8324 0.9221
2−2 0.0038 0.0029 0.0014 0.8796 0.9156 0.9607
2−3 0.0020 0.0015 6.8789e-04 0.9389 0.9576 0.9803
2−4 0.0010 7.6674e-04 3.4631e-04 0.9692 0.9788 0.9901
2−5 5.1014e-04 3.8621e-04 1.7375e-04 0.9845 0.9894 0.9951
2−6 2.5644e-04 1.9382e-04 8.7023e-05 0.9923 0.9947 0.9975
2−7 1.2856e-04 9.7088e-05 4.3549e-05 0.9961 0.9973 0.9988
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Table 5.4.9: Maximum errors and order of convergence of the NSFD-IIc scheme for
di�erent Q3 values when tend = 100.

`
Maximum errors Order

Q3 = 0.01 0.001 0.0001 Q3 = 0.01 0.001 0.0001
2−1 0.0014 0.0013 0.0013 0.9572 0.9611 0.9615
2−2 7.2571e-04 6.6177e-04 6.5537e-04 0.9785 0.9805 0.9807
2−3 3.6557e-04 3.3314e-04 3.2989e-04 0.9892 0.9902 0.9903
2−4 1.8347e-04 1.6714e-04 1.6550e-04 0.9946 0.9951 0.9951
2−5 9.1908e-05 8.3711e-05 8.2891e-05 0.9973 0.9975 0.9976
2−6 4.5997e-05 4.1891e-05 4.1480e-05 0.9986 0.9988 0.9988
2−7 2.3009e-05 2.0954e-05 2.0749e-05 0.9993 0.9994 0.9994

Table 5.4.10: CPU time for the NSFD schemes when Q1 = Q2 = Q3 = 0.45 for di�erent
values of the step size ` at tend = 100.

`
CPU time (in seconds)

NSFD-IIa NSFD-IIb NSFD-IIc
0.1 0.013620 0.138740 0.027387
0.01 0.018336 0.100222 0.257437
0.001 0.320409 0.216190 8.272827
0.0005 0.174499 0.303300 50.737285

Table 5.4.11: CPU time for the NSFD schemes when Q1 = Q2 = Q3 = 0.43 for di�erent
values of the step size ` at tend = 100.

`
CPU time (in seconds)

NSFD-IIa NSFD-IIb NSFD-IIc
0.1 0.008662 0.050510 0.032348
0.01 0.019727 0.089196 0.309908
0.001 0.154714 0.147168 8.889449
0.0005 0.173108 0.215794 49.507280

Table 5.4.12: CPU time for the NSFD schemes when Q1 = 0.01, Q2 = 0.42, Q3 = 0.1
for di�erent values of the step size ` at tend = 100.

`
CPU time (in seconds)

NSFD-IIa NSFD-IIb NSFD-IIc
0.1 0.010232 0.034241 0.031048
0.01 0.052398 0.190567 0.299406
0.001 0.111225 0.145998 8.845035
0.0005 0.206036 0.246461 52.036597
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Fig. 5.4.18. Results of NSFD-IIb with ` = 10 and di�erent values of Q when R0 > 1.
The horizontal solid line denotes the endemic equilibrium solution.

The NSFD-I scheme is dynamically consistent with the continuous model; that is,

it satis�es the essential features of the continuous model, such as positivity, bound-

edness, and stability of the solutions. Numerical simulations are carried out, and its

e�ectiveness is compared with well-known numerical methods, such as forward Euler

and RK4. Euler and RK4 methods diverge and produce negative results for several

time step-sizes. They only converge to the correct steady state when the time step

sizes are relatively small. However, the NSFD-I scheme converges to the correct steady

state, namely DFE and EE, irrespective of the time step size. Further, the NSFD-I

scheme for both steady states is locally and globally asymptotically stable.
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Fig. 5.4.19. Results of NSFD-IIc with ` = 10 and di�erent values of Q when R0 > 1.
The horizontal solid line denotes the endemic equilibrium solution.

We presented the convergence behavior of the second class of numerical schemes

to the steady state. The construction of the denominator function for each numerical

scheme was chosen to guarantee elementary stability. Choosing the optimum denomi-

nator function for a given problem is one of the most challenging tasks. In particular,

the choice of the constant Q in the denominator function is a crucial task to be con-

sidered.

The constant Q1 value was calculated based on the Jacobian of the NSFD-IIa

scheme evaluated at the steady state and the Hurwitz matrix based on the presented

rules. Because q is not bounded, we may select the denominator function ϕ(`) = `
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Table 5.4.13: CPU time to the NSFD-IIc scheme for di�erent Q3 values when tend =
100.

`
CPU time (in seconds)

Q3 = 0.01 Q3 = 0.001 Q3 = 0.0001

0.1 0.033205 0.031109 0.033132
0.01 0.314292 0.238856 0.247202
0.001 8.859155 8.428104 8.384929
0.0005 49.502282 50.595118 48.329116

as stated in the rules. But we select the denominator function ϕ(`) =
1− e−Q1`

Q1

and

determine the values of Q1 to satisfy elementary stability. The value Q2 > 0.4155

for the NSFD-IIb scheme was calculated from the eigenvalues of the continuous model

that satisfy certain conditions. Similarly, we selected the value of Q3 for the NSFD-IIc

scheme to satisfy elementary stability with no restriction in the value of Q3.

In the simulation, it was observed that reducing the value of Q close to zero for

the NSFD-IIa and NSFD-IIc schemes makes it stable, converging to equilibria and also

containing positivity at all step sizes, while reducing the value of Q close to 0.4155 for

the NSFD-IIb scheme shows convergence at small step sizes only and starts oscillations

with large step sizes. It is therefore recommended for the NSFD-IIb to take smaller

values of Q but not close to 0.4155. When reducing the value of Q, the NSFD-IIc

scheme converges to the EE more accurately and faster than the other methods. It is

also observed that the NSFD-IIc scheme substantially outperforms the corresponding

NSFD-IIa and NSFD-IIb schemes in terms of error and order of convergence. We

conclude that the NSFD-IIc scheme is an e�cient and e�ective method to obtain a

realistic numerical solution for the HIV/AIDS model.

Further, the e�ciencies of the schemes are compared in terms of the CPU times;

while the NSFD-IIa and NSFD-IIb have shown comparatively the same order of e�-

ciency, it is seen that they show a clear gain in e�ciency over the NSFD-IIc scheme.

The NSFD-IIa and NSFD-IIb schemes consistently display fairly better performance

over the NSFD-IIc for smaller values of the step size. We also note that reducing the

value of Q does not seem to have an e�ect on the e�ciency of the NSFD-IIc scheme.
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Therefore, because it was observed from all the discussions that the NSFD-IIb

scheme is not only dependent on the selection of Q but also on the step size, whereas

the NSFD-IIa and NSFD-IIc schemes converge to the correct steady-state irrespective

of the step size used, it is concluded that a value of Q in the denominator function close

to zero makes the NSFD-IIc scheme converge faster, and it needs further investigation.

The order of convergence of all the NSFD schemes is one, and the accuracy needs

improvement. It can be improved by combining the NSFD schemes with extrapolation

techniques [113, 141].



http://etd.uwc.ac.za/

Chapter 6

Construction and analysis of

AVL-HIV co-infection model and its

robust simulation using nonstandard

�nite di�erence scheme

In this chapter, a nonlinear mathematical model for the transmission dynamics of AVL-

HIV co-infection with the treatment of both diseases is proposed and analyzed. The

proposed model is formulated as a system of eighteen di�erential equations and the

stability analysis is presented. The basic reproduction number for each of the two

diseases (AVL and HIV) is obtained. Four equilibrium points are found, of which one

is disease free equilibrium while the remaining three equilibrium points have at least

one of the diseases AVL and/or HIV is present. The AVL sub-model undergoes the

phenomenon of backward bifurcation when the associated reproduction number of the

AVL sub-model (denoted by RL) is less than unity. We have shown that there is

no backward bifurcation if b1 = 0 (where b1 is the number of bites of a sand�y on

human) and/or if ΠV = 0 (where ΠV is the recruitment rate of sand�ies). The global

stability of the disease free equilibrium of the HIV sub-model is shown using a suitable

177
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Lyapunov function. The endemic equilibrium of the HIV sub-model is shown to be

locally asymptotically stable using the centre manifold theory. Further, the global

stability of the disease free equilibrium of the AVL-HIV co-infection is shown. It is

shown that the possibility of backward bifurcation for AVL-HIV co-infection model.

We design and analyze a novel NSFD scheme to approximate the solutions of the AVL-

HIV co-infection model. Then a thorough stability analysis is provided. Comparisons

are made with other classical methods such as Euler and Runge kutta fourth-order. It

is concluded that the NSFD scheme is unconditionally convergent and satis�es all the

essential features of the continuous model.

6.1 Introducton

Co-infection exacerbates the severity of the two diseases involved. Visceral Leishmani-

asis (VL) and human immunode�ciency virus (HIV) are mutually reinforcing, posing

clinical and public health issues. In endemic areas, HIV infection increases the risk of

developing VL by 100 to 2,320 times, reduces the likelihood of therapeutic response,

and immensely increases the probability of relapse. Simultaneously, VL promotes clin-

ical progression of HIV and the development of AIDS-de�ning conditions [9].

The co-infection of VL and HIV has been reported from forty-�ve countries since

the �rst case was reported in 1985 [9, 147]. As a consequence of HIV co-infection,

atypical presentations of VL, a high rate of treatment failure, and frequent relapses

were reported [44]. After the introduction of antiretroviral therapy (ART), the number

of co-infected cases in European countries where the disease is endemic fell sharply. On

the other hand, the co-infection is a major public health challenge in other geograph-

ical areas. In East Africa the severity of the co-infection is a very serious challenge,

particularly Ethiopia, where up to 30% of patients with VL are co-infected with HIV

[9, 44, 151]. Adequate HIV treatment with the help of ART is essential to reduce

relapse, and secondary antileishmanial prophylaxis may bene�t patients at risk of VL

relapse [71, 151].
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Mathematical models are a powerful tool to describe and investigate the dynamics

of such biological systems. Stauch et al. [127] modelled a deterministic model for the

transmission dynamics of AVL. Their �ndings suggest vector control combined with

treatment as an intervention strategy to control AVL transmission. Their model fur-

ther included the transmission of HIV and was modelled independently of infection

with AVL, and emerged with a rate of HIV infection from all human compartments.

This was probably the �rst co-infection model. In [76], Hussaini et al. developed a

model for the transmission dynamics of Anthroponotic Visceral Leishmaniasis (AVL)

and human immunode�ciency virus (HIV) in a population that was used to assess the

impact of the co-endemicity of the two diseases on the dynamics of each disease. It

consists of eighteen coupled non-linear ordinary di�erential equations, sixteen of which

describe the host population (humans), and two dedicated to the vector population

(female sand�ies). Their AVL-only sub-model undergoes the phenomenon of backward

bifurcation when the AVL-associated mortality is nonzero. Using the results of sen-

sitivity and uncertainty analysis, they found the dominant parameters that a�ect the

dynamics of the AVL-HIV co-infection model, which are the transmission rate of HIV,

the average number of times a sand�y bites humans per unit time, and the HIV-induced

death rate. In [96], Melese and Alemneh formulated SI-type model for the transmis-

sion of VL-HIV co-infection that incorporate three populations, human, reservoir and

sand�y. They calculated the basic reproduction number and investigated the local and

global stability of the DFE. Using the center manifold theory they found the condition

for backward bifurcation for the coifection model. They used sensitivity analysis and

investigated parameters that a�ect the transmission of the disease.

In this chapter, we present and investigate a nonlinear mathematical model for

AVL-HIV co-infection with treatment of both diseases. The equilibrium points of the

model, basic reproduction number for each of the diseases are found, and the stability

results for the equilibrium points are investigated. Then we develop a nonstandard

�nite di�erence scheme (NSFD) to obtain numerical solution of the co-infection model.

To our knowledge this is the �rst NSFD scheme applied to this model. The construction
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of the scheme is based on nonlocal approximation for the nonlinear terms with the aim

of obtaining positive approximations and a complex denominator function. A brief

overview of di�erent descriptions of these methods along with extensive account of

works on these NSFD methods can be found in [114, 115].

The remainder of this chapter is arranged in the order that follows: In Section 6.2, a

co-infection mathematical model for the HIV/AIDS and AVL that includes treatment

for both diseases is formulated. In Section 6.3, the stability of the AVL sub-model is

presented. In Section 6.4, the stability of the HIV sub-model is presented. In Section

6.5, the existence and stability analysis of the equilibrium point of the AVL-HIV co-

infection model is investigated. In Section 6.6, we design and analyze a novel NSFD

scheme. Using this scheme, extensive numerical simulations are carried out and results

are presented in Section 6.7. In the �nal Section 6.8, we present some discussions on

these results and draw relevant conclusions.

6.2 Mathematical model and its analysis

In this section, we formulate a deterministic non-linear mathematical model for the

transmission dynamics of HIV and AVL co-infection by incorporating treatment for

both HIV/AIDS and AVL.We incorporate a treatment compartment only for HIV/AIDS

infected individuals. The populations involved in this study are humans and vectors

(sand�ies). For the formulation of the model, we make the following assumptions:

1. Susceptibles are recruited into the population at a constant rate,

2. Susceptible humans get infected with HIV through contacting HIV infected and

AIDS individuals,

3. The treatment of HIV/AIDS is considered for both HIV infected and AIDS in-

dividuals,

4. We consider anthroponotic transmission for visceral leishmaniasis (which means

that female sand�ies bite only humans),
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5. AVL infected individuals and post-kala-azar dermal leishmaniasis (PKDL) indi-

viduals can transmit AVL infection to the susceptible sand�ies,

6. We consider relapse after recovery from AVL/PKDL for co-infected individuals,

7. Only AVL infected and PKDL individuals are recovered after treatment, no

HIV/AIDS individuals recovered from the disease after treatment,

8. Individuals infected with both AVL and HIV can only infect Sand�ies with Sand-

�y parasites,

9. No transmission of AVL and HIV by blood transfusion, and vertical transmission

is considered,

10. Sand�ies do not su�er sand�y-induced death,

11. Individuals in the AIDS stage and under treatment with HIV/AIDS die due to

disease-induced death, with a smallest rate of treated class individuals,

12 Only AVL infected individuals die due to AVL disease, no PKDL individuals die

due to the disease,

13 All humans die naturally with a rate µH and sand�ies die naturally with a rate

µV .

We divide the total human population NH into sixteen sub-populations, namely,

class of population susceptible to both diseases SH , AVL infected individuals IL, in-

dividuals who develop PKDL PL, those recovered from AVL infection and have per-

manent immunity RL, HIV-infected not in the AIDS stage of disease progression IH ,

under treatment HIV/AIDS individuals TH , HIV infected in the AIDS stage of disease

progression AH , dually infected with AVL and HIV positive without AIDS symptoms

ILH , dually infected with PKDL and HIV positive without AIDS symptoms PLH , those

recovered from AVL infection and PKDL and HIV positive without AIDS symptoms

RLH , dually infected with AVL and treated class of HIV/AIDS ILT , dually infected
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with PKDL and treated class of HIV/AIDS PLT , those recovered from AVL infection

and PKDL and treated class of HIV/AIDS RLT , dually infected individuals with AVL

and HIV with AIDS symptoms ILA, dually infected with PKDL and HIV with AIDS

symptoms PLA, those recovered from AVL infection and PKDL and HIV with AIDS

symptoms RLA in such a way that

NH = SH + IL + PL +RL + IH + TH + AH + ILH + PLH +RLH + ILT + PLT

+RLT + ILA + PLA +RLA.

The total Phlebotomine female Sand�y population NV is divided into two classes,

susceptible SV and infectious IV . So, at time t the total sand�y population is NV (t) =

SV (t) + IV (t). Sand�ies enter the susceptible class with a constant recruitment rate

ΛV . They move to the infectious class after an e�ective contact with AVL infected and

PKDL individuals.

A pictorial representation of the compartments and �ows is shown in Fig. 6.2.1.

The model is framed into the following system of equations:
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Fig. 6.2.1. Schematic diagram of the model 6.2.1
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ṠH = ΠH − (λL + λH)SH − µHSH ,

İL = λLSH − h1λHIL − (α1 + µH + δL)IL,

ṖL = (1− σ1)α1IL − h2λHPL − (ξ1 + ν1 + µH)PL,

ṘL = σ1α1IL + (ξ1 + ν1)PL − λHRL − µHRL,

İH = λHSH + ϕ1TH − ψiλLIH − (γ1 + θ1 + µH)IH ,

ṪH = θ1IH + κ1AH − ψtλLTH − (ϕ1 + %1 + µH + qtδA)TH ,

ȦH = γ1IH + %1TH − ψaλLAH − (κ1 + µH + δA)AH ,

İLH = h1λHIL + ψiλLIH + ϕ2ILT + η1RLH − (γ2 + θ2 + α2 + µH + cilδL)ILH ,

ṖLH = h2λHPL + (1− σ2)α2ILH + ϕ3PLT + τ1RLH − (γ3 + θ3 + ξ2 + ν2 + µH)PLH ,

ṘLH = λHRL + σ2α2ILH + (ξ2 + ν2)PLH + ϕ4RLT − (γ4 + θ4 + η1 + τ1 + µH)RLH ,

İLT = ψtλLTH + θ2ILH + κ2ILA + η2RLT − (ϕ2 + %2 + α3 + µH + qtδA + citδL)ILT ,

ṖLT = (1− σ3)α3ILT + θ3PLH + κ3PLA + τ2RLT

− (ϕ3 + %3 + ξ3 + ν3 + µH + qtδA)PLT ,

ṘLT = σ3α3ILT + (ξ3 + ν3)PLT + θ4RLH + κ4RLA

− (ϕ4 + %4 + η2 + τ2 + µH + qtδA)RLT ,

İLA = ψaλLAH + γ2ILH + %2ILT + η3RLA − (κ2 + α4 + µH + qiaδA + ciaδL)ILA,

ṖLA = (1− σ4)α4ILA + γ3PLH + %3PLT + τ3RLA − (κ3 + ξ4 + ν4 + µH + δA)PLA,

ṘLA = σ4α4ILA + (ξ4 + ν4)PLA + γ4RLH + %4RLT − (κ4 + η3 + τ3 + µH + δA)RLA,

ṠV = ΠV − λV SV − µV SV ,

İV = λV SV − µV IV ,


(6.2.1)
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and the infection rates are

λL = βvhb1
IV
NH

,

λV = βhvb2

[
(IL + PL) + ζ1(ILT + PLT ) + ζ2(ILH + PLH) + ζ3(ILA + PLA)

NH

]
,

λH = βH

[
IH +RLH + ω1(AH +RLA) + ω2(ILH + PLH) + ω3(ILA + PLA)

NH

]
.

The total population sizes NH and NV can be determined from the di�erential

equations

ṄH = ΠH − µHNH − (δLIL + qtδATH + δAAH + cilδLILH + (qtδA + citδL)ILT

+qtδAPLT + qtδARLT + (qiaδA + ciaδL)ILA + δAPLA + δARLA)

ṄV = ΠV − µVNV .

Noting that ṄH ≤ ΠH − µHNH , and using the the Gronwall's lemma, we obtain

limt→∞NH ≤
ΠH

µH
and limt→∞NV ≤

ΠV

µV
, which implies the solution of model (6.2.1)

is bounded. Therefore, the biologically-feasible region of the model (6.2.1) is given by

Ω = {(SH , IL, PL, RL, IH , TH , AH , ILH , PLH , RLH , ILT , PLT , RLT , ILA, PLA, RLA,

SV , IV ) ∈ R18
+ : SH + IL + PL +RL + IH + TH + AH + ILH + PLH +RLH

+ILT + PLT +RLT + ILA + PLA +RLA ≤
ΠH

µH
, SV + IV ≤

ΠV

µV

}
.

Hence, the AVL-HIV model (6.2.1) is epidemiologically and mathematically well-posed

in the biologically-feasible region Ω [68].

All state variables in the above system and their de�nitions are presented in Table

6.2.1 whereas all parameters and their interpretations are presented in Table 6.2.2.
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Table 6.2.1: State variables used in the system (6.2.1)

Variable De�nition
SH Susceptible humans
IL AVL infected humans
PL AVL infected humans with PKDL
RL AVL recovered humans
IH HIV infected humans with no symptoms of AIDS
TH HIV under treatment humans
AH HIV infected humans with clinical symptoms of AIDS
ILH Dually-infected humans with HIV and AVL
PLH Dually-infected humans with HIV and PKDL
RLH AVL recovered humans dually-infected with HIV infected humans
ILT Dually-infected humans with treated class of HIV and AVL infected
PLT Dually-infected humans with treated class of HIV and PKDL
RLT AVL recovered humans dually-infected with HIV treated humans
ILA Dually-infected humans with clinical symptoms of both diseases
PLA Dually-infected humans with PKDL and AIDS symptoms
RLA AVL recovered humans dually-infected with clinical symptoms of AIDS
NH Total population of humans
SV Population of susceptible sand�ies
IV Population of AVL-infected sand�ies
NV Total population of sand�ies

6.3 The AVL sub-model and its analysis

We obtain the AVL sub-model when HIV disease is not present in the population, that

is, when IH = TH = AH = ILH = PLH = RLH = ILT = PLT = RLT = ILA = PLA =

RLA = 0, which is given by

ṠH = ΠH − λLSH − µHSH ,

İL = λLSH − (α1 + µH + δL)IL,

ṖL = (1− σ1)α1IL − (ξ1 + ν1 + µH)PL,

ṘL = σ1α1IL + (ξ1 + ν1)PL − µHRL,

ṠV = ΠV − λV SV − µV SV ,

İV = λV SV − µV IV ,



(6.3.1)
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where, now,

λL = βvhb1
IV
NH

,

λV = βhvb2

(
IL + PL
NH

)
,

with NH = SH + IL + PL +RL and NV = SV + IV .

Theorem 6.3.1. The region ΩL given by

ΩL =
{

(SH(t), IL(t), PL(t), RL(t), SV (t), IV (t)) ∈ R+
6 :

0 ≤ SH(t) + IL(t) + PL(t) +RL(t) ≤ ΠH

µH
, 0 ≤ SV (t) + IV (t) ≤ ΠV

µV

}

of the AVL sub-model (6.3.1) with non-negative initial conditions is positively-invariant

and attracting.

Proof. Summing up the �rst four equations of the AVL sub-model (6.3.1) we obtain

d

dt
(SH + IL + PL +RL) = ΠH − µH (SH + IL + PL +RL)− δLIL.

Because NH(t) = SH(t) + IL(t) + PL(t) +RL(t), it follows that

dNH

dt
≤ ΠH − µHNH ,

so that

NH(t) ≤ NH(0)e−µH t +
ΠH

µH

(
1− e−µH t

)
.

Similarly,

NV (t) ≤ NV (0)e−µV t +
ΠV

µV

(
1− e−µV t

)
.
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Consequently, NH(t) and NV (t) are, respectively, bounded above by
ΠH

µH
and

ΠV

µV

whenever NH(0) ≤ ΠH

µH
and NV (0) ≤ ΠV

µV
. This proves that the region ΩL is positively-

invariant. Moreover, if NH(0) ≥ ΠH

µH
and NV (0) ≥ ΠV

µV
, then either the solution enters

the region ΩL in a �nite time, orNH(t) andNV (t) converge to
ΠH

µH
and

ΠV

µV
, respectively.

This proves that the region ΩL is attracting.

Theorem 6.3.2. The solutions SH(t), IL(t), PL(t), RL(t), SV (t) and IV (t) of system

(6.3.1) with positive initial conditions respectively SH(0), IL(0), PL(0), RL(0), SV (0) and

IV (t) in ΩL are non-negative for all t > 0.

Proof. From the �rst equation of the AVL sub-model (6.3.1) we have

dSH(t)

dt
+ (λL(t) + µH)SH(t) ≥ 0,

which on integration gives

SH(t) ≥ SH(0) exp

(
−
∫ t

0

(λL(u) + µH) du

)
> 0, ∀t > 0.

From the second equation of the AVL sub-model (6.3.1), we have
dIL
dt

= λLSH − (α1 +

µH + δL)IL whose solution satis�es IL(t) ≥ IL(0) exp
(
−(α1 + µH + δL)

)
≥ 0. The

positivity of the other four state variables can be proved in a similar fashion. Hence,

all positive solutions starting in the region ΩL remain positive for all subsequent time

in ΩL.

Stability analysis of the disease free equilibrium

The AVL sub-model (6.3.1) has a DFE, obtained by setting the right-hand sides of the

equations in the sub-model to zero, given by

E 0
L = (S0

H , I
0
L, P

0
L, R

0
L, S

0
V , I

0
V ) =

(
ΠH

µH
, 0, 0, 0,

ΠV

µV
, 0

)
.
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Using the next generation matrix approach [137], the basic reproduction number, RL,

for the AVL sub-model (6.3.1) is investigated. The matrices F corresponding to the

new infection terms and V corresponding to the remaining transition terms are given,

respectively, by

F =


0 0 βvhb1

0 0 0
βhvb2µHΠV

ΠHµV

βhvb2µHΠV

ΠHµV
0


and

V =


α1 + µH + δL 0 0

− (1− σ1)α1 ξ1 + ν1 + µH 0

0 0 µV

 .

The spectral radius, ρ, of the matrix FV−1 will be the basic reproduction number,

RL = ρ
(
FV−1

)
=

√
βvhb2µHb1ΠV βhv ((1− σ1)α1 + ξ1 + ν1 + µH)

ΠHµ2
V (ξ1 + ν1 + µH) (α1 + µH + δL)

(6.3.2)

Using Theorem 2 of [137], the following result is established.

Theorem 6.3.3. The disease free equilibrium E 0
L is locally asymptotically stable if

RL < 1 and it is unstable if RL > 1.

The endemic equilibrium of AVL sub-model

The endemic equilibrium point for the AVL sub-model, denoted

E ∗L = (S∗H , I
∗
L, P

∗
L, R

∗
L, S

∗
V , I

∗
V ) ,
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is a point where all the population components are present at a non-zero level. Solving

system (6.3.1) at the equilibrium gives

S∗H =
ΠH

µH + λ∗L
,

I∗L =
λ∗LΠH

(µH + λ∗L) (α1 + µH + δL)
,

P ∗L =
(1− σ1)α1λ

∗
LΠH

(µH + λ∗L) (α1 + µH + δL) (ξ1 + ν1 + µH)
, (6.3.3)

R∗L =
α1λ

∗
LΠH (µHσ1 + ν1 + ξ1)

(µH + λ∗L) (α1 + µH + δL) (ξ1 + ν1 + µH)µH
,

S∗V =
ΠV

µV + λ∗V
,

I∗V =
λ∗V ΠV

(µV + λ∗V )µV

where the force of infection for vectors is

λ∗V =
λ∗L (µH + (1− σ1)α1 + ν1 + ξ1) βhvµHb2

(ξ1 + ν1 + µH) (µ2
H + (α1 + δL + λ∗L)µH + λ∗Lα1)

(6.3.4)

and the force of infection for humans becomes

λ∗L = βvhb1

(
I∗V

S∗H + I∗L + P ∗L +R∗L

)
. (6.3.5)

It follows, by substituting (6.3.3) and (6.3.4) into (6.3.5), that the endemic equilibria of

the AVL model (6.3.1) satisfy the equation λ∗L
(
λ∗L

2 +Bλ∗L + C
)

= 0. The expressions

for A,B and C are given by

A = ΠHµV (µH + α1)
(
µV (µH + α1) (ξ1 + ν1 + µH)

+ βhvb2µH (µH + (1− σ1)α1 + ν1 + ξ1)
)
> 0,

B = µH (α1 + µH + δL) (b2µHβhv (µH + (1− σ1)α1 + ν1 + ξ1) (µV ΠH − b1ΠV βvh)

+2µ2
V ΠH (µH + α1) (ξ1 + ν1 + µH)

)
,

C = ΠHµ
2
V µ

2
H (α1 + µH + δL) (ξ1 + ν1 + µH) (α1 + µH + δL)

(
1−R2

L

)
.
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The case λ∗L = 0 corresponds to the DFE equilibrium. When λ∗L 6= 0, we consider the

quadratic equation

Aλ∗L
2 +Bλ∗L + C = 0 (6.3.6)

for the possibility of multiple equilibria. From Eq. (6.3.6) it is clear that A is always

positive and C can be positive if R0 < 1 and negative when R0 > 1. So the number

of solutions for λ∗L from the quadratic equation (6.3.6) depend on the sign of the

reproduction number R0 and B. Then, depending on values of λ∗L the number of

endemic equilibrium point will be generated. Hence, we have established the following

result:

Theorem 6.3.4. The AVL sub-model (6.3.1) admits precisely

1. one unique endemic equilibrium if RL > 1, or if RL = 1 and B < 0,

2. one unique endemic equilibrium if RL > 1, or if RL = 1 and B > 0,

3. two endemic equilibria if RL < 1 and B < 0,

4. no endemic equilibrium otherwise.

We state the following theorem in [93] for the condition of backward bifurcation.

Theorem 6.3.5. Assume RL = 1 and β∗hv is the critical value of the parameter βhv

that makes the reproduction number equal to one. If C = 0 and −B
∗

A∗
> 0 where A∗

and B∗ are the values of A and B evaluated at β∗hv , then the quadratic equation (6.3.6)

has two positive roots for some values of βhv close to β∗hv that make CA > 0.

Because A > 0, Theorem 6.3.4 implies that the condition for backward bifurcation

is B∗ < 0. It is clear that β∗hv =
ΠHµ

2
V (ξ1 + ν1 + µH) (α1 + µH + δL)

βvhb1b2µHΠV ((1− σ1)α1 + ξ1 + ν1 + µH)
and B∗ < 0

becomes

µH (α1 + µH + δL) (b2µHβ
∗
hv (µH + (1− σ1)α1 + ν1 + ξ1) (µV ΠH − b1ΠV βvh)

+2µ2
V ΠH (µH + α1) (ξ1 + ν1 + µH)

)
< 0. (6.3.7)
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The necessary and su�cient condition (6.3.7) immediately suggests that there will

be no backward bifurcation if b1 = 0, that is, if there is no bite of a female sand�y on

human. Further if ΠV = 0, that is, if we can control the vector population, backward

bifurcation also does not occur. Thus, the backward bifurcation in this model is a result

of the combined e�ect of biting rate, recruitment rate and probability of transmission

from infectious sand�ies to humans during bite.

Fig. 6.3.1 shows the occurrence of backward bifurcation in the AVL sub-model

(6.3.1) for plausible parameter values. As a result e�ective control of AVL disease

becomes more di�cult in the population.
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Fig. 6.3.1. Backward bifurcation diagram of the AVL sub-model (6.3.1) for the force
of infection at steady state λ∗L versus RL.
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6.4 The HIV sub-model and its analysis

We assume the absence of AVL in the population. The HIV sub-model is given by

ṠH = ΠH − λHSH − µHSH ,

İH = λHSH + ϕ1TH − (γ1 + θ1 + µH)IH ,

ṪH = θ1IH + κ1AH − (ϕ1 + %1 + µH + qtδA)TH ,

ȦH = γ1IH + %1TH − (κ1 + µH + δA)AH ,


(6.4.1)

where the HIV force of infection is given by

λH = βH

(
IH + ω1AH

NH

)

with NH = SH + IH + TH + AH .

Theorem 6.4.1. The solutions SH(t), IH(t), TH(t) and AH(t) of system (6.4.1) with

positive initial conditions are non-negative for all t > 0. Moreover,

lim
t→∞

NH(t) ≤ ΠH

µH
.

Further, the region ΩH

ΩH =

{
(SH(t), IH(t), TH(t), AH(t)) ∈ R+

4 : 0 ≤ SH(t) + IH(t) + TH(t) + AH(t) ≤ ΠH

µH

}

is positively invariant for system (6.4.1) with non-negative initial conditions.

Stability analysis of the disease-free equilibrium

The HIV sub-model (6.4.1) has a DFE, obtained by setting the right-hand sides of the

equations in the model to zero, given by

E 0
H = (S0

H , I
0
H , T

0
H , A

0
H) =

(
ΠH

µH
, 0, 0, 0

)
.
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Using the next generation matrix approach [137], the basic reproduction number, RH ,

for the HIV only model (6.4.1) will be investigated. The matrices F (for the new

infection terms) and V (for the remaining transition terms) are given, respectively, by

F =


βH 0 βHω1

0 0 0

0 0 0


and

V =


γ1 + θ1 + µH −ϕ1 0

−θ1 qtδA + µH + ϕ1 + %1 −κ1

−γ1 −%1 κ1 + µH + δA

 .

The spectral radius, ρ, of the matrix FV−1 will be the basic reproduction number,

RH = ρ
(
FV−1

)
=

βH (m2γ1ω1 + ω1θ1%1 +m2m3 − κ1%1)

m1m2m3 −m1κ1%1 − θ1ϕ1m3 − γ1ϕ1κ1

(6.4.2)

where

m1 = γ1 + θ1 + µH , m2 = qtδA + µH + ϕ1 + %1, m3 = κ1 + µH + δA.

Clearly RH > 0 because

m2m3 − κ1%1 = (qtδA + ϕ1 + %1) (µH + δA) + µH (κ1 + µH + δA) + κ1 (qtδA + ϕ1) > 0

and

D := m1m2m3 −m1κ1%1 − θ1ϕ1m3 − γ1ϕ1κ1 = m1 (µHqtδA + qtδAκ1 + µHm3 + %1µH)

+ δA (qtδA + %1)m1 + ϕ1 (µHm3 + µHγ1 + δAγ1) > 0.
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Using Theorem 2 of [137], the following result is established.

Theorem 6.4.2. The disease free equilibrium E 0
H is locally asymptotically stable if

RH < 1 and it is unstable if RH > 1.

The theorem suggests that it is possible to eradicate HIV/AIDS if this threshold is

less than one.

Theorem 6.4.3. The disease-free equilibrium E 0
H is globally asymptotically stable if

RH < 1 and it is unstable if RH > 1.

Proof. Consider the Volterra-type Lyapunov functional V : ΩH → R given by

V (SH , IH , TH , AH) =

(
SH − S0

H − S0
H ln

SH
S0
H

)
+ IH + TH + AH ,

∈ ∀(SH , IH , TH , AH)R4.

Then

dV

dt
=

(
1− S0

H

SH

)
dSH
dt

+
dIH
dt

+
dTH
dt

+
dAH
dt

=

(
SH − S0

H

SH

)(
ΠH − βH

(
IH + ω1AH

NH

)
SH − µHSH

)
+βH

(
IH + ω1AH

NH

)
SH + ϕ1TH − (γ1 + θ1 + µH)IH + θ1IH + κ1AH

−(ϕ1 + %1 + µH + qtδA)TH + γ1IH + %1TH − (κ1 + µH + δA)AH

= (SH − S0
H)

(
ΠH

SH
− µH

)
− (SH − S0

H)

(
βH(IH + ω1AH)

NH

)
+βH

(
IH + ω1AH

NH

)
SH − µHIH − (µH + qtδA)TH − (µH + δA)AH

= −ΠH(SH − S0
H)2

SHS0
H

+ S0
H

(
βH(IH + ω1AH)

NH

)
− µHIH − (µH + qtδA)TH

−(µH + δA)AH

= −ΠH(SH − S0
H)2

SHS0
H

− µHIH
(

1− S0
HβH

µHNH

)
− µHAH

(
1− S0

HβHω1

µHNH

)
(6.4.3)

−(µH + qtδA)TH − δAAH .
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Notice that the right-hand side of (6.4.3) is non-positive only if RH < 1, and it is equal

to zero if SH = S0
H and IH = TH = AH = 0. This means that the only trajectory of the

system on which V̇ = 0 is E 0
H . By LaSalle invariance principle [87], we can conclude

that the DFE E 0
H of system (6.4.1) is globally asymptotically stable in ΩH .

Existence of the endemic equilibrium

The HIV sub-model has a unique endemic equilibrium E ∗H = (S∗H , I
∗
H , T

∗
H , A

∗
H) where

S∗H =
(m2m3 − %1κ1 +m2γ1 +m3θ1 + γ1κ1 + θ1%1) ΠH

D (RH − 1) + µH (m2m3 − %1κ1 +m2γ1 +m3θ1 + γ1κ1 + θ1%1)
,

I∗H =
ΠH (m2m3 − %1κ1) (RH − 1)

D (RH − 1) + µH (m2m3 − %1κ1 +m2γ1 +m3θ1 + γ1κ1 + θ1%1)
, (6.4.4)

T ∗H = P1I
∗
H ,

A∗H = P2I
∗
H

where P1 =
(m3θ1 + γ1κ1)

m2m3 − %1κ1

, P2 =
(m2γ1 + θ1%1)

m2m3 − %1κ1

and because m2m3 − κ1%1 > 0 the

endemic equilibrium has a positive solution only when RH > 1. We have therefore the

following existence theorem.

Theorem 6.4.4. The endemic equilibrium E ∗H exists when RH > 1.

Bifurcation and stability analysis of the endemic equilibrium

Consider HIV sub-model (6.4.1) and set SH = x1, IH = x2, TH = x3 and AH = x4.

Using the vector notation X = (x1, x2, x3, x4)T HIV sub-model (6.4.1) can be written

in the form

dX

dt
= (f1, f2, f3, f4)T ,
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i.e.,

x′1 = ΠH − βH
(

x2 + ω1x4

x1 + x2 + x3 + x4

)
x1 − µHx1,

x′2 = βH

(
x2 + ω1x4

x1 + x2 + x3 + x4

)
x1 + ϕ1x3 − (γ1 + θ1 + µH)x2,

x′3 = θ1x2 + κ1x4 − (ϕ1 + %1 + µH + qtδA)x3,

x′4 = γ1x2 + %1x3 − (κ1 + µH + δA)x4.


(6.4.5)

Consider the case when RH = 1. Suppose further that βH = β∗H from RH = 1 in

6.4.2 is chosen as a bifurcation parameter given by

βH = β∗H =
m1m2m3 −m1κ1%1 − θ1ϕ1m3 − γ1ϕ1κ1

m2γ1ω1 + ω1θ1%1 +m2m3 − κ1%1

.

The Jacobian of the system (6.4.5), evaluated at the DFE E 0
H with βH = β∗H

(denoted by J∗), is given by

J∗ =


−µH −β∗H 0 −β∗Hω1

0 β∗H − γ1 − θ1 − µH ϕ1 β∗Hω1

0 θ1 −qtδA − µH − ϕ1 − %1 κ1

0 γ1 %1 −κ1 − µH − δA

 .

The transformed system (6.4.5), with βH = β∗H , has a non-hyperbolic equilibrium

point such that the linear system has a zero eigenvalue (with all other eigenvalues have

negative real parts). Hence, the centre manifold theory [35, 137] can be used to analyze

the dynamics of the system (6.4.5). In particular, a theorem in [35] will be used to

show the stability of the endemic equilibrium (E ∗H) of the HIV sub-model. Following

the notation in Castillo-Chavez and Song [35], we proceed as follows.

Eigenvectors of J∗ |βH=β∗
H
: For the case when RH = 1, it can be shown that

J∗ has a right eigenvector (corresponding to the zero eigenvalue), given by w =
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[w1, w2, w3, w4]T , where

w1 =
(m1m2ω1 − ω1θ1ϕ1 + κ1ϕ1)w4βH

µH (m2βH −m2m1 + θ1ϕ1)
,

w2 = − (βHm2ω1 + κ1ϕ1)w4

m2βH −m2m1 + θ1ϕ1

,

w3 =
w4 (−θ1βHω1 + κ1βH −m1κ1)

m2βH −m2m1 + θ1ϕ1

,

w4 = w4 > 0.


(6.4.6)

Similarly, the components of the left eigenvector of J∗ (corresponding to the zero

eigenvalue), denoted by v = [v1, v2, v3, v4] are given by

v1 = 0,

v2 = − (m2γ1 + θ1%1) v4

m2βH −m2m1 + θ1ϕ1

,

v3 =
v4 (βH%1 −m1%1 − γ1ϕ1)

m2βH −m2m1 + θ1ϕ1

,

v4 = v4 > 0.


(6.4.7)

For the transformed system (6.4.5), the associated non-zero partial derivative of f

(evaluated at the DFE RH) are given by

∂2f2

∂x2
2

= −2β∗HµH
πH

,
∂2f2

∂x2∂x3

=
∂2f2

∂x3∂x2

= −β
∗
HµH
πH

,

∂2f2

∂x2∂x4

=
∂2f2

∂x4∂x2

= −β
∗
HµH (ω1 + 1)

πH
,

∂2f2

∂x3∂x4

=
∂2f2

∂x4∂x3

= −β
∗
Hω1µH
πH

,

∂2f2

∂x2
4

= −2β∗Hω1µH
πH

,
∂2f2

∂x2∂β∗H
= 1,

∂2f2

∂x4∂β∗H
= ω1.


(6.4.8)
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Using the expressions in (6.4.6)-(6.4.8), it follows that

acs =
4∑

k,i,j=1

vkwiwj
∂2fk
∂xi∂xj

(0, 0)

= −2v2β
∗
HµH (w4ω1 + w2) (w2 + w3 + w4)

ΠH

= −2µHQ2Q3Q4v4w
2
4

ΠHQ2
1Q5

< 0

and

bcs =
4∑

k,i=1

vkwi
∂2fk

∂xi∂β∗H
(0, 0) = (w4ω1 + w2)v2 =

Q2
4v4w4

Q1Q5

> 0,

where

Q1 = qtδAγ1 + µHγ1 + γ1ϕ1 + γ1%1 + θ1%1,

Q2 = qtδA (µH + δA + κ1) + µH (µH + δA + κ1 + θ1 + ϕ1 + %1) + (θ1 + ϕ1 + %1) δA

+κ1 (γ1 + θ1 + ϕ1) +Q1,

Q3 = qtδA (µHθ1 + δAγ1 + δAθ1 + γ1κ1 + κ1θ1) + δA (µHγ1 + γ1ϕ1 + γ1%1 + θ1%1)

+µHQ2,

Q4 = qtδA (µH + δA + κ1) + µH (µH + δA + κ1 + ϕ1 + %1) + δA (ϕ1 + %1) + κ1ϕ1

+ω1Q1,

Q5 = qtδAω1 (µH + θ1) + µHω1 (µH + θ1 + ϕ1 + %1) + κ1ϕ1 + ω1Q1.

Because acs < 0 and bcs > 0, from the theorem in [35], it implies that the HIV sub-

model unique endemic equilibrium point (E ∗H) which exists when RH > 1 will be

locally asymptotically stable and the system will not exhibit any backward bifurcation

at RH = 1. Therefore the following theorem is established.

Theorem 6.4.5. The unique endemic equilibrium (E ∗H) of the HIV sub-model (6.4.1)

is locally asymptotically stable whenever RH > 1.
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Theorem 6.4.6. If RH > 1, the endemic equilibrium E ∗H of system (6.4.1) is globally

asymptotically stable.

6.5 The AVL-HIV co-infection model and its analysis

In this section, we analyze the full AVL-HIV co-infection model given by (6.2.1). The

full model has four equilibrium points, namely, the disease-free equilibrium point E0,

the AVL endemic equilibrium point EL, the HIV endemic equilibrium point EH and the

interior endemic equilibrium point ELH in which both diseases, that is, AVL and HIV

are endemic.

Stability analysis of the disease-free equilibrium

The AVL-HIV model (6.2.1) has a DFE, obtained by setting the right-hand sides of

the equations in the model to zero, given by

E0 = (S0
H , I

0
L, P

0
L, R

0
L, I

0
H , T

0
H , A

0
H , I

0
LH , P

0
LH , R

0
LH , I

0
LT , P

0
LT , R

0
LT , I

0
LA, P

0
LA, R

0
LA,

S0
V , I

0
V )

=

(
ΠH

µH
, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,

ΠV

µV
, 0

)

The linear stability of E0 can be established using the next generation matrix ap-

proach in [137] on the system (6.2.1). It follows that the reproduction number of the

AVL-HIV model (6.2.1), denoted by R0 is given by

R0 = max{RL,RH}

where RL and RH are the reproduction numbers corresponding to AVL and HIV, given

by Eqs. (6.3.2), (6.4.2), respectively.

The following Theorem follows from Theorem 2 of Van den Driessche and Wat-

mough [137].
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Theorem 6.5.1. The disease free equilibrium E0 is locally asymptotically stable when-

ever R0 < 1 and unstable otherwise.

Theorem 6.5.2. The disease-free equilibrium E0 is globally asymptotically stable if

R0 < 1 and it is unstable if R0 > 1.

Proof. We use the method given by Castillo-Chavez et al. in [34] to establish the global

stability of the DFE E0. First, we write system (6.2.1) in the following form:

dX

dt
= F (X,Z),

dZ

dt
= G(X,Z) with G(X, 0) = 0,

 (6.5.1)

where

X = (SH , RL, SV )T

denotes the number of uninfected individuals and

Z = (IL, PL, IH , TH , AH , ILH , PLH , RLH , ILT , PLT , RLT , ILA, PLA, RLA, IV )T

denotes the number of infected individuals. Let E0 = (X0, 0) denote the disease-free

equilibrium of the system (6.5.1). Then E0 is globally asymptotically stable if the

following conditions hold:

(H1) For
dX

dt
= F (X, 0), X0 is globally asymptotically stable.

(H2) G(X,Z) = AZ − Ĝ(X,Z), Ĝ(X,Z) ≥ 0 for (X,Z) ∈ Ω, where A = DZG(X0, 0)

is a matrix in which the o�-diagonal entries are nonnegative and Ω is the feasible

region (i.e where the model makes biological sense).
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Comparing system (6.2.1) with system (6.5.1), we have

F (X,Z) =


ΠH − (λL + λH)SH − µHSH

σ1α1IL + (ξ1 + ν1)PL − λHRL − µHRL

ΠV − λV SV − µV SV


and

G(X,Z) =

λLSH − h1λHIL − (α1 + µH + δL)IL

(1− σ1)α1IL − h2λHPL − (ξ1 + ν1 + µH)PL

λHSH + ϕ1TH − ψiλLIH − (γ1 + θ1 + µH)IH

θ1IH + κ1AH − ψtλLTH − (ϕ1 + %1 + µH + qtδA)TH

γ1IH + %1TH − ψaλLAH − (κ1 + µH + δA)AH

h1λHIL + ψiλLIH + ϕ2ILT + η1RLH − (γ2 + θ2 + α2 + µH + cilδL)ILH

h2λHPL + (1− σ2)α2ILH + ϕ3PLT + τ1RLH − (γ3 + θ3 + ξ2 + ν2 + µH)PLH

λHRL + σ2α2ILH + (ξ2 + ν2)PLH + ϕ4RLT − (γ4 + θ4 + η1 + τ1 + µH)RLH

ψtλLTH + θ2ILH + κ2ILA + η2RLT − (ϕ2 + %2 + α3 + µH + qtδA + citδL)ILT

(1− σ3)α3ILT + θ3PLH + κ3PLA + τ2RLT − (ϕ3 + %3 + ξ3 + ν3 + µH + qtδA)PLT

σ3α3ILT + (ξ3 + ν3)PLT + θ4RLH + κ4RLA − (ϕ4 + %4 + η2 + τ2 + µH + qtδA)RLT

ψaλLAH + γ2ILH + %2ILT + η3RLA − (κ2 + α4 + µH + qiaδA + ciaδL)ILA

(1− σ4)α4ILA + γ3PLH + %3PLT + τ3RLA − (κ3 + ξ4 + ν4 + µH + δA)PLA

σ4α4ILA + (ξ4 + ν4)PLA + γ4RLH + %4RLT − (κ4 + η3 + τ3 + µH + δA)RLA

λV SV − µV IV



.

The disease free equilibrium of the system (6.2.1) is E0 = E0 = (X0, 0) with

X0 =

(
ΠH

µH
, 0,

ΠV

µV

)
.
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(H1)
dX

dt
= F (X, 0) is equivalent to the equation

ṠH = ΠH − µHSH ,

ṘL = −µHRL,

ṠV = ΠV − µV SV .

 (6.5.2)

Integrating (6.5.2) and using the initial conditions as
(

ΠH

µH
, 0,

ΠV

µV

)
, we obtain

SH(t) = SH(0)e−µH t +
ΠH

µH
(1− e−µH t), RL = 0 and SV (t) = SV (0)e−µV t +

ΠV

µV
(1−

e−µV t). Clearly as t → ∞, SH →
ΠH

µH
, RL → 0 and SV →

ΠV

µV
. Hence X0 is

globally asymptotically stable for
dX

dt
= F (X, 0) as X → X0 when t→∞.

(H2) G(X,Z) =

−Z1 0 0 0 0 0 0 0 0 0 0 0 0 0 βvhb1

(1− σ1)α1 −Z2 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 −Z3 + βH ϕ1 βHω1 βHω2 βHω2 βH 0 0 0 βHω3 βHω3 βHω1 0

0 0 θ1 −Z4 κ1 0 0 0 0 0 0 0 0 0 0

0 0 γ1 %1 −Z5 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 −Z6 0 η1 ϕ2 0 0 0 0 0 0

0 0 0 0 0 (1− σ2)α2 −Z7 τ1 0 ϕ3 0 0 0 0 0

0 0 0 0 0 α2σ2 ξ2 + ν2 −Z8 0 0 ϕ4 0 0 0 0

0 0 0 0 0 θ2 0 0 −Z9 0 η2 κ2 0 0 0

0 0 0 0 0 0 θ3 0 (1− σ3)α3 −Z10 τ2 0 κ3 0 0

0 0 0 0 0 0 0 θ4 σ3α3 ξ3 + ν3 −Z11 0 0 κ4 0

0 0 0 0 0 γ2 0 0 %2 0 0 −Z12 0 η3 0

0 0 0 0 0 0 γ3 0 0 %3 0 (1− σ4)α4 −Z13 τ3 0

0 0 0 0 0 0 0 γ4 0 0 %4 α4σ4 ξ4 + ν4 −Z14 0

N1 N1 0 0 0 N2 N2 0 N3 N3 0 N4 N4 0 −Z15


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×



IL

PL

IH

TH

AH

ILH

PLH

RLH

ILT

PLT

RLT

ILA

PLA

RLA

IV



− Ĝ(X,Z)

where

N1 =
ΠV βhvb2µH
µV ΠH

, N2 =
ΠV βhvb2ζ2µH

µV ΠH

, N3 =
ΠV βhvb2ζ1µH

µV ΠH

, N4 =
ΠV βhvb2ζ3µH

µV ΠH

,

Z1 = α1 + µH + δL, Z2 = (µH + ν1 + ξ1), Z3 = (γ1 + θ1 + µH),

Z4 = (qtδA + µH + ϕ1 + %1), Z5 = (µH + δA + κ1),

Z6 = (cilδL + µH + α2 + γ2 + θ2), Z7 = (γ3 + θ3 + µH + ν2 + ξ2),

Z8 = (µH + η1 + τ1 + γ4 + θ4), Z9 = (citδL + qtδA + µH + α3 + ϕ2 + %2),

Z10 = (qtδA + µH + ν3 + ξ3 + ϕ3 + %3), Z11 = (qtδA + η2 + τ2 + µH + ϕ4 + %4),

Z12 = (ciaδL + qiaδA + µH + α4 + κ2), Z13 = (κ3 + µH + ν4 + ξ4 + δA),

Z14 = (δA + κ4 + η3 + τ3 + µH), Z15 = µV (6.5.3)
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and

Ĝ(X,Z) =



IV b1 (NH − SH) βvh
NH

+ h1λHIL

h2λHPL

λH (NH − SH) + ψiλLIH

ψtλLTH

ψaλLAH

−(ψiλLIH + h1λHIL)

−h2λHPL

−λHRL

−ψtλLTH
0

0

−ψaλLAH
0

0
λVNHµHΠV

µV ΠH

− λV SV



.

As can be seen from above, because NH ≥ SH the matrix Ĝ(X,Z) ≥ 0 only if λH =

λL = λV = 0. Thus, the disease-free equilibrium may not be globally stable for some

parameter values. This indicates the AVL-HIV system (6.2.1) may undergo backward

bifurcation.

The endemic equilibrium of AVL-HIV model

The AVL-HIV model has three possible endemic equilibria which are the

(i) AVL infection only,

(ii) HIV/AIDS only,

(iii) co-existence of AVL and HIV/AIDS.
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AVL only endemic equilibrium

This occurs when there is only AVL infections and no HIV/AIDS and IH = TH =

AH = ILH = PLH = RLH = ILT = PLT = RLT = ILA = PLA = RLA = 0. In this case,

the endemic equilibrium is given by

E ∗L = (S∗H , I
∗
L, P

∗
L, R

∗
L, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, S

∗
V , I

∗
V )

Lemma 6.5.3. The endemic equilibrium E ∗L exists whenever RL > 1 and RH < 1.

HIV only endemic equilibrium

This occurs when there is only HIV/AIDS and no AVL infection and IL = PL = RL =

ILH = PLH = RLH = ILT = PLT = RLT = ILA = PLA = RLA = SV = IV = 0. In this

case, the endemic equilibrium is given by

E ∗H = (S∗H , 0, 0, 0, I
∗
H , T

∗
H , A

∗
H , 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)

Lemma 6.5.4. The endemic equilibrium E ∗H exists whenever RH > 1 and RL < 1.

Co-existence of AVL and HIV/AIDS

This occurs when AVL and HIV/AIDS co-exist in the population and in terms of the

forces of infection this is given by

E ∗LH = (S∗H , I
∗
L, P

∗
L, R

∗
L, I

∗
H , T

∗
H , A

∗
H , I

∗
LH , P

∗
LH , R

∗
LH , I

∗
LT , P

∗
LT , R

∗
LT , I

∗
LA, P

∗
LA, R

∗
LA,

S∗V , I
∗
V )
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where,

S∗H =
ΠH

µH + λ∗H + λ∗L
, I∗L =

S∗Hλ
∗
L

h1λ∗H + µH + α1 + δL
, P ∗L =

(1− σ1)α1I
∗
L

h2λ∗H + µH + ν1 + ξ1

,

R∗L =
σ1α1I

∗
L + P ∗L(ν1 + ξ1)

µH + λ∗H
, I∗H =

λ∗HS
∗
H + ϕ1T

∗
H

ψiλ∗L + µH + γ1 + θ1

,

T ∗H =
κ1A

∗
H + θ1I

∗
H

ψtλ∗L + qtδA + µH + ϕ1 + %1

, A∗H =
I∗Hγ1 + T ∗H%1

ψaλ∗L + µH + δA + κ1

,

I∗LH =
ψiλ

∗
LI
∗
H + h1λ

∗
HI
∗
L + ϕ2I

∗
LT + η1R

∗
LH

cilδL + µH + α2 + γ2 + θ2

,

P ∗LH =
I∗LHα2(1− σ2) + h2λ

∗
HP

∗
L + ϕ3P

∗
LT + τ1R

∗
LH

γ3 + θ3 + ξ2 + ν2 + µH
,

R∗LH =
I∗LHα2σ2 + P ∗LH(ν2 + ξ2) + λ∗HR

∗
L + ϕ4R

∗
LT

γ4 + θ4 + η1 + τ1 + µH
,

I∗LT =
ψtλ

∗
LT
∗
H + κ2I

∗
LA + θ2I

∗
LH + η2R

∗
LT

citδL + qtδA + µH + α3 + ϕ2 + %2

,

P ∗LT =
I∗LTα3(1− σ3) + κ3P

∗
LA + θ3P

∗
LH + τ2R

∗
LT

qtδA + µH + ν3 + ξ3 + ϕ3 + %3

,

R∗LT =
I∗LTα3σ3 + P ∗LT (ν3 + ξ3) + κ4R

∗
LA +R∗LHθ4

qtδA + η2 + τ2 + µH + ϕ4 + %4

,

I∗LA =
ψaλ

∗
LA
∗
H + γ2I

∗
LH + I∗LT%2 + η3R

∗
LA

ciaδL + qiaδA + µH + α4 + κ2

,

P ∗LA =
(1− σ4)α4I

∗
LA + γ3P

∗
LH + %3P

∗
LT + τ3R

∗
LA

κ3 + ξ4 + ν4 + µH + δA
,

R∗LA =
σ4α4I

∗
LA + P ∗LA(ν4 + ξ4) + γ4R

∗
LH + %4R

∗
LT

κ4 + η3 + τ3 + µH + δA
,

S∗V =
ΠV

µV + λ∗V
, I∗V =

λ∗V S
∗
V

µV
.

6.6 Construction and analysis of NSFD scheme for

the co-infection model

In this section, a nonstandard �nite di�erence scheme (NSFD) is designed to approxi-

mate the solution of the continuous system (6.2.1).

The scheme that we propose uses non-local approximations and the approximation

of the derivatives is not traditional, it uses a nonnegative function [100]. Hence, if z(t)
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is di�erentiable, then its derivative ḟ(t) can be approximated by

dz(t)

dt
=
z(t+ `)− z(t)

Φ(`)
+O(Φ(`)) as `→ 0.

where Φ(`) is a real-valued function on R. In our work, we will also make use of

denominator functions. Let tk = k `, where ` > 0 is the time step size and k ∈ N =

{0, 1, 2, ...}. Let

(
SkH , I

k
L, P

k
L , R

k
L, I

k
H , T

k
H , A

k
H , I

k
LH , P

k
LH , R

k
LH , I

k
LT , P

k
LT , R

k
LT , I

k
LA, P

k
LA, R

k
LA, S

k
V , I

k
V

)
be the approximations of the solution

(
SH(tk), IL(tk), PL(tk), RL(tk), IH(tk), TH(tk), AH(tk), ILH(tk), PLH(tk), RLH(tk),

ILT (tk), PLT (tk), RLT (tk), ILA(tk), PLA(tk), RLA(tk), SV (tk), IV (tk)
)

of system (6.2.1) at the discrete time points tk. Thus, the AVL-HIV model (6.2.1) is
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discretized as:

Sk+1
H − SkH
Φ1(`)

= ΠH − (λkL + λkH)Sk+1
H − µHSk+1

H ,

Ik+1
L − IkL
Φ2(`)

= λkLS
k+1
H − h1λ

k
HI

k+1
L − Z1I

k+1
L ,

P k+1
L − P k

L

Φ3(`)
= (1− σ1)α1I

k+1
L − h2λ

k
HP

k+1
L − Z2P

k+1
L ,

Rk+1
L −Rk

L

Φ4(`)
= σ1α1I

k+1
L + (ξ1 + ν1)P k+1

L − λkHRk+1
L − µHRk+1

L ,

Ik+1
H − IkH
Φ5(`)

= λkHS
k+1
H + ϕ1T

k
H − ψiλkLIk+1

H − Z3I
k+1
H ,

T k+1
H − T kH

Φ6(`)
= θ1I

k+1
H + κ1A

k
H − ψtλkLT k+1

H − Z4T
k+1
H ,

Ak+1
H − AkH
Φ7(`)

= γ1I
k+1
H + %1T

k+1
H − ψaλkLAk+1

H − Z5A
k+1
H ,

Ik+1
LH − IkLH

Φ8(`)
= h1λ

k
HI

k+1
L + ψiλ

k
LI

k+1
H + ϕ2I

k
LT + η1R

k
LH − Z6I

k+1
LH ,

P k+1
LH − P k

LH

Φ9(`)
= h2λ

k
HP

k+1
L + (1− σ2)α2I

k+1
LH + ϕ3P

k
LT + τ1R

k
LH − Z7P

k+1
LH ,

Rk+1
LH −Rk

LH

Φ10(`)
= λkHR

k+1
L + σ2α2I

k+1
LH + (ξ2 + ν2)P k+1

LH + ϕ4R
k
LT − Z8R

k+1
LH ,

Ik+1
LT − IkLT
Φ11(`)

= ψtλ
k
LT

k+1
H + θ2I

k+1
LH + κ2I

k
LA + η2R

k
LT − Z9I

k+1
LT ,

P k+1
LT − P k

LT

Φ12(`)
= (1− σ3)α3I

k+1
LT + θ3P

k+1
LH + κ3P

k
LA + τ2R

k
LT − Z10P

k+1
LT ,

Rk+1
LT −Rk

LT

Φ13(`)
= σ3α3I

k+1
LT + (ξ3 + ν3)P k+1

LT + θ4R
k+1
LH + κ4R

k
LA − Z11R

k+1
LT ,

Ik+1
LA − IkLA
Φ14(`)

= ψaλ
k
LA

k+1
H + γ2I

k+1
LH + %2I

k+1
LT + η3R

k
LA − Z12I

k+1
LA ,

P k+1
LA − P k

LA

Φ15(`)
= (1− σ4)α4I

k+1
LA + γ3P

k+1
LH + %3P

k+1
LT + τ3R

k
LA − Z13P

k+1
LA ,

Rk+1
LA −Rk

LA

Φ16(`)
= σ4α4I

k+1
LA + (ξ4 + ν4)P k+1

LA + γ4R
k+1
LH + %4R

k+1
LT − Z14R

k+1
LA ,

Sk+1
V − SkV
Φ17(`)

= ΠV − λkV Sk+1
V − µV Sk+1

V ,

Ik+1
V − IkV
Φ18(`)

= λkV S
k+1
V − µV Ik+1

V ,



(6.6.1)
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where the values of Z1, Z2, ..., Z14 are given in (6.5.3), and the discretizations for λL, λV

and λH are given as

λkL = βvhb1
IkV
Nk
H

,

λkV = βhvb2

[
(IkL + P k

L) + ζ1(IkLT + P k
LT ) + ζ2(IkLH + P k

LH) + ζ3(IkLA + P k
LA)

Nk
H

]
,

λkH = βH

[
IkH +Rk

LH + ω1(AkH +Rk
LA) + ω2(IkLH + P k

LH) + ω3(IkLA + P k
LA)

Nk
H

]
,

where the discretizations of the total populations NH and NV are given by

Nk
H = SkH + IkL + P k

L +Rk
L + IkH + T kH + AkH + IkLH + P k

LH +Rk
LH + IkLT + P k

LT

+Rk
LT + IkLA + P k

LA +Rk
LA,

Nk
V = SkV + IkV .

The denominator functions are given by

Φ1(`) =
1− e−µH`

µH
= Φ4(`), Φ2(`) =

1− e−Z1`

Z1

, Φ3(`) =
1− e−Z2`

Z2

,

Φ5(`) =
1− e−Z3`

Z3

, Φ6(`) =
1− e−Z4`

Z4

, Φ7(`) =
1− e−Z5`

Z5

,

Φ8(`) =
1− e−Z6`

Z6

, Φ9(`) =
1− e−Z7`

Z7

, Φ10(`) =
1− e−Z8`

Z8

,

Φ11(`) =
1− e−Z9`

Z9

, Φ12(`) =
1− e−Z10`

Z10

, Φ13(`) =
1− e−Z11`

Z11

,

Φ14(`) =
1− e−Z12`

Z12

, Φ15(`) =
1− e−Z13`

Z13

, Φ16(`) =
1− e−Z14`

Z14

,

Φ17(`) =
1− e−µV `

µV
= Φ18(`).
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Then after rearranging (6.6.1) we obtain for the human population

Sk+1
H =

SkH + Φ1(`)ΠH

1 + Φ1(`)
(
λkL + λkH + µH

) ,
Ik+1
L =

IkL + Φ2(`)λkLS
k+1
H

1 + Φ2(`)
(
h1λkH + Z1

) ,
P k+1
L =

P k
L + Φ3(`)(1− σ1)α1I

k+1
L

1 + Φ3(`)
(
h2λkH + Z2

) ,

Rk+1
L =

Rk
L + Φ4(`)

(
σ1α1I

k+1
L + (ξ1 + ν1)P k+1

L

)
1 + Φ4(`)

(
λkH + µH

) ,

Ik+1
H =

IkH + Φ5(`)
(
λkHS

k+1
H + ϕ1T

k
H

)
1 + Φ5(`)

(
ψiλkL + Z3

) ,

T k+1
H =

T kH + Φ6(`)
(
θ1I

k+1
H + κ1A

k
H

)
1 + Φ6(`)

(
ψtλkL + Z4

) ,

Ak+1
H =

AkH + Φ7(`)
(
γ1I

k+1
H + %1T

k+1
H

)
1 + Φ7(`)

(
ψaλkL + Z5

) ,

Ik+1
LH =

IkLH + Φ8(`)
(
h1λ

k
HI

k+1
L + ψiλ

k
LI

k+1
H + ϕ2I

k
LT + η1R

k
LH

)
1 + Φ8(`)Z6

,

P k+1
LH =

P k
LH + Φ9(`)

(
h2λ

k
HP

k+1
L + (1− σ2)α2I

k+1
LH + ϕ3P

k
LT + τ1R

k
LH

)
1 + Φ9(`)Z7

,

Rk+1
LH =

Rk
LH + Φ10(`)

(
λkHR

k+1
L + σ2α2I

k+1
LH + (ξ2 + ν2)P k+1

LH + ϕ4R
k
LT

)
1 + Φ10(`)Z8

,

Ik+1
LT =

IkLT + Φ11(`)
(
ψtλ

k
LT

k+1
H + θ2I

k+1
LH + κ2I

k
LA + η2R

k
LT

)
1 + Φ11(`)Z9

,

P k+1
LT =

P k
LT + Φ12(`)

(
(1− σ3)α3I

k+1
LT + θ3P

k+1
LH + κ3P

k
LA + τ2R

k
LT

)
1 + Φ12(`)Z10

,

Rk+1
LT =

Rk
LT + Φ13(`)

(
σ3α3I

k+1
LT + (ξ3 + ν3)P k+1

LT + θ4R
k+1
LH + κ4R

k
LA

)
1 + Φ13(`)Z11

,

Ik+1
LA =

IkLA + Φ14(`)
(
ψaλ

k
LA

k+1
H + γ2I

k+1
LH + %2I

k+1
LT + η3R

k
LA

)
1 + Φ14(`)Z12

,

P k+1
LA =

P k
LA + Φ15(`)

(
(1− σ4)α4I

k+1
LA + γ3P

k+1
LH + %3P

k+1
LT + τ3R

k
LA

)
1 + Φ15(`)Z13

,

Rk+1
LA =

Rk
LA + Φ16(`)

(
σ4α4I

k+1
LA + (ξ4 + ν4)P k+1

LA + γ4R
k+1
LH + %4R

k+1
LT

)
1 + Φ16(`)Z14

,



(6.6.2a)
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and for the vector population

Sk+1
V =

SkV + Φ17(`)ΠV

1 + Φ17(`)
(
λkV + µV

) ,
Ik+1
V =

IkV + Φ18(`)λkV S
k+1
V

1 + Φ18(`)µV
.

 (6.6.2b)

The NSFD scheme (6.6.2) preserves the positivity of the solution because if the ini-

tial conditions SH(0), IL(0), PL(0), RL(0), IH(0), TH(0), AH(0), ILH(0), PLH(0), RLH(0),

ILT (0), PLT (0), RLT (0), ILA(0), PLA(0), RLA(0), SV (0), IV (0) are non-negative, then

the right hand side equations of (6.6.2) admit no negative terms for any k ≥ 0.

Stability Analysis

Fixed points of the numerical scheme

Now we determine the �xed points of the numerical scheme, i.e. the points satisfying

the condition:

(SkH , I
k
L, P

k
L , R

k
L, I

k
H , T

k
H , A

k
H , I

k
LH , P

k
LH , R

k
LH , I

k
LT , P

k
LT , R

k
LT , I

k
LA, P

k
LA, R

k
LA, S

k
V , I

k
V )T

= (Sk+1
H , Ik+1

L , P k+1
L , Rk+1

L , Ik+1
H , T k+1

H , Ak+1
H , Ik+1

LH , P k+1
LH , Rk+1

LH , I
k+1
LT , P k+1

LT , Rk+1
LT ,

Ik+1
LA , P k+1

LA , Rk+1
LA , S

k+1
V , Ik+1

V )T . (6.6.3)

In the above system (6.6.3), if IkL = P k
L = IkH = T kH = AkH = IkLH = P k

LH = Rk
LH =

IkLT = P k
LT = Rk

LT = IkLA = P k
LA = Rk

LA = IkV = 0 then λkL = 0, λkV = 0, λkH = 0 and

SkH =
SkH + Φ1ΠH

1 + Φ1(λkL + λkH) + Φ1µH
,

Rk
L =

Rk
L + Φ4σ1α1I

k
L + Φ4(ξ1 + ν1)P k

L

1 + Φ4λkH + Φ4µH
,

SkV =
SkV + Φ17ΠV

1 + Φ17λkV + Φ17µV
,

which simpli�ed to SkH =
ΠH

µH
, Rk

L = 0 and SkV =
ΠV

µV
. Therefore, the DFE is unique
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and is given by

E0 =

(
ΠH

µH
, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,

ΠV

µV
, 0

)
.

Remark 6.6.1. The continuous system (6.2.1) and the discrete system (6.6.2) have

the same DFE.

Finding explicit solutions for the system (6.6.3) are di�cult. We, therefore, solve

the system (6.6.3) numerically to obtain the EE.

Theorem 6.6.2. The DFE, E0, of the NSFD scheme (6.6.2) is locally asymptotically

stable if R0 < 1.

Proof. To investigate the local stability of the DFE, we �nd the Jacobian matrix of

the NSFD scheme (6.6.2) at the DFE and show the spectral radius is less than unity.

Then, the Jacobian matrix J at the DFE E0 is given by

J(E0) =



a1 a2 · · · a17 a18

b1 b2 · · · b17 b18

...
... · · · ...

...

q1 q2 · · · q17 q18

r1 r2 · · · r17 r18


18×18

,

where J is a matrix of order 18 whose column entries are set in alphabetical order,

with the only non-zero entries given below

a1 =
1

Φ1µH + 1
, a5 = − βHΦ1

Φ1µH + 1
, a7 = − ω1βHΦ1

Φ1µH + 1
, a8 = − ω2βHΦ1

Φ1µH + 1
,

a9 = − ω2βHΦ1

Φ1µH + 1
, a10 = − βHΦ1

Φ1µH + 1
, a14 = − ω3βHΦ1

Φ1µH + 1
, a15 = − ω3βHΦ1

Φ1µH + 1
,

a16 = − ω1βHΦ1

Φ1µH + 1
, a18 = − b1βvhΦ1

Φ1µH + 1
, b2 =

1

1 + Φ2 (Z1)
, b18 =

Φ2βvhb1

1 + Φ2 (Z1)
,

c2 =
Φ3 (1− σ1)α1

1 + Φ3Z2

, c3 =
1

1 + Φ3Z2

, d2 =
Φ4σ1α1

Φ4µH + 1
, d3 =

(ξ1 + ν1) Φ4

Φ4µH + 1
,
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d4 =
1

Φ4µH + 1
, e5 =

Φ5βH + 1

1 + Φ5Z3

, e6 =
Φ5φ1

1 + Φ5Z3

, e7 =
Φ5βHω1

1 + Φ5Z3

, e8 =
Φ5βHω2

1 + Φ5Z3

,

e9 =
Φ5βHω2

1 + Φ5Z3

, e10 =
Φ5βH

1 + Φ5Z3

, e14 =
Φ5βHω3

1 + Φ5Z3

, e15 =
Φ5βHω3

1 + Φ5Z3

, e16 =
Φ5βHω1

1 + Φ5Z3

,

f5 =
Φ6θ1

1 + Φ6Z4

, f6 =
1

1 + Φ6Z4

, f7 =
Φ6κ1

1 + Φ6Z4

, g5 =
Φ7γ1

1 + Φ7Z5

, g6 =
Φ7%1

1 + Φ7Z5

,

g7 =
1

1 + Φ7Z5

, h8 =
1

1 + Φ8Z6

, h10 =
Φ8η1

1 + Φ8Z6

, h11 =
Φ8φ2

1 + Φ8Z6

,

i8 =
Φ9 (1− σ2)α2

1 + Φ9Z7

, i9 =
1

1 + Φ9Z7

, i10 =
Φ9τ1

1 + Φ9Z7

, i12 =
Φ9φ3

1 + Φ9Z7

,

j8 =
Φ10σ2α2

1 + Φ10Z8

, j9 =
Φ10 (ξ2 + ν2)

1 + Φ10Z8

, j10 =
1

1 + Φ10Z8

, j13 =
Φ10φ4

1 + Φ10Z8

,

k8 =
Φ11θ2

1 + Φ11Z9

, k11 =
1

1 + Φ11Z9

, k13 =
Φ11η2

1 + Φ11Z9

, k14 =
Φ11κ2

1 + Φ11Z9

,

l9 =
Φ12θ3

1 + Φ12Z10

, l11 =
Φ12 (1− σ3)α3

1 + Φ12Z10

, l12 =
1

1 + Φ12Z10

, l13 =
Φ12τ2

1 + Φ12Z10

,

l15 =
Φ12κ3

1 + Φ12Z10

,m10 =
Φ13θ4

1 + Φ13Z11

,m11 =
Φ13σ3α3

1 + Φ13Z11

,m12 =
Φ13 (ξ3 + ν3)

1 + Φ13Z11

,

m13 =
1

1 + Φ13Z11

,m16 =
Φ13κ4

1 + Φ13Z11

, n8 =
Φ14γ2

1 + Φ14Z12

, n11 =
Φ14%2

1 + Φ14Z12

,

n14 =
1

1 + Φ14Z12

, n16 =
Φ14η3

1 + Φ14Z12

, o9 =
Φ15γ3

1 + Φ15Z13

, o12 =
Φ15%3

1 + Φ15Z13

,

o14 =
Φ15 (1− σ4)α4

1 + Φ15Z13

, o15 =
1

1 + Φ15Z13

, o16 =
Φ15τ3

1 + Φ15Z13

, p10 =
Φ16γ4

1 + Φ16Z14

,

p13 =
Φ16%4

1 + Φ16Z14

, p14 =
Φ16σ4α4

1 + Φ16Z14

, p15 =
Φ16 (ξ4 + ν4)

1 + Φ16Z14

, p16 =
1

1 + Φ16Z14

,

q2 = − µHb2βhvΠV Φ17

ΠH (Φ17µV + 1)µV
, q3 = − µHb2βhvΠV Φ17

ΠH (Φ17µV + 1)µV
, q8 = − µHζ2b2βhvΠV Φ17

ΠH (Φ17µV + 1)µV
,

q9 = − µHζ2b2βhvΠV Φ17

ΠH (Φ17µV + 1)µV
, q11 = − µHζ1b2βhvΠV Φ17

ΠH (Φ17µV + 1)µV
, q12 = − µHζ1b2βhvΠV Φ17

ΠH (Φ17µV + 1)µV
,

q14 = − µHζ3b2βhvΠV Φ17

ΠH (Φ17µV + 1)µV
, q15 = − µHζ3b2βhvΠV Φ17

ΠH (Φ17µV + 1)µV
, q17 =

1

Φ17µV + 1
,
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r2 =
µHb2βhvΠV Φ18

ΠH (Φ18µV + 1)µV
, r3 =

µHb2βhvΠV Φ18

ΠH (Φ18µV + 1)µV
, r8 =

µHζ2b2βhvΠV Φ18

ΠH (Φ18µV + 1)µV
,

r9 =
µHζ2b2βhvΠV Φ18

ΠH (Φ18µV + 1)µV
, r11 =

µHζ1b2βhvΠV Φ18

ΠH (Φ18µV + 1)µV
, r12 =

µHζ1b2βhvΠV Φ18

ΠH (Φ18µV + 1)µV
,

r14 =
µHζ3b2βhvΠV Φ18

ΠH (Φ18µV + 1)µV
, r15 =

µHζ3b2βhvΠV Φ18

ΠH (Φ18µV + 1)µV
, r18 =

1

Φ18µV + 1
.

The characteristic equation associated with the Jacobian matrix J is |J(E0)−λI| = 0.

Some eigenvalues of the Jacobian matrix are λ1 = a1, λ2 = d4, λ3 = q17, which are all

less than one, and the others are solutions of a polynomial of degree �fteen, which is

di�cult to include in this chapter but the solutions of it numerically are all less than

one when R0 < 1. Consequently, the NSFD scheme (6.6.2) is locally asymptotically

stable if R0 < 1.

6.7 Numerical results

In this section, we present extensive numerical results that we obtained by simulating

the model with NSFD and other classical methods for a range of time step sizes. Param-

eter values used for the simulations are presented in Table 6.7.1. The initial condition

used for these simulations are SH(0) = NH − 410, IL(0) = 100, PL(0) = 10;RL(0) =

0, IH(0) = 200, TH(0) = 50, AH(0) = 50, ILH(0) = 0, PLH(0) = 0, RLH(0) = 0, ILT (0) =

0, PLT (0) = 0, RLT (0) = 0, ILA(0) = 0, PLA(0) = 0, RLA(0) = 0, SV (0) = NV −

50, IV (0) = 50.

Disease free equilibrium (R0 < 1)

In this section, we present the results to study the convergence behavior of the model

(6.2.1) to disease-free equilibria using the NSFD scheme (6.6.2). In Fig. 6.7.1, we plot

the dynamics of the relevant variables of system (6.2.1). For the parameter values in

Table 6.7.1, except βH = 0.0031, θ1 = 0.0767, θ2 = 0.024, θ3 = 0.035, θ4 = 0.0547 with

NH = 200, 000 and NV = 20, 000, 000 when R0 < 1(RL < RH < 1), we can observe

that the NSFD scheme approaches the stable DFE asymptotically. The DFE is given
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by

E0 =

(
ΠH

µH
, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,

ΠV

µV
, 0

)
.

Endemic equilibrium (R0 > 1)

In this section, we study the behavior of the numerical methods to endemic equilibria.

In Fig. 6.7.2, we plot the results for parameter values in Table 6.7.1, except βH =

0.0031, θ1 = 0.0767, θ2 = 0.024, θ3 = 0.035, θ4 = 0.0547 with NH = 200, 000 and

NV = 100, 000, 000 when R0 > 1(RL > 1,RH < 1). We observe that the model

approaches asymptotically the stable AVL endemic equilibrium E ∗L given by

E ∗L = (4.5951× 106, 1.8627× 103, 111.8964, 2.4884× 106, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,

4.1876× 108, 2.9176× 103).

Fig. 6.7.3 shows the results for stable HIV endemic equilibrium for system (6.2.1). The

parameter values used are given in Table 6.7.1, except βH = 0.0031, η1 = 0.031, η2 =

0.001, η3 = 0.03, τ1 = 0.03, τ2 = 0.001, τ3 = 0.05 with NH = 200, 000 and NV =

20, 000, 000 when R0 > 1(RL < 1,RH > 1). The HIV infection endemic equilibrium

is given by

E ∗H = (1.2448× 106, 0, 0, 0, 1.2194× 105, 6.2296× 105, 1.2584× 104, 0, 0, 0, 0, 0, 0, 0,

0, 0, 8.3754× 107, 0).

In Fig. 6.7.4, we depict the dynamics of the variables of system (6.2.1). We observe

that, for the given initial conditions and parameter values given in Table 6.7.1, except

βH = 0.0031, α1 = 0.056 with NH = 200, 000 and NV = 100, 000, 000 when R0 >

1(RL > 1,RH > 1), the model approaches asymptotically the stable two disease
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endemic equilibrium E ∗LH given by

E ∗LH = (1.6180× 106, 3.2068× 103, 192.6110, 2.8364× 106, 1.1805× 104, 5.4599× 104,

1.1346× 103, 10.5859, 15.9435, 9.0022× 103, 31.2131, 141.7686, 1.5233× 105,

81.2780, 248.4165, 7.6077× 103, 4.1876× 108, 9.4553× 103).

Comparison

In Table 6.7.2, Table 6.7.3, Table 6.7.4, Table 6.7.5, numerical results about convergence

of Euler, RK4 and NSFD schemes for di�erent time step-sizes are presented. It can

be observed that the NSFD scheme converges to the correct equilibrium point for

large `, and preserves the positivity of the model state variables see Fig. 6.7.1, so the

NSFD scheme is unconditionally positive. The other numerical methods converge to

the correct endemic equilibrium for small step-size and diverge for larger ` see Fig. 4.

In addition, Table 6.7.6, Table 6.7.7, Table 6.7.8, Table 6.7.9, provide the spectral radii

for the forward Euler and NSFD schemes for di�erent values of `. It can be seen from

the NSFD scheme, these radii are less than one for every value of the time step size.

This implies the NSFD scheme is unconditionally convergent to the correct equilibrium

point.

6.8 Discussion and conclusions

A mathematical model for AVL-HIV co-infection incorporating treatment of both dis-

eases as a control mechanism was presented as a system of eighteen ordinary di�erential

equations. We �rst analyzed the single infection steady states, calculate the basic re-

production number, and then investigated the existence and stability of equilibria. We

then analyzed the co-infection model. The AVL sub-model undergoes the phenomenon

of backward bifurcation when the associated reproduction number of the AVL sub-
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model (denoted by RL) is less than unity. It was shown that, there is no backward

bifurcation if b1 = 0, that is, if there is no bite of a female sand�y on human (avoid

being outside at dusk to dawn, wear protective clothing, use bed nets, etc). Further

if ΠV = 0, that is, if we can control the number of vector population (with insecti-

cide spray, use of insecticide-treated nets, etc). Thus, it was shown that the backward

bifurcation in the AVL sub-model is a result of the combined e�ect of biting rate,

recruitment rate and probability of transmission from infectious sand�ies to humans

during bite.

The global stability of the disease free equilibrium of the HIV sub-model was shown

with a suitable Lyapunov function. The endemic equilibrium of the HIV sub-model is

shown to be locally asymptotically stable using the centre manifold theory. Further, the

global stability of the disease free equilibrium of the AVL-HIV co-infection is shown.

It was shown that the possibility of backward bifurcation for AVL-HIV co-infection

model.

We then designed and analyzed a novel NSFD scheme, based on nonlocal approx-

imations for the nonlinear terms and use denominator functions, to approximate the

solutions of the AVL-HIV co-infection model. Then a thorough stability analysis is

provided. Comparisons are made with the other classical methods such as Euler and

Runge kutta fourth-order. Euler and RK4 methods diverge and produce negative re-

sults for several time step-sizes. They only converge to the correct steady state when

the time step-sizes are relatively small. However, the NSFD scheme converges to the

correct steady state irrespective of the time step-size. It is concluded that the proposed

NSFD scheme is unconditionally convergent and satis�es all the essential features of

the continuous model.
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Table 6.2.2: Parameters used in the system (6.2.1) and their interpretation.

Parameter Interpretation
ΠH ,ΠV Constant recruitment rate of humans and vectors, respectively
µH , µV Natural death rate of humans and vectors, respectively
βH Transmission rate of HIV
βvh the probability of transmission from infectious sand�ies to

humans during bite
βhv the probability of transmission from infectious humans to

sand�ies during bite
b1 Number of bites per human per unit time
b2 Number of bites per sand�y per unit time
αi(i = 1, 2, 3, 4) Recovery rates of symptomatic AVL humans
σi(i = 1, 2, 3, 4) Fraction of those who recovered from AVL after treatment
(1− σi) Fraction of those who develop PKDL after treatment
ξi(i = 1, 2, 3, 4) Recovery rates of PKDL humans after treatment
νi(i = 1, 2, 3, 4) Recovery rates of PKDL humans humans without treatment
h1 Modi�cation parameter for the heterogeneity of HIV infection

between susceptible humans and humans infected with AVL
h2 Modi�cation parameter accounting for the heterogeneity of HIV

infection between humans with PKDL and those without
ψt, ψi, ψa Modi�cation parameter for the increase in AVL infectiousness

of treated, HIV-infected and AIDS humans respectively in
comparison to humans with no HIV infection

ζi, ωi(i = 1, 2, 3) Modi�cation parameters for the increase in infectiousness
θi(i = 1, 2, 3, 4) Progression rates of HIV-infected humans to treated classes
κi(i = 1, 2, 3, 4) Progression rates of AIDS humans to treated classes
ϕi(i = 1, 2, 3, 4) Progression rates of treated humans to HIV-infected classes

due to treatment failure
%i(i = 1, 2, 3, 4) Progression rates of treated humans to AIDS classes due to

treatment failure
γi(i = 1, 2, 3, 4) Progression rates of HIV-infected humans to AIDS classes
δH , δL Disease-induced death rate for humans
cil, cit, cia Modi�cation parameters for the increase in mortality due to AVL

for dually-infected humans in comparison to mono-infected
humans

qt Modi�cation parameter for the decrease in mortality due to AIDS
for treated humans in comparison to AIDS developed humans

qia Modi�cation parameter for the increase in mortality due to AIDS
for dually-infected humans in comparison to mono-infected
humans

τ1, τ2, τ3 Relapse rate of co-infected individuals after recovered from VL
η1, η2, η3 Relapse rate of co-infected individuals after recovered from VL



http://etd.uwc.ac.za/

CHAPTER 6. CONSTRUCTION AND ANALYSIS OF AVL-HIV CO-INFECTION
MODEL AND ITS ROBUST SIMULATION USING NONSTANDARD FINITE
DIFFERENCE SCHEME 220

Table 6.7.1: Parameters values used in the numerical simulations.

Parameter Value
ΠH , ΠV 0.0015875×NH , 0.299×NV

µH , µV 4.7096× 10−5, 0.0714
βH 0.1726× 10−3

βvh , βhv 0.3, 0.025
b1, b2 0.22, 0.0714
α1, α2, α3, α4 0.56, 0.334, 0.4, 0.1
σ1, σ2, σ3, σ4 0.64, 0.06, 0.2, 0.04
ξ1, ξ2, ξ3, ξ4 0.33, 0.2, 0.1, 0.1
ν1, ν2, ν3, ν4 0.00556, 0.0033697, 0.0016848, 0.0016848
h1, h2 1.2, 1.9
ψt, ψi, ψa 1.2, 1.5, 1.5
ζ1, ζ2, ζ3 1.2, 1.5, 1.8
ω1, ω2, ω3 1.25, 1.5, 1.875
θ1, θ2, θ3, θ4 0.00767, 0.0024, 0.0035, 0.00547
κ1, κ2, κ3, κ4 0.0043836, 0.0012, 0.0022, 0.0035
ϕ1, ϕ2, ϕ3, ϕ4 0.0011507, 0.003, 0.002, 0.0011507
%1, %2, %3, %4 0.00003288, 0.00006, 0.00005, 0.00003288
γ1, γ2, γ3, γ4 0.000342466, 0.591783408, 0.483904458, 0.00188698766
δA, δL, 0.0005206, 0.011
cil, cit, cia 3, 1.2, 5
qt, qia 0.7, 1.1
τ1, τ2, τ3 0.31, 0.01, 0.3
η1, η2, η3 0.3, 0.01, 0.5

Table 6.7.2: Numerical convergence to the DFE E0 when RL = 0.2261,RH =
0.2284,R0 = 0.2284 < 1.

` Euler RK4 NSFD
0.001 Convergent Convergent Convergent
0.005 Convergent Convergent Convergent
0.006 Divergent Convergent Convergent
0.007 Divergent Convergent Convergent
0.008 Divergent Divergent Convergent
1 Divergent Divergent Convergent
10 Divergent Divergent Convergent
100 Divergent Divergent Convergent
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Fig. 6.7.1. Stable disease-free equilibrium of system (6.2.1) using NSFD scheme
(6.6.2) for given parameter values in Table 6.7.1, except βH = 0.0031, θ1 = 0.0767, θ2 =
0.024, θ3 = 0.035, θ4 = 0.0547 with NH = 200, 000 and NV = 20, 000, 000 when ` = 0.1
and RH = 0.2284,RL = 0.2261,R0 = 0.2284.
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Fig. 6.7.2. Stable AVL endemic equilibrium of system (6.2.1) using NSFD scheme
(6.6.2) for given parameter values in Table 6.7.1, except βH = 0.0031, θ1 = 0.0767, θ2 =
0.024, θ3 = 0.035, θ4 = 0.0547 with NH = 200, 000 and NV = 100, 000, 000 when ` = 0.1
and RH = 0.2284,RL = 1.2010,R0 = 1.2010.
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Fig. 6.7.3. Stable HIV endemic equilibrium of system (6.2.1) using NSFD scheme
(6.6.2) for given parameter values in Table 6.7.1, except βH = 0.0031, η1 = 0.031, η2 =
0.001, η3 = 0.03, τ1 = 0.03, τ2 = 0.001, τ3 = 0.05 with NH = 200, 000 and NV =
20, 000, 000 when ` = 0.1 and RH = 1.6085,RL = 0.2261,R0 = 1.6085.
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Fig. 6.7.4. Stable two disease endemic equilibrium of system (6.2.1) using NSFD
scheme (6.6.2) for given parameter values in Table 6.7.1, except βH = 0.0031, α1 =
0.056 with NH = 200, 000 and NV = 100, 000, 000 when ` = 0.1 and RH =
1.6085,RL = 1.2010,R0 = 1.6085.
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Table 6.7.3: Numerical convergence to the AVL-infection EE E ∗L when RL =
1.2010,RH = 0.2284,R0 = 1.2010 > 1.

` Euler RK4 NSFD
0.001 Convergent Convergent Convergent
0.003 Convergent Convergent Convergent
0.0045 Divergent Convergent Convergent
0.006 Divergent Divergent Convergent
1 Divergent Divergent Convergent
10 Divergent Divergent Convergent
100 Divergent Divergent Convergent

Table 6.7.4: Numerical convergence to the HIV-infection EE E ∗H when RL =
0.2261,RH = 1.6085,R0 = 1.6085 > 1.

` Euler RK4 NSFD
0.001 Convergent Convergent Convergent
0.005 Convergent Convergent Convergent
0.006 Divergent Convergent Convergent
0.008 Divergent Divergent Convergent
1 Divergent Divergent Convergent
10 Divergent Divergent Convergent
100 Divergent Divergent Convergent

Table 6.7.5: Numerical convergence to the two disease EE E ∗LH when RL =
1.2010,RH = 1.6085,R0 = 1.6085 > 1.

` Euler RK4 NSFD
0.001 Convergent Convergent Convergent
0.003 Convergent Convergent Convergent
0.0045 Divergent Convergent Convergent
0.006 Divergent Divergent Convergent
1 Divergent Divergent Convergent
10 Divergent Divergent Convergent
100 Divergent Divergent Convergent
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Table 6.7.6: The spectral radii of the Jacobian matrix corresponding to the DFE of
Euler method and NSFD scheme when RH = 0.2284,RL = 0.2261,R0 = 0.2284.

` ρ(Euler) ρ(NSFD)
0.001 0.9999 0.9999
0.01 2.5870 0.9998
0.1 3.4870× 101 0.9985
1 3.5770× 102 0.9850
10 3.5860× 103 0.9468
100 3.5869× 104 0.9467

Table 6.7.7: The spectral radii of the Jacobian matrix corresponding to the AVL EE
of Euler method and NSFD scheme when RH = 0.2284,RL = 1.2010,R0 = 1.2010.

` ρ(Euler) ρ(NSFD)
0.001 0.9999 0.9999
0.01 2.5870 0.9999
0.1 3.4870× 101 0.9993
1 3.5770× 102 0.9937
10 3.5860× 103 0.9478
100 3.5869× 104 0.9391

Table 6.7.8: The spectral radii of the Jacobian matrix corresponding to the HIV EE
of Euler method and NSFD scheme when RH = 1.6085,RL = 0.2261,R0 = 1.6085.

` ρ(Euler) ρ(NSFD)
0.001 0.9999 0.9999
0.01 2.5080 0.9994
0.1 3.4080× 101 0.9949
1 3.4980× 102 0.9673
10 3.5070× 103 0.9372
100 3.5079× 104 0.9385

Table 6.7.9: The spectral radii of the Jacobian matrix corresponding to the EE of Euler
method and NSFD scheme when RH = 1.6085,RL = 1.2010,R0 = 1.6085.

` ρ(Euler) ρ(NSFD)
0.001 0.9999 0.9999
0.01 2.5078 0.9998
0.1 3.4078× 101 0.9983
1 3.4978× 102 0.9903
10 3.5068× 103 0.9664
100 3.5077× 104 0.9554
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Chapter 7

Analysis of AVL-HIV co-infection

model using geometric singular

perturbation theory

Globally, anthroponotic visceral leishmaniasis (AVL) and human immunode�ciency

virus (HIV) co-infection is a major public health problem. The dynamic of AVL disease

in our communities is usually faster than the dynamic of the HIV epidemic. In this

chapter, we use the geometric singular perturbation method to sub-divide, investigate

and analyze a model of AVL-HIV co-infection. The full model is divided into two sub-

models: one characterized by a slower dynamic of HIV transmission and the other by

the fast dynamic of AVL disease. The focus here is on the slow dynamic model (HIV),

and a comprehensive stability analysis is performed. We �nd the basic reproduction

number and show the stability analysis. The model presented in this chapter is the

same as the one presented in Chapter 6. The aim of this chapter is to present the

analysis using geometric singular perturbation theory. We will, therefore, not add any

additional numerical results.

227
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7.1 Introducton

Geometric singular perturbation theory has been used successfully to sub-divide, in-

vestigate and analyze slow-fast systems in various �elds, including epidemiology. In

[88], two mathematical models of malaria with relapse are studied, and the geometric

singular perturbation theory is used to analyze the full dynamics. Goufo et al. [64]

studied a co-infection model for the dynamics of HIV and TB. They applied the geo-

metric singular perturbation approach to subdivide into slow dynamic for HIV and fast

dynamic for TB infection. They showed the possibility of establishing and analyzing

the dynamics of the original model by only studying the reduced one.

In this chapter, we consider the AVL-HIV co-infection model that can be grouped

into a class of two-time scale problems. Using the geometric singular perturbation

techniques, the model is approximated by two simple subsystems whose dimensions

are much lower. These are the fast (AVL) and the slow (HIV) models. We �nd the

basic reproduction number and analyze the stability of the slow (HIV) model.

The chapter is organized as follows. In Section 7.2, the two-time scales model is

developed. The slow model is presented and analyzed in Section 7.3. Finally, in Section

7.4, we present some discussions on these results and draw relevant conclusions.
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7.2 A model with two time scales

Let us consider the model presented in the previous chapter:

ṠH = ΠH − (λL + λH)SH − µHSH ,

İL = λLSH − h1λHIL − (α1 + µH + δL)IL,

ṖL = (1− σ1)α1IL − h2λHPL − (ξ1 + ν1 + µH)PL,

ṘL = σ1α1IL + (ξ1 + ν1)PL − λHRL − µHRL,

İH = λHSH + ϕ1TH − ψiλLIH − (γ1 + θ1 + µH)IH ,

ṪH = θ1IH + κ1AH − ψtλLTH − (ϕ1 + %1 + µH + qtδA)TH ,

ȦH = γ1IH + %1TH − ψaλLAH − (κ1 + µH + δA)AH ,

İLH = h1λHIL + ψiλLIH + ϕ2ILT + η1RLH − (γ2 + θ2 + α2 + µH + cilδL)ILH ,

ṖLH = h2λHPL + (1− σ2)α2ILH + ϕ3PLT + τ1RLH − (γ3 + θ3 + ξ2 + ν2 + µH)PLH ,

ṘLH = λHRL + σ2α2ILH + (ξ2 + ν2)PLH + ϕ4RLT − (γ4 + θ4 + η1 + τ1 + µH)RLH ,

İLT = ψtλLTH + θ2ILH + κ2ILA + η2RLT − (ϕ2 + %2 + α3 + µH + qtδA + citδL)ILT ,

ṖLT = (1− σ3)α3ILT + θ3PLH + κ3PLA + τ2RLT

− (ϕ3 + %3 + ξ3 + ν3 + µH + qtδA)PLT ,

ṘLT = σ3α3ILT + (ξ3 + ν3)PLT + θ4RLH + κ4RLA

− (ϕ4 + %4 + η2 + τ2 + µH + qtδA)RLT ,

İLA = ψaλLAH + γ2ILH + %2ILT + η3RLA − (κ2 + α4 + µH + qiaδA + ciaδL)ILA,

ṖLA = (1− σ4)α4ILA + γ3PLH + %3PLT + τ3RLA − (κ3 + ξ4 + ν4 + µH + δA)PLA,

ṘLA = σ4α4ILA + (ξ4 + ν4)PLA + γ4RLH + %4RLT − (κ4 + η3 + τ3 + µH + δA)RLA,

ṠV = ΠV − λV SV − µV SV ,

İV = λV SV − µV IV ,


(7.2.1)
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where the infection rates are

λL = βvhb1
IV
NH

,

λV = βhvb2

[
(IL + PL) + ζ1(ILT + PLT ) + ζ2(ILH + PLH) + ζ3(ILA + PLA)

NH

]
,

λH = βH

[
IH +RLH + ω1(AH +RLA) + ω2(ILH + PLH) + ω3(ILA + PLA)

NH

]
,

and

NH = SH + IL + PL +RL + IH + TH + AH + ILH + PLH +RLH + ILT + PLT

+RLT + ILA + PLA +RLA

NV = SV + IV .

The total population sizesNH andNV can be determined from the di�erential equations

ṄH = ΠH − µHNH − (δLIL + qtδATH + δAAH + cilδLILH + (qtδA + citδL)ILT

+qtδAPLT + qtδARLT + (qiaδA + ciaδL)ILA + δAPLA + δARLA)

ṄV = ΠV − µVNV .

We identify the HIV/AIDS infected compartments and denote their sum as

H̃ = IH + TH + AH + ILH + PLH +RLH + ILT + PLT +RLT + ILA + PLA +RLA.

To simplify the analysis, we scale the system (7.2.1) by the total population sizes

in each class of the population. Let

sH =
SH
NH

, iL =
IL
NH

, pL =
PL
NH

, rL =
RL

NH

, iH =
IH
NH

, tH =
TH
NH

, aH =
AH
NH

,

iLH =
ILH
NH

, pLH =
PLH
NH

, rLH =
RLH

NH

, iLT =
ILT
NH

, pLT =
PLT
NH

, rLT =
RLT

NH

,

iLA =
ILA
NH

, pLA =
PLA
NH

, rLA =
RLA

NH

, sV =
SV
NV

, iV =
IV
NV

.
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Also let m = NV /NH be the female vector-human ratio that is considered constant

[49]. Hence,

sH + iL + pL + rL + iH + tH + aH + iLH + pLH + rLH + iLT + pLT + rLT

+ iLA + pLA + rLA = 1

and sV + iV = 1, which implies sV = 1 − iV . If we denote by Ã the part of the

population infected with HIV then,

Ã =
H̃

NH

= iH + tH + aH + iLH + pLH + rLH + iLT + pLT + rLT + iLA + pLA + rLA.

It follows that

aH = Ã− (iH + tH + iLH + pLH + rLH + iLT + pLT + rLT + iLA + pLA + rLA)

and

sH = 1− (iL + pL + rL + Ã).

After a time t di�erentiation and simpli�cation (7.2.1) reduces to the following equiv-

alent system:
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i̇L = λL(1− (iL + pL + rL + Ã))− h1λHiL − (α1 + δL)iL −QiL,

ṗL = (1− σ1)α1iL − h2λHpL − (ξ1 + ν1)pL −QpL,

ṙL = σ1α1iL + (ξ1 + ν1)pL − λHrL −QrL,

i̇H = λH(1− (iL + pL + rL + Ã)) + ϕ1tH − ψiλLiH − (γ1 + θ1)iH −QiH ,

ṫH = θ1iH + κ1aH − ψtλLtH − (ϕ1 + %1 + qtδA)tH −QtH ,

i̇LH = h1λHiL + ψiλLiH + ϕ2iLT + η1rLH − (γ2 + θ2 + α2 + cilδL)iLH −QiLH ,

ṗLH = h2λHpL + (1− σ2)α2iLH + ϕ3pLT + τ1rLH − (γ3 + θ3 + ξ2 + ν2)pLH −QpLH ,

ṙLH = λHrL + σ2α2iLH + (ξ2 + ν2)pLH + ϕ4rLT − (γ4 + θ4 + η1 + τ1)rLH −QrLH ,

i̇LT = ψtλLtH + θ2iLH + κ2iLA + η2rLT − (ϕ2 + %2 + α3 + (qtδA + citδL))iLT −QiLT ,

ṗLT = (1− σ3)α3iLT + θ3pLH + κ3pLA + τ2rLT − (ϕ3 + %3 + ξ3 + ν3 + qtδA)pLT

−QpLT ,

ṙLT = σ3α3iLT + (ξ3 + ν3)pLT + θ4rLH + κ4rLA − (η2 + τ2)rLT − (ϕ4 + %4 + qtδA)rLT

−QrLT ,

i̇LA = ψaλLaH + γ2iLH + %2iLT + η3rLA − (κ2 + α4 + (qiaδA + ciaδL))iLA −QiLA,

ṗLA = (1− σ4)α4iLA + γ3pLH + %3pLT + τ3rLA − (κ3 + ξ4 + ν4 + δA)pLA −QpLA,

ṙLA = σ4α4iLA + (ξ4 + ν4)pLA + γ4rLH + %4rLT − (η3 + τ3)rLA − (κ4 + δA)rLA

−QrLA,
˙̃A = λH(1− (iL + pL + rL + Ã)) + h1λHiL + h2λHpL + λHrL + δLiL − d−QÃ

ṄH = ΠH − µHNH − dNH

i̇V = λV (1− iV )− ΠV

NV

iV ,

ṄV = ΠV − µVNV ,


(7.2.2)



http://etd.uwc.ac.za/

CHAPTER 7. ANALYSIS OF AVL-HIV CO-INFECTION MODEL USING
GEOMETRIC SINGULAR PERTURBATION THEORY 233

where

Q =
ΠH

NH

− d

d = δLiL + qtδAtH + δAaH + cilδLiLH + (qtδA + citδL)iLT + qtδApLT + qtδArLT

+(qiaδA + ciaδL)iLA + δApLA + δArLA

and

λL = βvhb1miV ,

λV = βhvb2 [(iL + pL) + ζ1(iLT + pLT ) + ζ2(iLH + pLH) + ζ3(iLA + pLA)] ,

λH = βH [iH + rLH + ω1(aH + rLA) + ω2(iLH + pLH) + ω3(iLA + pLA)] .

The total population sizes NH and NV can be determined from the di�erential

equations

ṄH = ΠH − µHNH − (δLIL + qtδATH + δAAH + cilδLILH + (qtδA + citδL)ILT

+qtδAPLT + qtδARLT + (qiaδA + ciaδL)ILA + δAPLA + δARLA)

ṄV = ΠV − µVNV .

We have the following feasible regions Γ = ΓH × ΓV , where the co-infection model

makes biological sense

ΓH =
{

(iL, pL, rL, tH , aH , iLH , pLH , rLH , iLT , pLT , rLT , iLA, pLA, rLA, Ã, NH) ∈ R+16 :

iL + pL + rL + tH + aH + iLH + pLH + rLH + iLT + pLT + rLT + iLA

+pLA + rLA ≤ 1, tH + aH ≤ 1, iLH + iLT + pLT + rLT + iLA + pLA

+rLA ≤ Ã ≤ 1, NH ≤
ΠH

µH

}
ΓV =

{
(iV , NV ) ∈ R+2 : 0 ≤ iV ≤ 1, NV ≤

ΠV

µV

}
.
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Because the HIV infection parameters (βH , γj, θj, κj, ϕj, %j, δA)(where j = 1, 2, 3, 4),

the AVL induced death rate (δL) and the demographic parameters (ΠH , µH) are on the

order of years, we can de�ne a slow time scale that is related to the HIV only disease

and the associated demographic movements. The singular perturbation problem that

we consider is characterized by two time scales, slow time ts and fast time t. Then

we can de�ne their relation by t = ts/ε. Because AVL disease in our community is

usually much faster than the HIV epidemic, we consider the parameter ε to small, that

is 0 < ε� 1. Hence, model (7.2.2) of AVL-HIV co-infection can be broken down into

two sub-models, one of which represents the slower dynamic of an HIV transmission

and the other representing the fast one describing the AVL infection. We follow a

technique similar to [54]. Let

β̄H =
βH
ε
, γ̄j =

γj
ε
, θ̄j =

θj
ε
, κ̄j =

κj
ε
, ϕ̄j =

ϕj
ε
, %̄j =

%j
ε
, δ̄A =

δA
ε
, δ̄L =

δL
ε
,

Π̄H =
ΠH

ε
, µ̄H =

µH
ε
.

Therefore, the model (7.2.2) becomes

dYf
dt

= Φ(Yf , Ys, ε) = Φ0(Yf , Ys) + εΦ1(Yf , Ys) (7.2.3)

dYs
dt

= Θ(Yf , Ys, ε) = Θ0(Yf , Ys) + εΘ1(Yf , Ys),
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where

Yf =



iL

pL

rL

iH

tH

iLH

pLH

rLH

iLT

pLT

rLT

iLA

pLA

rLA

iV

NV



, Φ0(Yf , Ys) =



λL(1− (iL + pL + rL + Ã))− α1iL

(1− σ1)α1iL − (ξ1 + ν1)pL

σ1α1iL + (ξ1 + ν1)pL

−ψiλLiH
−ψtλLtH

ψiλLiH + η1rLH − α2iLH

(1− σ2)α2iLH + τ1rLH − (ξ2 + ν2)pLH

σ2α2iLH + (ξ2 + ν2)pLH − (η1 + τ1)rLH

ψtλLtH + η2rLT − α3iLT

(1− σ3)α3iLT + τ2rLT − (ξ3 + ν3)pLT

σ3α3iLT + (ξ3 + ν3)pLT − (η2 + τ2)rLT

ψaλLaH + η3rLA − α4iLA

(1− σ4)α4iLA + τ3rLA − (ξ4 + ν4)pLA

σ4α4iLA + (ξ4 + ν4)pLA − (η3 + τ3)rLA

λV (1− iV )− ΠV

NV

iV

ΠV − µVNV



,
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Φ1(Yf , Ys) =



−h1λ̄HiL − δ̄LiL − Q̄iL
−h2λ̄HpL − Q̄pL
−λ̄HrL − Q̄rL

λ̄H(1− (iL + pL + rL + Ã)) + ϕ̄1tH − (γ̄1 + θ̄1)iH − Q̄iH
θ̄1iH + κ̄1aH − (ϕ̄1 + %̄1 + qtδ̄A)tH − Q̄tH

h1λ̄HiL + ϕ̄2iLT − (γ̄2 + θ̄2 + cilδ̄L)iLH − Q̄iLH
h2λ̄HpL + ϕ̄3pLT − (γ̄3 + θ̄3)pLH − Q̄pLH
λ̄HrL + ϕ̄4rLT − (γ̄4 + θ̄4)rLH − Q̄rLH

θ̄2iLH + κ̄2iLA − (ϕ̄2 + %̄2 + (qtδ̄A + citδ̄L))iLT − Q̄iLT
θ̄3pLH + κ̄3pLA − (ϕ̄3 + %̄3 + qtδ̄A)pLT − Q̄pLT
θ̄4rLH + κ̄4rLA − (ϕ̄4 + %̄4 + qtδ̄A)rLT − Q̄rLT

γ̄2iLH + %̄2iLT − (κ̄2 + (qiaδ̄A + ciaδ̄L))iLA − Q̄iLA
γ̄3pLH + %̄3pLT − (κ̄3 + δ̄A)pLA − Q̄pLA
γ̄4rLH + %̄4rLT − (κ̄4 + δ̄A)rLA − Q̄rLA

0

0



,

Ys =

 Ã

NH

 , Θ0(Yf , Ys) =

 0

0

 ,

Θ1(Yf , Ys) =

 λ̄H

(
1−

(
(1− h1)iL + (1− h2)pL + Ã

))
+ δ̄LiL − d̄− Q̄Ã

Π̄H − µ̄HNH − d̄NH


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where

Q̄ =
Π̄H

NH

− d̄

d̄ = δ̄LiL + qtδ̄AtH + δ̄AaH + cilδ̄LiLH + (qtδ̄A + citδ̄L)iLT + qtδ̄ApLT + qtδ̄ArLT

+(qiaδ̄A + ciaδ̄L)iLA + δ̄ApLA + δ̄ArLA.

In (7.2.3), ε is assumed to be small enough and then, the components of Ys namely

(Ã, NH) are called slow variables while those of Yf are called fast variables.

Changing the time scale using ts = εt, we get
d

dt
= ε

d

dts
and the model (7.2.3) can

be reformulated as:

ε
dYf
dts

= Φ(Yf , Ys, ε) = Φ0(Yf , Ys) + εΦ1(Yf , Ys) (7.2.4)

ε
dYs
dts

= Θ(Yf , Ys, ε) = Θ0(Yf , Ys) + εΘ1(Yf , Ys).

This model (7.2.4) is called the slow system can be distinguish from the fast system

(7.2.3). Both models are equivalent as long as ε 6= 0. It is possible to naturally associate

every scaling present here with its limit when ε→ 0 to obtain the fast sub-system

dYf
dt

= Φ(Yf , Ys, 0) = Φ0(Yf , Ys) (7.2.5)

dYs
dt

= Θ(Yf , Ys, 0) = Θ0(Yf , Ys),

and the reduced system [56]

0 = Φ(Yf , Ys, 0) = Φ0(Yf , Ys) (7.2.6)

dYs
dts

= Θ(Yf , Ys, 0) = Θ1(Yf , Ys).
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It represents a di�erential model that describes the evolution of the slow variable

constrained to the set Φ(Yf , Ys, 0) = Φ0(Yf , Ys) (which also represents the set of critical

points for (7.2.5).

In the next section, we focus to slow dynamics of HIV in its co-infection with AVL.

7.3 Analysis of the reduced model associated with the

DFE of the fast model

Assume a two-dimensional manifold M0, that is contained in the set Φ(Yf , Ys, 0) =

0 that is compact and normally hyperbolic, meaning that the eigenvalues λ of the

Jacobian matrix
∂Φ(Yf , Ys, 0)

∂Yf

∣∣∣∣
M0

are uniformly bounded away from the imaginary

axis. Hence, M0, also known as critical manifold (see [82]) persists as a locally invariant

slow manifold Mε of the full model (7.2.3) that is O(ε) close to M0. The �ow (7.2.3)

restricted to Mε represents a small perturbation of the �ow generated by (7.2.6). Now

if

M0 =
{

(Yf , Ys) ∈ R18 : Yf = p0(Ys)
}
,

hence the slow manifold Mε (perturbed manifold) is de�ned by a perturbation pε(Ys)

of p0(Ys) given by

Mε =
{

(Yf , Ys) ∈ R18 : Yf = pε(Ys)
}
,

and the substitution into the slow model (7.2.4) yields the �ow on Mε given by

dYs
dts

= Θ(pε(Ys), Ys, ε).
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Now let

p0
ε(Ys) = p0(Ys) + εp1(Ys) +O(ε2),

de�ne the perturbed manifold M 0
ε by the graph

M 0
ε =

{
(Yf , Ys) ∈ R18 : Yf = p0

ε(Ys), Yf ≥ 0, Ys ≥ 0
}
,

with p0(Ys) = p0
0(Ys) seen as the disease free equilibrium [56, 82]. Obviously, the

manifold M 0
ε is invariant under the �ow of (7.2.3) if

∂p0
ε

∂Ys
(Θ0(p0

ε(Ys), Ys, ε) + εΘ1(p0
ε(Ys), Ys, ε)) = Φ0(p0

ε(Ys), Ys, ε) + εΦ1(p0
ε(Ys), Ys, ε)

(7.3.1)

The expansion of (7.3.1) around p0(Ys) and putting the terms of di�erent orders of

ε together yield

O(1) : Θ0(p0(Ys)) = 0

O(2) : (Θ0)′(p0(Ys))p1 = 0

...

Because (Θ0)′(p0(Ys)) 6= 0 follows p1 = 0 and this leads to the approximated perturba-

tion

p0
ε(Ys) = p0(Ys). (7.3.2)

Recall that for ε = 0, the slow dynamic on M 0
0 is instructed by the limit model

(7.2.6). For su�ciently small nonzero ε, the �ow on M 0
ε is a perturbation of this �ow,

that can be approximated by inserting Yf0 = p0
ε(Ys) with p

0
ε(Ys) given by (7.3.2) into
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the equation for Ys that is

dYs
dts

= Θ(Yf0 , Ys, 0) = Θ1(Yf0 , Ys). (7.3.3)

Hence, we have established the slow dynamics of HIV given in (7.3.3) which is

equivalent to the following model that describes the dynamic when there is no AVL

disease.

dÃ

dts
= β̄Hω1Ã(1− Ã)− (1− Ã)δ̄AÃ−

Π̄H

NH

Ã (7.3.4)

dNH

dts
= Π̄H − µ̄HNH − δ̄AÃNH .

System (7.3.4) describes the community in the absence of AVL disease. Which is

equivalent to the HIV-only model.

Theorem 7.3.1. If the initial condition is non-negative then the corresponding solution

(Ã(ts), NH(ts)) of model (7.3.4) is non-negative for all ts > 0. Moreover,

lim
ts→∞

Ã(ts) ≤ 1 and lim
ts→∞

NH(ts) =
Π̄H

µ̄H
.

Further, we have the following invariance properties:

i. If Ã(0) ≤ 1 then Ã(ts) ≤ 1,

ii. If NH(0) ≤ Π̄H

µ̄H
then NH(ts) ≤

Π̄H

µ̄H
.

In particular, the region

ΩH =

{
(Ã, NH) ∈ R+2 : 0 ≤ Ã ≤ 1, 0 ≤ NH ≤

Π̄H

µ̄H

}
,

is positively invariant.
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Basic reproduction number

The DFE of the HIV-only model (7.3.4) is given by E0
s = (Ã0, N0

H) =

(
0,

Π̄H

µ̄H

)
.

The linearization of the system (7.3.4) around Es
0 leads to the Jacobian matrix

 β̄Hω1 − µ̄H − δ̄A 0

−Π̄H δ̄A
µ̄H

−µ̄H

 .

The matrices for the new infection terms (F) and the other terms (V) respectively

should be considered as

F =
(
β̄Hω1

)
and V =

(
µ̄H + δ̄A

)
,

then the spectral radius, ρ, of the matirix, FV−1 will be the basic reproduction number

[137],

Rs = ρ(FV−1) =
β̄Hω1

µ̄H + δ̄A
.

Theorem 7.3.2. The DFE of slow reduced HIV system (7.3.4) is locally-asymptotically

stable if Rs < 1, and unstable if Rs > 1.

Proof. The Jacobian matrix of the linearized system of (7.3.4) around the DFE is given

by

J0 =

 β̄Hω1 − µ̄H − δ̄A 0

−Π̄H δ̄A
µ̄H

−µ̄H

 .

The eigenvalues of J0 are λ1 = −µ̄H and λ2 = β̄Hω1 − µ̄H − δ̄A = (µ̄H + δ̄A)(Rs − 1).

It implies that λ1 < 0 and λ2 < 0 if and only if Rs < 1. Hence, we conclude that

the DFE of model (7.3.4) is locally-asymptotically stable if Rs < 1, and unstable if

Rs > 1.
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Theorem 7.3.3. The DFE E0
s of the slow reduced HIV system (7.3.4) is globally-

asymptotically stable whenever Rs ≤ 1.

Proof. Consider the Lyapunov function L = Ã. The Lyapunov derivative with respect

to ts is given by

dL

dts
=

dÃ

dts

= β̄Hω1Ã(1− Ã)− (1− Ã)δ̄AÃ−
Π̄H

NH

Ã

= β̄Hω1Ã(1− Ã)− µ̄HÃ(1− Ã) + µ̄HÃ(1− Ã)− (1− Ã)δ̄AÃ−
Π̄H

NH

Ã

= −µ̄H(1−Rs)Ã(1− Ã)− µ̄HÃ2 − (1− Ã)δ̄AÃ−
µ̄H
NH

(
Π̄H

µ̄H
−NH

)
Ã.

Because all the model parameters are nonnegative and 0 ≤ Ã ≤ 1 and 0 ≤ NH ≤
Π̄H

µ̄H

in ΩH , it follows that
dL

dts
≤ 0 and the equality

dL

dts
= 0 holds when Ã = 0. Thus

the largest compact invariant set in
{

(Ã(ts), NH(ts)) :
dL

dts
= 0

}
is {E0

s}. By LaSalle

invariance principle [87], we can conclude that the DFE E0
s of system (7.3.4) is globally

asymptotically stable for Rs ≤ 1.

The endemic equilibrium (EE) of the slow reduced HIV system (7.3.4) is E∗ =(
Ã∗, N∗H

)
, where Ã∗ =

Rs − 1

Rs

and N∗H =
β̄Hω1Π̄H

β̄Hω1µ̄H + δ̄A(µ̄H + δ̄A)(Rs − 1)
.

Theorem 7.3.4. The EE of slow reduced HIV system (7.3.4) is locally-asymptotically

stable if Rs > 1, and unstable if Rs > 1.

Proof. The Jacobian matrix of the system (7.3.4) at the EE E∗ is given by

J∗ =


B̄
(
−β̄Hω1 + µ̄H + δ̄A

)
β̄Hω1

(
β̄Hω1 − µ̄H − δ̄A

)
B̄2
(
µ̄H + δ̄A

)2

Π̄H β̄3
Hω

3
1

− δ̄AΠ̄H β̄Hω1

B̄
(
µ̄H + δ̄A

) −
B̄
(
µ̄H + δ̄A

)
β̄Hω1

 ,
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where B̄ = β̄Hω1 − δ̄A. The eigenvalues of J∗ can be calculated as the roots of the

equation

λ2 + a1λ+ a2 = 0

where

a1 = µ̄H + (µ̄H + δ̄A)(Rs − 1),

a2 =

(
µ̄H + (µ̄H + δ̄A)(Rs − 1)

)
(µ̄H + δ̄A)(Rs − 1)

Rs

.

It follows that a1 > 0 and a2 > 0 if and only if Rs > 1. Thus, by the Routh-Hurwitz

criteria, the EE of system (7.3.4) is locally-asymptotically stable if Rs > 1, and unstable

if Rs < 1.

Global stability of EE for special case

In this section, we established global asymptotic stability of the EE of the slow system

(7.3.4) for special case. We restrict ourselves to the case where the disease induced

death of HIV is not too signi�cant (i.e. δA = 0). Then, system (7.3.4) becomes

dÃ

dts
= β̄Hω1Ã(1− Ã)− Π̄H

NH

Ã (7.3.5)

dNH

dts
= Π̄H − µ̄HNH .

Here in system (7.3.5) NH ≈
Π̄H

µ̄H
due to

dNH

dts
= Π̄H − µ̄HNH .

The DFE of system (7.3.5) is
(

0,
Π̄H

µ̄H

)
and the associated reproduction number is

given by

Rs0 =
β̄Hω1

µ̄H
.
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The EE of system (7.3.5) is E∗0 =

(
Rs0 − 1

Rs0

,
Π̄H

µ̄H

)
, which exists whenever Rs0 > 1.

Remark 7.3.5. It is clear that Rs0 = Rs|δ̄A=0 and E∗0 = E∗|δ̄A=0.

Now assume

ΩH0 =
{

(Ã, NH) ∈ ΩH : Ã = 0
}
,

and we have

Theorem 7.3.6. The EE, E∗0, of system (7.3.5) is globally-asymptotically stable in
ΩH

ΩH0

whenever Rs0 > 1.

Proof. Again, consider the Lyapunov function L = Ã − Ã∗0 − Ã∗0 ln

(
Ã

Ã∗0

)
. The

Lyapunov derivative with respect to ts is given by

dL

dts
=

dÃ

dts

(
Ã− Ã∗0

Ã

)

=

(
Ã− Ã∗0

Ã

)(
β̄Hω1Ã(1− Ã)− Π̄H

NH

Ã

)
=

(
Ã− Ã∗0

)(
β̄Hω1(1− Ã)− Π̄H

NH

)
=

(
Ã− Ã∗0

)(
β̄Hω1(1− Ã)− µ̄H

)
=

(
Ã− Ã∗0

)(
β̄Hω1(1− Ã)− β̄Hω1(1− Ã∗0)

)
= −β̄Hω1

(
Ã− Ã∗0

)2

where we have used the fact that µ̄H = β̄Hω1

(
1− Ã∗0

)
at the equilibrium. It follows

that
dL

dts
≤ 0 and the equality

dL

dts
= 0 holds when Ã = Ã∗0. Thus the largest compact

invariant set in
{

(Ã, NH) ∈ ΩH

ΩH0

:
dL

dts
= 0

}
is the set where Ã =

Rs0 − 1

Rs0

and NH =

Π̄H

µ̄H
. By the LaSalle invariance principle [87], we can conclude that the EE, E∗0, of

system (7.3.5) is globally asymptotically stable for Rs0 > 1.
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7.4 Discussion and conclusions

In this chapter, we have conducted a two time scale mathematical analysis for AVL-

HIV co-infection. The coupling of the processes makes the analysis challenging. Using

geometric singular perturbation techniques, the associated model was approximated

by two simple subsystems whose dimensions are much lower. These are the fast (AVL)

and the slow (HIV) models. We �nd the basic reproduction number and analyze the

stability of the slow (HIV) model. We �nd that the disease free equilibrium is both

locally and globally asymptotically stable when the basic reproduction number is less

than unity, and the endemic equilibrium is both locally and globally asymptotically

stable when the associated reproduction number is greater than unity.
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Chapter 8

Concluding remarks and scope for

future research

This thesis dealt with the design, analysis, and implementation of robust numerical

methods to solve the mathematical model for the AVL-HIV co-infection. Some con-

cluding remarks on various �ndings are as follows:

In chapter 2, we formulated a nonstandard �nite di�erence (NSFD) scheme to solve

the Visceral Leishmaniasis disease. We studied the convergence behavior of the scheme

and provided results for di�erent values of the biting rate of sand�ies. We showed that

the NSFD scheme is unconditionally convergent to the correct steady state. In contrast,

the forward Euler and fourth-order Runge-Kutta methods diverge for several time step

sizes. Hence, it can be concluded that the proposed NSFD scheme is more e�cient

computationally than other well-known numerical methods.

In chapter 3, we have investigated a model of Anthroponotic Visceral Leishmani-

asis (AVL). Using the geometric singular perturbation theory, the full AVL model is

separated into two sub-models: one with a slower dynamic (human population) and

the other with a fast dynamic (vector population). We reduced the model into a slow

model at the critical manifold. We study the slow system and show that the dynamics

of the full model is determined by the slow system. We then construct and develop a

246
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NSFD scheme to solve the slow dynamics and compare results with the full dynamics.

In chapter 4, we designed and analyzed a SIAT deterministic model for the trans-

mission dynamics of HIV/AIDS in a community to observe the e�ect of treatment of

both HIV-infected and AIDS-infected individuals. The stability of the equilibria of

the model is analyzed. The model parameter values are estimated. With the help of

sensitivity analysis, the parameters which has the strongest impact are determined.

Comparisons with numerical simulations revealed that increasing the rate of treatment

of HIV-infected individuals while decreasing the rate of treatment of AIDS-infected

individuals would result in a more than 83% reduction in the prevalence of HIV at the

end of 2030.

In chapter 5, we constructed and developed two classes of NSFD schemes to solve a

SIAT HIV/AIDS presented in chapter 4. The �rst scheme was based on the discretiza-

tion of nonlinear terms with a standard denominator function, whereas the second

class of methods is based on the nonlocal discretization of nonlinear terms with three

di�erent types of denominator functions which are constructed using more sophisti-

cated approaches. These methods are tested extensively and comparative results are

presented in this chapter.

In chapter 6, we presented a mathematical model for AVL-HIV co-infection that

incorporates the treatment of both diseases. We �rst analyzed the single infection

steady states, calculated the basic reproduction number, and then investigated the

existence and stability of equilibria. We then analyzed the co-infection model. We

designed and analyzed a novel NSFD scheme based on nonlocal approximations for the

nonlinear terms and used denominator functions to approximate the solutions of the

AVL-HIV co-infection model. Comparisons are made with the other classical methods.

It is concluded that the proposed NSFD scheme is unconditionally convergent and

satis�es all the essential features of the continuous model.

In chapter 7, using geometric singular perturbation techniques, we designed the

two-time scales model for the co-infection and separated it into a fast time scale for

AVL dynamics and a slow time scale for the dynamics of HIV infection. We study
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the dynamics of the slow model associated with the disease-free equilibrium of the fast

model. We found the basic reproduction number and analyzed the stability of the slow

model.

As far as the scope for further research is concerned, we aim to:

1. Design an optimal control model for the AVL-HIV co-infection and study cost-

e�ective optimal policy.

2. Design higher order methods to solve some of problems considered in this thesis.

3. To further improve the accuracy of the methods using the extrapolation tech-

niques.
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