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ABSTRACT

Analysis and robust simulation of mathematical models of HIV and
Leishmaniasis co-infection
by
Elias M. Adamu
PhD thesis, Department of Mathematics and Applied Mathematics, Faculty of

Natural Sciences, University of the Western Cape

The purpose of this thesis is the theoretical and numerical study of epidemiological
models of Visceral Leishmaniasis (VL) and human immunodeficiency virus (HIV) co-
infection. We study these models theoretically and design and analyze robust numer-
ical methods to solve them. The first sub-model describes the transmission dynamics
of VL. and incorporates three populations: the human, the reservoir, and the vector
host populations. Then we study the Anthroponotic Visceral Leishmaniasis (AVL)
between the human and the vector host population. The second sub-model describes
a deterministic SIAT (Susceptible-Infected-AIDS-Treated) HIV/AIDS model that in-
corporates the treatments of HIV-infected and AIDS-infected individuals. Numerical
simulations revealed that with the help of treatment, there is a possibility of more than
83% reduction in the prevalence of HIV at the end of 2030. We then extend these ideas
to study the AVL and HIV co-infection with the treatment of both diseases. We apply
the geometric singular perturbation theory to study the co-infection model. Finally,
since the governing models are very complex and hard to solve analytically, we develop
and analyze dynamically consistent nonstandard finite difference schemes and use them
to obtain numerical simulation results that support our theoretical findings.

October 2022.
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Chapter 1

(General introduction

Leishmania and HIV co-infections have challenged the control and elimination of Vis-
ceral Leishmaniasis, as HIV-infected people are particularly vulnerable to the disease.
Leishmania and HIV reinforce each other, posing significant clinical and public health
problems. Both conditions suppress the immune system, resulting in more severe mor-
bidity, limited therapeutic options, higher relapse rates, exposure to medicines with
increased toxicity, and higher mortality rates. The HIV/AIDS pandemic has modified
the natural history of leishmaniasis [147]. HIV infection increases the risk of develop-
ing VL by 100 to 2,320 times in areas of endemicity [9]. On the other hand, visceral
leishmaniasis promotes the clinical progression of HIV disease and the development of
AIDS-defining conditions.

The first case of leishmaniasis-HIV co-infection was reported in Europe in 1985 [9];
the co-infection is currently confirmed in around 45 countries, with high prevalence
reported in Brazil, Ethiopia, and the Bihar state in India [147|. Co-infected patients
are prone not just to additional comorbid conditions, including TB and cryptococcal
meningitis, but also to stigma and human rights problems.

The number of cases has increased significantly, and this trend is expected to con-
tinue due to the geographical overlap of both diseases as a result of leishmaniasis
urbanization and HIV ruralization. In Southern Europe, it is estimated that 25-70%

of adults with VL are also co-infected with HIV [90]. Co-infection has particular as-

1



CHAPTER 1. GENERAL INTRODUCTION 2

pects regarding clinical presentation, diagnosis, and response to a specific treatment.
Moreover, early diagnosis is essential to reduce both disease severity and mortality.

Mathematical models are powerful tools to describe and investigate the dynamics
of biological systems. In this thesis, these models are characterized by autonomous
systems of nonlinear ordinary differential equations. Such systems are not always easy
to solve analytically. One of the most challenging problems is solving these differential
equations efficiently. Many numerical solvers fail to give accurate solutions, instead gen-
erating oscillations, bifurcations, chaos, and false steady states. To avoid inaccuracies
given by standard finite difference methods such as forward Euler, more complicated
and sophisticated solvers such as the Runge-Kutta method have been developed. How-
ever, it needs small step sizes to provide accurate results. Therefore, to avoid numerical
instabilities and overly small step sizes, we design nonstandard finite difference (NSEFD)
schemes based on the properties and nature of the differential equation.

A brief background for AVL and HIV co-infections is presented in the next section.

1.1 AVL-HIV co-infection

Leishmaniasis is a vector-borne disease caused by a protozoan parasite transmitted
to humans by the bite of infected female phlebotomine sandflies. There are three
main forms of the disease: Visceral Leishmaniasis (VL, also known as Kala-Azar);
Cutaneous Leishmaniasis (CL); and Mucocutaneous Leishmaniasis (MCL) [147]. In
addition, leishmaniasis can be classified as anthroponotic or zoonotic depending on
whether the natural reservoir of the parasite is human or animal. Leishmaniasis is
widely distributed across the tropical, subtropical, and temperate regions in eighty-
eight countries, seventy-two of which are developing [21]. The main factors for the
emergence and spread of leishmaniasis are deforestation, climate changes, co-infection
with HIV, development of drug resistance, increased traveling to endemic regions, dog
importation, war, poor socio-economic status, and low-income households [112]. Three

hundred and fifty million women, men, and children are at risk in widely scattered
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areas. More than 12 million people suffer from leishmaniasis, with 500,000 new cases
of VL per year and 1 to 1.5 million new cases of CL per year, with 2.4 million disability-
adjusted life-years. While Cutaneous Leishmaniasis is the most common form of the
disease, Visceral Leishmaniasis is the most severe and can be fatal if untreated [21].
The VL can be treated with drugs such as miltefosine, paromomycin, and liposomal
amphotericin B (L-AMB) [31].

Visceral leishmaniasis is prevalent in seventy-eight countries, although it mainly
affects economically disadvantaged populations in East Africa, Southeast Asia, and
Brazil [10]. The VL is characterized by irregular bouts of fever, weight loss, enlargement
of the spleen and liver, and anemia. Currently, the Indian subcontinent and eastern
Africa carry more than 70% of the VL burden [140]. There are two types of VL
based on transmission properties. The zoonotic form, with animals as a reservoir, is
caused by L. infantum, and occurs in the Mediterranean basin, China, the Middle East,
and South America. The anthroponotic form, with humans as a reservoir, is caused
by L. donovani and is prevalent in East Africa, Bangladesh, India, and Nepal [138].
Post-kala-azar dermal leishmaniasis (PKDL) is a chronic skin rash characterized by a
macular, maculopapular, and nodular rash. It often develops after effective treatment
of VL due to L. donovani [138, 163|. Tt affects 5% to 10% of persons within 2 to 4
years after treatment in India and approximately 50% of persons within 0 to 6 months
of treatment in the Sudan [21].

Human immunodeficiency virus/acquired immunodeficiency syndrome (HIV /AIDS)
is still a major global health problem, despite widespread efforts to combat the disease
[116]. The first case of AIDS was discovered in the USA in 1981 [63], and HIV was
identified as the causal agent in 1983 [20]. Since that time, 79.3 million people have
been infected with HIV, and 36.3 million have died as a result of AIDS-related illnesses
[136]. HIV is transmitted through unsafe sexual contact, blood transfusion, mother to
child in utero (during birth or breastfeeding), and the sharing of contaminated needles
in health-care settings and drug injection. In 2020, there were around 1.5 million new

HIV cases, and around 37.7 million people were living with HIV globally, with 36 million
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adults and 1.7 million children (0-14 years) [135]. Eastern and southern Africa remain
the regions most affected by the HIV epidemic, accounting for 44% of the world’s new
HIV infections and 54% of people living with HIV globally by 2020 [135]. HIV is a
severe public health problem if left without treatment and control. There is currently
no vaccine or cure for HIV. Antiretroviral therapy (ART) helps people with HIV live
longer. ART reduces the amount of virus (or viral load) in the blood and body fluids.
ART is recommended for all individuals with HIV, no matter how long they have had
the virus or how healthy they are. In addition, if taken successfully, ART decreases
the risk of transmitting HIV to others [30]. Taking ART every day prevents the spread
of HIV, which reduces the risk of HIV mutating and developing drug-resistant HIV.
Skipping ART allows HIV to multiply and raises the risk of drug resistance and HIV
treatment failure [5]. It is estimated that the global coverage of ART reached 67% at
the end of 2019. The treatment also helps to reduce the AIDS-related death globally
to 16% since 2015 [134].

The first case of leishmaniasis-HIV co-infection was reported in 1985, while the
number of cases has subsequently increased rapidly in southern Europe [9]. Forty-five
countries have since reported cases of co-infection [147]. The number of co-infected
patients in European countries where the disease is endemic has decreased dramat-
ically since the introduction of ART. However, due to the increased overlap of the
two diseases, the problem has spread to other major foci of leishmaniasis worldwide.
The natural history of leishmaniasis has been altered by the HIV/AIDS epidemic. In
endemic areas, HIV infection raises the risk of developing VL by 100 to 2,320 times,
reduces the likelihood of treatment response, and dramatically increases the probabil-
ity of relapse. Simultaneously, VL. enhances HIV disease clinical progression and the
development of AIDS-defining symptoms. Because both diseases target identical im-
mune cells, they have a synergistic detrimental effect on the cellular immune response
[9].

No standard drug has been developed so far to treat the AVL-HIV co-infection.

Visceral leishmaniasis patients co-infected with HIV have been shown to be highly in-
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fectious to sand flies [123]. Treatment of VL-HIV co-infection has complications like
early failures, the toxicity of drugs, and higher mortality. Currently, WHO recommends
treating VL in HIV co-infected people with a combination of L-AMB and miltefosine,
and secondary prophylaxis is especially recommended for patients at high risk of re-
lapse, such as those who are not on ART, have a low CD4 cell count (< 200 cells/mm3),
have had multiple previous VL episodes, and have had no increase in CD4 cell count at
follow-up [151]. Also, those people who are recently diagnosed with HIV are suggested
to commence antiretroviral therapy [123]|. Further, HIV protease inhibitors employ an

obstructive effect against the Leishmania parasite [139].

1.2 Literature Review

Mathematical models are essential tools in understanding and describing the dynamics
of infectious diseases in a community. However, the mathematical modeling of the
transmission of leishmaniasis has been poorly developed compared to other vector-
transmitted diseases such as malaria and dengue; specifically, the co-infection between
leishmaniasis and HIV is extremely rare.

Dye and Wolpert [47] studied the first VL model that used data between 1875
and 1950 in Assam, India. They designed a simple SIR-deterministic model in which
individuals in the human population were considered. After this pioneering work, var-
ious improvements have been made to study and analyze the transmission dynamics of
leishmaniasis. Zamir et al. [159] formulated a comprehensive mathematical model that
incorporates sandflies, humans, and dogs (reservoirs). They incorporate three types of
strains, CL, VL, and PKDL. They focused on the eradication of different strains of
leishmaniasis with the help of nonpharmaceutical interventions to control the biting
rate of sandflies, the density of seropositive dogs, and the density of the vector popula-
tion. Their interventions include bed nets, eradication of infectious dogs, and residual
sprays. Through these interventions, they found that cutaneous leishmaniasis can be

eliminated in 1200 days. In [51], a mathematical model for the transmission dynamics
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of cutaneous leishmaniasis among the vector, humans, and dogs is formulated to assess
the impact of dogs as a reservoir as well as the impact of asymptomatic humans and
dogs on the spread of leishmaniasis. The author in 25| studied and analyzed a math-
ematical model for the seasonal outbreak of Visceral Leishmaniasis with data from
South Sudan. Using an optimal control strategy, the author found that mass treat-
ment is not sufficient, and that additional control programs, such as vaccination with
treatment, are required to control the outbreak of VL in the population. Hussaini et al.
[77] studied a mathematical model for the transmission dynamics of zoonotic visceral
leishmaniasis (ZVL). The model undergoes a backward bifurcation. The authors found
that a strategy that focuses on reducing sandflies, rather than the animal reservoir via
culling, may be more effective in reducing the ZVL burden in the community.
Regarding the HIV/AIDS infection, Okosun et al. [109] studied the impact of op-
timal control on the treatment and screening of unaware infected individuals on the
transmission dynamics of HIV. Their results show that successful screening of unaware
infected individuals significantly reduces the endemicity of HIV/AIDS. Their findings
also show that the impact and cost of unaware infectives in the community are sig-
nificant. In [162], a deterministic HIV model including immune response, neutralizing
antibodies, and multi-drug effects is introduced. In [4], Afassinou et al. developed
a model for HIV/AIDS to assess the impact of combining pre-exposure prophylaxis
(PrEP) use for prevention, and antiretroviral drugs (ARVs) use for treatment, with
drug resistance, in the fight against HIV infection progression. Their results predicted
a significant decrease in the number of new HIV infections when PrEP and ARVs are
concurrently implemented at high levels. On the other hand, PrEP drug resistance has
the potential to slow down or reverse the effects of PrEP, especially at low efficacy lev-
els. Ngina and Luboobi [106] investigated the emergence of a drug-resistant HIV virus
during treatment to determine the proper use of HIV therapy to lessen drug resistance.
They proposed a ten-dimensional in vivo mathematical model and formulated it by
taking into account two virus strains, a wild type and a naive type of HIV virus. Using

the optimal control method, they found a protease inhibitor to be the most effective
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drug for HIV treatment if well implemented. Their results also suggest that prolonged
use of ART leads to the development of drug-resistant infections and that people with
drug-resistant infections could play a core role in the epidemic of HIV.

To the best of our knowledge, the first AVL-HIV co-infection model was given by
Stauch et al. [127] in 2011. First, they consider a deterministic model for the transmis-
sion dynamics of AVL. Their model focused on the dynamics in the Indian subcontinent,
intending to extend different findings on AVL, that is, the quantifications of epidemi-
ological parameters for the natural history of infection and transmission dynamics of
AVL and predictions of the effects of different intervention strategies. In particular,
the roles of asymptomatic and symptomatic infections were considered. Their findings
suggest vector control combined with treatment as an intervention strategy to control
AVL transmission. The model further included the transmission of HIV and was mod-
eled independently of infection with AVL, and emerged with a rate of HIV infection
from all human compartments.

Hussaini et al. [76] developed a model for the transmission dynamics of AVL and
HIV in a population that was used to assess the impact of the co-endemicity of the two
diseases on the dynamics of each disease. The model consists of eighteen coupled non-
linear ordinary differential equations, sixteen describing the host population (humans),
and two dedicated to the vector population (female sandflies). Their model extends the
AVL-HIV model in [127] by incorporating AIDS class and allowing for HIV and/or AVL
transmission by singly or dually-infected individuals with AIDS symptoms. Unlike in
[127], they allow for relapse of PKDL and stratify the PKDL population regarding their
HIV status. Further, their model extends the VL model in [49] by using a standard
incidence rate to model HIV infection rate (linear constant rate was used in [49]), using
a nonlinear biting rate (constant rate was used in [49]), and using a logistic growth
rate for susceptible sandflies (constant rate was used in [49]). Unlike the model in [49]
their model is focused on the anthroponotic transmission of VL.

Their main theoretical and numerical results are listed below.

(i) The AVL-only sub-model undergoes the phenomenon of backward bifurcation
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(ii)

(i)

when the AVL-associated mortality is nonzero.

The disease-free equilibrium of the full AVL-HIV model is shown to be locally-
asymptotically stable whenever the associated reproduction number (%) is less

than unity and is unstable if it exceeds unity.

Numerical simulations of their model show that the two diseases co-exist (with
AVL dominating but not driving HIV to extinction) whenever the reproduction

number of each disease exceeds unity.

The HIV-endemic equilibrium is locally-asymptotically stable whenever the in-
vasion reproduction number (@L) is less than unity and is unstable if it exceeds
unity. In other words, AVL can invade a population where HIV is endemic if the

associated invasion reproduction number (%) exceeds unity.

Using sensitivity and uncertainty analysis, their full AVL-HIV model (or its associated

sub-models) show the following:

(v)

(vii)

The three main drivers of the AVL infection (with respect to the response function
1) are the average number of times a sandfly bites humans per unit time,
the carrying capacity of sandflies and the transmission probability from infected

humans to susceptible sandflies.

The top three parameters that affect the HIV dynamics (with respect to the
response function #Zp) are the transmission rate of HIV, HIV-induced death
rate, and the modification parameter for the increase in infectiousness of AIDS

individuals in comparison to HIV infected without clinical symptoms of AIDS.

The dominant parameters that affect the dynamics of their full AVL-HIV model
(with respect to the response function %) are the transmission rate of HIV, the
average number of times a sandfly bites humans per unit time and HIV-induced

death rate.
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In [96], Melese and Alemneh formulated SI-type mathematical models for VL-HIV
co-infection that incorporate three populations: the human host, reservoir host, and
sandfly host. They calculated the basic reproduction number and investigated the lo-
cal and global stability of the DFE. Using the center manifold theory, they found that
the co-infection model would undergo a backward bifurcation under certain conditions.
They conducted a sensitivity analysis and investigated the parameters affecting the
transmission of the disease. Their simulation result suggests that increasing the rate of
VL recovery, the recovery rate for VL-HIV co-infection, removing reservoirs, and min-
imizing the contact rate for HIV infection would result in controlling the transmission
of the individual disease and the co-infection of VL-HIV in the community.

Except for some of the works mentioned above, we could hardly find mathematical
models on AVL-HIV co-infections. However, from a biological perspective, the reader
may look at the work on co-infection dynamics in [8, 40, 89, 117, 121]. However, the
other works dealing with HIV-only infections are [18, 22, 46, 59, 66, 72, 78, 101, 105,
109, 111, 143] whereas those dealing with cutaneous leishmaniasis are [19, 24, 33|, and
visceral leishmaniasis are [3, 26, 58, 120, 126, 129, 130, 161].

The above literature covers selected works on AVL, HIV, and the co-infection.
However, to keep the presentations in the chapters self-contained, some literature is
also reviewed in the particular chapters.

The numerical scheme we will explore in detail is a special class of numerical schemes
called the nonstandard finite difference (NSFD) schemes. The rules for constructing
these NSFD schemes are presented in the work of Mickens [97, 98, 99|. Patidar in
[114, 115] provides more details on these rules and an extensive review of these schemes.
Recently, Raza et al. [119] proposed a NSFD scheme for the heroin epidemic model,
and the scheme effectively preserves the dynamical properties of the model, such as
positivity, boundedness, consistency, and stability. In [52], Farooqi et al. constructed
a NSFD scheme of predictor-corrector type for the SEIR measles model. They found
that the scheme is dynamically compatible with the continuous system, unconditionally

convergent, and satisfies the positivity of the state variables involved in the system of
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the SEIR model.

1.3 Mathematical preliminaries

In this section, we summarize some mathematical results which will be used in the rest

of the thesis.

Stability for ordinary differential equations

Stability analysis is used to study the qualitative properties of the solutions based on

the characteristics of the differential equations.

Local stability

In this section, we present results that will be used to prove the local stability of systems

of ordinary differential equations.

Definition 1.3.1. The basic reproduction number [137], denoted by o, is the expected
number of secondary cases produced, in a completely susceptible population, by a typical
infective individual. If o < 1, then an infected individual produces, on average, less
than one new infected individual over the course of its infectious period; hence, the
infection cannot grow. On the other hand, if Zy > 1, then each infected individual
produces, on average, more than one new infection, and the disease can invade the

population.

The basic reproduction number cannot be determined from the structure of the
mathematical model alone but depends on the definition of infected and uninfected

compartments. We define X to be the set of all disease-free states. That is

Xs={x>0:2;,=0,i=1,...,m}.
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In order to compute %, it is important to distinguish new infections from all other
changes in the population. Let .%;(z) be the rate of appearance of new infections in
compartment i, %" (x) be the rate of transfer of individuals into compartment 7 by all
other means, and %, (x) be the rate of transfer of individuals out of compartment i.
It is assumed that each function is continuously differentiable at least twice in each
variable. The disease transmission model consists of non-negative initial conditions

together with the following system of equations:

= fi(x) = Zi(x) — ¥(x),i=1,2,...,n, (1.3.1)

where ¥;(z) = ¥, (z) — ¥,"(x) and the functions satisfy assumptions (A1)-(A5) de-
scribed below. Because each function represents a directed transfer of individuals, they

are all non-negative. Thus,

(A1) if x >0, then .7, ¥, 1, for i =1,2,...,n.

(3 1

If a compartment is empty, then there can be no transfer of individuals out of

the compartment by death, infection, nor any other means. Thus,
(A2) if x; = 0 then #,~ = 0. In particular, if € X then ¥, =0 fori=1,2,...,m.
(A3) # =0ifi>m.
(Ad) If z € X, then #; =0and ¥ =0fori=1,2,...m.

The remaining condition is based on the derivatives of f near a DFE. For our
purposes, we define a DFE of (1.3.1) to be a (locally asymptotically) stable
equilibrium solution of the disease-free model, i.e., (1.3.1) restricted to X,. Note
that we need not assume that the model has a unique DFE. Consider a population
near the DFE z. If the population remains near the DFE (i.e., if the introduction

of a few infective individuals does not result in an epidemic), then the population
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will return to the DFE according to the linearized system

& = Df(xo)(z = w0),

where D f(zg) is the derivative [0f;/0z;] evaluated at the DFE, z, (i.e., the
Jacobian matrix). Here, and in what follows, some derivatives are one-sided
because x( is on the domain boundary. We restrict our attention to systems in

which the DFE is stable in the absence of new infection. That is,
(A5) if F (z) is set to zero, then all eigenvalues of D f(xy) have negative real parts.

Theorem 1.3.2. [7] (Routh-Hurwitz Criteria). Given the polynomial,

(= = - — T — - NP

where the coefficients a; are real constants, i = 1,...,n, define the n Hurwitz matrices

using the coefficients a;, of the characteristic polynomial:

aq 1 0
aq 1
H, = ( aj )7 Hy = ) H3: asz az a ) and
as as
as a4 as
aa 1 0 0 0
as a2 ap 1 0
H,=1 a5 a4 a3 as 0 1,
0 0 0 O Qn,

where a; = 0 if j > n. All of the roots of the polynomial P(X\) are negative or have a

negative real part if and only if the determinants of all Hurwitz matrices are positive:

det(H;) > 0,5 =1,2,....n.
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When n = 2, the polynomial P(\) = A\? + a;\ + ay and the Routh-Hurwitz criteria

a; 1
simplify to det(Hy) = a; > 0 and det(Hy) = det ! = ajay > 0 o0ra; >0
0 a9

and as > 0. For polynomials of degree n = 2,3, and 4, the Routh-Hurwitz criteria are

summarized below:

n=2:a; > 0anday > 0.
n=3:a; >0,a3 >0, anda,as > as.

n=4:a; >0,a3 >0,a4 >0, andaiasas > a% + a%a4.

Global stability

The global stability of DFE is established through a result in [34]. This is done as

follows. Firstly, the system (1.3.1) can be rewritten in the form

ax = F(X,2),
ddZt (1.3.2)
— = G(X, 2) with G(X,0) =0,

where X € R™ denotes the number of uninfected individuals and Z € R"™ denotes
the number of infected individuals including latent, infectious, etc. Let Uy = (X, 0)
denote the disease-free equilibrium of the system (1.3.2). Then consider the following
two assumptions
(Hy) For % = F(X,0), X, is globally asymptotically stable.
(Hy) G(X,Z2)= AZ—@(X7 Z), @(X, Z)>0for (X,Z) €T, where A = D;G(X,,0),
the off-diagonal elements of A are nonnegative, and I" is the feasible region.

If system (1.3.2) satisfies the above two conditions, then the following theorem

holds.

Theorem 1.3.3. [34] The disease free equilibrium Uy = (Xo,0) is globally asymptoti-
cally stable equilibrium of system (1.5.2) if o < 1 provided that the assumptions (Hy)
and (Hy) are satisfied.
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Theorem 1.3.4. (/35]) Consider the following general system of ordinary differential
equations with a parameter ¢

dﬂ? n n 2 n

E:f(x,gb), R xR —=R" and  feC(R" xR). (1.3.3)
Without loss of generality, it is assumed that 0 is an equilibrium for system (1.3.3) for
all values of the parameter ¢, (i.e., f(0,¢) =0 for all ¢). Assume

Ay A= D,f(0,0) = (gi
J

equilibrium O with ¢ evaluated at 0. Zero is a simple eigenvalue of A, and all

0, O) is the linearize matriz of system (1.3.3) around the

other eigenvalues of A have negative real parts;

Ao . The matriz A has a nonnegative right eigenvector w and a left eigenvector v

corresponding to the zero eigenvalue.

Let fi, be the k' component of f and

S 0 [
Qs = Z vkwiwjm((), 0),
? J

k,i,j=1

The local dynamics of system (1.8.3) around 0 are totally determined by the values of

aes and bes as follows:

(1) When acs > 0,b.s > 0: ¢ < 0 with |¢| < 1, 0 is locally asymptotically stable and
there exists a positive unstable equilibrium; when 0 < ¢ < 1, 0 is unstable and

there exists a negative and locally asymptotically stable equilibrium.

(1i) When aqs < 0,b.s < 0: ¢ < 0 with |¢p| < 1, 0 is unstable; when 0 < ¢ < 1, 0 is

locally asymptotically stable, and there exists a positive unstable equilibrium,;

(11) When aes > 0,bes < 0: ¢ < 0 with |¢| < 1, 0 is unstable, and there exists a
locally asymptotically stable negative equilibrium; when 0 < ¢ <K 1, 0 is stable,

and a positive unstable equilibrium appears;
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(iv) When aes < 0,b.s > 0: ¢ changes from negative to positive, 0 changes its stability
from stable to unstable. Correspondingly a negative unstable equilibrium becomes

positive and locally asymptotically stable.

Particularly, if a.s > 0 and b.s > 0, then a backward bifurcation occurs at ¢ = 0.
Let z* be an equilibrium of the system & = f(z), where f:R" — R"™.

Definition 1.3.5. A scalar function L(x) such that L : R" — R is called radially

unbounded if L(x) — oo as ||x| — oc.

Definition 1.3.6. Let L be a continuous scalar function, that is, L : R® — R. The

function L is called positive definite on the entire space if L(x*) =0 and L(z) > 0 for
x # x*.

Now we can state Lyapunov’s theorem for global stability of the equilibrium x*.

For proof of Lyapunov’s theorem see [37].

Theorem 1.3.7. [92] (Lyapunov’s Stability Theorem). If a function L(x) is glob-
ally positively definite and radially unbounded, and its time derivative is globally nega-

tive,

L(z) <0 forall x# ",

then the equilibrium x* is globally stable.

Definition 1.3.8. If a function L(x) satisfies the conditions of Theorem 1.5.7, then

this function is called a Lyapunov function.

Sensitivity analysis

A parameter is called sensitive if small changes in the parameter’s value produce sig-

nificant changes in the solution of the differential equations.
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Definition 1.3.9. (Local sensitivity). Local sensitivity analysis is a sensitivity anal-
ysis that examanes the change in the output values that result from a change in one input
parameter.

The local sensitivity, based on the normalized sensitivity index, of a variable X,

that depends differentiably on a parameter, p, is defined as [38]:

a0 P
P 8]? %0
Definition 1.3.10. (Global sensitivity). Global sensitivity analysis ezamines changes

in the output values that result from changes in all parameter values over the parame-

ters’ ranges.

The global sensitivity analysis of a model with parameter p as an input and the basic
reproduction number %, as output is determined using Latin Hypercube Sampling
(LHS) and Partial Rank Correlation Coefficient (PRCC) methods.

The LHS is a stratified sampling that effectively studies parameter variations across
simultaneous uncertainty ranges in each parameter |23, 91, 95, 125].

The PRCC measures the strength of the relationship between the model outcome
and the parameters, expressing the degree of the impact that each parameter has on

the outcome |23, 91, 95, 125].

Nonstandard finite difference modeling rules

Modeling rules for constructing NSFD methods, as proposed by Mickens (using the

exact difference equations as a guide) [98], are given follows

Rule 1 The orders of the discrete derivatives should be equal to the orders of the

corresponding derivatives of the differential equations.

Rule 2 Denominator functions for the discrete derivatives must, in general, be ex-
pressed in terms of more complicated functions of the step sizes than those con-

ventionally used.
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Rule 3 Nonlinear terms should, in general, be replaced by nonlocal discrete represen-

tations.

Rule 4 Special conditions that hold for the solutions of the differential equations should

also hold for the solutions of the finite difference scheme.
Rule 5 The scheme should not introduce extraneous or spurious (special) solutions.

Rule 6 For differential equations having N(> 3) terms, it is generally useful to con-
struct finite difference schemes for various sub-equations composed of M terms,
where M < N, and then combine all the schemes together in an overall consistent

finite difference model.

Remark 1.3.11. It is to be noted that any method [114], which is not standard, can be
considered as nonstandard. However, when we talk about the nonstandard finite differ-
ence methods, we mean those methods which consider at least one of the nonstandard

modeling rules proposed by Mickens as above.

Stability of discrete systems

Lemma 1.3.12. [7/(Jury condition, Schur-Cohn criteria, n = 3)

Suppose the characteristic polynomial P(A) = A3 4+ piA? + po) + p3 is given. The
solutions \;,1 = 1,2,3 of P(\) satisfy |Ni| < 1 if the following three conditions are
held:

(i). P(1)=1+pi+p;+ps>0,
(). (_1)3P(_1) =1—pi+p2—p3>0,
(ii). 1 —p3 > |pa — pspul.

Lemma 1.3.13. (Jury condition, Schur-Cohn criteria, n = 4)
Suppose the characteristic polynomial P(N) = A+ pi A3 + paA + p3 X + py is given. For

the polynomial P(N), let by =1 — p3,bs = p1 — paps, by = P2 — Dap2, b1 = P3 — pap1; €4 =
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b2 — b2, 3 = bybg — biby, o = byby — bibs. The Jury conditions, which ensure that the
roots of the polynomial P(\) have magnitudes less than one, are P(1) > 0, P(—1) >

0, [pa] < 1, [ba]| > |b1], |ca| > |ea].

Slow-fast dynamical systems

The term slow-fast system is commonly used to model phenomena that evolve on two
(or more) different time scales. A slow-fast system in standard form is a singularly

perturbed ordinary differential equation with two time scales often described as

&= F(z,y,¢), (1.3.4)

E:l) = G(x7 y? 8)7

where the dot * denotes the derivative with respect to the slow time ¢, F' and G are
assumed to be smooth, x € R™,y € R™, and 0 < ¢ < 1 is a small parameter that
describes the timescale separation between x and y.

Re-scaling the slow time ¢ by € we obtain an equivalent system that evolves on the

fast time-scale 7 = t/e. We thus write

v =eF(x,y,¢),
(1.3.5)

y/ = G(x7 y7 6)7

where the primes indicate the derivative with respect to the faster time-scale 7.

Due to the slower time-scale ¢ (respectively, the faster time-scale 7) used in the dy-
namics of equation (1.3.4) (respectively, (1.3.5)), these system of equations are referred
to as slow dynamics (respectively, fast dynamics). We take the (singular) limit € — 0

in slow system (1.3.4) and obtain n,-dimensional differential-algebraic system

&= F(x,y,0), (136)
0=G(x,y,0),
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known as the reduced problem, which represents a dynamical system for the slower
variable x subject to G(z,y,0) = 0.
Alternatively, taking the singular limit in (1.3.5), we obtain the ny dimensional

layer problem

(1.3.7)
y/ = G(x’ y7 0)7

where the slow variables act as parameters. It represents a dynamic for the fast problem
independently of the slow variables, which are assumed to evolve so slowly that they

are treated as parameters.

Definition 1.3.14. The critical manifold is defined as the set of equilibria of the layer

problem
S :={(z,y) e R"™ xR : G(x,y,0) = 0}.

It is worth noting that the critical manifold is an important geometric structure
that acts as an interface between the slow and fast dynamics of (1.3.6) and (1.3.7).
The goal of geometric singular perturbation theory [56] is to consolidate the slow and
fast dynamics of the lower dimensional sub-problems (1.3.6) and (1.3.7), and therefore
predict the dynamics of the full (R™ + R"f)-dimensional system for 0 < ¢ < 1. Below

we state a theorem due to Fenichel that can be found in [67].

Theorem 1.3.15. Suppose #y C S is compact, possibly with boundary, and normally
hyperbolic, that is, the eigenvalues A of the Jacobian % " all satisfy |(A) # 0.
Suppose F and G are smooth. Then for ¢ > 0 and sufficiently small, there exists a
manifold M., O(c) close and diffeomorphic to My, that is locally invariant under the

flow of the full problem (1.3.4).
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1.4 Qutline of the thesis

This thesis deals with the analysis and implementation of robust numerical methods
to solve mathematical models of AVL and HIV co-infection. We first studied the sub-
models and then the full model. More specific details are provided below.

In chapter 2, we consider a mathematical model of Visceral Leishmaniasis. The
model incorporates three populations, the human, the reservoir, and the vector host
populations. The model undergoes a backward bifurcation when the associated re-
production threshold is less than unity. For the case where the death rate due to
VL is negligible, the disease-free equilibrium of the model is shown to be globally
asymptotically stable if the reproduction number is less than unity. We develop an
unconditionally stable nonstandard finite difference (NSFD) scheme based on nonlocal
approximation for the nonlinear terms to obtain the numerical solution.

In chapter 3, we use the geometric singular perturbation method to reduce, inves-
tigate and analyze a model of Anthroponotic visceral leishmaniasis (AVL). The AVL
model is divided into two sub-models: one characterized by a slower dynamic for the
human population and the other by the fast dynamic of the sandfly population. We
focus on the slow dynamic model at the critical manifold of the fast dynamic, and a
comprehensive stability analysis is performed. The slow model undergoes the usual
phenomenon of backward bifurcation exhibited by similar vector-borne disease trans-
mission models. In the absence of such phenomenon (which is shown to arise due
to disease-induced mortality), the nontrivial disease-free equilibrium of the model is
shown to be globally asymptotically stable when the associated reproduction number
of the model is less than unity. We then construct and analyze a nonstandard finite
difference scheme (NSFD) to approximate the solution of the slow system.

In chapter 4, we construct a deterministic SIAT (Susceptible-Infected-AIDS-Treated)
model to study the transmission dynamics of the HIV/AIDS epidemic. The model in-
corporates the treatments of both HIV-infected and ATDS-infected individuals. We pro-

vide the local stability and global stability analysis of the equilibrium points. Through
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uncertainty and sensitivity analyses of the model, we investigate the most significant
parameters that affect the dynamics of HIV/AIDS. We found that the top three most
significant parameters that affect the dynamics of HIV/AIDS are the transmission rate
of HIV-infected individuals, the rate of developing AIDS symptoms, and the rate of
transfer of individuals to HIV-infected due to treatment failure. Finally, numerical
simulations are carried out to determine the effect of treatment on both HIV-infected
and AIDS-stage individuals on the dynamics of HIV/AIDS.

Chapter 5 is devoted to the construction and analysis of two classes of NSFD
schemes to solve the SIAT HIV /AIDS model. The first one uses non-local discretization
of nonlinear terms but with a standard denominator function, whereas the second class
of methods use non-local discretization of nonlinear terms with three different types
of denominator functions which are constructed using more sophisticated approaches.
Comparisons between the schemes are presented.

In chapter 6, we develop a nonlinear mathematical model for co-infection of AVL
and HIV. We find the basic reproduction number and the equilibrium points and
present the stability analysis. We show the global stability of the disease-free equi-
librium and the possibility of backward bifurcation of the AVL-HIV co-infection. We
design and analyze a novel NSFD scheme to approximate the solutions of the AVL-HIV
co-infection model. Comparisons are made with other classical methods, such as the
Euler and Runge Kutta fourth order.

In chapter 7, we use the geometric singular perturbation method to sub-divide,
investigate and analyze the AVL-HIV co-infection model. The full model is divided
into two sub-models: one characterized by slower dynamic of HIV transmission and
the other by the fast dynamic of AVL disease. We focus on the slow dynamic model
(HIV) and perform a comprehensive stability analysis.

Finally, in Chapter 8, we conclude and summarize the main results and indicate

possible future research directions.



Chapter 2

An unconditionally stable
nonstandard finite difference method
to solve a mathematical model

describing Visceral Leishmaniasis

In this chapter, a mathematical model of Visceral Leishmaniasis is considered. The
model incorporates three populations, the human, the reservoir and the vector host
populations. A detailed analysis of the model is presented. This analysis reveals that
the model undergoes a backward bifurcation when the associated reproduction thresh-
old is less than unity. For the case where the death rate due to VL is negligible,
the disease-free equilibrium of the model is shown to be globally-asymptotically stable
if the reproduction number is less than unity. The governing model is a system of
highly nonlinear differential equations, its analytical solution is hard to obtain. To this
end, a special class of numerical methods, known as the nonstandard finite difference
(NSED) method is introduced. A rigorous theoretical analysis of the proposed numer-
ical method is carried out. We show that this method is unconditionally stable. The

results obtained using the NSFDM are compared with other well-known standard nu-
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merical methods such as the forward Fuler method and the fourth-order Runge-Kutta
method. Further, the NSFDM preserves the positivity of the solutions and is more

efficient than the standard numerical methods.

2.1 Introducton

Leishmaniasis is a vector-borne disease, caused by a protozoan parasite which is trans-
mitted to humans by the bite of infected female phlebotomine sandflies. There are
four main forms of the disease: Visceral Leishmaniasis (VL, also known as Kala-Azar);
Post-Kala-Azar Dermal Leishmaniasis (PKDL); Cutaneous Leishmaniasis (CL); and
Mucocutaneous Leishmaniasis (MCL). In addition to these, Leishmaniasis can be clas-
sified as anthroponotic or zoonotic-depending on whether the natural reservoir of the
parasite is human or animal [149]. It was indicated in [21] that the Leishmaniasis is
widely distributed across the tropical, subtropical, and temperate regions in 88 coun-
tries, 72 of which are developing. Three hundred fifty million women, men, and children
are at risk in widely scattered areas. An estimated 12 million people suffer from Leish-
maniasis, with 500,000 new cases of VL per year and 1 to 1.5 million new cases of CL
per year, with 2.4 million disability-adjusted life-years. While Cutaneous Leishmania-
sis is the most common form of this disease, Visceral Leishmaniasis is the most serious
and can be fatal if untreated.

Mathematical models are a powerful tool to describe and investigate the dynamics
of biological systems. In most cases, these models are described by autonomous systems
of nonlinear ordinary differential equations. For instance, mathematical models for VL
in |25, 49, 77, 161], are systems of nonlinear ordinary differential equations. Existing
mathematical models of VL suggest that treatment is a key parameter in the control
of the disease among the human population [49]. Vaccination also contribute in the
control of the disease [25]. As the author in [25] pointed out, the mass treatment
alone cannot control the outbreak of VL disease. To eradicate the disease from the

community, high rate of human treatment should be accompanied by vector control
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strategies as suggested by Elmojtaba et al. [49]. In the case of zoonotic VL, different
models revealed that controlling sandfly population is the most effective strategy but
not culling dogs |77, 161].

Such systems are not always easy to solve analytically and are often studied through
robust numerical methods. Well known numerical methods such as Euler and Runge-
Kutta methods sometimes fail because they generate oscillations, bifurcations, chaos
and false steady states (see [39, 65]). As a result we construct a more reliable solver
that does not suffer such drawbacks. We design a nonstandard finite difference schemes
based on the properties and nature of the differential equation. Readers may note that
NSFED schemes are originally designed and explored for numerous mathematical models
as indicated in the pioneering works of Mickens [97, 99] and two survey articles of one
of the authors of this paper [114, 115].

The NSFD schemes are used to solve many biological problems. Standard numerical
methods such as Fuler and Runge-Kutta methods are usually applied for the compari-
son with many of NSFD schemes models [14, 15, 60, 81, 108, 131]. In models [15, 108]
the matlab solvers are also applied for comparison purposes. It was noticed by these
researchers that standard methods like those mentioned above often fail to reflect some
essential qualitative features, such as, positivity and invariance of a solution, backward
bifurcation, convergence to the correct equilibrium for relatively large step-sizes, etc.,
as stated in [60]. The author in [81] also mentioned that such methods produce bad ap-
proximations when simulating the model for large time step-sizes. However, the NSFD
schemes are more efficient and usually preserve essential properties of the continuous
model [81]. Arenas et al. [15] showed the effectiveness of their NSFD scheme. Further,
the NSEFD schemes are stable in larger region than some other contemporary methods
[131]. This approach has also been applied to mathematical models of vector borne
diseases, such as, Dengue and Malaria. However, to the best of our knowledge the
NSFD schemes are yet to be explored for VL disease model.

In this chapter, we develop a nonstandard finite difference scheme to obtain numer-

ical solution of a VL disease model. The continuous model that we considered is based
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on transmission of VL disease between three different populations, human host popu-
lation, reservoir host population and vector host population. This model is represented
by a system of eight ordinary differential equations [49|. To our knowledge this is the
first NSED scheme applied to this model. The construction of the scheme is based on
some nonlocal approximation for the nonlinear terms with the aim of obtaining positive
approximations. A brief overview of different descriptions of these methods along with
extensive account of works on these NSFD methods can be found in [114, 115].

The rest of this chapter is organized as follows: In Section 2.2, the mathematical
model developed in [49] is presented along with its detailed stability analysis. In Sec-
tion 2.3, we design and analyze a novel NSFD scheme. Using this scheme, extensive
numerical simulations are carried out and results are presented in Section 2.4. Fi-
nally, in Section 2.5, we present some discussions on these results and draw relevant

conclusions.
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2.2 Mathematical model and its analysis

The model to be considered in this study is that of the dynamics of Visceral Leishma-

niasis in the Sudan [49]. It consists of the following system of equations

S
S}{ = AH — ab[V—H — /LhSH,
Nu

S
I, = ably =2 — (oq + 6 + ) I,
Ny

P;J = (1 —O')OzllH — (Oé2+5+,uh)PH,

Ry =oaily + (o + B)Py — pnRu.
Sk

S}z = Ag — Clb]vN—R T W

I = abfvjs\;—}; — prlr,

Sy =Ay — acSV]{I—}; — acSvﬁ—Z — acsvjif—}; — 1y Sy,
I, = acSvjj\—f—Ij{ + acSVj]\Df—i + acSV]{[—I; — oIy,

\

/

(2.2.1)

where all state variables in the above system and their definitions are presented in Table

2.2.1. The meanings and values of the parameters used in this system are presented in

Table 2.2.2.

It was assumed in [49] that Ay = b,Ny,Agr = b,Nr and Ay = b,Ny are the

recruitment rates of human, reservoir and vector, where by, b, and b, are the rate

for natural birth of human, reservoir and vector population, respectively. The total

populations in each population group are given by Ny (t) = Sy (t) + Ig(t) + Pu(t) +
RH(t), NR<t) = SR<t) +[R(t) and Nv(t) = Sv(t) +Iv(t) These along with (221) lead

to

N;—I = (bh — Nh)NH — (5]]{,

N]/{ = (br - MT‘)NR7

N\l/ = (bv - #U)NV-
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The subscripts H, R and V refer to the population of human, reservoir and vector

respectively. Now we scale the system (2.2.1) as

Table 2.2.1: State variables used in the system (2.2.1)

Variable Definition

Su(t)  Susceptible population, individuals who have never encountered
Visceral Leishmaniasis

Iy(t)  Individuals infected with Visceral Leishmaniasis

Py (t)  Individuals who develop PKDL after treatment of Visceral
Leishmaniasis

Ry (t)  Individuals who are recovered and have permanent immunity

Ng(t)  Human host population

Sgr(t)  Susceptible reservoir

Ir(t)  Infected reservoir

Ng(t)  Reservoir host population

Sy(t)  Susceptible sandflies, vectors which are susceptible for the disease

Iy(t)  Infected sandflies

Ny(t)  Vector population.

Su . Iy Py Ry Sr . I
NH’ (23 N » Ph N_H’ Tn N y Sp = NR’ = N_R’
Sy Iy
N—V, and by = N_V

N N
Also let m = N—V be the female vector-human ratio and n = N—V be the female vector-

H R

reservoir ratio; both of which are considered as constants [49]. Then (2.2.1) reduces to
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the following equivalent system
.

sy, = by, — (abmi, + by, — dip)sn,

Z;L = abmivsh - (61/1 + ) + bh - 5ih)ih,

Py = (1 — 0)ayip — (ag + 4 by, — 0ip)pa,

7’/ =0 ih + (Oé + ﬁ)ph - (bh — 5ih)Th,

e ’ (2.2.2)

/ .
s, = b, — abniy,s, — bs,,
4, . .
1, = abniys, — byi,,

s, = b, — (acip + acpy, + aci, + by)s,,

-/ . . .
1, = AClpSy + ACPRSy + ACL. S, — byly. )

All parameters in the above system, their interpretations and appropriate values are

presented in Table 2.2.2. Most of the parameters values were obtained from the liter-

ature, namely from [49] and the references therein. The value of the biting rate was

made varying to explore the biting rates the promote the extinction of the disease.

Table 2.2.2: Parameters used in the system (2.2.2), their interpretation and values.

Parameter Interpretation Value
by, Natural birth rate of human 0.0015875 day ™!
b, Natural birth rate of reservoir host population 0.073 day~*
b, Natural birth rate of vector 0.299 day~!
a Biting rate of sandflies 0.2856 day*
b Progression rate of VL in sandfly 0.22 day~*
c Progression rate of VL in human and reservoir 0.0714 day™!
oy Treatment rate of VL 0.9 day™!

-0 Developing PKDL rate after treatment 0.36 day*
o Recovery rate from VL infection after treatment 0.64 day~*
) Death rate due to VL 0.011 day~*
Qo PKDL recovery rate without treatment 0.00556 day*
I&; PKDL recovery rate after treatment 0.033 day~!.

For the model represented by system (2.2.2), we have
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Theorem 2.2.1. The set

. . . 8 . .
U = {(Shyin,Dh:Ths Srrins Sus i) € RY 20 < iy, P Thy Sn 4 i+ pr 10 < 1
OSST‘7Z-T7ST’+Z.T§1;O§S’U7Z"U7S’U+Z.U§1}7
18 positively invariant.

Proof. Adding the equations of system (2.2.2) we obtain

d . ) )
£(5h+zh+ph+rh) = (bn — 0in)(1 — (sn +in +pn +71))

< bp(1 = (sp+in +pn+110)).
It follows that
shtint+pntrn < 1—e (1= (s4(0) +in(0) + pu(0) + 71(0))),

where s5,(0),44(0), pn(0) and 7,(0) represents the initial values of the susceptible, in-
fected, post kalazar and recovered human populations respectively. Thus
tE+moo sup(sp + in + pn + 1) < 1.

For the reservoir population

d

E(sr—l—@}) = b(1—(sr +1p))

It follows that
Sp4i, = 1—e (1 —(5.(0) +1i,(0))),

where s,(0) and i,(0) represent the initial values of the susceptible and infected reservoir

populations, respectively. Thus lim sup(s, + i) < 1.
t—+4o00
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Similarly for the vector population

d . ;
E(Sv tiv) = bo(1—(sv+iv)).

It follows that
Sy 4, = 1— e*b”t(l — (5,(0) +1,(0))),

where s,(0) and ,(0) represents the initial values of the susceptible and infected vector
populations respectively. Thus tlim sup(s, + i,) < 1. It implies respectively that the
—+00

region

. | ] 8 . .
I = {(wazh?phar}wshlﬁ Svalv) = R+ e Shylhs Phs Thy Sh+ th +Pn + 7R < 17

0§8T77;7’787’+/I;7‘§ 1;0§8’U7i’078’u+i’l} S 1}’

is a positively invariant set for system (2.2.2).
The disease free equilibrium (DFE) of the system (2.2.2) is obtained by setting the

right-hand sides of the equations in (2.2.2) to zero, and is given by

Ey = (1,0,0,0,1,0,1,0).

The basic reproduction number

The basic reproduction number, %, for the system (2.2.2) is investigated by using the
next generation matrix approach [137]. The matrices F (for the new infection terms)

and V (for the remaining transition terms) evaluated at DFE are given by

0 0 0 abm ay+ 6+ by 0 0 0

00 0 0 —(1—0)ay as+B8+0b, 0 0
F = and V = (1=o)ar az+F+by

0 0 0 abn 0 0 b, 0

T

ac ac ac 0 0 0 0 b,
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The spectral radius, p, of the matrix FV ™! (known as the next generation matrix) is

the basic reproduction number, %, given by

7 — \/ac[abmbr(az +B8+bn+ (1 —0)ar) +abn(as + 6 +bp)(az + 5 + bh)]. (2.2.3)

brby(an + 6 + by ) (a2 + B+ by)
The above Z, determines the local stability of the DFE through

Lemma 2.2.2. The disease free equilibrium is locally asymptotically stable if %y < 1
and unstable if %y > 1.

The global stability of DFE is established through a result in [34]. This is done as

follows. Firstly, the system (2.2.2) can be rewritten in the following form

v

— = F(X,2),
ddZt (2.2.4)
—r = G(X, Z) with G(X,0) =0,

where X € R™ denotes the number of uninfected individuals and Z € R" denotes
the number of infected individuals including latent, infectious, etc. Let Uy = (X, 0)
denote the disease free equilibrium of the system (2.2.4). Then consider the following

two assumptions

dX
(H,) For = F(X,0), X, is globally asymptotically stable.

(Hy)) G(X,Z) = AZ —G(X,Z),G(X,Z) >0 for (X, Z) €T, where A = D;G(X,,0),

the off diagonal elements of A are nonnegative, and I" is the feasible region.
If system (2.2.4) satisfies the above two conditions, then the following theorem holds.

Theorem 2.2.3. /34] The disease free equilibrium Uy = (Xo,0) is globally asymptoti-
cally stable equilibrium of system (2.2.4) if %o < 1 provided that the assumptions (H,)
and (Hs) are satisfied.

The following result ensures the global stability of the disease free equilibrium Fj

when %, < 1.
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Theorem 2.2.4. The disease free equilibrium Eo of the system (2.2.2) is globally
asymptotically stable if %y <1 and § = 0.

Proof. Considering X = (sp,, 1, S, 8y)7 and Z = (in, pn, ir,,)", and comparing system

(2.2.2) with system (2.2.4), we have

bh — (abmz’v + bh - 5ih)sh
ooyt + (g + B)pn — (b — dip)rn

F(X,7) =
b, — abni,s, — b,s,
b, — (acip, + acpp, + aci, + by)s,
and
abmivsh 5 (a1 + ) -+ bh - 52}1)2}1
1—0)agip — (ag + 8+ by, — di
G(X,Z): ( ) 1%h (2 B h h)ph

abni,s, — b,i,
acips, + acpps, + act, s, — by,
The disease free equilibrium of the system (2.2.2) is Uy = Ey = (X, 0) with Xy =
(1,0,1,1). Hence,

dX

(Hy) o F(X,0) is equivalent to the system of equations

8;1 = bh — thh = bh(l — Sh),\

T, = —bnT,
" (2.2.5)
sl =b, —b.s, =b.(1—s,),

st =by — bys, = by(1 — s,). )

Integrating (2.2.5) and using the initial conditions as (1,0,1,1), we obtain s, =
1—etr, =05, =1—e > and s, = 1 — e ', Clearly as t — 00,5, —

1,7, = 0,s, — 1 and s, — 1. Hence X is globally asymptotically stable for

dX

%:F(X,O) as X — Xy when t — 0.

Now
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—(o1 + 0+ bp) 0 0 abm i
1—0)a s+ 340 0 0
() ox.zy= | T Tt i mo _aix z)
0 0 —b, abn iy
ac ac ac —b, Ty
where
G(X,Z) =

ac(in + pn +i,)(1 — s,)

abmzv(l — 8h> — 5ihih
—0tpph
abni,(1 — s;)
> 0.

Because s, <1,s, <1,s, <1 and if § =0 then CAJ(X7 Z)

Thus, if Zy < 1 and § = 0, the disease free equilibrium Fj of system (2.2.2) is globally

asymptotically stable.

O

Remark 2.2.5. If § # 0, this will violate the non-negativity of CAJ(X, Z) and therefore

FEy may or may not be globally stable. This indicates the possibility for the existence

of endemic equilibria when %, < 1.

Theorem 2.2.6. The system (2.2.2) exhibits backward bifurcation at %y = 1 whenever

the bifurcation coefficient, a.s, given by equation (2.2.10), is positive.

Proof. Consider system (2.2.2) and set s, = 1,0, = To, pp = T3, Th = Ta, Sy = Ty, lp =

Tg, S, = o7, and i, = xg. Using the vector notation X = (x1,z, 3, 14, T5, T¢, T7, Tg) "

system (2.2.2) can be written in the form

X
dt

(f1, for f3 fas f, foo fro f)7
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ie.,

xy = by, — (abmag + by, — dxq) 2y,

xhy = abmagry — (g + 0 + b, — 0x) 12,

ry = (1 —o)oqws — (ag + 4 by, — 0x2) 3,
l’il =0a1Ty + (OéQ + 6)233 — (bh — 51’2)]}4, (226)
xt = b, — abnawgxs — byws,

xg = abnzgxs — by,

xo = b, — (acxe + acxs + acxe + by)x7,

Ty = ACToT7 + ACT3T7 + aCleT7 — byTs.

Consider the case when %y = 1. Suppose further that b = b* is chosen as a bifurcation

parameter. Solving for b = b* with %, = 1 in (2.2.3) gives

byby(ar + 0 +bp)(a + B + by)
a?c(mb,(ag + 8 +by+ (L= 0)an) + n(ar +0 +by)(as + S+ b))

b=10"=

The Jacobian of the system (2.2.6), evaluated at the DFE Ej with b = b* (denoted by

J*), is given by

—by, ) 0 0 0 0 0 —abm
0 —(ag+0+0bp) 0 0 0 0 0 ab*m
0 (1—0)ay —(ag+ B +by) 0 0 0 0 0
o 0 oy a + 3 b, 0 0 0 0
0 0 0 0 -=b 0 0 —ab*n
0 0 0 0 0 —-b. 0 ab*n
0 —ac —ac 0 0 —ac —b, 0
0 ac ac 0 0 ac 0 —b,

The Jacobian (J*) of the linearized system has a zero eigenvalue (with all other eigen-

values having negative real part). Hence, the centre manifold theory [35, 137 can be
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used to analyze the dynamics of the system (2.2.6). In particular, a theorem in [35]

will be used. Following the notation in Castillo-Chavez and Song [35], we proceed as

follows.

Eigenvectors of J* |,_;-: For the case Z, = 1, it can be shown that J* has a right

eigenvector (corresponding to the zero eigenvalue), given by w = [wy, wa, w3, wy, ws, we, Wy, Wy

where

Similarly, the components of the left eigenvector of J* (corresponding to the zero

Wy =

We —

Wy =

- br(ar + 6 + by)

—ab*m(a1 + bh)

ws,

ab*m

=g,
Oél—i‘(;—i‘bh 8

ab*m(1l — o)ay

— (i + 0+ by)(ag+ B+ bn)

ab*ma; (g + B+ 6bp)

ws,

—ab*n

ws,

ws,

—ws,

wg = wg and wg > 0.

" balon £ 0+ bp)aa kBt bn)

(2.2.7)

]T

b
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eigenvalue), denoted by v = [vy, va, V3, V4, s, Vg, U7, vg]T are given by

)
V1 = 0,
e — ac(as + B+ b, + (1 — 0)a1)v
T (b)) (as+ BAby)
ac

V3 = —————— g,
3 062+/8+bh s
v =0, (2.2.8)
Us = 07

ac
v _— —_—
6 b, Us,
Ur = 0,
Vg gbae kel tig v

/

For the transformed system (2.2.6), the associated non-zero partial derivative of f

(evaluated at the DFE Ej) are given by

Ph _ h UNIVERSLEY e _ 6 _ )
Oxs0r;  Ox,07% il 03 " O0x30x9 019013 ’
82f6 _ a2f6 — ab* 82f8 _ a2]88 _ asz _ (229)
82788275 81'581'8 v, 81‘781’2 8x78x3 0x70$6 ae o
0% f 0 fo
Drsdbr " Bzgdbr )
Using the expressions in (2.2.7)-(2.2.9), it follows that
: O fi
Aes — kgl Ukwiw]'m(o, 0)
_ o, ( §(ab*m)?(1 — o)y S(ab*m)*(as+ B+ by + (1 — o))
(a1 + 04 bn)* (a2 + B 4 by)? (ar + 0+ by)* (o2 + B + bn)
(ab*m)*(cq + bp) (a2 + B+ b+ (1 —0)ay)  (ab*n)? ab*m
a by(ay + 6 4 )2 (s + B+ by) R o +0+Db,
ab*m(1 — o)ay ab*n 5
_(al 5t b (oat B b T >U8w8 (2.2.10)
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and

gives

bes = a(vom + vgn)wg > 0.

Note that the coefficient b, is positive, hence, it follows that the system (2.2.2) (or its
transformed equivalent (2.2.6)) will undergo backward bifurcation if the coefficient a.,

given by (2.2.10), is positive. ]

The phenomenon of backward bifurcation in the system (2.2.2) can be removed if
the death rate due to VL is negligible (i.e.; 0 = 0) as in the case of VL submodel of the
co-infection model [76]. When § = 0 in the bifurcation coefficient a.,, given by (2.2.10)
it is clear that a.s < 0 and b.s remains positive. Hence, the system (2.2.2) with § =0

does not undergo backward bifurcation.

Theorem 2.2.7. The endemic equilibrium is locally asymptotically stable whenever it

exists for Xy > 1.

Proof. We use the center manifold theory [137, 35] to obtain the local asymptotic
stability of the endemic equilibrium. In particular, Theorem 1.3.4 from [35| will be
used.

It can be shown that 0 is a simple eigenvalue of the linearization matrix, J*, of
system (2.2.2) around the DFE when b = b*. Hence, Theorem 2.2.7 can be used to
analyse the dynamics of system (2.2.6) near b = b*. In particular, it will be used to
show local asymptotic stability of the endemic equilibrium of system (2.2.6) (which is
the same as the endemic equilibrium of system (2.2.2)), for b near b*.

From the above it is clear that b.;, > 0 and a.; < 0 whenever %, > 1. So by
item (iv) of Theorem 1.3.4, the endemic equilibrium is locally asymptotically stable
whenever it exists for Z, > 1.

In next section, we design and analyze a novel numerical method to solve the system

(2.2.2).
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2.3 Construction and analysis of NSFD scheme

In this section, we construct a nonstandard finite difference scheme to simulate the sys-
tem (2.2.2). The main aim of the scheme is to obtain dynamically consistent numerical
results and to ensure the positivity of the variables representing the subpopulations
sp(t), in(t), pr(t), ru(t), sq(t), i.(t), s,(t) and i,(t).

The basic terminology, including modeling rules regarding the constructions of these
schemes is presented in the pioneering work of Mickens [97, 98, 99|. Subsequent illus-
trations of these rules as well as extensive review on the works that used these methods
are presented in two survey articles of Patidar [114, 115].

To begin with the construction of the method for the model considered in this

kook ok

chapter, let us denote by sf, if, pf, ¥, s i* s% and i* the approximations of s (kf),

A1 ¥l

in(kl), pr(kl), rn(kl), s.(k€), i.(kl), s,(k€) and i,(kl), respectively, for k =0, 1,2, 3, ...

and ¢ the time-step of the scheme. The sequences s§, i, pf, v, sk i* s¥ and i* should

ry “ro
be nonnegative in order to be consistent with the biological nature of the model [85].
The numerical scheme to solve system (2.2.2) is therefore constructed with the aim of

obtaining positive approximations as follows

SICJrl — Sk )
hTh = by, — abmiFsiT — by si 4 Gt
k1l ke
T k k+1 k1 k+1
= = abmi®si™ — (aq + 0)iF Tt — byttt + Sifik,
k+1
Py —Dh -1 - Kl _ g okl gk k
g - ( - 0)a12h (aQ + ﬂ) hp =+ 1 Phs
k+1 k
re —r
h ho_ e k k41
—— =0, + (g + B)pf — bury ™ + Sifrk,
o (2.3.1)
sith — s .
% = b, — abni®sF — b,sF
k1 _ ok
LT T b k k+1 b k+1
= abniys T —byi T
k+1 k
Sy Sy k+1 k+1
T—b — ac(if + pf + ") — b, st
-l ok
v - Zv k+1 —b k41
L = ac(iy, + pj + if)s} vly
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After rearranging (2.3.1) we obtain the following explicit scheme

i1 Sy by + 0O sf )

b 1+ tabmik + (b,

1 G+ Labmik it + (61Kl

T T T fay + 0 + by)

phtt — PE 4+ 01 — o)oyif + L5k pf

14+ llag+ B+ bp)

L _ ¥+ loayif + Uy + B)pk + oifrk

h 1+ by, ’

Y

Y

e, (2.3.2)
" 1+ Labnik + (b,’

ep1 O+ Labnik s

’ E—

k+l ¥ sk + (b,
U 1+ bac(df + pk 4+ i) + b,
bl _ ¥ + lac(dh + pf +aF)skt? |

v 1+ b, )

It is clear from (2.3.2) above that if the initial conditions s5,(0), i,(0), px(0), 74(0),
$-(0), i,(0), s,(0) and i,(0) are non-negative, then the right hand side of equations
(2.3.2) admit no negative terms for any k. This implies the positivity of the solution
for the NSFD method given by (2.3.2).

The following result will be used to show the stability of the fixed points of (2.3.2).

Theorem 2.3.1. Consider the nonlinear system Xy = (Xy), where ¢ : R" — R",
is a Cl-diffeomorphism with a fized point, Xo. Then a steady-state equilibrium, X, is
locally asymptotically stable if and only if the moduli of all eigenvalues of the Jacobian

matriz, J(Xy), are smaller than one.

Proof. The reader is referred to [57| for the proof of Theorem 2.3.1.
Let us consider Xy, to be the fixed point of the system (2.3.2), i.e.,

XO = (3ha thy Phs Thy Sry ey S, Zz})-
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This is obtained by solving

(
ﬁh = f3(§h7 ih7f)h7 Tﬁh7 ér, 2.7‘7 §v7 iv)u

72h = f4(§h7 ihaﬁh; fha <§r> ir; §miv)7
(2.3.3)
ér = fS(Ahaihaﬁmf‘hagr;ira §vaiv)7
Z'r = f6(§h7ih7ﬁha 'f‘h, §ra ira §va iv)a
Sp = f7(sh7ih7pharh7 Srui'r’)sv7iv)7
iv = fS(AhJih:ﬁhafh7§7"7iru<§v7iv)7 )
where
f(A Y A A A~ 1 A.) §h+£bh+€(5’ih§h )
1 Shs thy Phs Thy Sry bry Suy ty) = 2 >
1 -+ labmi,, + by,
f(A Y A A A s A.) ih+€&bmiv§h+g(5ihih
208h; thy Phy Thy Sry bpy Svy v ) = )
1+€(041+(5+bh)
3\9hsthy PhyThy Srylr, Sv, ly) — )
L+l + B+ by)
O U NN f‘h+€Ua1ih+g(a2+6>ﬁh+f(%hfh
Ja(8ny i, Dy Thoy 8ry iy S0, 1) = 11 0b )
) h (2.3.4)
f(AA.AAAA.AA.) Sy + £b,
5(Shs thy Phy Thy Sry bry Sy ly) = A )
1+ labni, + b,
f(A YA A A A A A.) ir—{—ﬁabnivér
6\Shythys PhyThy Srylyy Suy by) = )
14 4b,
N TP SN Sy + Lby
f7(8h7zh7phurh757‘7Zrasval’v) - 2 ~ N 9
1+ lac(ip + pp + 1) + by
8\9hs thy Phy ' hy Ory bryov, b)) — .
14 ¢b,

In the above system, if 7, = 0,p, = 0,4, = 0,7, = 0, and given that f;(Xy) = X, =
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1,2,...,8, then
S + b
G = Sfjgb: S 8+ 8l = 8+ Lby = 8y = 1,
& h = T + Tl Fr, = T 0
P = P+ 7 =7 =
h 1 i gbh h htUp h h 3
G+ 0b
6= O e atb, = 5+ b, = 8, = 1,
1+ b,
Sy + Lb, A A a a
§U—S+ = 3, + §,0b, = 5, + b, = 5, = 1.

1400,
Thus the disease free equilibrium is unique and is given by Ey = (1,0,0,0,1,0,1,0).

Remark 2.3.2. The continuous system (2.2.2) and the discrete system (2.3.2) have

the same disease free equilibrium.

Equations of system (2.3.3) are nonlinear in 85, 5, $, and &, , and hence explicit
solutions are difficult to find. We therefore solve the system (2.3.3) numerically to
obtain the endemic fixed point.

The Jacobian matrix of (2.3.2) at the disease free equilibrium is given by

ay; app 0 0 0 0 0 as
0 axo 0 0 0 0 0 ass
0 ag azs 0 O O 0 O
J(Ey) = 0 aa2 aa3 aasa O 0 0 0 7
0 0 0 0 as 0 0 oass
0 0 0 0 0 ag O ags
0 ap a3z 0 0 ap ayy O
0 asx asgz O 0 ags 0 ass
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where
1 %) —Llabm 1
a = — a = — a [ a —
Yy TP T 1w, T T L4t P 1+l + 0+ b))
labm (1 —0)ay 1
a = 5 a, - 3 a — 9
Tl s b)) P T laa B b) T T laz + B+ )
looy l(ag + 5) 1 1 —Llabn
gy = i3 =——""1 gpu=— Gy =———\ ag=——
S T e T e T T/ I
1 _ labn _ —lac ~ —lac _ —lac
T, T T, T Ot T It m, T Tty
1 lac lac lac 1
arp=———, Ggg=—"1°, Qgg=-—"1, (Ggg=——, (dgg= :
T, TP 1w, P 11, T 1, TR 1+ b,
The characteristic equation associated with the above matrix is |J(Ey) — M| = 0,

which can be simplified as (a1; — A)(aaq = A)(as5 — N)(a77 — N)@(X) = 0, where

e(N) = A+ (—ass — ags — azz — ase) A’ + (a22a33 + a20066 + A20as5 — A2sas2
+a33066 + A33088 + Agedss — a68a86))\2 + (—ag2a33a66 — Q22033088
—Q22066088 + Q22068086 — 28032083 + Q2833082 + A28066082
—a33066088 + a33a68a86)/\ i’ (a88a66a33a22 — (22033068086

+a28a32a66083 — a28a33a66a82)-

We need to show that each eigenvalue \; satisfies |\;| < 1. Because (b, > 0, (b, >

1 1
0, Ebv > 07 it is clear that )il = a1 = 1 +€bh < 1,)\2 = Q44 = 1 —I—fbh < 1,/\3 = Q55 =
15 0 <L, Adi=am= T < 1, for every values of the step length ¢ > 0.

Now consider p(\) = M +a; A3 +as 2 +asA+ay where ay, ..., a4 are the corresponding
coefficients of () above.

For the polynomial (), let by = 1—a?, b3 = a;—agas, by = ay—agas, by = az—aqas;
cy = b2 — b3, c3 = bybz — biby, ¢y = byby — b1bs3. The Jury conditions, which ensure that
the roots of the polynomial ¢(\) have magnitudes less than one, are p(1) > 0, p(—1) >

0, las] < 1,[bs] > [b1], |ca] > |-
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The first condition (1) = 1+ ay + as + a3 + a4 implies that
1 4/ 2
(¢*(a*bemob,.aq

1) =
P = GTT o Tl ¥ DB+ or + loan 7 Dl + Dy 7 1))
4 B8b,by + Bbabrby + Bbibyciy + Sbybyby + Sbybycis + b2buby + babbyan

+bpbbycry + bybyaq g — a?bBedn — a’bfemb, — a’bfenby, — a*bBenay
—a?bednby, — a*bednas — a*bembyb, — a*bemb,aq — a*bemb,.oy — azbcnbi

—a*benbpay — a*benbyag — a’benagan)).

After some simplifications, we obtain

1) = 04b,by (oo + 0 + b)) (o + B+ by) (1 — %3)
P T A )+ )+l + 0+ b))+ lag + B+ by))’

It is clear that ¢(1) > 0 when %, < 1.

Now the second condition p(—1) =1 — ay + as — a3 + a4 simplified as

1
PN = AT ) lo 7T 0T {as T B0 (@+b)

2+ 0b,)((a1 + 6+ bp)l + 2)((az + B+ bp)l + 2) + Pa’bemay (1 — o)

(
(2 + b,) — a®bel*(((ay + 6 + by)n + mb, )l + 2m + 2n)
(

It is hard to retrieve what above right hand sides will give us for ¢(—1) but some

simulations show that its value is always positive when %, < 1.

The third condition requires us to show that |as| < 1, which is equivalent to 1—a? >

0. Hence, let us consider

l—a2=1— (1 + a®bel?(may(1 — o)l — (m+n)))?
4 (14 Lag+ B+ bp)) (1 + (g + 6 + b)) (1 + £b,)(1 + £b,))?
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which is positive when
1+a’bel?(may (1—o0)l—(m+n)) < (1+L(ca+B+bp)) (1+0(ay+5+by) ) (14b,) (1+£b,).

This condition is always true for parameter values used in our simulation. Hence, the
inequality |a4| < 1 is also satisfied.

Finally, we have to verify that the inequalities
‘1 — ai‘ > |ag — ajayl
and
‘(1 —a?)?* — (ag — a1a4)2' 5 |(1 = ai)(aQ — asay) — (az — ajay)(ay — a3a4)‘

are true. This is rather complicated to study theoretically. However, through numer-
ical simulations with the parameters presented in Table 2.2.2, we could see that the
inequalities are true when %, < 1 for all / > 0. Hence, we can conclude that all the
eigenvalues of the Jacobian matrix are less than one in magnitude. Thus, by Theorem
2.3.1, the scheme (2.3.2) is unconditionally stable when %, < 1.

To study the stability of the steady sates of the NSFD numerically, we generated
ten-thousand sets of parameter values randomly. For each parameter set, we calculated
reproductive number Ry, the disease free and endemic equilibria and the spectral radius
of their respective Jacobian matrix. The reproductive number Ry and the spectral radii
are plotted in Fig. 2.3.1. We observe that when Ry < 1, the spectral radius is less than
1, indicating that the DFE of the NSFD is locally asymptotically stable. When Ry > 1,
the spectral radius of the DFE is larger than 1 (positive logarithmic values) and that of
the EE is less than 1 (negative logarithmic values) indicating that the DFE is unstable
and the EE is asymptotically stable. In other words, the stability of the equilibrium

points of the NSFD correspond to that of equilibrium points of the continuous model.
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Fig. 2.3.1: The logarithm of the spectral radii of the Jacobian of the NSFD at the DFE
(left) and EE (right), and the reproductive number Ry. Each point represents a set of
randomly generated parameter values. The step size is ¢ = 10.

Remark 2.3.3. The endemic equilibrium of the NSFD is locally asymptotically stable

when Ry > 1.

In section 2.4, we present some numerical results confirming the above mentioned

theoretical observations.

2.4 Numerical results

In this section, we present extensive numerical results obtained by simulating the model
with NSFDM and other classical methods for a range of time step-sizes. Parameter
values used for the simulations are presented in Table 2.2.2. Further, numerous values of
the biting rate of sandflies, a, which are used in the numerical simulations, are indicated
in the captions of figures and tables. Initial condition used for these simulations is

indicated in Table 2.4.1.
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Table 2.4.1: Initial condition used for numerical simulations

Initial condition Value

5n(0) 0.085
in(0) 0.0025
2 (0) 0.0005
7(0) 0.012
s5-(0) 0.9
i, (0) 0.1
5,(0) 0.8
i, (0) 0.2

Disease free equilibrium (%, < 1)

In this section, we present the results to study the convergence behavior of the nu-
merical methods to disease free equilibria. We provide the results for different values
of biting rate of sandflies @ satisfying Z, < 1. In Fig. 2.4.1, it can be seen that
all the numerical methods converge to the disease free equilibrium when the step-size
¢ = 1. Then, in Table 2.4.2, we present some results about convergence of forward
Euler, fourth-order Runge-Kutta and NSF'D schemes for different time step-sizes. It
can be seen that the NSFD method converges to the correct disease free equilibrium for
all £ used in the numerical simulations, and preserves positivity of the state variables
whereas both forward Euler and fourth-order Runge-Kutta methods only converge for
smaller values of ¢ and diverge for larger values of time step-sizes. In addition, Table
2.4.4 provides the spectral radius for different values of ¢ and initial conditions for the
forward Euler and NSFD schemes. It can be observed for the NSFD scheme, these radii
are less than one for all values of the time step-size and initial conditions. Hence, by

Theorem 2.3.1, the disease free equilibrium is asymptotically stable for NSFD scheme.

Endemic equilibrium (%, > 1)

In this section, we study the behavior of the numerical methods to endemic equilibria.

We provide the results for different values of biting rate of sandflies a satisfying %, > 1.
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Fig. 2.4.1: Solution profiles obtained by different numerical methods for ¢ = 1, a =
0.1556 and %, < 1.

Table 2.4.2: Numerical convergence to the DFE for a = 0.1556, %, < 1 (Initial
condition: See Table 2.4.1).

14 Euler RK4 NSFEFD
0.01 Convergent Convergent Convergent
0.05  Convergent = Convergent = Convergent

0.1 Convergent Convergent Convergent
0.5 Convergent Convergent Convergent

1 Convergent Convergent Convergent
2.5 Divergent Convergent Convergent
3.5 Divergent  Divergent Convergent

7 Divergent  Divergent Convergent

10 Divergent  Divergent Convergent
100  Divergent  Divergent Convergent

It can be seen from Fig. 2.4.2 that all the numerical methods converge to the endemic
equilibrium. However, in Table 2.4.3, we can see the qualitative values of convergence
for forward Fuler, fourth-order Runge-Kutta and NSFD schemes for different time step-
sizes. It can be concluded that the NSFD method converges to the correct endemic
equilibrium for large values of ¢, whereas the forward Euler and fourth-order Runge-

Kutta methods only converge for smaller values and diverge for larger ¢. From Figure
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Table 2.4.3: Numerical convergence to the EE for a = 0.2856, %, > 1 (Initial condition:

See Table 2.4.1).

14 Euler RK4 NSFD
0.01 Convergent Convergent Convergent
0.05 Convergent Convergent Convergent
0.1 Convergent Convergent Convergent
0.5 Convergent Convergent Convergent
1 Convergent Convergent Convergent
2.5 Divergent Convergent Convergent
3.5 Divergent  Divergent Convergent
7 Divergent  Divergent Convergent
10 Divergent  Divergent Convergent
100  Divergent  Divergent Convergent
g 5
5 @ O | 00-0-0-0-0-0-0-6-00-00-00-06-0
S09 ks 08 2098
S 08 © 0.6 2 09
g %04 Soss
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Time(days) Time(days)

Fig. 2.4.2: Solution profiles obtained by different numerical methods for ¢ = 1, a =

0.2856 and Z, > 1.

2.4.3, we see that the forward Euler and fourth-order Runge Kutta methods failed

to converge to the endemic equilibrium. On the other hand the NSFD scheme with

different initial conditions converges to the correct endemic equilibrium even for large

values of ¢ (see Fig. 2.4.4). In addition, it can be observed from Table 2.4.5 that the

spectral radius of the NSEF'D scheme is less than one for all values of the time step-size

¢ and initial conditions. Hence, the endemic equilibrium is stable for NSFD.
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Fig. 2.4.3: Solution profiles obtained by Euler, RK4 and NSFD methods; for ¢ =
3.4, a=0.2856 and Z, > 1.
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Fig. 2.4.4: The approximations generated by the NSFD method with ¢ = 10 converges
to the EE (red dots) for different initial conditions. The biting rate is a = 0.2856 giving
a reproductive number %, > 1.

2.5 Discussion and conclusions

In this chapter, a numerical scheme for the dynamics of Visceral Leishmaniasis disease
was proposed. We formulated the NSFD scheme based on nonlocal approximations for
the nonlinear terms. We studied the convergence behavior of the numerical methods

near the steady state. We provided the results for different values of biting rate of
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Table 2.4.4: Numerical convergence to the DFE for different time step-size ¢ and initial
conditions. Here a = 0.1556 and 0.1656, giving Z, = 0.9351 and 0.9951, respectively.

14 Sh(o) Zh(O) ph(o) Th(()) ST(O) ZT(O) Sv<0) Zv<0) %0 p(Euler) p(NSFD)
0.1 0.985 0.0025 0.0005 0.012 0.9 0.1 0.8 0.2 0.9351 0.99984  0.99984
1 0.8 0.1 0.01 0.09 0.6 0.4 0.7 0.3 0.9951 0.99943  0.99949
2.2 0.985 0.0025 0.0005 0.012 0.9 0.1 0.8 0.2 0.9351 1.00791  0.99652
2.2 0.8 0.1 0.01 0.09 0.6 0.4 0.7 0.3 0.9951 1.00794  0.99901
10 0.985 0.0025 0.0005 0.012 0.9 0.1 0.8 0.2 0.9951 8.12703 0.99739
10 0.8 0.1 0.01 0.09 0.6 0.4 0.7 0.3 0.9351 8.12689  0.98437

Here p(Euler) and p(NSFD) denote the spectral radii of Euler and NSFD methods, respectively.

Table 2.4.5: Numerical convergence to the EE for different time step-size ¢ and initial
conditions. Here a = 0.2856 and 0.2956, giving %, = 1.7163 and 1.7764, respectively.

¢ 5n(0) n(0)  pu(0)  7a(0) s:(0) 4r(0) su(0) iw(0) F  p(Euler) p(NSFD)
0.1 0.985 0.0025 0.0005 0.012 0.9 0.1 08 0.2 1.7163 0.99984  0.99984
1 0.8 0.1 0.01 0.09 0.6 0:4--0.7 0.3 1.7764 0.99951  0.99951
2.2 0985 0.0025 0.0005 0.012 0.9 01 08 0.2 1.7163 1.00854  0.99658
22 08 0.1 0.01 A AT T A 0.4 0.7 0.3 1.7764 1.38846  0.99893
10 0.985 0.0025 0.0005 0.012 0.9 g1y 0.8 0.2 1.7764 8.13057  0.98464
10 0.8 0.1 0.01 0.09 0.6 04 0.7 0.3 1.7163 9.51766  0.99520

Here p(Euler) and p(NSFD) are used for the spectral radius of Euler and NSFD schemes, respec-
tively.
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Fig. 2.4.5: The population size at equilibrium obtained by NSFD method for ¢ = 10

with different values of the biting rate (a).

The solid black and red lines are the

susceptible and infected population, respectively. The dashed black line on the left
represents the PKDL and recovered human population.

sandflies, a, and %,.

The change in the values of the parameter a, the biting rate of sandflies, changes
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the dynamics of the system (see Fig. 2.4.5). When a < 0.166 then %, < 1 and the
DFE is stable, and when a > 0.166 then %, > 1 and the endemic equilibrium is stable.

We also noted that the NSFD scheme is unconditionally stable for %, < 1 and
converge to the disease free equilibrium for arbitrary step-sizes. On the other hand,
the forward Euler and fourth-order Runge-Kutta methods diverge for several time step-
sizes. Similarly, for the case %, > 1, NSFD scheme is unconditionally convergent to the
endemic equilibrium point whereas the forward Fuler and fourth-order Runge-Kutta
methods diverge for several time step-sizes.

The Euler and Runge-Kutta fourth order methods converge to the correct steady
state only when the time step-sizes are very small and diverge for larger values. How-
ever, the NSFD scheme converges to the correct steady state for all positive parameter
values. Hence, it can be concluded from the numerical results presented in section 2.4,
that the proposed NSFD scheme is more efficient computationally than the other well

known numerical methods.



Chapter 3

An unconditionally convergent NSFD
scheme for the slow-fast dynamics of

AVL transmission

In this chapter, we use the geometric singular perturbation method to reduce, inves-
tigate and analyze a model of Anthroponotic visceral leishmaniasis (AVL). The AVL,
caused by the protozoan parasite Leishmania donovani and transmitted to humans
by the bite of female phlebotomine sandflies, is endemic in many parts of the world
(mainly East Africa and India). The slow model undergoes backward bifurcation ex-
hibited by similar vector-borne disease transmission models. In the absence of such
phenomenon (which is shown to arise due to disease-induced mortality), the nontriv-
ial disease-free equilibrium of the model is shown to be globally asymptotically stable
when the associated reproduction number of the model is less than unity. The AVL
model is divided into two sub-models: one characterized by a slower dynamic for the
human population and the other by the fast dynamic of the sandfly population. The
focus of this study is on the slow dynamic model at the critical manifold of the fast
dynamic, and a comprehensive stability analysis is performed. We then construct and

analyze a nonstandard finite difference scheme (NSFD) to approximate the solution of
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the slow system. The performance of the proposed NSFD scheme is compared with
other classical methods. We show that the NSFD scheme satisfies all the essential
qualitative properties and converges to the correct steady-state irrespective of the time

step size. Our results show that the slow system best approximates the full AVL model.

3.1 Introducton

Visceral leishmaniasis (VL, kala-azar) is a disseminated protozoan infection caused by
Leishmania donovani (L. donovani) and Leishmania infantum (L. infantum) [138].
Transmission occurs through the bite of female phlebotomine sand flies. It is fatal
if left untreated in over 95% of cases. It is characterized by irregular bouts of fever,
weight loss, enlargement of the spleen and liver, and anemia. Globally, an estimated
500,000 new cases occur annually. Currently, the Indian subcontinent and eastern
Africa carry more than 70% of the VL burden [140]. Visceral leishmaniasis remains
one of the top parasitic diseases with outbreak and mortality potential. In 2020, more
than 90% of new cases occurred in 10 countries: Brazil, China, Ethiopia, Eritrea,
India, Kenya, Somalia, South Sudan, Sudan, and Yemen [147|. There are two types of
VL based on transmission properties. The zoonotic form with animals as a reservoir,
caused by L. infantum, occurs in the Mediterranean basin, China, the Middle East,
and South America. The anthroponotic form with humans as a reservoir, caused by L.
donovani, is prevalent in East Africa, Bangladesh, India, and Nepal [138]. Post-kala-
azar dermal leishmaniasis (PKDL) is a chronic skin rash, characterized by a macular,
maculopapular, and nodular rash, often develops after effective treatment of VL. due
to L. donovani [138, 163].

Several mathematical models (see, e.g., [25, 49, 77, 120, 126, 157]) describing the
dynamical transmission of VL disease in the population have been developed. Most
of the models describe the zoonotic VL. Shimozako et al. [126] proposed a zoonotic
VL transmission model among humans, dogs, and sandflies populations by considering

only the dog population as a source of infection. They recommended a need for priority
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of control in the sandfly population. In [25|, Biswas studied the dynamics of VL using
incidence data from South Sudan for a specific seasonal period. Using optimal control,
the author suggested that mass treatment is not sufficient to control the outbreak of
VL; additional control programs (such as vaccination) with treatment are required.
Some mathematical models of zoonotic VL suggest that sandfly control and the use of
insecticide-impregnated dog collars can reduce the infection of VL in humans [120, 157].

Our model is different from previous ones in the sense that none of those studies
considered a model for the transmission dynamics for the anthroponotic VL except [158]
and a co-infection model in [76]. In [158], Zamir et al. designed a mathematical model
for the dynamics of the AVL epidemic with a saturated infection rate that recommends
different control strategies to manage the spread of the disease in the community.
Mathematical models can be used as a tool to systematically help understand the
complex behavior of AVL systems despite limitations in data related to AVLs. This
chapter considers a simple SIR type model (Sy, Iy, Py, Ry) for the anthroponotic
VL. Similar models for the zoonotic VL are presented in [25, 49]. Using the geometric
singular perturbation method, we reduce, investigate and analyze the AVL model.

Systems involving two well-separated timescales are often described by slow-fast
differential equations [56]. Such equations occur in different fields of studies, specifi-
cally in different epidemic modeling such as malaria models [88], tuberculosis models
[128], co-infection of TB, and HIV dynamics [64]. The geometric singular perturba-
tion technique efficiently reduces the complex structure of differential equations that
can be used to get rid of the fast and stable dynamics and leaves behind a dynamic
characterized by the slow process [56].

In this chapter, using the geometric singular perturbation technique, we approxi-
mate the AVL model with a slow model at the critical manifold. We analyze the slow
model at the critical manifold. This helps in understanding the properties of the orig-
inal system through the study of behaviors of the simplified slow system. We develop
a nonstandard finite difference scheme (NSFD) to obtain a numerical solution for the

slow AVL system. To our knowledge, this is the first NSF'D scheme applied to the slow
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model of AVL. The construction of the scheme is based on a nonlocal approximation
for the nonlinear terms to obtain positive approximations. A brief overview of differ-
ent descriptions of these methods and an extensive account of works on these NSFD
methods can be found in [114, 115].

The rest of this chapter is organized as follows: In Section 3.2, the mathematical
model for the AVL and its slow-fast formulation using the geometric singular pertur-
bation theory is presented along with its detailed stability analysis. In Section 3.3, we
design and analyze a novel NSFD scheme for the slow dynamics model and the original
model. Extensive numerical simulations are carried out, and results are presented in
Section 3.4. Finally, in Section 3.5, we present some discussions on these results and

draw relevant conclusions.

3.2 Mathematical model and its analysis

The model for Anthroponotic Visceral Leishmaniasis (AVL) transmission dynamics in
a community is designed by sub-dividing the total human population at time ¢, de-
noted by Ny (t), into the mutually-exclusive sub-populations of susceptible individuals
(Sw(t)), infected individuals (Ix(t)), recovered individuals Ry (t) and PKDL individ-
uals (Py(t)), so that

Ny (t) = Su(t) + Iu(t) + Ru(t) + Pu(t).

It is assumed that all patients with PKDL have a prior history of VL. We ignore
patients with PKDL that has no prior history of VL. Infected individuals Iy (t) and
PKDL individuals Pg(t) can transmit AVL infection to the susceptible sandflies.

The total vector population at time ¢, denoted by Ny (t), is sub-divided into sus-
ceptible vectors (Sy(t)) and infected vectors (Iy(t)), so that

Ny (t) = Sv(t) + Iy (t).
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The population of susceptible individuals in the human population is generated by the
constant recruitment rate Agy. It is reduced by infection, following effective contacts

with infected vectors, at a rate Ay given by

Ay = Brblyv (t)

Ny(t) ’

where [, is the probability of transmission from infectious sandflies to susceptible
humans during the bite and b is the number of bites per human per unit time. The
population is further decreased by a natural death at a rate uj. It is assumed that

natural death occurs in all human compartments at this rate. Thus,

ds
d_tH — AH = AHSH = [LhSH.

The population of infected individuals is generated by the fraction of the infection of
susceptible individuals at a rate Ag. It is decreased by developing PKDL (at a rate
(1—0)ay) and recovery (at a rate oay). The population is further decreased by natural

death and AVL-induced death (at a rate ). Thus,

dl
d_f =AugSy — (a1 + 0+ pp) .

The population of PKDL individuals (Pg(t)) is generated by the fraction of infected
individuals (at a rate (1 — o)ay). It is decreased due to recovered after successful
treatment (at a rate ap) and natural recovery (at a rate [3). The population is further

decreased by natural death. Hence,

dPpy

— = (1—o0)only — (ag + B+ up)Pp.

The population of recovered individuals (Rp) is generated due to successful treat-
ment of infected individuals (at a rate ooy and successful treatment of PKDL individ-

uals (at a rate agp). It is also increased due to natural recovery of PKDL individuals
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(at a rate ). The population is further decreased by natural death. Hence,

dRy

7 = O'OéllH—F (042 +5)PH —,uhRH.

The population of susceptible vectors is generated by the constant recruitment rate
Ay. It is reduced by infection, following effective contacts with infected humans, at a

rate \y given by

_ 51)0([1-[ + PH)

A
14 NH )

where 3, is the probability of transmission from infectious humans to susceptible sand-
flies during the bite and ¢ is the number of bites per sandfly per unit time. This

population is further decreased by natural death (at a rate p,). Thus,

dSy
a9 N, b Bl i s,
= v+ Ay Sy — U, Sy

The population of infected vectors is generated by the infection of susceptible vectors

(at a rate A\y) and decreased by natural death (at a rate p,). Hence,

dly
— = Ay Sy — ly.
i VoV — Hyly

From the aforementioned, the transmission dynamics of the AVL model is given by
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Fig. 3.2.1: Schematic diagram of the AVL model (3.2.1).

the following deterministic system of non-linear differential equations,

ds )
t

dl

d_f:)\HSH—(CYl‘f“é‘f’ﬂh)IH?

dP,

d_tH:(l—a)allH—(OzQ—Fﬁ"'Mh)PH’

J (3.2.1)

d—f:UOzl]H—f-((IQ‘Fﬁ)PH_MhRH’

dSy

_:A —)\ S - US )

i v VROV — MoV

dly

— = A\ySy — ppIy.

o VoV Moy ly y,

A flow diagram of the model is depicted in Fig. 3.2.1, and the associated variables
and parameters are described in Table 3.2.1 and Table 3.2.2, respectively.
Now we scale the system (3.2.1) using

Su . Iy Py Ry _ v, . Iy

= — VA = — _ — T [ —
Sh NH’ h NH’ Pn NH7 h Ny

N,
Let m = —— be the female vector-human ratio which is considered as constant [49].
H
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Table 3.2.1: State variables used in the model (3.2.1).
Variable Definition

Su(t)  Susceptible individuals

Iy(t)  Infected individuals

Ty(t) Individuals who are under treatment

Ru(t)  Recovered individuals

Py(t) PKDL individuals

Ny (t)  Total population of humans

Sy(t)  Susceptible sandflies, vectors which are susceptible for the disease

Iy(t)  Infected sandflies

Ny(t)  Total population of sandflies.

Then (3.2.1) reduces to the following equivalent system

d \
% = bh - (Bhbm% g bh =8 57;]1)8}“
di
% S ﬁhbmivsh I (O[l + 0 + bh | g (%h)iha
d : :
d%h = (L —0)ouin — (az + 3 + by — 6in)pn,
dr (3.2.2)
d_th = gayin + (a2 + B)ph — (bn = in) T,
ds, !
E == bv B (6vc(lh +ph) 4 bv) Svs
diy : :
d_ZZf = 6vc(lh + ph)sv - bvlv- )

The average life span of humans is several years, while the average life span of

sandflies is several days. In other words, the natural death rate of humans is much

less than the natural death rate of sandflies, i.e., p, < p,. We hence introduce a

scaling parameter ¢ = Hh < 1 such that b, = eby, By = €fn, tn, = €fin, 6 = 6,04 =
_ M
£Qy, Qg = EQip, 8 = €f3, where ¢ is a small positive parameter. For simplicity, we denote
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Table 3.2.2: Description of parameters in the model (3.2.1).
Parameter Interpretation Value Source
Ay Recruitment rate of humans 0.0015875 x Ny day~' [49]
Ay Recruitment rate of vectors 0.299 x Ny day™* [49]
by, Birth rate of humans 0.0015875 day~! [49]
b, Birth rate of vectors 0.299 day~* [49]
L Natural death rate of humans 0.00004 day™* [49]
Loy Natural death rate of vectors 0.189 day* [49]
B Probability of transmission from 0.3 day™! [76]
infectious sandflies to susceptible
humans during bite
B Probability of transmission from  0.025 day ™! [76]
infectious humans to susceptible
sandflies during bite
b Number of bites per human per 0.22 day~* [49]
unit time
c Number of bites per sandfly per — 0.0714 day ™! [49]
unit time
J Disease-induced mortality rate for 0.011 day™* [49]
infected individuals
oy Treatment rate of AVL 0.56 day™! [76]
o Recovery rate from AVL infection  0.64 day™! [49]
after treatment
l—0o Developing PKDL rate after 0.36 day™! [49]
treatment
Qg PKDL recovery rate without 0.00556 day~* [49]
treatment
I&; PKDL recovery rate after 0.033 day 1. [49]
treatment
b, Bu, fin, 0, a1, 0, B as by, Bn, fin, 0, o, g and 3, respectively. Then we obtain
% =& (bh - (ﬁhbmzv + bh — 5ih)sh) s
dip, , -
E =& (ﬁhbmzvsh — (Oél +0+ bh — 5Zh)lh) ,
% =& ((1 — O')Oélih — (O{Q + ﬁ + bh — 5lh)ph) s
Ky (3.2.3)
d—t" = e (oayip + (az + B)pn — (b — din)ra) ,
% = bv - (Bvc(ih _I_ph) + bv) S,
di,

e Buc(in + pr)Se — byiy.
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To distinguish the fast and slow dynamics, we consider two time scales: the original
time ¢, referred to as the fast time variable, and T = t, referred to as the slow time
variable. In terms of the slow time scale, the system (3.2.3) with respect to the slow

time variables reads as

ds . : )
d_Th = by, — (Bpbmi, + by, — dip)sp,

di

% = Brbmiys, — (cq + 0 + by, — dip,)ip,
dpn

i (1 —o)arip — (e + B+ by, — ip)p,
T (3.2.4)

dr . )
d—;f = ooy + (g + B)pn — (b, — dip)rn,
R
dT i v h Ph V) Ov)
di, L }
€ - Boclin + Pr)Sy — byiy- )

When ¢ = 0 in (3.2.3), we obtain the following system for the fast dynamics:

ds, -
dt = bv ] (Bvc(zh +ph) # bv) Su;
(3.2.5)

C;Z: = Bvc(ih S5 ph)sv e bviv'

From [56] the critical manifold of system (3.2.3) can be taken as

bv - (Bvc(ih +ph) + bv) Sy = 0
MO = (IMU)T S ]R6
Bvc(ih + ph)sv - bviv =0

where z = (s,,4,)7 is the fast variable, and y = (sp, i, pn,7s)" is the slow variable.

Then we have

Lemma 3.2.1. For any ip,py € [0,1], system (3.2.83) has a critical manifold

b,
Sy = ,
_ T ~ m6 Buc(in + pn) + by
My= < (z,y)" €R o Boclin + pr) (3.2.6)

B 6’uc(ih +ph) + bv



CHAPTER 3. AN UNCONDITIONALLY CONVERGENT NSFD SCHEME FOR
THE SLOW-FAST DYNAMICS OF AVL. TRANSMISSION 62

and this critical manifold is normally hyperbolically stable.

Proof. The Jacobian matrix of (3.2.5) about (s,,1,) is

_Bvc(ih + ph) - bv 0
Buc(in + pn) —by

J =

The eigenvalues of J are \; = —b, and Ay = —f,¢(iy, + pn) — b,. Because the Jacobian
has determinant |J| # 0 if i, > 0, p;, > 0, by Implicit Function Theorem, we can obtain
that M, is given as the graph of a function of z in terms of y, i.e. M, has the form of
(3.2.6). For i, > 0,pp, > 0, we have \; < 0, \y < 0, implying that the critical manifold

My is normally hyperbolically stable. This completes the proof. O]

On the critical manifold, the slow system becomes

dsp, | (ﬁhﬁume(ih + ph)
dt Buc(in + pr) + by
dip,  BpPubem(in + pr)sn

— = : — (a1 40 + by, — dip)ip,
dv  Buc(in+ pr) +by %9 = Oin)en (3.2.7)

+ bh — 5Zh> Sh,

d, . ~
% = (1= 0)ain = (s + B+ by — Gin)pn,
dr . :

Our study of the model uses the geometric theory of singular perturbations [56] and
dynamical systems techniques. Applying the geometric theory to the present problem,
one immediately has the persistence of the slow manifold M,. More precisely, as ¢ is

small, there are smooth functions

ss=8,+0(), ii=1i,+0(¢),

with respect to sp,in, pn,Th, varying smoothly in e, such that the manifold (called
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center manifold)
M, = {(x,y) € RYs, = 55,1, = zf)} ,

is diffeomorphic to My, normally hyperbolically stable, and invariant with respect to
both (3.2.3) and (3.2.4) as € > 0. The dynamics on the center manifold M, are simply
described by (3.2.7), and M. admits asymptotic phase [55, 88|, which, in terms of

solutions (Sp, in, Ph, Th, Sv, iv) Of (3.2.4), means that

Sy = Si(Sh, Z.}”ph’rh) + }/1<t)’ (3 2 8)

Z.v = Z'i(Shu ihaphv Th) - YVZ(t%

where sp,, i, pp, and 7, are the solutions of (3.2.7) (in the slow time scale of 1), and Y (¢)
and Y5(t) are exponentially decay functions with exponents in the scale of the upper
bound of the eigenvalues of linearization of (3.2.5) about (s,,i,) € My [55]. Thus,
if the slow dynamics of (3.2.7) can be described by bifurcations, then the bifurcating
dynamics on the critical manifold M, are structurally stable and hence robust subject
to perturbations. As a result, because ¢ is small, one has a complete understanding
of the dynamics of (3.2.7) on the center manifold M., as well as the full dynamics
of (3.2.3) or (3.2.4) according to (3.2.8). In this sense, (3.2.5) and (3.2.7) together
characterize the full dynamical properties of (3.2.1).

Theorem 3.2.2. The set
Q= {(Sfuihaphvrh) € Ri 0< Shaiprharhvsh + Z.h + DPn +7Th < 1} ;

18 positively invariant.
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Proof. Adding the equations of system (3.2.7) we obtain

d . ) )
%(sh—l—zh—l—ph—i-rh) = (b, — dip)(1 — (sp+in + pn+110))

< bp(1 = (Sp+in +pun+1h)).
It follows that
sptin+pn+rn < 1—e (1= (s4(0) + in(0) + pr(0) + 71(0))),

where s5,(0),4,(0), p,(0) and r,(0) represents the initial values of the susceptible, in-
fected, PKDL and recovered human populations respectively. Thus . li+m sup(sp, +ip +
—+o0

prn + 1) < 1. This completes the proof. ]

Basic reproduction number

The disease free equilibrium (DFE), Ejy, of system (3.2.7) is given by
Ey = (S(i)m i?z’pgv r?z) = (17 0,0, 0) .

The basic reproduction number, denoted by %y, is the number of secondary infections
in completely susceptible population due to infections from one introduced infectious
individual with AVL [42]. Therefore, for the slow system (3.2.7), the value of %, is
computed by using the next generation matrix approach [137].

We assume z = (i, py)? then from system (3.2.7)

E = -1
BnBubem(in + pn)sn

= Boc(in + pn) + by —

0 —(1 = o)ayip + (g + B+ by, — dip)pn

(Oél + 0 + bh - (5’Lh>2h

where .7 (z) consists of the new infection term only and #'(z) contains the other terms.
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So, the corresponding linearized matrices of .#(z) and ¥(z) evaluated at the DFE E|,

are respectively

BrBsbem By B,bem

F = by by and V =
0 0 —(I=0)oq ag+B+by

a1+5—|—bh 0

Then the spectral radius, p, of the matirix, FV ! will be the basic reproduction number
[137],
. Bhﬁybcm ((1 — O')Oél + a9 + B + bh)

Ry = p(FV ) = b (ot B b (13 t0) (3.2.9)

Following [137], the local stability of Ey is established below.

Theorem 3.2.3. The disease free equilibrium FEy is locally asymptotically stable if
Ko < 1 and it is unstable if %y > 1.

Theorem 3.2.4. The disease free equilibrium Eq of the slow system (3.2.7) is hyper-
bolically asymptotically stable whenever %y < 1.

Proof. We consider the Jacobian matrix of the system (3.2.7) at the DFE E, which is

given by
b b
Y _ﬁhﬁg an s _ﬁhﬂb e
BrBubem ° Bhﬁvbvcm
0 ————b,—0— _— 0
Jo = by h “ b,

0 (1—0)@1 —bh—ﬁ—&g 0

0 ooy as + —by,
The structure of Jy allows us to immediately read off the eigenvalues, A\; = Ay = —b;, <

0. The remaining eigenvalues can be calculated as the roots of the following equation

AN+ ad+a; =0 (3.2.10)
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where

Bhﬂvbcm
b,

as = (g + B+ by) (1 + 0 + b)) (1 — %) .

a; = (a1 +d+by) + (g + B+ by) —

For local stability we must ensure the Routh-Hurwitz criteria, a; > 0 and ay > 0, are
satisfied. The condition ay > 0 holds whenever %, < 1.

To show a; > 0, from %, < 1 we have

BrBu.bem - (ag + B +bp) (a1 + 0+ by) (ag + B +bp) (a1 + 9+ by)
by (1—0’)0[1+062+6+bh Oé2+ﬁ+bh
= 041+(5+bh

< (a1 + 4 by) + (a2 + B+ by)

10
ﬁhﬁ—cm. It follows that a; > 0 holds. Thus,

This implies (a1 +0+0bp,)+ (e +5+bp) >
by the Routh-Hurwitz criteria, the DFE Ej of system (3.2.7) is locally asymptotically

stable whenever %, < 1. O

The global stability of the DFE is established through a result in [34]. This is done

as follows.

Theorem 3.2.5. The disease free equilibrium FEq is globally asymptotically stable if
o < 1 and it is unstable if %y > 1.

Proof. First, the system (3.2.7) can be rewritten in the following form

X
d_ == F(X7 Z)?
I (3.2.11)
0~ G(x.2) with G(X,0) = 0,

where X = (sp,,7,)T denotes the number of uninfected individuals and Z = (i, pp)T
denotes the number of infected individuals. Let & = (Xo,0) denote the DFE of the
system (3.2.11). Then &, is globally asymptotically stable if the following conditions
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hold:

dX
(H,) For o= F(X,0), X, is globally asymptotically stable.

(Hy) G(X,Z)=AZ —G(X,Z),G(X,Z) >0 for (X, Z) € Q, where A= D,G(X,,0)
is a matrix in which the off diagonal entries are nonnegative and € is the feasible

region (i.e where the model makes biological sense).
Comparing system (3.2.7) with system (3.2.11), we have
b BrBobem(in + pn)sn

FX,2)= | " Buclin+pn) + b
oayip+(ag + B)pn — (bn — &in)r

(bh — 5ih)8h

and

BpBobem(in + pn)sn
G(X,Z) = Bvc(ih +ph)+bv
(1 === O')Oélih - (CYQ + ﬂ + bh — 5ih)ph

(ozl + ) + bh — (52h)2h

A
The DFE of the system (3.2.7) is & = Ey = (Xo,0) with X, = (—H, o). Thus
Hn

dX
(Hy) = F(X,0) is equivalent to the system of equations

dSh

Ll —
dt h hSh
d?“h

_— = —b

dt hTh

whose solution is s, = 1 — e % 1, = 0. Clearly s, — 1 as T — oco. Hence X is

dX
globally asymptotically stable for o= F(X,0) as X — X, when T — 0o. Now
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BrfPubem (o + 0+ by) BrPubem i -
(Hy) G(X,Z)= by by — G(X,Z) where
(1-0)ay —(ag + B+ by) Ph

Buc (in + pn) + by (1 — sh)> i
by (Buc (in + pr) + by)
—0pnip

BrBubem (in, + pi) (

Because s, <1 and if § = 0 then @(X, Z) > 0.

This implies that if Z, < 1 and § = 0 the assumptions (H;) and (Hs) hold true. Thus,
the disease free equilibrium Ej, is globally asymptotically stable. O

We make the following remark.

Remark 3.2.6. If § £ 0, then G(X, Z) will fail non-negativity and therefore Ey may or
may not be globally stable. This indicates the possibility for the existence of endemic

equilibria when %, < 1.

Lemma 3.2.7. The system (3.2.7) without disease-induced death (§ = 0) has no en-

demic equilibrium when %o < 1, and has a unique endemic equilibrium otherwise.

Proof. Considering the system (3.2.7) without disease-induced death (§ = 0) we obtain

the nonzero equilibria

: ~ bpBuc((I—0o)ay + by + B+ az) + b, (a2 + B+ by) (b +0 + aq)
" By (1 — o)y + by + B+ az) (0Bum + by)
- brby (o + B+ by) (%o — 1)
Bue (bBpym +by) (1 — o) ag + by + 5+ az)

(1—0)aqip
B+
. ar(oby+ B+ )iy
 (ag B by by

~

Clearly, 8, > 0 and 7, < 0 whenever %, < 1. Therefore, the system (3.2.7) without

disease-induced death has no endemic equilibrium whenever Z, < 1. If %, > 1 then
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ip, > 0 implies p, > 0 and 7, > 0. Therefore, the system (3.2.7) without disease-induced

death has unique endemic equilibrium ($;, ihs Phs 7). This completes the proof. H

Remark 3.2.8. The DFE, Ey, of system (3.2.7) without disease-induced death (6 = 0),
is globally asymptotically stable in Q if %, < 1.

In the next sub-section, we explore the existence of the phenomenon of backward

bifurcation in slow system (3.2.7) whenever ¢ # 0.

Bifurcation analysis

Theorem 3.2.9. The slow system (3.2.7) undergoes backward bifurcation at %y = 1

whenever the bifurcation coefficient, acs, given by equation (3.2.16), is positive.

Proof. Consider system (3.2.7) and set s, = z1, i, = x2, pp = x3 and 1, = x4. Using

the vector notation X = (x1, z9, a3, 24)" system (3.2.7) can be written in the form

s
I s

(f17f27f37f4>T7

ie.,

b, — ¢
ﬁUC<I2 + 133) -+ bv + h l'g) 1

xl2 _ Bhﬁvbcm($2 + l’g)l‘l
ﬁvc<x2 + 133) -+ bv

by — (ﬂhﬁvbcm(xg + x3)

— (a1 + d + b, — dx9) e, (3.2.12)

zy = (1 —0)agxe — (g + B + by, — dx2)x3,

Sl,’il = 00Ty + (042 + ,B)xg — (bh — 6x2):c4. )

Consider the case when %, = 1. Suppose further that b = b* from %, = 1 in (3.2.9)

is chosen as a bifurcation parameter. Then,

b= b = bv(g2+6+bh><@1+5+bh)
Brfoem ((1 — o)oq + ag + 5+ by)
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The Jacobian of the system (3.2.12), evaluated at the DFE Ey with b = b* (denoted

by J*), is given by

L _Bibbem Bibem
b em ! Ubgcm
J* _ 0 —ﬁhﬁby — (Oél -+ ) -+ bh> —Bhﬁbv 0
0 (I-0)au —(ag+p+by) O
0 ooy s+ —by,

The transformed system (3.2.12), with b = b*, has a non-hyperbolic equilibrium point
such that the linear system has a zero eigenvalue (with all other eigenvalues have
negative real parts). Hence, the centre manifold theory [35, 137| can be used to analyze
the dynamics of the system (3.2.12). In particular, a theorem in [35] will be used.
Following the notation in Castillo-Chavez and Song [35], we proceed as follows.
Eigenvectors of J* |,—y-: For the case when %, = 1, it can be shown that J* has a
right eigenvector (corresponding to the zero eigenvalue), given by w = [wy, ws, w3, wy]T,
where
(0 (g + B+ bp) by + b BrByem (cay — 5 — Oé2)>w3 )
by (BrBub*em — (oaq + by, +0) by) 7

~ ((ag + B4 bp) by — BrBsb*em)
W2 = ws,
BrBubrem — (cay + by, + 6) by

wp =

wsg = ws > 0,
_ (((moar + B+ ) by + 6 (az + B)) by + b* BrfByem (0o — B — )
Wy = — ws.

by, (ﬂhﬂvb*cm — (O’Oél + b, + (5) bv) J
(3.2.13)

Similarly, the components of the left eigenvector of J* (corresponding to the zero
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eigenvalue), denoted by v = [v1, v, v3, v4] are given by

v =0, )
vy — by (a2 + B+ by — (1—0)041)v37
2B Bub*cm — (a1 + 6 + by) by (3.2.14)
v3 = vg > 0,
vy = 0. ]

For the transformed system (3.2.12), the associated non-zero partial derivatives of f

(evaluated at the DFE FEy) are given by

Pfo  Pfo  Pfo o Pfy BuBbiem )
Or20x,  Or10x9  O0T10T3 013071 oy
Pfy  =2B,B%b*c*m e 0% f> 0% fy —2B,B%b* c*m
013 - b2 TR, g T 01301, T 019013 - b2 ’
Pfs  Pfs 5 Pfa | Pfa BuBeem
0x901s 01307, L 9x.0b* — Qx30b* b, )
(3.2.15)

Using the expressions in (3.2.13)-(3.2.15), it follows that

. _ 2wivsP (1 —0) aq 4+ my)

Aes = vpw;w;———(0,0) =
Z R 8962-81’]-( ) by (1 — 0)* a2my b2

(3.2.16)

where

P = b25myby, — b* B Bycmms (cby By + brby + byay) — bpBufec*may (1 — o)

and
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gives

_ Bhﬂvcm

bCS
by

_ BrBuem (1 L + B+ by

(U}Q + ’(U3)U2 = b (1 — 0')041 ) vowsg > 0.

Note that the coefficient b.s is positive, hence, it follows that the system (3.2.7) (or
its transformed equivalent (3.2.12)) will undergo backward bifurcation if the coefficient

s, given by (3.2.16), is positive (it is true when P > 0). O

The epidemiological significance of Theorem 3.2.9 is that the condition %, to be
less than unity for the elimination of AVL, while necessary, is no longer sufficient.
Therefore, the reproduction number must be further reduced to a much smaller value

than one for the disease-free equilibrium to be locally asymptotically stable.

Existence of endemic equilibrium of the slow system

In this section, we shall investigate the existence of an endemic equilibrium (EE) of
the slow system (3.2.7).

Let an arbitrary equilibrium point of the slow system be denoted by
E™ = (S}, i, Phs Th)-

Using the right hand sides of the third, fourth and first equations of the slow system

(3.2.7) and equating to zero, the solutions pj, 7 and s} respectively are

) ki

Pn = m7

. iy (—0ifoaq + macay + k(B + as)) (3.2.17)
(mg — i) (by, — 07}) ’

5t = —bnBucdin™? + Qibuiy, + brbyma

B 62i*3 — Q20 ip*2 + brbyma + Qs
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where,

my = o +0+by, mg=ay+ B+by, k= (1—-0)ay, Q1 =c(k+mg) B, — 0by,
Q2 = ¢ (bBym + by, + k + ma) 58, — 0by,
Qs = c(k + my) (bBym + by) B, — by (b, + mo) .

Using the second equation of the slow system (3.2.7) and equating to zero and substi-

tuting the values of Eq. (3.2.17), we have
Oyt + Doif™ + Dy, + Pui” + P5 =0 (3.2.18)
where,

d, = —B,c8 <0, (3.2.19)
Dy = 6% (—0b, + Boc(bBpm + by + k+my +my)),
o3 = —5<C ((bBrm + by =+ k+ma) mu + (ki+ ma) (bBpm + by)) By
— by (b, + my +m2)5>,
Oy, = (c(k+mg) (bBpm + by) By — by (by, + m2)) my + bpd (BrBy,bem — byms) ,
b5 = bpbymime (1 — %) >0 if % < 1.

The components of the EE are obtained upon solving for i;,* from the polynomial

*

(3.2.18), together with substituting the positive values of i,* into the expressions in
(3.2.17) that also make them positive. In addition, it follows from (3.2.19) that the
coeflicient @4, is always negative and @5 is positive (negative) if %, is less (greater) than
unity. We list the various possibilities for the positive roots of the equation (3.2.19) in

Table 3.2.3 by applying the Descartes’ rule of signs on the equation [142|. We have,

therefore, the following results:

Theorem 3.2.10. The system (3.2.7) has a unique endemic equilibrium E* if %y < 1
and Cases 1, 5, 6 and 7 are satisfied. The system (3.2.7) could have more than one
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endemic equilibrium if %y < 1 and Cases 2-4, and 8 are satisfied. The system (5.2.7)

could have 2 or more endemic equilibria if %o > 1 and Cases 1-6 and 8 are satisfied.

Table 3.2.3: Number of possible positive real roots of Eq. (3.2.19) for %, < 1 and
e@o > 1.

Cases ®; P, O3 D, Oy X No. of Possible number of
sign changes positive real roots
1. - + + + + %<1 1 1
— 4+ 4+ 4+ = Z>1 2 0, 2
2. - 4+ + - 4+ %<1 3 1,3
- + + - = Z>1 2 0, 2
3 - + - + + %<1 3 1,3
- + - + = Z>1 4 0,2, 4
4. i —— 3 1,3
— 4 ey y 0, 2
D. - - 4+ il = 71 1 1
- - + Wit — Yy >1 2 0, 2
6. — — — Ik [k Il 1 1 1
— — — i+ U U&%IH 1 2 0, 2
7. — — — — =+ %0 <1 1 1
- = === %y > 0 0
8 —  — e 3 1,3
- - + - — %> 1 2 0, 2

The local stability of the endemic equilibrium is ensured by the following result:

Theorem 3.2.11. The endemic equilibrium E* of the slow system (5.2.7) is locally
asymptotically stable if Zo > 1 and b; > 0(i = 1,...,4),b1by — b3 > 0 and bybabs — b3 —

biby > 0, where b;’s are defined in the proof of this theorem.

Proof. The Jacobian matrix of the slow system (3.2.7) corresponding to the endemic

equilibrium E* is given by

a;n a2 aiz 0
az az a0

JEE — )
0 azx azs 0

0 as 43 G
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where

(01}, — bn) ki, — BrBubem (if, + p})

a1l =

ky ’
s, (¢ (Boe (i, + p3) — K3) bBsm B + 6 k;?)
19 = 2 9
k;,
_ Buesy, (Boe (i, + pry) — ki) bBum _ BuBubem (i}, + pj)
a13 = k*Q y Q21 = L* )
h h
(2045 — my) ki + BuBobemsiky — BuB2bcm (it + pi) s,
Q22 = k};z ,
wCST (Bye (15 + pr) — k) bBrm .
a23:_5 2l (hk*gh) AL ;g = (1—0)on +pp,
h

3 * -k
ass :5Zh—m2, 49 :57’h+0'0él, Q43 :CY2+B, Q44 :57/h_bh-

with

mi =03+ 8+ by, mg=as+ B+0b, and k; = B,c(i} + pp) + by.

The characteristics equation of the matrix Jgg at the endemic equilibrium E* is

4 3 2
UV + 0197 + bap” + b3 + by =0, (3.2.20)

where

bi = —(ai1 + ax + ass + ayu),

by = ajia + anass + a11044 — 21012 + Q22033 + Q22044 — A32G93 + A33G44,

bs = —a11G22a33 — A11A22044 + Q11023032 — Q11033044 + Q12021033 + Q12021 A4q

—@(13021032 — (22033044 1+ (32023044,
by = 11022033044 — Q11023032044 — Q12021033044 + 013021 A32044.

By the Routh-Hurwitz criteria, it follows that all roots of Eq. (3.2.20) have negative
real parts if b; > 0(i = 1,...,4),b1by — b3 > 0 and bybobs — b2 — b3b; > 0. Hence the
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theorem follows. ]

If the eigenvalues of the Jacobian matrix Jgg (or the solutions of the characteristics
equation (3.2.20)) are negative or have negative real parts, then the EE is locally
asymptotically stable. For simplicity, we determine the stability of the EE numerically
by using Table 3.2.2 with a; = 9 x 1073 and ¢ = 0.714. The eigenvalues are \; =
—5.3284, Ny = —9.3099 + 19.5830i, A3 = —9.3099 — 19.58307, \y = —187.8008. So, if
Hy > 1, the EE is locally asymptotically stable because all the eigenvalues are negative
or have negative real parts.

In the next section, we design and analyze a novel numerical method to solve the

slow system (3.2.7).

3.3 Construction and analysis of NSFD scheme

In this section, a nonstandard finite difference scheme (NSED) is designed to approxi-
mate the solution of the slow system (3.2.7).

The scheme we propose is based on the approximation of the derivatives by the
standard forward scheme of first order and non-local approximation. Thus, if f(T) is
differentiable, then its derivative can be approximated by

df(v) _ flx+0 - f(7)
e 7 +0) as (—0.

Let 1, = k{, where { > 0 is the time step size and k € N = {0,1,2,...}. Let
(sk,i% pF. r¥) be the approximations of the solution (s;(Tx),in(Tk), Pr(Tk), Ta(Tk)) of
system (3.2.7) at the discrete time points Tx. Thus, the slow system (3.2.7) is discretized

as:
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s?hwzzm_<mmMMﬁ+ﬁ>
Bue(ir +pk) + b
szl — zfl B Bhﬁvbcm( —i—ph)siJrl

— (o + 8+ by)iy T + difar,

k ¢ Bue(if +pk) + b, (3.3.1)
1k
w = (1 —o)aaift — (aa + B+ bp)py ™ + difpj,
k+1 k
% =0« ZI;QH + (o + /3)101;’;r1 — bhr?rl + 5zhrh )

A simple manipulation on (3.3.1) leads to the explicit NSFD scheme

L (sh + ¢by, + Zézhsh) (ﬁvc(i’,fb + p’,j) + bv)

h BnBubem (i + pky + (1 +Lby) (Byc(if + pf) +b,)’
een _ (L 0035) (Buclih + ) + b) i + L8pBuybem(iy + pr) sy

& (L+€(ar + 6 + b)) (Buc(ik + k) +b,) ’ (3.3.2)
k1 _ pF+ (1 — o)ayiy Tt + 4ok pk

h 1+€(062+ﬁ+bh) =

Rl _ + Lo i o Ulag+ B)pE T4 L5k rF
ry :

AE )

For the NSFD scheme (3.3.2) if 0 < sF < 1,0 <4} < 1,0 <p} <1land 0 <r} <1 for
all k> 0then 0 < sf™ < 1,0 <if™ < 1,0 < pi™ < 1and 0 < rj*! < 1 for all k> 0.

Thus the positivity and boundedness of the solution for the NSFD scheme is satisfied.

Stability and convergence

In order to investigate local stability of the fixed points, we find the Jacobian matrix

at the fixed point and show that the spectral radius is less than unity.

Lemma 3.3.1. [27] For the quadratic equation P(\) = A% — pyA + paA = 0 both roots

satisty |\;| < 1 for ¢ = 1,2, if and only if the following conditions are satisfied:
(1) P(l) :1—p1+p2 > 0,

(2). P(—=1)=1+4p; +ps >0,
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Theorem 3.3.2. The DFE, Ey, for the NSFD scheme is locally asymptotically stable

whenever %o < 1.

Proof. The Jacobian matrix of the NSFD scheme (3.3.2) at the DFE, E; = (1,0,0,0),

is given by
aj; ajp ajz 0
az azz 0
JprE = ;
0 Q32 Aa33 0
0019 a43 Q44
where
1 ¢ (bBrLyem — byd) (B, B,bem
— R — a -
MW T, M2 (o) by T T lby) by
by + €5, B.bcm . L3y, Bybem
a = y o 5
2 (T+C(oq +0+b,)) by 2 (A +€(ar+ 0+ by)) b,
((1—0)oq g 1 " loay
a ) = ) = )
52 L+ 0(aa+B+by) 2 14L(ag+B+0by) 2 1+1b,
a l(az + ) s — 1
43 1+ 0, = % 140y,
The characteristic equation associated with the above matrix is |Jprg — AI| = 0,

which can be simplified as (a;; — A)(azqs — A)P(X) = 0, where P(\) = A2 — p1\ + py
with p; = ag + azs and py = agazs — azsass.

We need to show that each eigenvalue \; satisfies |\;| < 1. Because ¢b, > 0, it
1
1+ (b,
polynomial P()\) also have absolute values less than one, it suffices to show that the

conditions (i)-(iii) of Lemma 3.3.1 hold.

is clear that \y = Ay =

< 1, for all £ > 0. To check that the roots of the

My 0% + Myl + My

Pl =1+pit+p= by (L+ (o2 + B +0n)) (14 € (a1 + 0 +by))’
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where

My = b, (g + B+ by) (1 + 6+ by) (1 — %) + 268y Beem (e + B+ by) ,
M2 = (20&1 -+ 20&2 -+ 4bh + 2ﬁ + 2(5) bv + Qbﬁhﬁvcm,

Ms = 4b,.

Here M; > 0 is always true for Z, < 1 and M, M3 > 0. So that the first condition is
satisfied.

The second condition is given as

(ag 4B+ by) (a1 + 6 + by) (1 — Ry) 2
(1—I—ﬁ(ag+ﬁ+bh))(1+€(a1+5+bh))

P(l)=1—p1+p=
P(1) > 0 when %, < 1.
The last condition is given as

NP2 £ Ny¢
by (1+ (o + B +0bp)) (14 € (a1 +6+bp))

1—p2:

where

Ny = (ag + B+ bp) (ag + 6 + by) by + BrBembe (1 — o) ay,

Ny = (a1 + g + 2bp, + 5+ ) b, — BrB,bem.

It is clear that Ny > 0 and Ny > 0 whenever (ay + ag + 2b, + 8+ §) b, > BrSB,bem
which is always true for Z, < 1. It implies that 1 — py > 0 or po < 1 hold true. As a
consequence, all the eigenvalues of Jppp have absolute values less than 1. This implies

that the DFE is locally asymptotically stable, as desired. O

Theorem 3.3.3. The EE, E*, for the NSFD scheme is locally asymptotically stable

whenever %o > 1.
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Proof. The Jacobian matrix of (3.3.4) at the endemic equilibrium, E*, is given by

ayr aiz aiz 0

a1 Gz a0

Jeg = )
0 asxp azy O
0 a2 a3 Qua
where
. (85 + 1) k; (bmB,CacBy, + C1é kji*sy) ¢
11 2 =

= . y @ ’
(BuBobem (i, +pj) + Cik;y” ' (08uBobem (i + pf) + Cik:)?
(3557 4+ bp) £+ s3) Brbm B, (Buc(iy, + pf) — ki) Lc _ {BnfBubem (i +p3)

e (LB Bubem (i 4 p3) + Ciki)? 8 Cky

v — (20075 + bBpBuemsy ks — bBnBac?ms;, (i +pj)) £ + Ky 1y — DoBuBoems
kr?Ch ’ k2Cy

Gy — ((1—0)ay + Lop;, 1 1+ oiy, (i ¢ (ory 4+ aq0) . l(as + P)

CV3 g 03 ] Cl ’ Cl ’
1+ o,
Q44 = c;
and where

k= Byelit + pl) + b,
Cir =1+, Co=1+lag+d+b), Cs=1+Ll(as+ [+ bp),

Cy = (0, + bn)l + 53,) (15 + Py )cBo + Ky ((Oppsh — bn)l — sp,).

The characteristic equation associated with the above matrix is |Jgg — AI| = 0, which

can be simplified as P(\) = 0, where

P(\) = M+ DA + pad® + p3d + pa,
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pr = —(ai + ax + ass + aw),

P2 = Q11G22 + 011033 + 44011 — G21G12 + Q22033 + Q44002 — (32023 + A33044,

P3 = —a11022033 — Q44011022 + G11023032 — (44011033 + 012021033 + (44021012

—@(13021032 — (33044022 + (32023044,

P4 = Q11022033044 — (11023032044 — 12021033044 + A13G21032044.

Then, it follows from the Jury condition given in Lemma 1.3.13 that all the eigen-

values |\;| < 1 for Vi =1,2,3,4 if

1 —pi‘ > |ps — papil,

I+pi+pa+p3s+ps>0,1=p1+p—p
|(1 —pi)2 — (ps — P4p1)2‘ be }(1 = pi) (P2 — pap2) — (p3 — pap1) (p1 — p4p3)‘
and %, > 1. Thus the EE of the NSFD scheme is locally asymptotically stable. O

Finally, we develop a NSFD scheme for the original model (3.2.4) for a comparison

in the numerical simulation.

Gkl _ gk )
hTh = by, — (Bpbmif + by)si T + ik st
irtt gk kght1 k1
At = = Bubmilsi ™ — (ay + 6 + by)ik ™ + Sifiy,
R+l
u = (1 —o)aqil™ — (ag + B+ bp)pi™ + Sikpf,
k+1£ ) (3.3.3)
T, -7y - 1 k+1 k+1
- = ooniy, + (a2 + B)py T —bpryT + &hrh’

8k+1

a(—’” _85)—87 (Boclif + pf) + by) it
E — Yv vC h ph ’

iyt — iy k41 1
5 T = Byc(if + pf)sEtt — bttt
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After some simplifications the explicit form is given by

il _ K+ Cby, + C5ik sy )
h 1+ ﬁ(ﬁhbmlﬁf + bh) ’

. i+ LBpbmik it 05ik ik

h L+ 0oy +0+by)

k+1 ph A €1 — ‘7)041Z£Jrl + L3igpy

Pr 14 l(as + B+ by) ’ (3.3.4)
et _ Th ot Loaniy T+ fas + B)pt + iy

oo 1+ (b, ’

kel esk + (b,

v

e+ (Boclif +p) + b))
T eil 4+ 0B,c(if + pf)sht!
v e +¥b, : )

For the NSFD scheme (3.34) if 0 < sf < 1,0 <if < 1,0 <pf < 1,0 <rf < 1,0 <
sk <land 0 <4 < 1forall k> 0then 0 < si™ < 1,0 < it < 1,0 < pi*! <
1,0 <™ < 1,0 < s#*! < 1 and 0 < 4%+ <1 for all kK > 0. Thus the positivity and
boundedness of the solution for the NSFD scheme is satisfied.

The stability properties for NSFD scheme (3.3.4) for the original system (3.2.4) can
be done in a similar fashion as the NSFD scheme (3.3.2) for the slow system (3.2.7).

Someone can also refer our previous publication for more details [1]. So we omit it.

3.4 Numerical results

In this section, simulations are carried out to support our claimed features about the
proposed scheme and compare its performance with other classical methods for various
time step sizes. Parameter values used for the simulations are provided in Table 3.2.2
with Ny = 200,000 and Ny = 500,000 and the initial conditions s,(0) = 0.7,i,(0) =
0.1,px(0) = 0.08,7,(0) = 0.12. Some of the parameters are varied to test the analytical
results. All simulations were conducted using MATLAB software.

The full system (3.2.4) is a six-dimensional system with 13 parameters. Our ana-

lytical results show that the dynamics of the full system are determined by the slow
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system. This section will give some numerical simulations of the slow system.

For the DFE, we provide results for parameter values in Table 3.2.2, except oy =
5.6 x 1073, ¢ = 0.714 and %, = 0.5688 < 1. While for the EE, we provide results for
parameter values in Table 3.2.2, except £, = 0.1556, 8, = 0.1556,; = 9 x 1073, ¢ =
0.714 and Z, = 1.5919 > 1.

From Fig. (3.4.1), we find only susceptible individuals persistence, while other
populations tend to zero. On the other hand, Fig. 3.4.2 show the trajectories of
system (3.3.2) converge to the AVL-infected equilibrium.

1 —
S
0.8 oh
....... |h
g P
506f r,
5
3
Soal
So.
0.2}
T I

0 5 10 15 20
Time (days)

Fig. 3.4.1: The trajectories for system (3.2.7) using the NSFD scheme (3.3.2) when
¢ =0.1. The DFE is global stable when %, < 1.

In Fig. 3.4.3 and 3.4.4, we compare the proposed NSFD scheme with two well-
known standard numerical methods. In Fig. 3.4.3, we observe that the Euler and
Runge-Kutta methods converge for relatively smaller step sizes. When we increase the
step size, we can observe in Fig. 3.4.4 that Euler and Runge-Kutta methods do not

converge to the correct equilibrium and fail to satisfy the model’s dynamical properties.

Comparison between the original system and slow system

In this subsection, we compare results for the original NSFD scheme (3.3.4) (for the

original AVL model (3.2.4)) and the slow NSFD scheme (3.3.2) (for the slow dynamics
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Fig. 3.4.2: The trajectories for system (3.2.7) using the NSFD scheme (3.3.2) when
¢ =0.1. The AVL-infected equilibrium is uniformly persistence when %, > 1.
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(a) The EE using Euler method for £ = 0.001. (b) The EE using RK4 method for ¢ = 0.01.

Fig. 3.4.3: The trajectories for system (3.2.7) using the Euler and RK4 methods.

(3.2.7)).
In Fig. 3.4.5 and 3.4.6, we can observe that the dynamics of the original AVL model

is approximated by the slow dynamics.
Next, we present maximum errors of the NSFD scheme for the original system for
different values of /. The maximum errors are computed using a double mesh principle.

Hence, the maximum error between meshes with /2 and ¢/4, denoted by E; where J

http://etd.uwc.ac.za/
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Fig. 3.4.4: The trajectories for system (3.2.7) using the Euler and RK4 methods when
¢=0.1.

indicates the number of sub intervals, is given by the formula

—~k

E; = mkax{‘éﬁﬁ—shy ; ﬁzg_ﬁzgj‘} (3.4.1)

~ K
PhJ Proy

(Zhj Zh2J

The order of convergence of the NSFD scheme (3.3.4) for the original system at the
final time, t.,q4, is calculated using the following formula

E
order := log, (%)
J

where E; is calculated by (5.4.1) and Es; is the maximum error when the step-size ¢

is halved.

In Table 3.4.1, we present the maximum errors and order of convergence of the

NSFD scheme (3.3.4) for the original AVL system (3.2.4) for different values of ¢ at
tena = 20.
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Fig. 3.4.5: The trajectories for the original NSFD scheme (3.3.4) and slow NSFD
scheme (3.3.2) when ¢ = 0.1. The DFE is globally stable when %, < 1.

Table 3.4.1: Maximum errors and order of convergence of the NSED scheme (3.3.4) for
the original AVL system (3.2.4) for different values of ¢ at t.,q = 20.

3.5 Discussion and conclusions

14 Maximum error Order
2710 1.8472e-02 0.8425
2~ 9.7772e-03 0.9178
2712 5.0319e-03 0.9583
2713 2.5527e-03 0.9791
2714 1.2857e-03 0.9895

In this chapter, we investigated a model of Anthroponotic Visceral Leishmaniasis

(AVL). The model considered is based on the transmission of AVL disease between
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Fig. 3.4.6: The trajectories for the original NSFD scheme (3.3.4) and slow NSFD
scheme (3.3.2) when ¢ = 0.1. The AVL-infected equilibrium is uniformly persistent
when %, > 1.

the human host population and the vector host population. Using the Geometric Sin-
gular Perturbation Theory, the full AVL model is divided into two sub-models: one
characterized by a slower dynamic (human population) and the other by a fast dynamic
(vector population). We reduced the model into a slow model at the critical manifold.
We studied the slow system and show the dynamics of the full model is determined by
the slow system.

We then constructed and developed a nonstandard finite difference (NSFD) scheme
to solve the slow dynamics and compare results with the full dynamics. The proposed
scheme is based on the approximation of the temporal derivatives by the standard
forward scheme of first order and non-local approximation. A comprehensive stability
analysis has been provided, investigations and numerical simulations have proved that
the proposed NSFD scheme is suitable and effective for simulating the dynamics of the
slow AVL model.

The effectiveness of the proposed NSFD scheme is compared with well-known nu-
merical methods, such as the forward Euler and RK4 methods. The Euler and RK4
only converge to the correct steady state when the time step sizes are relatively small.

They fail to satisfy the essential qualitative properties of the model, such as positivity,
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boundedness, and dynamical consistency for larger step sizes. However, the NSFD
scheme satisfies all the essential qualitative properties and converges to the correct
steady state, namely DFE and EE, irrespective of the time step size. We further com-
pare the results of the NSEFD for the full dynamics and NSFD for the slow dynamics.

It is proved that the slow system best approximates the full system.



Chapter 4

A SIAT mathematical model of the
transmission dynamics of HIV /AIDS

with treatment

In this chapter, we construct a deterministic SIAT (Susceptible-Infected-AIDS-Treated)
model to study the transmission dynamics of HIV /AIDS epidemic that incorporates the
treatments of HIV infected and AIDS infected individuals. Through rigorous math-
ematical analyses, we establish that the global dynamics of the spread of the HIV
infectious disease are determined by the basic reproduction number %,. We prove that
if Z, < 1 the disease free equilibrium is locally and globally asymptotically stable,
and if Z; > 1, the endemic equilibrium is locally and globally asymptotically stable.
Through uncertainty and sensitivity analyses of the model, using Latin Hypercube
Sampling (LHS) and partial rank correlation coefficients (PRCC) methods, we show
that the top three most significant parameters that affect the HIV/AIDS dynamics
(with respect to the associated response function %) are the transmission rate of HIV
infected individuals, rate of developing AIDS symptoms and rate of transfer of indi-
viduals to HIV infected due to treatment failure. Through numerical simulations, we

show that the rate of treatment increase in HIV infected individuals together with the

89
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decrease in AIDS infected individuals and equal rate of treatment of both individuals
can drive the disease to extinction. On the contrary, the rate of treatment increase in
AIDS infected together with decrease in HIV infected individuals can cause the disease

to persist.

4.1 Introduction

The human immunodeficiency virus (HIV) is a major global public health issue, with
over 32 million people dying from AIDS-related diseases so far. In 2018, more than
seven hundred seventy thousand people died from HIV-related illnesses globally. There
were approximately 37.9 million people living with HIV at the end of 2018 with 1.7
million people becoming newly infected in 2018 globally [133|. Eastern and southern
Africa remains the regions most affected by the HIV epidemic, accounting for 45% of
the world’s HIV infections and 53% of people living with HIV globally, by 2018 [132].

Ethiopia is one of the countries with a high burden of HIV/AIDS. The first evidence
of HIV infection was detected in 1984, and the first AIDS cases were reported in 1986
by hospitals in the capital [102]. Since the first case of HIV infection more than 1.93
million people have been infected with HIV and about 1.3 million have died of AIDS
[62]. According to UNAIDS (2018 est.) the total population living with HIV/AIDS in
Ethiopia is estimated as 690,000. From this 650,000 are adults aged 15 and above. The
prevalence rate of adults aged 15 to 49 is 1 [0.7-1.4]. There are over 9,200 [5,800-16,000]
deaths due to AIDS among adults aged 15 and above [133].

HIV is a serious public health problem if left without treatment and control. The
antiretroviral therapy (ART) helps people with HIV live longer, ART reduces the
amount of virus (or viral load) in the blood and body fluids. For all individuals with
HIV, ART is recommended, no matter how long they have had the virus or how healthy
they are. In addition, if taken successfully, ART decreases the risk of transmitting HIV
to others [30]. Taking ART every day prevents the spread of HIV, which reduces the
risk of HIV mutating and developing drug-resistant HIV. Skipping ART allows HIV to
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multiply, raises the risk of drug resistance and HIV treatment failure [5].

Mathematical models have been extensively used to study the dynamics of HIV/AIDS
which allow us to better understand the major factors that lead to the pandemic and
give insights in the control strategies. Various improvements have been made since
the initial HIV and AIDS models by May and Anderson [12, 13, 94], including specific
issues that have been well addressed by researchers [6, 28, 29, 61, 73, 74, 75, 107, 110,
118, 144, 156]. In [156], Yusuf and Benyah presented a deterministic model for control-
ling the spread of HIV/AIDS, and the results show that the optimal way to mitigate
the spread of the disease is for susceptible individuals to consistently practice safe sex,
while the ART should be initiated for patients as soon as they progress to the pre-AIDS
stage. Aldila [6] studied a model for HIV with ART treatment intervention, and the
results show that the increase in infected humans who undertake the ART treatment
program will reduce the basic reproduction number, and the number of HIV infected
individuals who proceed into AIDS can he decreased.

In [73], a model with different latent stages and treatment is constructed. In [74],
an HIV/AIDS model with treatment is proposed and analyzed. They showed that
the early treatment of individuals in the asymptomatic stage of HIV infection is very
important. In [110], a deterministic model to assess the impact of testing and treatment
with ART in the prevention of HIV/AIDS is employed and they showed that the
combination of several control mechanisms would significantly limit the spread of the
disease. Rahman et al. [118] developed a model based on CD4+ T cell count and
predicts early treatment programs, but treatment alone do not suffice to eradicate
HIV epidemics, dramatically reduce infection transmission and increase community
immunity. In [107], a model incorporating condom use, sexual partner acquisition,
behavior change and treatment as HIV/AIDS control strategies was formulated. In
[75], an HIV/AIDS model with a treatment compartment was introduced, and the
results show that early treatment of AIDS is necessary and meaningful.

In this chapter, we incorporate the treatment compartment 7' in our model as in

[75]. According to Centers for Disease Control and Prevention (CDC) [30], ART is
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recommended for all individuals with HIV, irrespective of their health status or how
long they have had the virus. Unlike [75] all individuals in I and A compartments in our
model will transfer to the treatment compartment 7" to receive all kinds of treatments.
With successful treatment, ART can reduce viral load to an undetectable level. If the
treatment is unsuccessful or terminated, based on their CD4 count level individuals
in compartment 7" enter into the compartment of HIV infected individuals (/) or the
compartment of AIDS infected individuals (A). We have, therefore, developed a STAT
model for transmission of HIV/AIDS that incorporate treatment as a control strategy.
Our purpose is to formulate a model for HIV/AIDS epidemic and study the effect of
treatment qualitatively and numerically.

The rest of this chapter is organized as follows. The HIV/AIDS model is formulated
in Section 4.2. The stability of the disease free equilibrium and the existence and global
stability of the endemic equilibrium is provided in Section 4.2. The model parameters
are estimated in Section 4.3. Because of the uncertainties that arise in the estimation of
parameter values, sensitivity and uncertainty analysis is given in Section 4.4. Numerical
simulation of the treatment of HIV infected and AIDS infected individuals is presented

in Section 4.5. Finally, concluding remarks are presented in Section 4.6.

4.2 Mathematical model and its analysis

The total population at time ¢, denoted by N(t), is divided into susceptible individuals
(S(t)), HIV infected individuals (I(¢)), AIDS infected individuals (A(¢)) and individuals
being treated (T'(t)), so that N(t) = S(t) + I(t) + A(t) + T'(t). In this model we
incorporate the treatment of both the HIV infected and AIDS infected individuals.

A susceptible individual may get infected through effective contact with infectious
individuals. We assume that AIDS infected individuals do not withdraw entirely be-
cause of their illness from sexual activities; see for instance [107]. Tt is assumed that a
new born children which are alive and infected at birth are directly recruited into the

HIV infected class with a rate n. The interaction between susceptible and HIV infected
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individuals is assumed to be of standard mass action type.
From the schematic diagram (see Fig. 4.2.1), we formulate the HIV/AIDS trans-

mission model as

S=A—-\S—pusS,

I =S +n(I+cA) +aT — (u+& + 7)1,
(4.2.1)

A=~I + T — (u+ 6 + &) A,

T:flf+§2A—(M+041+042+52)T7

/

with initial conditions S(0) = Sy, I(0) = Iy, A(0) = Ao, and T'(0) = Tp.
Susceptible individuals increase as a result of recruitment at a constant rate A.
These individuals acquire infection upon effective contact with both HIV infected and

AIDS infected individuals at a rate A\, where the infection rate is

11 Bl + 5214.

A
N

The parameters 5, and (3, are the contact rates of susceptibles with HIV infected and
AIDS infected individuals respectively. The susceptible population is further decreased
by natural death at a rate p.

The number of HIV infected individuals is increased by infection of the susceptible
population at rate A, vertical transmission at rate n and cn, respectively, from the
HIV infected and AIDS infected classes. Here 0 < ¢ < 1 is a modification parameter
for AIDS infected individuals because of their sexual activities. The HIV infected
population further increase as a result of failure of treatment with a rate a;. The
population is diminished by natural death (at a rate ), by transferring to treatment
(at a rate &) and by progression to the AIDS stage (at a rate -y, where 1 is the
incubation period). Here we assumed that the vertical transmission rate is 1ZSS than
the natural death rate, i.e., n < p.

The AIDS infected compartment is generated by progression of HIV infected indi-
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Fig. 4.2.1: Schematic diagram of HIV /AIDS transmission.

viduals to the AIDS stage (at rates ), and diminished by natural death (at a rate p),
disease-induced death (at a rate 0;) and by transferring to treatment (at a rate &;).
Individuals in treatment will increase due to the treatment of HIV infected with
a rate & and treatment of AIDS infected individuals with a rate &. If the treatment
is successful, the individual will stay in 7" until they leave with either disease induced
death (at a rate d9) or natural death (at a rate p). While if the treatment is not
successful, depending on the level of viral count, they will move to either HIV infected

group with a rate of oy or AIDS infected group with a rate of as.

Positivity of solutions

In order for the HIV/AIDS model (4.2.1) to be epidemiologically meaningful, it is

important to prove that all its state variables are non-negative for all time.

Lemma 4.2.1. The solutions S(t),1(t), A(t) and T(t) of system (4.2.1) with initial
conditions S(0) > 0,1(0) > 0, A(0) > 0 and T(0) > 0 are non-negative for all t > 0.

Proof. Let t; = sup{t>0:5>0,1>0,A>0,7>0in [0,¢]}. Thus t; > 0. It fol-
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lows from the first equation of system (4.2.1) that

s
T (At)+p)S =A

and this implies that

< {S(t) exp {/Ot)\(u) du + ,ﬂsH — A exp {/Ot A(u) du + ut} .

Hence,

S(t) exp {/Ot Mu) du + utl} — 5(0) = /Otl A exp {/0 Aw) do + um} iz,

so that

S(t) = S(0) exp {— /Otl Mut) du + utl} Hikp {— /Otl M) du + utl}

t1 2
></ Aexp{/ )\(v)dv—i-,ux} dx
0 0
> 0.

From the second equation of system (4.2.1), we have I' = AS+n(I +cA)+ o T — (p+
& + v)I whose solution satisfies I(¢) > I(0) exp[—(p + & + )] > 0. Similarly, it can
be shown that A(t) > 0 and T'(t) > 0 for all ¢ > 0. O

Invariant regions

The HIV/AIDS model (4.2.1) is analyzed in a biologically-feasible region as follows.
Lemma 4.2.2. The feasible region Q) defined by:

' A
Q= {(S(t),[(t),A(t),T(t)) R0 < S(1) +I(0)+ AW +T(0) < - = n}

is positively invariant for system (4.2.1) with non-negative initial conditions.



CHAPTER 4. A SIAT MATHEMATICAL MODEL OF THE TRANSMISSION
DYNAMICS OF HIV/AIDS WITH TREATMENT 96

Proof. Adding the equations of system (4.2.1) we obtain

Cil_]ZZA—MN—i—n(I—i—CA)—&A—(SQT

<A—(p—n)N.
The solution N(t) of the above differential equation has the following property:

A
0< N(t) < N(O)ef(ufn)t +——(1- e,w,n)t)’
o=
where N(0) represents the sum of the initial values of the variables. Thus
A
tlim sup N(t) < ——. It implies that the region 2 is a positively invariant set for
—00 —

system (4.2.1). O

Basic reproduction number

The basic reproduction number, denoted by %, is the expected number of secondary
cases due to infection from a typical infected individual during its infectious time in
a completely susceptible population [42]. Using the next generation matrix approach
[137], Z, for the system (4.2.1) will be investigated. The matrices F (for the new

infection terms) and V (for the remaining transition terms) are given, respectively, by

Br+n Ba+nc O p+& +y 0 —o
F = 0 0 0. V= — 0+ & —a
0 0 0 —&1 —& W+ ap + ag + 0o

(4.2.2)

The spectral radius, p, of the matrix FV ™! is the basic reproduction number,

ny(moms — §0a) + no(§1a + yms)

my(mamg — o) — ar(§1mg + Eay)

Ko =p(FV™") =
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of the system (4.2.1), where

mi=pu+&+7y, ma=p+0o+8&, mz=p+ar+ax+ o (4.2.3)

ny=p1+n and ny =By +nc.

Rearranging the terms, the terms from the numerator and the denominator of %, are
given by maomz — &g = (pu+ 1) (e + a1 + g + d2) + & (p + ag + 02) and (u+ ) (1 +
01)(p+ o+ g+ 02) + & (4 01) (1 + a2+ 02) + Sep(p+ an 4 02) + (14 02) (§1€2 + 7E2),
respectively. One can easily show that both terms are positive so that %, > 0.

For simplicity we rewrite %, as

ny+mn
By = 1 241
mi — a1qs
Qo +yYm Mo +
mams — 52042 momms — 520é2

We can interpret %, by writing it in a different form in the remark below.

Remark 4.2.3. The number of susceptible that will become infected per unit of time
15 Brky which is from the contact with the HIV infected, Boko which is from the contact
with the AIDS infected, nky which is from the vertical transmission of HIV infected and

ncky which is from the vertical transmission of AIDS infected, where

ki = 1?4 s + pan + pas + pby + pbs + San + &bs + 16y + azdy + 616,
ko = v + yar + yag + 702 + S1an.

So that (51+n)k1+ (B2 +nc)ks is the number of new infectious population. The fraction
1

p(ky + ko) + Erks + vky

18 the mean infective period of the disease where

ks = pi° + péo + puoy + pds + E20s + azdy + 010,

ky = péo + puo1 + &202 + 0161 + ey + 0102.
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Thus, %y gives the total number of secondary infections of the infectious during its life

time in susceptible populations. Here

B — (B1 +n)k1 + (B2 + nc) ke
Ok + ko) + Euks + ks

Stability analysis
In this section, we analyze the stability of the disease free equilibrium (DFE) and the

endemic equilibrium (EE) of the model (4.2.1).

Stability of the DFE

Solving model (4.2.1) by equating the derivatives to zero we obtain the DFE as Ey =
A

(—, 0,0, O). Following [137], it is easy to prove the following local stability result:
1

Theorem 4.2.4. The disease free equilibrium FEq is locally asymptotically stable if
Ko < 1 and it is unstable if %y > 1.

The theorem suggests that it is possible to eradicate HIV/AIDS if this threshold is

less than one.

Theorem 4.2.5. The disease free equilibrium is globally asymptotically stable if %y < 1
and unstable if Xy > 1.

Proof. Consider the following candidate Lyapunov function .Z such that,
g(t) - Clj + CQA -+ CgT,

where C1, Cy, C3 are positive coefficients to be determined. Differentiating Z(¢) with
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respect to ¢ and using the solutions of system (4.2.1), we obtain:

+Cs (V] + aoT = (4 01 + &) A) + C5 (& + A — (n+ on + oz + 62)T)

Cr((Bi] + BoA) + (I + cA) + anT — (p+ & + 7))

+T](]+CA)+O&1T—(M+£1+’7>I)

IN

+CQ (’)/I + OéQT — (,M + 51 + 52)14) + 03 (§1I + §2A — (M + (03] + Q9 + (52)T) ,
(because S/N < 1)
= (Cing + Coy + C3& — Cimy) I + (Cing + C36, — Cama) A

+ (Crag + Coay — Csms) T,

where m;(i = 1,2, 3) and n;(i = 1,2) are from Eq. (4.2.3). Now, requiring the bracketed

coefficients of A and T to zero, we obtain

C1 = mamg — Eaag = (4 01) (e + @ + ao +02) + & (1 + ag + d3) > 0,

Cy = nomg + a1és > 0,05 = aymsy + asng > 0.
After some simplifications, we obtain
L < DRy — 1),
where

D = my(mamsz — §an) — ar(§ma + &27)
= (Lt +0)(p+ o+ az+02) + & (p+61)(1 + az + 02)

+Eop(pn 4 ay 4 02) 4 (1 + d2) (&€ +7E2) > 0.

Hence, it is clear that if Z, < 1 then £ < 0. Further, the equality . = 0 holds if
I'=0and %y < 1. Thus the largest compact invariant set in {(S(¢), I(t), A(t),T(t)) €
0.2 < 0} is the singleton set {Ep}. By LaSalle invariance principle [87], we can
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conclude that the DFE, Ey, of system (4.2.1) is globally asymptotically stable for
e%() < 1. ]

Existence and stability of the endemic equilibrium

In this section, we provide the existence and global stability of the endemic equilibrium.

From the right hand side of equation (4.2.1), we have A* = ¢ I*, T* = ¢l*,

*

A=w where w = 1 + P2¢1. The total population can be represented by

*

N =S5"+I"+ A +T"
:S*+(1+Q1+QQ)I*

*

W into AS+n(I+cA)+ayT—myl =0

where ¢ = 1+¢;+q2. Hence substituting A = w

we have

S*
I (wN* + (1 4+ cq1) + a1Go, — m1> =0.

The case [* = 0 gives the disease free equilibrium Ey. When I* # 0, the endemic
equilibrium is given by E* = (S*, I*, A*, T*) where

o A
o+ (my — a1qe) (%o — 1)
x_ A(ml - Oéle)(c@o - 1)
(Pp+ (M1 — a1¢2) (%o — 1)) (m1 — arga — (1 + cqr))’
A* = (h[*?
T = QQ[*

m; — «
It is worth noting that S* is positive only when %, > 1 and I* is positive if —11 n 102
Cq1

1, so we have the following existence theorem.
my — Q2

Theorem 4.2.6. The endemic equilibrium exists only when %o > 1 and P >
Cq1
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The stability of the endemic equilibrium is ensured by the following results:

Theorem 4.2.7. The endemic equilibrium E* of system (4.2.1) is locally asymptoti-
cally stable if By > 1 and b; > 0(i = 1,...,4),b1by — b > 0 and bybobs — b3 — b3by > 0,

where b;’s are defined in the proof of this theorem.

Proof. The Jacobian matrix of system (4.2.1) corresponding to the endemic equilibrium

E* is given by

ai; Q12 Qi3 Qaig

a21 A22  A23 Q24

Jgp = )
0 asx asz ass
0 a2 43 Gu
where
(B A B A )T+ AT =S (Bu(STH AT+ TT) — B AY)
aj;p = 2 o, Q12 = 2 )
N* N*
B —S*(BQ(S* + I+ T*) — ﬁlf*) B (ﬁlf* + /3214*)5*
a13 = 3 y 14 = 3 )
N* N*
(BLI* + B A)(I* + A"+ T)
91 = N*2 )
S* S* 4+ A* L+ T*) — B, A*
G2 = Uil N2 )= >+77—(u+€1+7),
S* S*+I*+T*) — B I* — (6 I A*)S*
s — (Baf N*‘; ) — B )+7707 oy = (B ]-\1;*62 ) to,

asy =7, ass = —(p + 01 + &), ass = ao,

agg = &1, Qg3 = &2, Aaa = —(p + ay + ag + ).

The characteristics equation of the matrix Jgg at the endemic equilibrium E* is

Y+ b190% + byy)® + by + by = 0,

(4.2.4)
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by = —(a1 + ax + ass + ay),

by = aj1ax + ay ass 4+ a1 Gaq — a12 Q21 + G2 A3z + A2 Qgq — Q23 A32 — Q24 Q42

+a33 Q44 — Q34 Qy3,

b3 = —a11 2233 — 11 22 A4q + Q11 A23 A3p + (11 A24 Qg2 — (11 33 Aagq + Q11 (34 Q43
+a12 Q21 A33 + Q12 Q21 g4 — Q13 A21 A32 — Q14 Q21 Q42 — Q22 A33 Q44 + Q22 A34 Q43
+Q23 A32 Q44 — Q23 A34 Qg2 — Q24 A32 Q43 + Q24 A33 A42,

by = 1122 33 Aaq — Q11 A2 A34 Q43 — Q11 A3 A32 Gaq + Q11 Q23 34 Qa2 + 11 A24 A32 Q43
—Qa11 G4 Q33 Qg2 — Q12 A21 A33 A4q + Q12 A21 A34 Q43 + Q13 A21 A32 A4y

—@13 (21 G34 Q42 — G14 G21 32 A43 + Q14 Q21 A33 (G42.

By the Routh-Hurwitz criteria, it follows that all roots of Eq. (4.2.4) have negative
real parts if b; > 0(i = 1,...,4),b1by — b3 > 0 and bybybs — b3 — b3b, > 0. Hence the

theorem follows. O

Theorem 4.2.8. If %Zy > 1, the endemic equilibrium E* of system (4.2.1) is globally

asymptotically stable.

Proof. Consider the following candidate Lyapunov function L such that,

L=(S—5MmS)+B(I—-I"Inl)+C(A—A*InA) + D(T — T*InT).

The constants B,C' and D are assumed to be positive and will be defined later. De-
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% = ¢, then, the derivative of L is given by

: S* - I\ . A*N . T\ -
i - (1—§>S+B(1—7)[+C(1—Z>A+D(1—?)T
= (1—%)(A—f[3—gAS—uS)

noting % = f and

I*
+B<1 — 7)(fIS+gAS+7](I+ cA)+ ;T —myl)

+C(1 - %) (’7] + OZQT - mQA) + D (1 - %) (51] + 5214 - WL3T)

Because S = [ = A = T = 0 at the equilibrium E*, the terms A,n —mq, my and ms

will be replaced by the expressions

A= fI*S* + gA*S*™ + uS~,
L A* T~
n—my==f5"—g I~ W — 7

mo —’}/A* OéQA*,
> A*
ms —&F‘f‘&ﬁ,
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respectively. Thus,

L = <1 . %) (FI*S* + gA*S* + uS* — fIS — gAS — uS)

A*T
I*

I 1
+B(1 — —) (f1S + gAS +ncA+ oy T — fIS* — gA*S*F —nec

1 A* I"A A
_alT*I*)_f_C(]_—Z)(’yI—l—O[QT ’}/A* — Og—— A+ )
rTr A*T
— —& T )

+D(1 - E) (& + &A — 51

- (1 - %) (uS* — puS) + (1 - S—) (FI*S* + gA*S* — fIS — gAS)

I* I A*T
+B (1 — —) (f1S + gAS +ncA+ oy T — fIS* — gA*S*F — e,
1 A* I*A T*A
—alTI)—l—C(l—Z)(’ﬂ—i-OQT N QA*)
T* T A*T
+D(1 — —) (&1 + &A — 51 1 &2 T ).
. S I A {1 . . 7
Let us consider z = §,y NIVERS and u = T (from this we have S = 25*, I =
yI*, A= zA* and T = uT*). Then,
. 1-— 1
L = —%S + (1 — —)(fI*S* +gquI*S* — fayl*S* — grzqi 7 S™)

1
+B (1 — ;) (foyl*S*™ + grzqiI*S*™ + nezqiI™ + cquge ™ — fyl*S™ — gyq [*S*
1
—neyq ™ — aqyqel™) + C<1 - —) (YWI" + apuge ™ — y2I" — azqel”™)

+D<1 - l) (&yl™ + SequI”

—&ul”™ — SuqI™)
1— 2
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where

1
H = (1 — E) (fS*+ g S* — fayS* — grzq1S™)

1
+B <1 - —) (fryS™ + grzquS™ + nezqr + arugy — fyS* — gyqS™ — neyq

Yy

1

—a1yqe) + 0(1 - ;) (vy + augs — vz — a2q2)

1
+D (1 - a) &1y + Sozqn — S1u — uq)

1 1
= fS*(l—xy—;—i—y)%—gqlS*(l—xz—;—i—z)—i—BfS*(xy—y—x—i—l)

+BgqiS*(vz —y — % + 1) + Bneqi(z —y — 2 +1) 4+ Bayga(u —y — g +1)

u
+C’y(y—z—g+1)+0042q2(u—z—;+1)+D§1(y—u—%+1)

2
—i—ngql(z —Uu— E — 1)
Next, we choose B, C' and D so that none of the variable terms are positive

H = [fS"+g9gquS"+BfS*+ Bgq1S™ + Bneqy + Baigas + Cy + Coasgs + D&
+D&sqo + xy(—fS* + BfS*) + x2(—9q1S* + Bgq1S*) + y(fS* + Cv + D&
—BfS* — Bgq: S* — Bng1S* — Baiqa) + u(Baigs + Cagge — D& — DEyqy)
+2(9q15" + Bneqr — Cy — Cagga + Déqi) + x(—BfS™) + i(—fS* —9q1S")
-2 (=BgnS") + —(=Biear) + - (=Baaga) + (=C) + - (~Cagy)

+%(—Df1) + 2(—1752(11)-

The only variable terms that appear in the above equation with positive coefficients
are xy,xz,y,u and z. If the sum of the coefficients of any of these variables terms is
positive, then there is a possibility that H could be positive. In this way, we select
B,C and D so as to make the coefficients of xy, xz,y,u and z non-positive. From the

coefficients of zy and zz we found that B = 1. Then substituting B = 1 in the other
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coefficients and ignoring the repetition we have the simultaneous equations:

Cv+ D& = g S™ + negy + o ge

Coage — D(& + &q1) = —ange.
The solutions are:

C = %(529%5* + &aneqr + §195™ + Eine + Eaqp) and

D = %(96110425* + neqros + o an + yayq),

where Q) = £1g20 + E27q1 + &1y Then after substituting the corresponding values of
B,C and D we have

1 1~ Tz 1
H o= fSQ2—ah ) ha@-lEZ L pape-E_Y_2
7T B 1Y 4 y oz x
z Tz 1 —2z)?
+a3(3———g——)+a4(4—————y——)—a5(y
z Y Z.u Yz
_iieg SR
IR O
uy uz
where
1 1 * * 2 1
ap = 6(5770%%042)7 Q2 = @(5175 g +&vS79qy), as = 6(527%%041)7
1 . 1 1
ay = 6(515 90142002), a5 = @(517770% + Eneqr), ag = é(&q%mag + §17gan),
1 *
ar = @(525 903202 + Eameqi gars + Soqrgionan).
Because the arithmetic mean is greater than, or equal to the geometric mean, then
1 1
2—:6——gOfor:U>Oand2—x——:Oifandonlyifle;?)—g—z—ggOfor
x x zZ Yy u
1
u,y,z>0and3—y—i—y:Oifandonlyifu:y:z;3—ﬁ—y——§0for
zZ Yy u y oz
1 1
x,y,z > 0and 3—%—y—— =(0ifandonlyifxr =1,y = cand4a- Y Y - <0
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1
for:v,y,z,u>0and4—ﬁ—g—g——:Oifandonlyif:czl,u:y:z.
y oz u
R . . : I A T .
This implies that H < 0 with equality only if S = S*, T T e that is

. —u(1 —x)?
r=lu=y=-z SothatL:MS*—FI*H(x,y,z,u)<0.
I A

’F = E =
T L
T Thus the largest compact invariant set in I' = {(S(¢), 1(t), A(t),T(t)) : C;—t =

0} is {E£*}. By LaSalle invariance principle [87], we can conclude that the endemic

dL dL
Therefore, o < 0 and the equality ¥ 0 holds if and only if S = S§*

equilibrium E* of system (4.2.1) is globally asymptotically stable for %, > 1. O

4.3 Parameters estimation

In this section, we estimate the parameters of the model (4.2.1) based on the available
data.

To estimate the recruitment rate A, we consider the total population of Ethiopia
aged 15-49 for the available data starting from 2005 in [17]. This population is con-
sidered to be the most economically active group. Dividing the population by the
difference in age for our model, we have an average constant recruitment rate of
A = 1,115,156 individuals between the age 15-49 in Ethiopia per year.

The average life expectancy in Ethiopia is 65.5 years [155], and the average age of
first sexual intercourse in Ethiopia is estimated as 19 years [32], corresponding to an
average of 46.5 years of sexual activity (see also [107]| for South Africa), so that the
natural death rate used in this work is g = 0.0215. From [156], we can obtain the
disease-induced death rates d; and do (see Table 4.3.2).

The year 2005 is our initial modeling time. It is the year that the government of
Ethiopia launched a programme to provide access to ART free of charge and made a
commitment to roll out the programme across the country [148]. The total population
of Ethiopia aged 15-49 in the year 2005 was 33,770,291 [17]. Estimated number of
the people living with HIV was 640,000 and the prevalence of adult population aged
15-49 in the same year was 1.7 [133|. So that the estimated number of the adult
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population aged 15-49 years living with HIV in 2005 would be 557,695, of which we
assume approximately one-quarter were AIDS infected individuals. Reported number
of people receiving antiretroviral therapy (15-49 years) in the same year was 16,400
[148]. So the initial conditions are S(0) = 33,196, 196, 1(0) = 418,271, A(0) = 139, 424
and 7'(0) = 16, 400.

Table 4.3.1: Prevalence of HIV (aged 15-49) in Ethiopia in the period 2005-2018 [133].

Year: 2005 2006 2007 2008 2009 2010 2011 2012 2013 2014
Prev.:. 1.7 1.6 1.5 1.4 14 1.3 1.3 1.3 1.2 1.2

Year: 2015 2016 2017 2018
Prev.: 1.1 1.1 1.1 1.0

The parameters (1, £y, &, ar and ay were chosen to fit the model (4.2.1) without
vertical transmission to the prevalence data 2005-2018 from Table 4.3.1 and initial
conditions above. With certain initial guesses of these parameters, we solve the model
(4.2.1) without vertical transmission using the MATLAB built-in function ode45. Then
implementing the solutions in the MATLAB routine fmincon, as in [118] we estimate

the parameters that correspond to the minimum of the following error function

where I(t;), A(t;), T (t;) and N(t;) are numerically computed model solutions at time
t; and Pr(t;) is the HIV prevalence data at time ¢;. Fig. 4.3.1 shows the HIV data
with upper and lower estimate and the model fitted curve with the estimated values
1 =0.07248,&; = 0.28,& = 0.16, 1 = 0.42 and ay = 0.012.

We assume that the infection rate of AIDS infected individuals is very small because
individuals in the AIDS infected group have significantly reduced their sexual activity
and so the transmission caused by them is very low compared to the HIV infected
population (see [160]). Setting b = 0.02, the transmission rate for AIDS infected
individuals become £y = b1 = (0.02)(0.07248) ~ 0.00145. The estimated parameter

values are given in Table 4.3.2.
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Fig. 4.3.1: Prevalence of HIV data (Table 4.3.1) with upper and lower estimate and
the corresponding best fit.

Table 4.3.2: Baseline values and ranges of the parameters of the model (4.2.1).

Parameter Baseline value Range Reference
(per year) (per year)

A 1, 15, 156 — Estimated

L 0.0215 [0.0172,0.0258] Estimated

51 0:0909 0.07272,0.10008]  [156]

5 0.0667 0.05336,0.08004]  [156]

b1 0.07248 [0.057984,0.086976] Fitted

B2 0.00145 [0.00116, 0.00174] Assumed

0% 0.125 [0.1,0.15] Estimated

& 0.28 [0.224,0.336] Fitted

& 0.16 [0.128,0.192] Fitted

aq 0.42 [0.336, 0.504] Fitted

Q9 0.012 [0.0096, 0.0144] Fitted

n 0.02 [0.016, 0.024] Assumed

c 0.02 [0.016, 0.024] Assumed

4.4 Sensitivity analysis

It can be seen from the previous analysis that the qualitative behavior of the HIV/AIDS
model is determined by the basic reproduction number. Hence, it is important to

analyze parameters that have the most significant impact on %,.
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Local sensitivity of %,

In this section, we compute the sensitivity indices to measure the relative change in
the basic reproduction number %, when a parameter changes. The local sensitivity,
based on the normalised sensitivity index, of a variable %, that depends differentiably

on a parameter, p, is defined as [38]:

% 3%’0 1%
T = 220 L
g dp - Ko

The sensitivity index of %, with respect to the parameter (3, is given by

a0 0% P (me+ PGo)(Eras+y (u+ a1 + ag + 7))
T 8 _p

Gen —& o+ (u+0F+&)(p+or +as + 92)

-1
51_861 X’%[) +51+77) > 0.

This shows that the basic reproduction number, %, is an increasing function of the
parameter ;. Similarly the sensitivity index of %, with respect to the parameters (s,
v, &1, &9, a1, ao, 1, ¢, 01, 03 and p can be obtained. We evaluate the sensitivity indices
at the baseline parameter values given in Table 4.3.2 and the results are shown in Table
4.4.1.

Table 4.4.1: Sensitivity indices of %, to parameters of model (4.2.1).

Parameter Index
(Local sensitivity)

L —4.8028 x 107!
5 —1.4449 x 107!
5y —2.4220 x 107!
b1 +7.8176 x 107!
B +1.9787 x 1073
v —5.6929 x 107!
& —6.0148 x 1072
& +1.7614 x 1071
oy +3.2505 x 107!
Qs —4.7769 x 1073
n +2.1626 x 107!
c +5.4585 x 1074

The most sensitive parameter is $; with sensitivity index of T‘ZO = +7.8176 x 10~
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Thus, decreasing (or increasing) [y, the transmission rate of HIV infected individuals,
by 10% increases (or decreases) %, by 7.8176%. However, increasing (decreasing) the
next sensitive parameter v, the rate of developing AIDS symptoms, by 10% decreases

(increases) Zy by 5.6929%. The same logic can be applied to other parameters.

Global sensitivity of %

The local sensitivity analysis shows the influence of one parameter change while all
others are kept constant. Global sensitivity analysis is a better approach that esti-
mates the influence of one parameter change on the output while allowing all other
parameters to vary. We determined the global sensitivity analysis of the model with
parameters (1, B2, 7, 1, €2, a1, Qia, 1, ¢, 01,09 and - as an input and the basic reproduc-
tion number %, as an output using LHS and PRCC methods. The LHS is a stratified
sampling technique that allows for effective study of parameter variations across simul-
taneous uncertainty ranges in each parameter [23, 91, 95, 125|. The PRCC measures the
strength of the relationship between the model outcome and the parameters, expressing
the degree of the impact that each parameter has on the outcome [23, 91, 95, 125|. To
generate the LHS matrix, we assume that all the model parameters are uniformly dis-
tributed. For parameter intervals, we chose a [—20%, +20%] variation from the baseline
values as given in Table 4.3.2. A total number of one-thousand model solutions are
simulated. Note that PRCC values vary in the interval [—1, 1], with an absolute value
of PRCC close to 1 indicating the parameter has a strong impact on the model output.
Positive (negative) of the PRCC indicating a positive (negative) correlation between
the model parameters and output. In addition, the p-value of the PRCC if less than
0.05 indicates the value is significant.

It can be seen from Fig. 4.4.1 and Table 4.4.2 the most significant parameters, with
|PRCC| > 0.5 and p-value less than 0.05, ordered from highest to lowest are (31, 7,
at, &1, 1, 02, M, & and 6. Parameters 1, aq,  and & have positive PRCC values,

implying that a positive change on these parameters will increase %,. In contrast,
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parameters v, &1, i, 0o and 0; have negative PRCC values, and thus, increasing these

parameters will consequently reduce %,. Finally, parameters with little impact on %,

are ¢, B and as.

PRCC

By By v & & ap oy o C 0 0, p

Fig. 4.4.1: PRCC values of the parameters for the HIV/AIDS model (4.2.1) with %,

as a response function. Parameter values and ranges used are given in Table 4.3.2.

Table 4.4.2: The PRCC and p values of various parameters relative to %.

Parameter PRCC values p values
L —0.7978 0.0000
01 —0.5991 0.0000
0o —0.7658 0.0000
b1 +0.9659 0.0000
Ba +0.0376 0.2374
¥ —0.9087 0.0000
& —0.8614 0.0000
& +0.6641 0.0000
q +0.8684 0.0000
Q9 —0.0276 0.3863
Ui +0.7024 0.0000
c +0.0668 0.0358

http://etd.uwc.ac.za/
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4.5 Numerical results

In this section, we present numerical simulations to determine the effect of treatment on
HIV infected and AIDS infected individuals in the dynamics of HIV/AIDS as a control
strategy. We simulate the model (4.2.1) numerically using the parameter values in Table
4.3.2 (unless otherwise stated), to assess the treatment impact of the HIV infected and
AIDS infected individuals over the progression of HIV/AIDS.

To numerically demonstrate the effect of the parameters & (treatment rate of HIV
infected individuals) and & (treatment rate of AIDS infected individuals), we plotted
the basic reproduction number %, as a function of £; and &. In Fig. 4.5.1, %, decreases
with an increase in & and increases with an increase in &. This demonstrates that
increasing rate of treatment of HIV infected individuals (early treatment) will increase
the chance to eradicate HIV/AIDS from the community (see for example [75]). On
the other hand, it is evident that with the increase of treatment of AIDS infected
individuals, the disease induced death rate for AIDS will decrease and the CD4 count
can also increase. At this stage whenever there is treatment failure the individuals
may revert to the HIV infected group based on their CD4 count and may infect others
whenever contact is made. If we stop treating them the disease induced death rate d,
will increase and as a result the infection rate will decrease. The overall effect of the
treatment of AIDS patients on the population dynamics is not straight forward. We
address this issue in what follows.

A contour plot of the reproduction number % as a function of the rate of treatment
of HIV infected individuals (&;) and the rate of treatment of AIDS infected individuals
(&), is depicted in Fig. 4.5.2a. The region where %, < 1 and %, > 1 is shown in Fig.
4.5.2b. From these figures, it can be seen that %, < 1 when &; is larger than or equal
to &, and Zy > 1 when &, is significantly larger than &. We provide more details on

the population dynamics in each case below.



CHAPTER 4. A SIAT MATHEMATICAL MODEL OF THE TRANSMISSION

DYNAMICS OF HIV/AIDS WITH TREATMENT

114

0.2 ' ' ' ' 0.4

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8

& &
(a) % as a function of & (b) %y as a function of &

Fig. 4.5.1: The reproduction number %, as a function of £ and &,.
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Fig. 4.5.2: Relation between treatment rates of the HIV infected and AIDS infected

individuals with the basic reproduction number %,.

Case 1: when & > &

When the rate of treatment of HIV infected individuals is larger than the corresponding

rate of AIDS infected individuals, the basic reproduction number %, < 1 (see Fig.

4.5.2) and the disease free equilibrium is globally asymptotically stable.

For example, numerical simulation when the parameter values & = 0.9 and & =
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0.02 where the reproduction number less than unity is depicted in Fig. 4.5.3. In this
case, #y = 0.3130 and the disease free equilibrium is Ey, = (51867721,0,0,0). In
Fig. 4.5.4, with the phase portrait, we show the global stability of the disease free
equilibrium Eyin S —I — A and S — I — T spaces. Similar assertion can also be shown
in other spaces. Thus, these results also confirm the global asymptotic stability of the
disease free equilibrium FEj.

Further, the simulation results for some selected values of treatment rates & and &
when & > & is given in Fig. 4.5.5. As expected, there is a decrease of the number of
HIV infected individuals, and the number of AIDS infected individuals increase at the
beginning of the time and it decreases through time as a result of disease induced death
rate. The numerical simulation in Fig. 4.5.6 clearly show that increasing the rate of
treatment of HIV infected individuals & and decreasing the rate of treatment of AIDS
infected individuals &, leads to a corresponding decrease in the prevalence of HIV. It
can be observed that at the end of 2030, from the initial year 2005, it is possible to

reduce the prevalence by more than 83%.

%107 5 %10°
e s I(t)
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4 .......... T(t)
45 2
53
= ©
4t L2y
N
v
1 "\ "e_
LY
35¢ 1 NN
Sl
: L . 0 S, . .
0 50 100 150 200 0 50 100 150 200
Time Time

Fig. 4.5.3: Simulations of system (4.2.1) when & = 0.9, & = 0.02 and %, = 0.3130 < 1.
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Fig. 4.5.4: Phase portrait obtained when & = 0.9, & = 0.02 and %, = 0.3130 < 1 with
t €10,400] (a) in S — I — A space, (b) in S — I — T space.
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Fig. 4.5.5: The effects of varying & and & on the HIV infected and AIDS infected
individuals when & > & and %, < 1.

Case 2: when & =&

When the rate of treatment of HIV infected and rate of treatment of AIDS infected
individuals are equal, the basic reproduction number %, < 1 (Fig. 4.5.2) and the
disease free equilibrium is globally asymptotically stable. In general, on the line & = &,
(see Fig. 4.5.2b), the basic reproduction number %, is always less than unity. So that

increasing or decreasing treatment rates of both individuals as equal would always
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Fig. 4.5.6: Prediction of the prevalence of HIV for the year 2005-2030 with different
values of £ and & when & > &.

make %, less than unity. Therefore, the line where & = & can be considered as the
disease free line (see Fig. 4.5.2b).

Further, the simulation results for selected equal values of treatment rates & and
& is given in Fig. 4.5.7. It can be observed that with a large equal increment in
the treatment rates, both the HIV infected and AIDS infected individuals consistently
decrease in time. On the other hand, with a small equal treatment the number of HIV
infected individuals decrease and transfer to AIDS stage, as a result the individuals
in AIDS stage increase and then decrease through time due to disease induced death.
The numerical simulation in Fig. 4.5.8 clearly show that increasing both the rate of
treatment of HIV infected individuals & and the rate of treatment of AIDS infected
individuals &; as equal leads to a corresponding decrease in the prevalence of HIV. Tt
can be observed that at the end of 2030, from the initial year 2005, it is possible to
reduce the prevalence for more than 70%. This suggests that applying higher equal

treatment is a good way to fight against the disease.
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Fig. 4.5.8: Prediction of the prevalence of HIV for the year 2005-2030 with different
values of & and & when & = &.

Case 3: when & >> &

When the rate of treatment of AIDS infected individuals is significantly greater than the
rate of treatment of HIV infected individuals, the basic reproduction number %, > 1
(see Fig. 4.5.2) and the endemic equilibrium is globally asymptotically stable.

For example, numerical simulation when the parameter values & = 0.02 and & =

0.9 and where the reproduction number exceeds unity is depicted in Fig. 4.5.9. In
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this case, the basic reproduction is #; = 1.5871 and the endemic equilibrium is E* =
(24094385, 15564870, 1969897, 4002591). In Fig. 4.5.10, with the phase portrait, we
show the global stability of the endemic equilibrium E* inside the invariant set I' in
S—1—Aand S — I —T spaces. Similar assertion can also be shown in other spaces
for the global asymptotic stability of the endemic equilibrium E*. Thus, these results
also confirm that the endemic equilibrium E* is globally asymptotically stable.
Further, the simulation results for selected values of treatment rates & and &
when & >> & is given in Fig. 4.5.11. As expected, there is an increase of the
number of HIV infected individuals I, and the number of AIDS infected individuals A
was controlled at the beginning but start rising again and increases indefinitely. The
numerical simulation in Fig. 4.5.6 clearly show that increasing the rate of treatment
of AIDS infected individuals & and decreasing the rate of treatment of HIV infected
individuals & leads to more than 58% increase, from the initial year 2005, in the

prevalence of HIV at the end of 2030. This implies that the HIV/AIDS persists in the

community.
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Fig. 4.5.9: Simulations of system (4.2.1) when & = 0.02,& = 0.9 and %, = 1.5871 > 1.
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Fig. 4.5.10: Phase portrait obtained when & = 0.02,& = 0.9 and %, = 1.5871 > 1
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Fig. 4.5.11: The effects of varying & and & on the HIV infected and AIDS infected
individuals when & >> & and %, > 1.

4.6 Discussion and conclusions

In this chapter, a STAT deterministic model for the transmission dynamics of HIV /AIDS
in a community was designed and rigorously analysed. We evaluated the impact of
treatment as a possible control measure for the spread of HIV/AIDS. The study was
designed to observe the effect of treatment of both HIV infected and AIDS infected
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Fig. 4.5.12: Prediction of the prevalence of HIV for the year 2005-2030 with different

values of & and & when & >> &;.

individuals in the HIV/AIDS with vertical transmission model. Some main themes

and findings of the study are:

(i) The stability of the DFE and EE of the model is analysed. The global stability
of both the DFE and EE is established. This study has shown that if Z;, < 1

the DFE is globally asymptotically stable and if %, > 1 the EE is globally

asymptotically stable.

The model parameter values are estimated.

Using sensitivity analysis the model parameters with the strongest impact are

determined. The most significant parameters, ordered from highest to lowest,

of the model (with %, as an output variable) are the transmission rate of HIV

infected individuals (f;), the rate of developing AIDS symptoms (), rate of

transfer of individuals to HIV infected due to treatment failure (), the rate of

treatment of HIV infected individuals (£;), natural death rate (1), disease induced

death rate of individuals under treatment (d2), the vertical transmission rate (n),

the rate of treatment of AIDS infected individuals (§2) and disease induced death

rate of AIDS infected individuals (61). It is noted that a small change in these

parameters affect the progression of HIV/AIDS dynamics.
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(iv) Numerical simulations of the model show that:

(a)

The increase in rate of treatment of HIV infected individuals together with
the decrease in rate of treatment of AIDS infected individuals would result
Zy < 1, in that case the DFE is globally asymptotically stable. This also
leads for more than 83% reduction in the prevalence of HIV at the end of

2030.

With equal rate of treatments of HIV infected and AIDS infected individuals
the basic reproduction number %, < 1 and the DFE is globally asymptoti-

cally stable. This also leads to more than 70% reduction in the prevalence

of HIV at the end of 2030.

The increase in rate of treatment of AIDS infected individuals together with
the decrease in rate of treatment of HIV infected individuals would result
Zy > 1, in that case the EE is globally asymptotically stable. This also
leads to more than 58% increment in the prevalence of HIV at the end of

2030.



Chapter 5

Robust nonstandard finite difference

methods for STAT HIV /AIDS model

In this chapter, we present two classes of NSFD schemes constructed for the SIAT
HIV/AIDS model. The first one uses non-local discretization of nonlinear terms but
with a standard denominator function, whereas the second class of methods use non-
local discretization of nonlinear terms with three different types of denominator func-
tions constructed using more sophisticated approaches. A theoretical analysis of the
schemes is performed rigorously, and comparative studies between the schemes are pre-
sented. It is observed that the NSFD-I scheme is easy to implement, unconditionally
convergent, and dynamically consistent with the continuous model. We provide results
for the second class NSFD-II schemes for different values of ) in the denominator
functions that are chosen to guarantee elementary stability. The constant ), value is
calculated based on the Jacobian of the NSFD-IIa scheme evaluated at the steady state
and the Hurwitz matrix. The value ()2 > 0.4155 for the NSFD-IIb scheme is calcu-
lated from the eigenvalues of the continuous model that satisfy certain conditions. The
value of Q3 for the NSFD-IIc scheme is selected to satisfy elementary stability with no
restrictions. In the simulation, it is observed that the NSFD-IIb scheme is not only

dependent on the selection of ) but also on the step size. In contrast, the NSFD-IIa
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and NSFD-IIc schemes converge to the correct steady-state irrespective of the step
size used. It is concluded that a value of () in the denominator function close to zero
makes the NSFD-IIc scheme converge faster. It is also observed that the NSEFD-IIc
scheme substantially outperforms the corresponding NSFD-ITa and NSEFD-ITh schemes
in terms of error size and order of convergence. Further, the efficiencies of the NSFD-II
schemes are compared in terms of CPU times, and while the NSFD-IIa and NSFD-IIb
have shown comparatively the same order of efficiency, it is seen that they show a clear

gain in efficiency over the NSFD-IIc scheme.

5.1 Introducton

Models of differential equations that describe chemical, physical, biological and other
types of phenomena are increasingly frequent in literature. Providing explicit solutions
of such models is not often possible. As a consequence, they are often studied through
robust numerical methods. Well-known numerical methods, for example, Euler and
Runge-Kutta, sometimes fail because they generate oscillations, bifurcations, chaos,
and false steady states (see [39, 65]) and may require very small step size. Therefore,
we design a nonstandard finite difference (NSFD) scheme that does not suffer from such
drawbacks based on the properties and nature of the continuous model. The NSFD
schemes were introduced and explored by Mickens [97, 98, 99]. A thorough overview of
these methods can be found in two survey articles by one of the authors of this paper
[114, 115].

It has been established that NSFD has the advantage of preserving the essential
qualitative features of the continuous model independently of the chosen step-size [1,
14, 36, 41, 43, 48, 53, 69, 70, 80, 81, 83, 84, 152, 153, 154]. A NSFD scheme that
preserves non-negativity and boundedness of the solution, equilibria, and their stability
conditions is presented in [84], a scheme that preserves positivity and global asymptotic
stability is constructed in [41, 69|, a positive and elementary stable NSFD scheme is

proposed in [83], and an unconditionally stable NSFD scheme that preserves positivity
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and is more efficient than the standard numerical methods is constructed in [1].

In [53], an unconditionally convergent NSFD scheme for computer virus dynamics
that preserves the essential features of the continuous model is proposed. In [36], two
NSFED schemes are proposed and analyzed; the first is based on the nonlocal approxi-
mation of nonlinear model terms and shown to be stable subject to a predictable bound
on step size, while the second NSFD scheme which is unconditionally stable is based
on nonlocal approximation of nonlinear model terms and use denominator function. In
[48], a NSFD scheme that preserves the positivity and boundedness of the solutions
of a virus dynamics model with antibody and cell-mediated responses is presented. In
[43], NSFD schemes are constructed and applied to general two-dimensional and three-
dimensional productive-destructive systems (PDS). The numerical techniques are based
on nonlocal modelling of the right-hand side function and a nonstandard treatment of
the time derivative. In [152], Wood et al. extended the results in [43] and designed
a dynamically consistent NSFD scheme for general n-dimensional PDS. In [153], a
positivity preserving and elementary stable NSFD scheme is constructed for solving
autonomous dynamical systems. In [154], three general NSFD schemes are presented
and applied to a specific four-dimensional HIV epidemic model.

Motivated by ongoing research in this field, we use new ways of finding solutions for
the susceptible-infected-aids-treatment (SIAT) HIV/AIDS model. The main contribu-
tion of this work is to develop and analyze efficient numerical schemes to approximate
the solutions of the SIAT HIV/AIDS model. Four numerical schemes of two classes
that preserve the essential properties of the continuous model are formulated. Com-
parative studies of the first class with classical numerical methods and comparative
studies between the second classes of schemes are presented.

The rest of this chapter is organized as follows: In Section 5.2, we design two
classes of NSED schemes for the SIAT HIV/AIDS model. In Section 5.3, the analysis
of the schemes is provided. In Section 5.4, extensive numerical simulations are carried
out, and results are presented. Finally, in Section 5.5, discussion and conclusions are

presented.
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5.2 Construction of NSFD schemes

In this section, two class of NSFD schemes are designed to approximate the solution

of the continuous system (4.2.1).

NSFD-I

The first scheme, denoted NSFD-I, that we propose is based on the approximation of the
derivatives by the standard forward scheme of first order and non-local approximation.
A similar approach can be found e.g. in [1, 15]. Thus, if f(¢) is differentiable, then its
derivative f (t) can be approximated by

df W FE—f(D)
= B : +00)

as ¢ — 0.

Let t, = k¢, where £ > 0 is the time step size and k € N = {0,1,2,...}. Let
(Sk, I* A% T*) be the approximations of the solution (S(tz), I(tx), A(ty), T'(tg)) of sys-
tem (4.2.1) at the discrete time points t;. Thus, the mathematical model for the
HIV/AIDS (4.2.1) is discretized as:

Sk—i—l_sk_A_ ﬁlfk—l-ﬁgz‘lk
l a Nk

) ShHl gt

[k+1 _ [k [k Ak
o (%) S (I + eAM) + an T = (4 &+ ) I,
Ak—i-l _ Ak
T = T (6 + ) A
Tk+1 - Tk
=Gl A (uantag + )T,

(5.2.1)

where N¥ = S% + ¥ + A¥ + T*_ A simple modification of (5.2.1) leads to the explicit
NSFD-I scheme
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g _ (A + S* )
Ik AR
]k k+1 Ak k+1
(51 S —Fﬁﬂg——é%j—-+€n(]k+—cAk)%—€a1T%—F[k

N
L+4(p+&+7) ’
Rl _ Oy I+ 4 Lo TF + AF
L+lp+0+&)
. _ ggllk—l-l +€szk+1 4 Tk
1+ 0(p+ oy +ag+8y)° J

JEHL NE

(5.2.2)

NSFD-II

In this section, a class of three NSFD schemes are designed to approximate the solution
of the continuous system (4.2.1). The selection of the schemes is based on obtaining

unconditionally stability and preserving positivity of the solutions, see also [11, 152,

153, 154].

Definition 5.2.1. A numerical scheme is called elementary stable whenever it has no
other fixed points than those of the continuous system it approzimates, the local stability
of these fized points is the same for both the discrete and the continuous dynamical

systems for each value of the step size (.

The discretization is based on the approximations of the temporal derivatives by a

first order generalized forward scheme. If z(t) € C'(R), we define the derivative as

dr :L,kJrl _ ZL‘k

yrie —go(f) +00) as ¢ —0,

where () is a nonnegative real valued denominator function defined later.

NSFD-IIa

The second NSE'D scheme uses a nonlocal discretization of the negative terms on the

right hand side of (4.2.1) to preserve the positivity of solutions. A similar approach
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can be found e.g. in [152, 154]. Thus, system (4.2.1) is discretized as:

Sk::(g—) Sk A (ﬁllk;kﬂzz‘lk) GhHL _ gkt \
I [k It 4 By AF k k k k k+1

0 _ e ST+ cAY) + T — (p+ &+ )7,

(5.2.3)

Ak+1 _ Ak
oy T (a4
Tk+1 _ Tk i & k+1
gy =Gl T eA" = (pr e s+ 6)TH,

o(0) ’

where N* = S* + [F + AF + T*.
The NSFD scheme, denoted NSFD-IIa, is of first order of convergent and can be

easily rewritten in an explicit form as:

Sk—H _ 90(6)‘/\ + Sk )
B Ji ARl
L+ o(f)p+ 90(6)51m 13 @(@52@

P(O)Pr g + P(O)Pemm o(On(I* + cAF) + p(0)a T + I*

1+ o(O(p+& +7)
ki1 _ POVIY + p(O)asTF + A*
1+ o)+ 6 &)
k+1 Q(O&TF + p(0) A" + T
L+ o) (1 + ar +ag +09) )

IkJrl —

Y (5.2.4)

It is clear that none of the discrete terms on the right hand side of (5.2.4) have

negative terms. Thus, the second numerical scheme, NSFD-IIa, satisfies the positivity

property.

Remark 5.2.2. The denominator function p({) is selected as o(£) = ¢(QF)/Q, where

o(0) is an arbitrary function that satisfies the property:

p(0) =L+ O0(*) and 0<¢(f) <1 forall £>0. (5.2.5)

For example, ¢(£) = 1 — e~* satisfies (5.2.5).
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Remark 5.2.3. Construction of the denominator function ¢({) chosen to guarantee
elementary stability is based on the proof of Theorem 8.1 in [152]. The constant Q in
the denominator function is dependent on the eigenvalues of the Jacobian of the scheme

(5.2.4) at equilibria.

Theorem 5.2.4. The solution of the NSFD-Ila scheme (5.2.4) is bounded on any finite

time interval.

Proof. Firstly, let us examine the sequence (S*). From the first equation of (5.2.4),

k OHA
we get SFHL < m Therefore, the sequence (S*) is decreasing (S*t1 < S*)
1+ (O)p o0
. SY+ p(f)A
independently of the sequences (I*), (A*) and (T%) as long as: Sk > —— >~
(1%, (4) and (T*) St

Sk > A/pu. Moreover, it can be shown that: S* < A/u = S*1 < A/u. Therefore,
the sequence (S*) is bounded; namely: Vk € N S* < max{S° A/u}.

The boundedness of the sequence (S*) entails the boundedness of the sequence (I*),
which in turn results in the boundedness of (A¥), which finally in turn results in the
boundedness of (T%). Ultimately, the solution of the proposed numerical scheme is
bounded on any time interval independently of the chosen step-size £. This completes

the proof. 0

The following rules are for constructing the denominator function ¢(¢) for the

NSFD-IIa scheme.

i. Find the Jacobian matrix of the NSFD-IIa scheme (5.2.4) by changing ¢ (¢) with ¢
at the equilibria. For the equilibrium point £ = (S, I, A, T) the Jacobian matrix
is
€11 G2 G113 C14
C21 C22 C23 Co4

0 ¢332 ¢33 Cu

0 ca2 ca3 cas
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- N2+ 0SBl + BoA) ey — —AS(BIN — (B + BrA))
N(N + CuN + ((B1] + B2A))’ N(N 4+ luN + (511 + B2 A))’
o — 7—€S(52N7— (51174:52121)2 = 55(@1j+ 52{1) _
BT NN 4+ uN + (B + BoA))” T T N(N + uN + (811 + B A))’
ey = (Bl + B A)(N = S) g = (L +n)N? + (S(BN — (Bi] + B> A))
N1+ L+ & +7)) N1+ L+ & +7))
- EUCN2_+ (S(BoN — (81 4 B2 A)) s — 50ﬁ1N2 —LS(B1I + B A)
N2(1+ (e + & +7)) ’ N2(1+l(p+&+7))

B Uy B 1 B Loy
CTINprare) P T T ot &) M T Il e &)
Cq2 = 23] C43.=— f

L4+ £(p+ o1 + ag +03)° L+ l(p+ ar+as+02)’
1
Cqq4 =

14+ 0(p+ oy +ag +03)

ii. Find the characteristics polynomial of C.

Po(N) = det(C = M) = M +diN> + dadg + ds\ + dy,

where

di = —(c11+coo+ 33+ caa),

dy = c11Co2+ C11C33 + €11 Cag — C12 Co1 + Co2 €33 + Cop Cag — €23 C32 — Co4 Ca2
+C33 C44 — C34 C43,

d3 = —c11Ca2C33 — C11 Caa Caq + C11 Ca3 C32 + C11 Coa Ca2 — C11 C33 Cag
+C11 €34 C43 + C12 C21 C33 + C12 C21 C4q — €13 C21 C32 — C14 Co1 C42 — C22 €33 C4y
+-C22 C34 C43 + C23 C32 C4q — C23 C34 C42 — C24 C32 C43 1 C24 C33 C42,

dy = C11Co2C33Caq — C11 Cop C34 C43 — C11 C23 C32 C4q + C11 C23 C34 Ca2

+C11 C24 C32 C43 — C11 C24 €33 C42 — C12 C21 €33 C44 1+ C12 C21 €34 C43

+C13 C21 C32 C44 — C13 C21 C34 C42 — C14 C21 C32 C43 + C14 Co1 C33 C42-
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iii. Form the polynomial

0 = -t (3
= A+ +di(A+ 12N = 1)+ do(A+1)*(A = 1)2 +dg( A+ 1)(A —1)3
+dy( X —1)*

= 7”0)\4+7’1>\3+7“2)\2+7”3>\+T47

where o = 1+d1+d2+d3+d4,7’1 = 2d1—2d3—4d4—|—4,7”2 = —2d2+6d4+6,7”3 =
—2dy +2ds —4ds +4and ry =1 —dy +dy — ds + da.

iv. Construct the Hurwitz matrix

L T3 0 0
ro 9 14 0
0 r il "8 0

0 To To T4

v. Evaluate the four leading principal minors of H:

AI =T,

T T3
Ay = =Tre —Tols,

To T2

T T3 0

2 2

A3 =1|ry ry 14 |=TiT2r3 —TT4—ToT3,

0 r T3

r T3 0 0

o T2 T4 0
2 2
Ay = = ry(rirers — riry — rorsy) = ryls.
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vi. Find the least positive root, £, of the numerator of Ag(¢), for k =1, ..., 4.
vii. Take Qp = 1?224(&).

Let ¢ = min @, so that if @ > 1/¢, then the denominator function ¢(¢) = ¢(QF)/Q
EeQ
guarantees dynamical consistency. If ¢ is unbounded, i.e. there are no positive roots

of Ap(¢), for k =1, ..., 4, then one may choose p({) = /.

NSFD-IIb

The next numerical scheme again uses a nonlocal discretization of the negative terms
of the right hand side of (4.2.1) to preserve the positivity of solutions, but does so in

a piece-wise manner. Thus, system (4.2.1) is discretized as:

k+1 _ Qk k k )
(o (M.
[ Bil" + By AR\ k k k k k1
A A (VIF 4 0 TF — (4 61 + £2) A®) i+
(p(g) =\ 2 H 1 2 A y
Tk—i—l _Tk

20 = (fllk +6AY — (pt o+ an + 52)Tk) VZan

(5.2.6)
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where
& 17 lffS(Sk>IkaAk7Tk>20
WS = Sk+1 ;
L if fs(S",IF, AR TH) < 0
LSk
e s Ay =0
W[ = [k-l—l 5
Sy (S5 T AR T <0
. k
i 17 if fA(Sk7[k7Ak7Tk) >0
WA+1 - Ak-i-l )
L fa(SE, T AR T < 0
\ A
- L if fr(Sk I AR TF) >0
WT+ == Tk—H )
(S8 I8 AR T < 0
5 k

where N¥ = S* 4+ ¥ + A + T*% and f;(i = S, I, A, T) are the right hand sides of system
(4.2.1).

Remark 5.2.5. The nonstandard function o({) is chosen to guarantee elementary

stability by specially selecting the parameter Q) from Eq. 5.2.5, when ) > q such that

> max A (5.2.7)
1= 2|Re)| |’ o

where X's are the eigenvalues of system (4.2.1) at the equilibria (see Section 3.2 in

[153)).

The numerical method, denoted NSFD-IIb, is again of first order convergent and

rearranging one gets the following explicit piece-wise form:
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3\
- SE+p(OA — p(0) (GF) S* — p(O)pS*, if fs >0
+1 __
T (5 it fo<0
Sk — p(O)A+ () (G*) S* 4 () S’ °
(1 4 o(0) (GF) S* + o (On(I* + cA¥) + p(O)ar T — p(0) (1 + & + )T
71f fI >0
Ik+1 — (]k)2 7
IF — @(€) (G*) Sk — p(O)n(I* 4 cA*) — o(L)ar T* + o(£) (1 + & + ) I*
\ ,1f f[ <0
[ ettt plOaaTE =)+ b1+ €A it a2 0
+1 __
A - if fo<0
1
(AP — (O TF To)asTF = p(B(p +o1 1 &) AR~ 74
(T* + ‘P(E)fl[k 1 90(5)52Ak — @) (u+ g+ as + 52)Tk, if fr >0
k+1
b )] if fr <0
s 1
T+ — o(0)&TF — p(O) & AR + o(O) (1 + o1 + g + 05)TF r )
(5.2.8)
k k
where GF = %

Theorem 5.2.6. The NSFD-IIb scheme (5.2.8) preserves the positivity property.

Proof. To show this, observe from (5.2.8) when S* > 0 and fg(S*, I*, A* TF) = A —

k k
(%) Sk — 1uS* > 0, then

st = st pln — (o) (2R ) 5 st

= Sk—l—gp(@ (A— (%) Sk—,uSk) >0

BiIF + By AR
-\ NF

(S1)? = 0 and —p(6) fs(S", I, A, T*) = —o(0) <A - (%) 5 — Msk> > 0.

Also, when S* > 0 and fs(S*, I¥, Ak, TF) = A Sk — uS* < 0, then
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Thus,

Sk+1 o (Sk)z
Sk — Qo(é)fS(Sk7 [ka Aka Tk)
_ (Sk)Q S O
k k '
8t = 08+ o(6) (A ) 5 pltyust

Similarly, we can show that I**! > 0, A¥*! > 0 and T**!' > 0. This completes the

proof. O

NSFD-IIc

To obtain the fourth NSFD scheme, system (4.2.1) can be rewritten as the form

dz

H=H
7 ()Y 9,

where A is a compartmental matrix such that

— (611 A
(B ]\47—52 ) - 0 0 0
Bl + B2 A Cm . o
A(ilj‘) _ N n 1 n 1 7
0 ot —My Qg
0 &1 §&  —mg3

r = (S,1,A,T), and g = (A,0,0,0)T > 0 is a constant inflow, and where m; =

p+& +y,me = p+ 01+ & and m3 = p+ oy + ag + 0s.

Remark 5.2.7. Notice that because n < p is assumed, 0 < ¢ < 1, A;; < 0 for all
i >0, Aij >0 for alli # j > 0 and the sum of the entries of each column of A is

nonpositive, then the matriz A is a compartmental matriz (see [79]).

The fourth NSFD scheme, denoted NSFD-IIc, has the form

= A(z)a2" + g, (5.2.9)
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or we can therefore write the NSFD-I1¢ scheme as

% —A— (%) GEHL_ gt
IkJrl _ ]k; _[k Ak

@(g) - <61 ]—\if_kBQ ) Sk+1 + (77 - (N + fl + 7))]k+1 + 77CAk+1 + OélTkJrl,
ARHL Ak >
W = 71k+1 + OéQka-i-l . (M+ 51 +£2)Ak+l,
Tk-i—l - Tk
W == gllkJrl +£2Ak+1 o (,U 4 a; 4 a5 —|—52)Tk+1’

(5.2.10)

where N¥ = S* 4+ ¥ 4 A* 4 T*. The numerical scheme is also first-order convergent,
and while the scheme is implicit in nature, each iteration can be performed by solving
a linear equation, so in practice, it can be rewritten in an explicit form. The scheme

(5.2.10) can be written as a system of the form
A(Sk ]k Ak Tk) (Sk)+1 Ik-!—l Ak-i—l Tk-i—l)T = B(Sk Ik Ak Tk>T+é

where A(S*, I*, A¥ T*) is the matrix

BiI" 4 By AF
I+ lT + ou 0 0 0
—p % L+p(mi—n) —pnc  —po
N 7
0 -y L+omy  —pay
0 —p&1 —p&y 1+ pmg

B is a four by four identity matrix and C = (@A, 0,0,0)7.

Theorem 5.2.8. [11] The NSFD scheme (5.2.9) or ils equivalent form (5.2.10) is

l
elementary stable whenever ¢({) is chosen according to (5.2.7) and ¢({) = M

Q
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5.3 Analysis of NSFD schemes

In this section, we present a detailed convergence and stability analysis for NSFD-I.
The analysis for other methods can be done on similar lines, though with a bit of

tedious algebraic manipulations.

Analysis of NSFD-I:

Positivity and boundedness

In this subsection, we present some of the qualitative features (non-negativity and

boundedness of the solution) of the NSED-I scheme.

Theorem 5.3.1. Suppose that the initial values are non-negative (i.e. S° > 0,1° >
0,A° >0, T° > 0) and £ > 0, then S* > 0,1* > 0,A4* > 0 and T* > 0 for Vk € N =
{0,1,2,...}.

Proof. This results by induction on the scheme (5.2.2). O

Theorem 5.3.2. The solution of the NSFED-I scheme is bounded on any time interval
regardless of the step size L.

A
Proof. Let .# = maX{NO,
p—(n+ o1 + ay

size such that N° < .#. Assume that N*¥ < .# for some k € N. We will show that
N < /.

)}, where N is the initial population

Summing the left hand sides and the right hand sides in system (5.2.1) we have

14 Nk Nk
+n(I% + cAF) + arTF — (u+ & + ) IF + A IF 4, T

MU g (B e (BB g

_<,U + (51 + fg)Ak+1 + 51]k+1 + §2Ak+1 - (M + o1 + ag + 52)Tk+1
= A — p(SF 4 M AR L TR (T8 4 cAF) + (o + o) T

—5 AR 4 (o + as + 52)Tk+17
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which implies that

< N+ A1+ LN+ aq + az))

NF+L 5.3.1
- 14 pt ( )

A
< M. Therefore A < 4 (n— (n+ a1 + .
P r—— erefore A < . (n— (n+ a1 + az))

Multiplying both sides by ¢ gives (A + ¢(n + a1 + o) M < lus. Then, adding A
both sides we have (A + # (1 + {n + loy + Lan) < (1 + pl).#. This implies

By definition, we have

(A 1+n+7 l
AL Oy e lao) (5.3.2)
14wl
It follows from (5.3.1) and (5.3.2) that N¥+t1 < #. We conclude, by induction, that
NF < # for all k > 0. The proof is complete. O

Stability and convergence

In this subsection, we determine and investigate the stability of the fixed points and
study the order of convergence of the NSFD-I scheme.
First, in order to determine fixed points of system (5.2.2), consider the right-hand

sides of the equations as functions

IS AS
) /A + S . gﬁlw—FEﬁQW+€7](I+CA)+€()41T+I
1= Ji A 2 = )
Lt bt 0155+ B L b+ & +9)
NI + o T + A 0T +UEEA+T
93 94

Tl lpt o+ &) T I (it o+ as+ )

Then the fixed points of the system (5.2.2) can be obtained by solving the simul-
taneous equations S = gl(g, f,g,f),f: gg<§,_/[\71/4\,j:>,;{ = g3(§, ]A,E,f) and T =
g4(§,f,//l\, f)

~ ~ ~ ~ A =
First, to find the DFE we set I =0,A =0,7 = 0 then S = gl j—gs
1

~ o~ A A
(A+ S = S = —. Thus the DFE is unique and is given by Fy = (—, 0,0, O).
fu fu

:g—i—g@u:
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Now, to find the EE we follow the following procedures. From A= g3(§, f, A\, f),

~  OyT + Loy T + A ~ Al +anT
we have A = — Rk E after some simplification one can get A = ﬂ.
T+ 0(p+ 61+ &) pt 01 + &2

51—?4‘52121\
/L+Oé1+062+(52.

Next, T = g4(§, T, 121\, f) after simplifying gives T = Substituting

into
1 - 7f+a2f
w601+ &
- T+6A
Tt o SURRS R R R
_ pton+az+ 0 Yt ar+ag + 0)] + il + anép A
pA4 01+ & (W+o0+&)(p+ar+as+062)
Then
= V(4 a4 ag 4 02) 4+ E1a ¥ _ §1ag +yms T=aqf
= = =q1l.
(1 + 61+ &)+ o+ ag + 02) — Er0 moms — §a0ra
Now
§f+§2(51062+7m3 )A
- . 5 T
T Sl +&A 1] mamg — §aaa _ §imag + &y 7= g 7
u+a1+a2~|—(5g ,U+Oé1—|-0z2+52 mgmg—fgag 2

Then N can be represented by

~ ~

N=S+T+A+T=S+T+ql+q@l=S+1+q+@)l=S+ol

51—?4‘ 521Z ; ~ T

~ 1
where ¢ = 1+ g1 + q2. Let A = hen A = wﬁ where w = B1 + (a2q1-
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Consequently 1= g2(§, f, A\, T\) becomes

Tp+&+7) =AS + (I + cA) + T

AN

IS ~ -~ ~ ~
:>wﬁ +n(I +eqil) + gl —myl =0

~( 5
=1 (Wﬁ+n(1+0€11)+@1(&—m1) = 0.

The case I = 0 gives the DFE Ey. When f;é 0, the EE is given by E* = (§,f72, f)

where
§= ¥
op+ (my — a1qe) (%o — 1)
f: A(m1 — 041612)(%0 T 1)
(pp+ (my — a1q2) (%o — 1)) (M1 — a1 — (1 + cq1))’
A\ = qu\v
f = QQT

Remark 5.3.3. The continuous system (4.2.1) and the discrete system (5.2.2) have

the same fixed points.

In order to investigate the local stability of the fixed points, we find the Jacobian
matrix at the fixed point and show the spectral radius is less than unity. We use Jury
conditions to show the spectral radius of the Jacobian matrix is less than unity, which
can be found, e.g., in [7, 104]. This approach has already been used in stability analysis

for different systems (see, e.g., [1]).

Theorem 5.3.4. The DFE, Ey, for the NSFD-I scheme is locally asymptotically stable

whenever %oy < 1.

A
Proof. The Jacobian matrix of the NSFD-I scheme (5.2.2) at the DFE, Ey = (—, 0,0, O> ,
L
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is given by

ayn a2 aiz 0

Qo2 Q23 A24

JprE = ;
0 asx ass as
0 asg a3 au
where
a = 1 P —{5y o —L3;
11 1+£ILL7 12 1+£ILL7 13 1+£,LL7
_ L+4(n+ ) B l(nc+ Po) B lay
Qo2 = 7 (123 , Q4 = )
L+ lp+ & +7) Ot ) L+ lp+ & +7)
l’y ]_ lOéQ
a3 = = N Y— ,
52 T+i(p+0+ &) 2 At (ptor+&) 0 T+ +6&)
A 1§ il 1l )
2 T4+ (p+ar +az+63) B T+1l(p+ar+as+0)’
1
Qg4 =

T4+1(p+ar +as+0o)

The characteristic equation associated with the above matrix is | Jppr — AI| = 0, which

can be simplified as (a1; — A\)P(\) = 0, where
P()\) =\ +p1)\2 —|—p2)\ + ps3,
with

p1 = — (a22 + ags + a4) ,
P2 = 22033 + Q22044 — Q23032 — A24042 + A33044 — 034043,

P3 = —@922G033G44 + A22034043 + A23A32044 — A23A340A42 — 24032043 + A24G33042.

We need to show that each eigenvalue \; satisfies |\;| < 1. Because fu > 0, it is clear

that )\1 = a1 =

57 < 1, for every values of the step length ¢ > 0. To check that
1
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the roots of the polynomial P()) also have absolute values less than one, it suffices to

show that the conditions (i)-(iii) of Lemma 1.3.12 hold.

P(1) = 1+p+p2+ps
53(M1+M2+M3+M4)(1—9?0)
& )+ it o0+ &)1+t on +an +82)°

where

My = (p+ ) (4 01) (1 + a1+ ag +02), My = & (e + 01) (1 + g + 62),

My = &pu(p + ar + 62), My = (10 + 02) (&€ + 762).

Here P(1) > 0 when %, < 1. This implies the first condition (i) of Lemma 1.3.12 is

satisfied. The second condition is given as

(_1)3P(_1) = 1—pi+p—p3
N103 + Nob? + N3l + 8
(I+lp+&+7)A+ln+61 4+ &)L+ p+ a1+ as+8,))
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where

Ny = P+ (e+o+oh+n+ry+a+E&E+bi+o) i+ (n+v+6)
F(aa+dh+n+y+&+6i+a)d+(n+rv+& +E&+51)de
TFr+a+bta)oto+y+a+0))p+((n+y+E&+5) b
t+y+B)an+a(n+y+&+6))d+&m+v+&+5) 0o
+ay (n+ 27+ B1) & + i (en + Ba) — v (1 + an + ag + 62) (en + Ba)

> 2(a+ 01+ 0+ &+ ar+ p) p+ (e + 92 + 1) 61 + canéy + 62&o + Er011)
N+2061 (g + 01+ 02+ & +ar +p) p+2((ag+ 02+ a1) 01 + & (62 + o)) Ba
+2&1 0000 + 260yan + (P H (Y F &+ &+ a1 + s + 61 + 62) 1
+((v+ &+ +ar+02) 01 + (& 4+ a1+ as +62) 7+ (& + &) 62
+ (&2 + a2) & + San) p+ (a1 + a2 +02) 7 + &1 (a2 + 02)) 01 + §202 (v + &)
(1 — %)

> 0 [it is always true for %y < 1],

Ny = 62 +4 G+ trtntatagHfidditd)u+2n+y+5)m
2+ y+&+ Pt tas+d)0 +2(n+y+E& + &+ B)de
2 +7+&a+ b+ m)&+20m+y+86+ b)) —2y(en+ ba)

> 0 [which is always true for Z, < 1],
Ny = 4G +&+y+n+or+as+ 51401+ 02) + 120

> 0.

Consequently we have that (—1)3P(—1) > 0 when %, < 1. To demonstrate the last
condition 1 — p2 > |ps — p3p1|, various algebraic calculations need to be performed,
and the condition %, < 1 needs to be employed. As a consequence, all the eigenval-
ues of Jprg have absolute values less than 1. This implies that the DFE is locally
asymptotically stable, as desired. O

Theorem 5.3.5. The EE, E*, for the NSFD-I scheme is locally asymptotically stable
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whenever %o > 1.

Proof. The Jacobian matrix of (5.2.2) at the endemic equilibrium, E*, is given by

ailz a2 aiz Qiq

G21 Q22 G23 A24

JEE — )
0 azp azz as
0 agp a3 au
where
@A+ §) + AN t(ea+5) (- Nsi) ((en+5) (- Ng)
ail = ) , A12.= D) y @13 = PN )
dq dq dy
I (m + S) b (JV = §> ( (N?n 4 SN — sn) + N
Ay = —— 5 01 = —— == 02 = ~. = )
dy NZ2d, N2d,
/ (]/\72077 + NSBy — §ﬁ> l (Kﬂal il gﬁ) I~ 1 Cory
23 = = =~ y 24 = =~ =~ yA32 = =,033 = =< ,034 = —=,
N2d, N2dy ds ds d3
RS RS el
Q42 = —=, 043 = ==, 044 = =,
4 dy dy
with

= Ay + I8, dy = (A Npu) €4 N, dy = (L4 £ (& +79),

dy =14 0(pu+ 01+ &), dy = 1+ L(p+ o1 + ag + 62).

The characteristic equation associated with the above matrix is |Jgg — M| = 0, which

can be simplified as P(\) = 0, where

PA\) =M+ oA + poA? + pad + pa,
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with

pr = —(ain + ag + ass + ag),

P2 = Q11G22 + 011033 + G11044 — G12021 + Q22033 + A22044 — (23032 — A24042

+0a33044 — A34043,

P3 = —@11022033 — Q11022044 + A11023032 + Q11024042 — Q11033044 + Q11034043
+a12G21033 + A12021044 — Q13021032 — 014021042 — 22033044 + 022034043
Q23032044 — Q23034042 — (24032043 1 A24033042,

D4 = Q11022033044 — 11022034043 — Q11023032044 + Q11023034042 + Q11024032043
—Q11024033042 — Q12021033044 + Q12021034043 + 113021032044 — 13021034042

—(14021032043 + A14A21A33042-

By the Jury condition, Lemma 1.3.13, it follows that all the eigenvalues |\;| < 1 for
Vi=1,2,34if

L+pr+p2+ps+ps>0,1—pi+pr—ps+ps>0,[pf <1, 1—]7421‘ > |ps — papil

|(1 —pi)2 - (ps - P4p1)2‘ > }(1 - Pi) (pz - p4p2) - (p3 - p4p1) (p1 - p4p3)‘

and %, > 1. Thus the EE of the NSFD-I scheme is locally asymptotically stable. [

We can also prove Theorem 5.3.5 numerically by plotting the spectral radius of the
Jacobian matrix for very large time step in Fig. 5.4.8 (right). It can be seen that the
spectral radius is always less than unity. This confirmed the EE of the NSFD-I scheme
is locally asymptotically stable.

Finally, we study the consistency, convergence and error bound of the NSFD-I

scheme with the next two Theorems.

Definition 5.3.6. [16/ A NSFD scheme is consistent if the local truncation error Ly

goes to zero as the step-size  goes to zero, i.e., Ly = |Y(t) — Y*| — 0 as £ — 0,
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where Y* is the numerical solution and Y (t) is the solution of the continuous model

at t = t,..
Theorem 5.3.7. The NSFD-I scheme (5.2.2) is consistent.

Proof. Consider the local truncation error associated with the NSFD-I scheme (5.2.2)
at the point ¢, =t and denote the local truncation errors as Lg, L;, L4 and Ly. Then

using appropriate Taylor expansions, we find that

Ls = S(t+0) —S(t)—(A+¢ (51[(75)]\%?2’4@)) S(t+0) + (uS(t +0)

_ 1d2S Gil(t) + B2A(t)\ dS  dS
#(sa+ (P ) 5

ao 3
T udt>+0(€)—>0as€—>0.

Similarly, the local truncation errors L;, L, and Ly respectively are

Bil(t) + B A(Y)
N()

Ly = I(t+€)—](t)—€<

o+ &+ I+ 0)
_p (1 1 (ﬂll(t)+52z4(t)) §+(M+§1+7)d_]> + O = 0asl — 0,

) S(t+0) —tn(I(t) + cA(t)) — LanT(t)

5 e T i
Ly = A{t+0)—A(t) — byI(t +0) — LaT(t) + l(p + 01 + &) A(t + ¢)
1d2A d/ dA
_ p(ldaAa  dl dA ,
=/ (thg th+(M+51+§2)dt)+(9(€)—>0as€—>0,

Ly = T@t+0)—T(t) — &1t +0) — L&A+ 0) + (1 + a1 + g + 62)T(t + {)

1d%T d/ dA dT
_ opfrdadsdl . dA ar ;
= / (2 a2 gldt €2dt +(u+a1+a2+52)dt)+O(£)%Oasg_>0.

Verifying that the NSFD-I scheme (5.2.2) is consistent. O

Let (S(0),1(0), A(0), T(0)) with S(0) > 0,1(0) > 0, A(0) > 0 and T(0) > 0 be any

initial value for the continuous model (4.2.1). By the boundedness of the continuous
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model (4.2.1) and the discrete model (5.2.2), we can set

Cs = supS(t),Cr:=supl(t),Ca :=supA(t),Cr :=supT'(t),

t>0 t>0 t>0 t>0

C 1= sup(S(t) + [(H) + A() + T(1)), Co = inf(S(t) + I(t) + A(t) + T(1)),

t>0

Dg = supS*, D;:=supl® D, :=supA*, Dy = sup TF,
k>0 k>0 k>0 k>0
D = sup(S*+IF + A* + T%), Dy := inf (S* + I + A% +-T),
k>0 k>0
Qep = {(S,1,A,7)0 <SS <max{Cs, Dg},0 < I <max{Cr, Dy},

0 <A<max{Cya,D4},0 <T <max{Cr, Dr},

min{Cy, Do} < S+I1+ A+ T <max{C,D}}.
For each arbitrary fixed step size £* > 0, we denote

QD = {(57[7A7T)’0§S§D570§I§D170§ASDAvongDT7

Dy <S+IT+A+T <D O}

Let f1(S,I,A,T), fo(S, 1, A, T), f3(S, I, A, T) and f4(S, 1, A, T) denote the right-hand

side functions of the continuous model (4.2.1). It is important to note that

=~ ~ ash T arltaalitariy
o _Oh b 0f,  Oh,  Of
It) =37 = aghtarhtgihtoph
o Ofs Ofs Ofs Ofs Ofs
Aty =73, = aghtgrhtophtori

3} 0 0 0 0 0
T(ﬂ-% = £f1+%f2+£f3+%f4.

Due to the boundedness of S(t),I(t), A(t), T(t) and the continuity of fi, fo, f3, f1 we
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can set

X o= sup [S()], Xo 1= sup [1(1)], Xy = sup [ A(#)], X, = sup | T (¢)]
t> t>

- t>0
X=X+ X+ X5+ Xy (5.3.3)
and
' af;
K2 — I A T
mS (S’Lgl]?i}éQCD aS (57 ) 3 ) 5
' Ofi
pi= NS T AT
my (57172:1’1?3)6(901) a[( y 4y 4, ) ,
‘ A
my (S7I7E%§QCD aA( s Ly £y )' .
i 5 5fz‘(SIAT) T
ms = max il
! (S,1,AT)eQcp o 1T 1 1 y 45 9, 1,

4 4 4 4
m := max {ng, Zm’l, ng, Zm’T} . (5.3.4)
i=1 i=1 i=1 i=1

From the right-hand side functions of the NSFD-I scheme (5.2.2) it is straightforward

to confirm that

g (S* I AR Tk ) = S* 4 b f1(SF, 1%, AR T,

Go(S* I AR TF 1) = IF 401y fo(S*, IF, A% TF) + P2 fi(S*, IF, A%, TF),

g3(S* IF AR T 1) = AR 4 lrsfs(S*, I%, AF T) + 0Pytyts fo(S*, I8, A TF)
+0ykTy fi(SE TR, AR TR, (5.3.5)

ga(S* IF AR TE ) = TF 4 bryfy(S%, 1%, A% TF) + (E1t0tafo + E2T3Tafs)

+0(E Tk fi + EoyTaTaTafs) + Ly TaTak fu,
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where
T 1 T ! T 1
1= 2 = 3 =
I* A’f’ 140+ & +7) 1+0(u+ 01+ &)
1+€,u+€/81 +£52 (M &1 7) (N 1 52)
S 1 < =TT (Blfk‘f'ﬁw‘lk)
YTl arfag+ ) T N* '

From (5.3.5) one can find

gl(Sk7lkaAk>Tk70) = Sk7 92(Sk7[k7Ak7Tk70> = Ik?
93(5k71kaAkaTk>0) :Aka 94(Sk7[k>AkaTkaO) :Tk>

dg;i
or

(S*, I* AT gF="1,(55 AR TY), 1 =1,2,3,4.

Finally set

g1 &gy
Zy = sup =S AT 2= sup —=(S,I,A,T,0)|,
(s.1,4T0e0, | O (8.1,AT0e0p | OF
2
Zy = sup 6’gg(SIATE) 5 L= sup 8g24(SIAT€)
(s1,4T0e0, | O (5,1,4,T,0e0p | O
(5.3.6)

Z::Z1+Zg+Zg+Z4.

Theorem 5.3.8. The order of convergence of the NSFD-I scheme (5.2.2) is one. Fur-
ther, the sum of the errors |S(ty) — Sk| + |1 (tx) — I| + |A(tr) — Ak + |T(tx) — Tk| <

—ﬁ(X +2) (e'*™ —1) for k > 0.
2m
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Proof. First, the Taylor expansion combining with (4.2.1) and (5.3.5) gives

S(tk+1) = S(tk) —+ gfl(S(tk), [(tk), A(tk),T<tk)) + £ S(ﬁs) tr < 195 < tk+1,

I(thrl) = I(tk) —+ gfg(S(tk% [(tk), A(tk),T<tk)) + %[(19[), tp < 19[ < tk+1,
A(tk+1) = A(tk) + gfg(S(tk>, [(tk), A(tk),T@k)) + gA(ﬁA), tr < 19/4 < Tgy1,
T(thrl) = T(tk) + €f4(8(tk), [(tk), A(tk>, T(tk)) + ﬁ77(197“), tr < 19T < Tgt1,

2
and
2
Skl — Gk Ly f(Sk IF AF TR + £ Sk TE AR T* 04), 0 < 6g < ¢,
2-0f2
I = 1% 4 0f,(S*, PR AREDRIE Z aaggj(sk 1%, AR T% 0;), 0 < 6; < ¢,
£ 9 gs

ARTE = AR 4 0f5(S* T8 AR TR) + — =22 (SF T%, AR T% 0,4), 0 <04 < ¢,

2 02
5 9° 94

g — (8% I8 A TF 0r), 0 < 0p < (.

Tk+1 — Tk + £f4(sk’ [k,Ak7Tk)
Next, applying the Taylor expansion for the functions f;(i = 1,2, 3,4) we obtain

| fi(S(te), I(t), A(ty), T(t)) — fi(S*, 1%, AF, T")|

~ [ st - 5+ Ftantrind - )+ Shaacn) - a4

oS 0A

8fz k
5 (0) (T (k) = 1Y)

‘ 0fi

0fi

afi

() — 19| + ' (A(te) — 49|

(S(te) = 5| +| 57 (@)

55 @)

afi

<md [(S(t) = SO +ml |(I(te) = IF)] +mi [(A(ts) — A¥)| +m] [(T(t) — T,

+ (T(tx) = 1))

where m?, m!I m#&, mI(i = 1,2,3,4) are defined by (5.3.4) and g;(i = 1,2,3,4) are
points between (S(tg), I(t), A(ty), T'(t)) and (S*, I*, A* T*),



CHAPTER 5. ROBUST NONSTANDARD FINITE DIFFERENCE METHODS
FOR STAT HIV/AIDS MODEL 151

For each k£ > 0, we denote
gg = S(tk> - Sk,g? = I(tk) - Ik,g}z = A(tk) - Ak,gég = T(tk) - Tk

Then it follows that

02 ..
S5 = [+ £ (A1), T(t0). A(h). T(t)) = Fi(S°, 1%, A T) + S5(0s)
62891 k 1k Ak ik
2862(5 1% AR T 0g)
< |5§}+€(m}g’5§|+ ‘5]’+mA‘5A|+ T{&kﬂ‘) éX1+Z)
2.
EE51] = |eb + € (S Ft) ALRRT () — (S*, 1%, A%, TH) + - 1(9))
C PG i ph 4k ok
2852(8 I% A% 1%, 6;)
2
< ‘gﬂ_'_é ms‘gs‘+m1|5[‘+mA)5A{+mT‘grfw} ﬁ XQ—i—ZQ)
62
5| = s}z+e(f3<s<tk>,f<tk>,A<tk>,T(tk»—f3<5’faf’“7A’“’T’“>>* 340
Y y—
2862(8 I" AR TR 6,)
< ‘SA}+£(mS‘€S|+m ‘gk‘+mA‘gA|+mT|5§") £2 (X + 2%,
£2
€571 = &b+ £ (fulS (), T(t), Alt), T(t) — fu(S", I, A, TH) + ST (0r)
52(9294 k 1k Ak Ak
—5 gz O ANTY br)
< [gb|+ ¢ (b e8] + i £t] + mk €5+ k) + x4 2,
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which implies that
‘ngrl‘+|gk+1‘+‘gk+1|+}g§+l‘
< |&s] + |&r| + |E5] + [ x|
+£(ZmS}SSHZmI\SIHZmA\SA}+Z T]é}\) —(X+2)

< (1+ tm) (€8] + &4 + 1851+ |eb) + S0 + 2,

or equivalently,

P
T
EFY < (14Lm)E* % Y:=X+2 (5.3.7)

where X, m and Z are defined by (5.3.3), (5.3.4) and (5.3.6), respectively.
Then using (5.3.7) we have

2 2
EML < (1 +tm) ((1 )& T £2T> - % = (1 +tm)2Er
27
g (1 (1 + m))
2 2
< (1+¢0m)? <(1 + Im)EF2 4 %) - %(1 + (14 ¢m))

2
= (14+m)3EF2+ % (14 (1 +€m) + (1+m)?)

+%(1+(1+em)+(1+€m)2+(1+€m>3)

k+1 0 €2T : j
< < (1 +tm)FE +TZ(1+£m)J.

j=0

< (1+tm)ters

Because £° = 0, we have

2 k

2T AT (1+m) -1 Y
1 o 14 0m) — — kL 1)
&= ;< B S Gy ey o (LHEm) Y
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Using the fact from the inequality 1 + 2z < e* for z > 0, we obtain

Q <€Z(k+1)m _ 1) _ Q (6tk+1m . 1) .

8k+1 <
2m 2m

This concludes the proof. O

5.4 Numerical results

In this section, simulations are carried out to support our claimed features about
the proposed schemes and compare their performance for a range of time step-sizes.
Parameter values used for the simulations are provided in Table 4.3.2. The initial
condition is given in [2] as it is indicated in Table 5.4.1 or assumed. Further, numerous
values of rate of treatments & and &, which are taken in the numerical simulations,
are indicated in the figure and table captions. All simulations were conducted using

MATLAB software.

Table 5.4.1: Initial condition used for numerical simulations

Initial condition Value
S(0) 33196 196
1(0) 418271
A(0) 139424
T(0) 16 400

Disease free equilibrium obtained by using NSFD-I

In this subsection, we present the convergence behavior of numerical schemes to the
DFE for Z, < 1. The convergence of Euler, RK4 and NSFD-I schemes to the DFE for
the step size [ = 0.5 are depicted in Fig. 5.4.1. It can be observed that Euler and RK4
methods converge rapidly than the NSFD-I scheme. In Table 5.4.2, we present some
results on the convergence of the numerical schemes to the DFE for different values of

the time step £. Tt showed convergence of Euler and RK4 methods for only small step
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sizes and diverge otherwise. In Fig. 5.4.2, Euler and RK4 methods fail to converge
and do not ensure the positivity of the solution. However, the NSFD-I scheme always
converges to the DFE for all values of the step size ¢ > 0. Numerical simulations of the
NSFD-I scheme, depicted in Fig. 5.4.3, show convergence to the DFE when %, < 1
irrespective of the step size ¢ (suggesting that the unique DFE is asymptotically-stable
when it exists).

In addition, in Fig. 5.4.4, the spectral radius of the Jacobian matrix at the DFE,
Ey, for the Euler and NSFD-I schemes is plotted as a function of the step size £. Notice
that the spectral radius for the Euler scheme for ¢ > 2.632 is greater than unity. Thus,
the Euler method is not locally stable for values of ¢ > 2.632. While the spectral radius
of the NSFD-I scheme is always less than unity, which is consistent with the fact that
the NSE'D-I scheme is always convergent.

Further, the scatter plot for %, and the spectral radius of the Jacobian matrix for
the NSED-I scheme at the DFE is plotted in Fig. 5.4.5 when & values in [0,1]. It
can be seen that when %, < 1 the spectral radius is less than unity and when %, > 1
the spectral radius is greater than unity. This implies that the DFE for the NSFD-I
scheme is locally asymptotically stable for %, < 1 and unstable for %, > 1 for all
¢ > 0. Consequently the NSFD-I scheme is unconditionally asymptotically convergent
to the DFE.

Finally, the phase portrait obtained by the NSFD-I scheme at the DFE for / = 1 and
¢ =5 are depicted in Fig. 5.4.6. It can be observed that the NSFD-I scheme preserved
the positivity and global stability of the model. Therefore, it can be concluded that
the NSFD-I scheme for the DFE is both locally and globally asymptotically stable

irrespective of the step size used.

Endemic equilibrium obtained by using NSFD-I

In this subsection, we present the convergence behavior of numerical schemes to the

EE. We provide the results for the treatment rates & = 0.02,& = 0.9 and %, > 1. In
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Table 5.4.2: Numerical convergence to the DFE for %, < 1 with different time step
size (Initial condition: See Table 5.4.1).

1 Euler RK4 NSFD-I
0.01 Convergent Convergent Convergent
0.05 Convergent Convergent Convergent

1 Convergent Convergent Convergent
2.65  Divergent Convergent Convergent
3.67 Divergent  Divergent Convergent

7 Divergent  Divergent  Convergent

10 Divergent  Divergent Convergent
100  Divergent  Divergent Convergent
1000  Divergent  Divergent Convergent

Table 5.4.3, some results about the convergence of Euler, RK4 and NSFD-I schemes to
the EE for different values of the time step £ is presented. The Euler and RK4 methods
showed the convergence for small step sizes. However, our NSFD-I scheme is always
converge to the EE for all values of the step size ¢ > 0. Numerical simulations of the
NSFD-I scheme, depicted in Fig. 5.4.7, show convergence to the EE when %, > 1
irrespective of the step size £ (suggesting that the unique EEP is asymptotically-stable
when it exists).

In addition, in Fig. 5.4.8, the graph of the spectral radius of the Jacobian matrix
at the EE, F*, for the Euler and NSFD-I schemes are plotted as a function of the step
size . Notice that the spectral radius for the Euler scheme for ¢ > 2.407 is greater
than unity. Thus, the Euler method is not locally stable for values of ¢ > 2.407. While
the spectral radius of the NSFD-I scheme is always less than unity.

Further, the scatter plot for Z, and the spectral radius of the Jacobian matrix for
the NSED-I scheme at the EE is plotted in Fig. 5.4.9 when & values in [0, 1]. It can
be seen that when %, > 1 the spectral radius is less than unity and when %, < 1 the
spectral radius is greater than unity. This implies that the EE for the NSE'D-I scheme
is locally asymptotically stable for Z, > 1 and unstable for %, < 1 for all ¢ > 0.

Finally, the numerical simulations obtained by the NSFD-I scheme for the step size

¢ =1and ¢ =5 when %, > 1 are depicted in Fig. 5.4.10. Clearly the positivity and
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Fig. 5.4.1. Simulations of system (4.2.1) when [ = 0.5 with Euler, RK4 and NSFD-I
schemes for %, < 1.

global stability of the model are preserved. These results agree completely with the

theoretical results and numerical simulations presented.

Endemic equilibrium obtained using NSFD-IIa, NSFD-IIb and
NSFD-IIc

The denominator function used in the numerical simulation for the second class of

methods is given by
1 —e @

o(€) 0
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Fig. 5.4.2. Simulations of the Euler scheme (upper) for ¢ = 2.65 and RK4 scheme
(lower) for ¢ = 3.67 at the DFE when %, < 1. The values of the parameters used are
listed in Table 4.3.2.

We compare the performance of the schemes for different () values, that satisfy elemen-
tary stability, for a range of time step-sizes. Let @)1, Q2 and Q3 be the values in the
denominator functions of NSFD-11a, NSFD-IIb and NSFD-IIc schemes respectively. In
the numerical simulation we set three different cases for the values of the parameter @)
as it is given in Table 5.4.4.

The value of the constant ()7 is calculated based on the Jacobian of the NSFD-IIa
scheme (5.2.3) evaluated at the EE and the Hurwitz matrix based on the rules pre-

sented. Because ¢ is not bounded, we may select the denominator function ¢(¢) = ¢ as
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Fig. 5.4.3. Simulations of the NSFD-I scheme at the DFE, showing the populations
as a function of time, using the step size £ = 5,6,7,8,9, 10.

1.3 T T T T T 1

Spectral radius of Jacobian matrix
Spectral radius of Jacobian matrix
o
~

0 0.5 1 15 2 25 3 0 200 400 600 800 1000

Step size Step size

Fig. 5.4.4. Graph of the spectral radius of the Jacobian matrix of Euler(left) and
NSFD-I(right) schemes at the DFE. The values of the parameters used are listed in
Table 4.3.2.

stated in the rules. However, instead, we select the denominator function ¢(¢) =

1 —e @t
Q1

scheme. The value @, for the NSFD-IIb scheme (5.2.6) is calculated from the eigen-

and determine the values of ()1 that satisfy elementary stability of the

values of the continuous model (4.2.1) that satisfies Eq. 5.2.7 resulted in Q5 > 0.4155.
There is no restriction on the selection of the denominator function for the NSFD-IIc

scheme (see, for example, the third scheme for = § = 1 in [153]). Similarly, we select
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Fig. 5.4.5. Graph of %, vs spectral radius of the Jacobian matrix for the NSFD-I
scheme at the DFE for the parameter values £, = 0.02 and & € [0, 1].

Table 5.4.3: Numerical convergence to the EE for & = 0.02,&% = 0.9,%, > 1 with
different time step size (Initial condition: See Table 5.4.1).

14 Euler RK4 NSFD-I
0.01 Convergent Convergent Convergent
0.05" Convergent Convergent Convergent

1 Convergent  Convergent = Convergent

2.5 Divergent Convergent Convergent
3.5 ' Divergent  Divergent = Convergent

10 Divergent  Divergent Convergent
100  Divergent  Divergent Convergent
1000  Divergent  Divergent Convergent

Table 5.4.4: Cases for different values of the parameter Q).

Case () Q2 Qs
1 0.45 0.45 0.45
2 0.1 044 0.1
3 0.01 042 0.1

the value of (Y3 for the NSFD-IIc scheme to satisfy elementary stability. Therefore,
here, we demonstrate how to select the most suitable values of (); and ()3 by using a
variety of figures.

For the values of ) given by Table 5.4.4, we simulate the NSFD schemes with three
cases. The simulation results of case 1 for the NSFD-IIa, NSFD-1Ib and NSFD-IIc



CHAPTER 5. ROBUST NONSTANDARD FINITE DIFFERENCE METHODS
FOR STAT HIV/AIDS MODEL 160

Fig. 5.4.6. Global stability of the DFE E, = (51867721, 0,0, 0) using NSFD-I scheme
in S—I—Aand S—1—T spaces for { = 1 (upper) and ¢ = 5 (lower) when ¢ € [0, 400].
The values of the parameters used are listed in Table 4.3.2.

schemes are shown in Fig. 5.4.11 and Fig. 5.4.12. All the schemes converge to the EE
for all step sizes used. The NSFD-IIb scheme converges faster than the other schemes.

The simulation results of case 2 for the NSFD-I1a, NSFD-IIb and NSFD-IIc schemes
are shown in Fig. 5.4.13 and Fig. 5.4.14. All the schemes converge to the EE for all
step sizes used. The NSFD-IIc scheme converges faster than the other schemes.

The simulation results of case 3 for the NSFD-IIa, NSFD-1Ib, and NSFD-IIc schemes
are shown in Fig. 5.4.15 and Fig. 5.4.16. The behavior of the NSFD-IIb, as in case 2,
shows positivity and convergence at a small step size; on the contrary, it oscillates when
increasing the step size, which is unexpected. Conversely, the NSFD-IIa and NSFD-IIc

schemes converge towards the EE without oscillations for each of the observed values
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Fig. 5.4.7. Simulations of the NSFD-I scheme at the EE, showing the populations as
a function of time, using the step size £ = 5,6,7,8,9,10. Parameter values used are
51 = 0.02 and 52 =0.9.
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Fig. 5.4.8. Graph of the spectral radius of the Jacobian matrix of Euler(left) and
NSED-I(right) schemes at the EE for the parameter values £ = 0.02 and & = 0.9.

of £. Again the NSFD-IIc scheme converges faster than the other schemes.

Next, we compute the numerical solutions for different values of Q) and /. Fig. 5.4.17
and Fig. 5.4.19 show the results and indicate that as () — 0, the approximate solutions
for the NSFD-IIa and NSFD-IIc schemes converges faster to the EE. Similarly, Fig.
5.4.18 shows the results and indicates that as @) > 4.12 — 4.12, the solutions for the

NSFED-IIb scheme has unexpected oscillations.
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Fig. 5.4.9. Graph of %, vs spectral radius of the Jacobian matrix for the NSFD-I
scheme at the EE for the parameter values & = 0.02 and &, € [0, 1].

It is clear from the above cases, Fig. 5.4.17 and Fig. 5.4.19 that decreasing the value
of @ close to zero for the NSFD-IIa and NSFD-IIc schemes makes stable, converging
to equilibria and also containing positivity at all step sizes while decreasing the value
of @ close to 0.42 for the NSFD-IIb scheme shows convergence at small step size only
and starts oscillations with increasing step size. It is therefore recommended for the
NSFD-IIb to take smaller values of () but not close to 0.42. When decreasing the value
of @), the NSFD-IIc scheme converges to the EE more accurately and faster than the
other methods. This can be seen in Fig. 5.4.13, 5.4.15 and Fig. 5.4.19. We conclude
that the NSFD-IIc scheme is an efficient and effective method to obtain a realistic

numerical solution for the HIV/AIDS model.

Error and order of convergence of NSFD-I

In this subsection, we study the convergence and error of the NSFD-I scheme (5.2.2).
For this purpose, we consider the HIV/AIDS model (4.2.1) when Ry < 1 and initial
conditions presented in Table 5.4.1.

The exact solution of the model (4.2.1) is not available. Hence, maximum errors are

computed using a double mesh principle. For this, the final time is set to t.,q = 100,
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Fig. 5.4.10. Global stability of the EE E* = (24094312, 15563438, 1969074, 4005066
using NSFD-I scheme inside the invariant set I'in S— 1 — A and S — I —T spaces with
& =0.02,& = 0.9 for £ =1 (upper) and ¢ =5 (lower) when ¢ € [0,400].

and an initial temporal mesh with a given step-size ¢ is considered. The mesh is
successively refined by halving the step-size of the previous courser mesh. Maximum
error between the solutions of the successive meshes is computed at the common nodes.
Because the solution of the model is very large, we investigate the proportion of the
susceptible, infected, AIDS and treated individuals instead of the population in each

class. For this purpose, we introduce the following variables to the model (4.2.1)

§(t) = %, ]N(t) = %7 g(t) — & T(t) — w

where N(t) = S(t)+1(t)+ A(t)+T(t). Then the maximum error between meshes with
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Fig. 5.4.11. Comparison of NSFD-Ila, NSFD-IIb and NSFD-Ilc with case-1 values of
@ when ¢ =1 for %, > 1. The horizontal solid line denotes the endemic equilibrium
solution. Clearly, the NSFD-IIb scheme converges first when ¢ = 1.

¢/2 and ¢/4, denoted by E; where J indicates the number of sub intervals, is given by

the formula

Nk Ak Tk _ k
AT = Ay [T — Ty

E; = ml?x{‘gﬁ—ggj

}. (5.4.1)

Tk Tk
) ‘IJ - ]2J

Finally, the order of convergence of the NSFD-I scheme at the final time, t.,q, is
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Fig. 5.4.12. Comparison of NSFD-Ila, NSFD-IIb and NSFD-IIc with case-1 values of
@ when ¢ = 10 for Z, > 1. The horizontal solid line denotes the endemic equilibrium
solution. Clearly, the NSFD-IIb scheme converges first when ¢ = 10, but it has an
oscillatory behavior.

calculated by the following formula

E
order :=log, (E_2J>
J

where Ej is calculated by (5.4.1) and FEs; is the maximum error when the step-size
¢ is halved. The values for maximum errors and order of convergence of the NSFD-I

scheme (5.2.2) are presented in Table 5.4.5 and confirms of first order convergent O(¢).
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Fig. 5.4.13. Comparison of NSFD-Ila, NSFD-IIb and NSFD-Ilc with case-2 values of
@ when ¢ =1 for %, > 1. The horizontal solid line denotes the endemic equilibrium
solution. Clearly, the NSFD-IIc scheme converges fast when ¢ = 1.

Table 5.4.5: Maximum errors and order of convergence of the NSFD-I scheme at t.,q =
100.

14 Maximum error Order
271 4.8406e-04 0.9280
272 2.4839¢-04 0.9626
273 1.2585e-04 0.9809
274 6.3347e-05 0.9904
27°  3.1780e-05 0.9952
276 1.5917e-05 0.9976
27 7.9651e-06 0.9988
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Fig. 5.4.14. Comparison of NSFD-Ila, NSFD-IIb and NSFD-IIc with case-2 values of
@ when ¢ = 10 for Z, > 1. The horizontal solid line denotes the endemic equilibrium
solution.

Error and order of convergence of NSFD-IIa, NSFD-IIb and
NSFD-IIc

In this subsection, we present comparison of maximum errors, order of convergence,
and CPU time of the second class NSFD-II schemes for different values of (). For this
purpose, we consider the HIV/AIDS model (4.2.1) when %, > 1.

In Table 5.4.6, 5.4.7, 5.4.8 and 5.4.9, we present comparison of maximum errors
and order of convergence of the NSFD schemes for different values of ). Comparing

the numerical results for equal values of ) in Tables 4 and 5, it follows that the
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Fig. 5.4.15. Comparison of NSFD-Ila, NSFD-IIb and NSFD-Ilc with case-3 values of
@ when ¢ =1 for %, > 1. The horizontal solid line denotes the endemic equilibrium
solution.

NSED-IIb scheme is more accurate than the other schemes. However, we note that
decreasing the value of () seems to have an effect on the convergence of the NSFD-IIc
scheme, as can be seen from the results in Table 5.4.8 and 5.4.9. We notice that all the
NSFD schemes gave first-order convergence O(¢) with the NSFD-IIc demonstrating
high-order of accuracy than the other two. Therefore, the numerical results confirm
that the NSEFD-IIc scheme outperforms the corresponding NSFD-IIa and NSFD-IIb
schemes substantially both in terms of error and order of convergence.

The efficiencies of the NSFD schemes are compared in terms of the CPU times each
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Fig. 5.4.16. Comparison of NSFD-IIa, NSFD-IIb and NSFD-IIc with case-3 values
of @ from Table 5.4.4 when ¢ = 10 for %, > 1. The horizontal solid line denotes the
endemic equilibrium solution.

algorithm takes solving the problem. These schemes were implemented on MATLAB
2018a for personal computer with Intel(R) Core(TM) i7-6500U CPU @ 2.50 GHz and
8GB RAM. Different values of the constant () and the step size ¢ are considered. As
shown in Table 5.4.10, 5.4.11 and 5.4.12, while the NSFD-IIa and NSFD-IIb have
shown comparatively the same order of efficiencies, it is seen that they show clear
gain in efficiencies over the NSFD-IIc scheme. The NSFD-ITa and NSFD-IIb schemes
consistently display better performance over the NSFD-IIc for smaller step size values

¢. We also note that decreasing the value of () does not seem to have an effect on the
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Fig. 5.4.17. Results of NSFD-IIa with ¢ = 10 and different values of () when %, > 1.
The horizontal solid line denotes the endemic equilibrium solution.

efficiency of the NSFD-IIc scheme, as can be seen from the results in Table 5.4.13.

5.5 Discussion and conclusions

In this chapter, we constructed and developed two classes of NSFD schemes to solve
the SIAT HIV/AIDS model. The first uses non-local discretization of nonlinear terms
but with a standard denominator function, whereas the second class of methods use
non-local discretization of nonlinear terms with three different types of denominator

functions which are constructed using more sophisticated approaches.
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Table 5.4.6: Maximum errors and order of convergence of the NSE'D schemes at ); =
Q2 = Q3 = 0.45 and t.,q = 100.

’ Maximum errors Order
NSED-IIa NSFD-IIb NSFD-II¢ | NSFD-IIa NSFED-IIb NSFD-IIc

21 10.0110 0.0059 0.0069 0.6140 0.8226 0.7967
2721 0.0063 0.0031 0.0037 0.7963 0.9106 0.8968
273 1 0.0034 0.0016 0.0019 0.8956 0.9551 0.9481
2741 0.0018 8.2006e-04 9.7082e-04 | 0.9472 0.9775 0.9740
2751 9.0103e-04 4.1325e-04 4.8981e-04 | 0.9734 0.9887 0.9870
276 1 4.5469e-04 2.0743e-04 2.4602e-04 | 0.9867 0.9944 0.9935
2771 2.2840e-04  1.0392e-04 1.2329e-04 | 0.9933 0.9972 0.9967

Table 5.4.7: Maximum errors and order of convergence of the NSE'D schemes at ); =
Q2 = Q3 = 0.43 and t.,q = 100.

0 Maximum errors Order
NSED-IIa NSFD-IIb NSFD-II¢ | NSFD-IIa NSFED-IIb NSFD-IIc

211 0.0109 0.0057 0.0066 0.6204 0.8292 0.8038
2721 0.0062 0.0030 0.0036 0.7999 0.9139 0.9004
2731 0.0033 0.0015 0.0018 0.8975 0.9568 0.9499
2741 0.0017 7.8453e-04  9.3551e-04 | 0.9481 0.9783 0.9749
277 | 8.8338e-04 3.9522e-04 4.7185e-04 | 0.9739 0.9892 0.9874
276 1 4.4571e-04 1.9836e-04 2.3695e-04 | 0.9869 0.9946 0.9937
277 1 2.2387e-04  9.9365e-05 1.1874e-04 | 0.9935 0.9973 0.9969

Table 5.4.8: Maximum errors and order of convergence of the NSE'D schemes at ) =
0.01,Q2 = 0.42, Q3 = 0.1 and t.,4 = 100.

0 Maximum errors Order
NSED-IIa NSFD-IIb NSFD-II¢ | NSFD-IIa NSFED-IIb NSFD-IIc

2-110.0070 0.0055 0.0026 0.7669 0.8324 0.9221
2721 0.0038 0.0029 0.0014 0.8796 0.9156 0.9607
2731 0.0020 0.0015 6.8789¢e-04 | 0.9389 0.9576 0.9803
2741 0.0010 7.6674e-04 3.4631e-04 | 0.9692 0.9788 0.9901
275 | 5.1014e-04 3.8621e-04 1.7375e-04 | 0.9845 0.9894 0.9951
276 | 2.5644e-04 1.9382e-04 8.7023e-05 | 0.9923 0.9947 0.9975
277 1 1.2856e-04 9.7088e-05 4.3549e-05 | 0.9961 0.9973 0.9988
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Table 5.4.9: Maximum errors and order of convergence of the NSFD-IIc scheme for
different (3 values when t.,q = 100.

0 Maximum errors Order

Q3 =0.01 0.001 0.0001 @3 =0.01 0.001 0.0001
2-110.0014 0.0013 0.0013 0.9572 0.9611 0.9615
272 | 7.2571e-04 6.6177e-04 6.5537e-04 | 0.9785 0.9805 0.9807
273 | 3.6557e-04 3.3314e-04 3.2989%e-04 | 0.9892 0.9902 0.9903
2741 1.8347e-04 1.6714e-04 1.6550e-04 | 0.9946 0.9951 0.9951
2751 9.1908¢-05 8.3711e-05 8.2891e-05 | 0.9973 0.9975 0.9976
2761 4.5997e-05 4.1891e-05 4.1480e-05 | 0.9986 0.9988 0.9988
2771 2.3009e-05  2.0954e-05 2.0749e-05 | 0.9993 0.9994 0.9994

Table 5.4.10: CPU time for the NSFD schemes when Q1 = ()5 = Q)3 = 0.45 for different
values of the step size ¢ at t.,q = 100.

CPU time (in seconds)

¢ NSED-IIa NSFD-IIb NSEFD-IIc
0.1 0.013620  0.138740  0.027387
0.01 0.018336 ~ 0.100222  0.257437
0.001 | 0.320409  0.216190  8.272827
0.0005 | 0.174499  0.303300  50.737285

Table 5.4.11: CPU time for the NSEFD schemes when Q1 = Q2 = Q3 = 0.43 for different
values of the step size ¢ at t.,q = 100.

CPU time (in seconds)

¢ NSED-1Ta NSFD-IIb NSFD-IIc
0.1 0.008662  0.050510  0.032348
0.01 0.019727  0.089196  0.309908
0.001 | 0.154714 0.147168  8.889449
0.0005 | 0.173108  0.215794  49.507280

Table 5.4.12: CPU time for the NSFD schemes when )1 = 0.01, Qs = 0.42, Q3 = 0.1
for different values of the step size ¢ at t.,q = 100.

CPU time (in seconds)

¢ NSED-ITa NSFD-IIb NSFD-IIc
0.1 0.010232  0.034241  0.031048
0.01 0.052398  0.190567  0.299406
0.001 | 0.111225  0.145998  8.845035
0.0005 | 0.206036  0.246461  52.036597
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Fig. 5.4.18. Results of NSFD-IIb with ¢ = 10 and different values of () when %, > 1.
The horizontal solid line denotes the endemic equilibrium solution.

The NSED-I scheme is dynamically consistent with the continuous model; that is,
it satisfies the essential features of the continuous model, such as positivity, bound-
edness, and stability of the solutions. Numerical simulations are carried out, and its
effectiveness is compared with well-known numerical methods, such as forward Euler
and RK4. Euler and RK4 methods diverge and produce negative results for several
time step-sizes. They only converge to the correct steady state when the time step
sizes are relatively small. However, the NSFD-I scheme converges to the correct steady
state, namely DFE and EE, irrespective of the time step size. Further, the NSFD-I

scheme for both steady states is locally and globally asymptotically stable.
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Fig. 5.4.19. Results of NSFD-IIc with ¢ = 10 and different values of () when %, > 1.

The horizontal solid line denotes the endemic equilibrium solution.

We presented the convergence behavior of the second class of numerical schemes
to the steady state. The construction of the denominator function for each numerical
scheme was chosen to guarantee elementary stability. Choosing the optimum denomi-
nator function for a given problem is one of the most challenging tasks. In particular,

the choice of the constant () in the denominator function is a crucial task to be con-

sidered.
The constant (); value was calculated based on the Jacobian of the NSFD-IIa

scheme evaluated at the steady state and the Hurwitz matrix based on the presented

rules. Because ¢ is not bounded, we may select the denominator function p(¢) = ¢
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Table 5.4.13: CPU time to the NSFD-IIc scheme for different ()3 values when t.,q =
100.

CPU time (in seconds)
Q3 =0.01 Q3 =0.001 @Q3=0.0001
0.1 0.033205  0.031109 0.033132
0.01 0.314292  0.238856 0.247202
0.001 | 8.859155  8.428104 8.384929
0.0005 | 49.502282 50.595118  48.329116

1—e @t

1
determine the values of ()1 to satisfy elementary stability. The value Qo > 0.4155

as stated in the rules. But we select the denominator function ¢(¢) = and
for the NSFD-IIb scheme was calculated from the eigenvalues of the continuous model
that satisfy certain conditions. Similarly, we selected the value of ()3 for the NSFD-IIc
scheme to satisfy elementary stability with no restriction in the value of ()3.

In the simulation, it was observed that reducing the value of ) close to zero for
the NSFD-IIa and NSFD-Ilc schemes makes it stable, converging to equilibria and also
containing positivity at all step sizes, while reducing the value of ) close to 0.4155 for
the NSFD-IIb scheme shows convergence at small step sizes only and starts oscillations
with large step sizes. It is therefore recommended for the NSFD-IIb to take smaller
values of () but not close to 0.4155. When reducing the value of @), the NSFD-IIc
scheme converges to the EE more accurately and faster than the other methods. It is
also observed that the NSFD-ITc scheme substantially outperforms the corresponding
NSFD-ITa and NSFD-IIb schemes in terms of error and order of convergence. We
conclude that the NSFD-IIc scheme is an efficient and effective method to obtain a
realistic numerical solution for the HIV/AIDS model.

Further, the efficiencies of the schemes are compared in terms of the CPU times;
while the NSFD-IIa and NSFD-IIb have shown comparatively the same order of effi-
ciency, it is seen that they show a clear gain in efficiency over the NSFD-IIc scheme.
The NSED-ITa and NSEFD-IIb schemes consistently display fairly better performance
over the NSFD-IIc for smaller values of the step size. We also note that reducing the

value of () does not seem to have an effect on the efficiency of the NSFD-Ilc scheme.
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Therefore, because it was observed from all the discussions that the NSFD-IIb
scheme is not only dependent on the selection of () but also on the step size, whereas
the NSFD-IIa and NSFD-IIc schemes converge to the correct steady-state irrespective
of the step size used, it is concluded that a value of ) in the denominator function close
to zero makes the NSEF'D-IIc scheme converge faster, and it needs further investigation.

The order of convergence of all the NSFD schemes is one, and the accuracy needs
improvement. It can be improved by combining the NSFD schemes with extrapolation

techniques [113, 141].



Chapter 6

Construction and analysis of
AVL-HIV co-infection model and its
robust simulation using nonstandard

finite difference scheme

In this chapter, a nonlinear mathematical model for the transmission dynamics of AVL-
HIV co-infection with the treatment of both diseases is proposed and analyzed. The
proposed model is formulated as a system of eighteen differential equations and the
stability analysis is presented. The basic reproduction number for each of the two
diseases (AVL and HIV) is obtained. Four equilibrium points are found, of which one
is disease free equilibrium while the remaining three equilibrium points have at least
one of the diseases AVL and/or HIV is present. The AVL sub-model undergoes the
phenomenon of backward bifurcation when the associated reproduction number of the
AVL sub-model (denoted by Zp) is less than unity. We have shown that there is
no backward bifurcation if by = 0 (where b; is the number of bites of a sandfly on
human) and/or if IIyy = 0 (where Il is the recruitment rate of sandflies). The global

stability of the disease free equilibrium of the HIV sub-model is shown using a suitable
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Lyapunov function. The endemic equilibrium of the HIV sub-model is shown to be
locally asymptotically stable using the centre manifold theory. Further, the global
stability of the disease free equilibrium of the AVL-HIV co-infection is shown. It is
shown that the possibility of backward bifurcation for AVL-HIV co-infection model.
We design and analyze a novel NSFD scheme to approximate the solutions of the AVL-
HIV co-infection model. Then a thorough stability analysis is provided. Comparisons
are made with other classical methods such as Euler and Runge kutta fourth-order. It
is concluded that the NSFD scheme is unconditionally convergent and satisfies all the

essential features of the continuous model.

6.1 Introducton

Co-infection exacerbates the severity of the two diseases involved. Visceral Leishmani-
asis (VL) and human immunodeficiency virus (HIV) are mutually reinforcing, posing
clinical and public health issues. In endemic areas, HIV infection increases the risk of
developing VL by 100 to 2,320 times, reduces the likelihood of therapeutic response,
and immensely increases the probability of relapse. Simultaneously, VL promotes clin-
ical progression of HIV and the development of AIDS-defining conditions [9].

The co-infection of VL. and HIV has been reported from forty-five countries since
the first case was reported in 1985 [9, 147]. As a consequence of HIV co-infection,
atypical presentations of VL, a high rate of treatment failure, and frequent relapses
were reported [44]. After the introduction of antiretroviral therapy (ART), the number
of co-infected cases in European countries where the disease is endemic fell sharply. On
the other hand, the co-infection is a major public health challenge in other geograph-
ical areas. In East Africa the severity of the co-infection is a very serious challenge,
particularly Ethiopia, where up to 30% of patients with VL are co-infected with HIV
[9, 44, 151]. Adequate HIV treatment with the help of ART is essential to reduce
relapse, and secondary antileishmanial prophylaxis may benefit patients at risk of VL

relapse |71, 151].
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Mathematical models are a powerful tool to describe and investigate the dynamics
of such biological systems. Stauch et al. [127] modelled a deterministic model for the
transmission dynamics of AVL. Their findings suggest vector control combined with
treatment as an intervention strategy to control AVL transmission. Their model fur-
ther included the transmission of HIV and was modelled independently of infection
with AVL, and emerged with a rate of HIV infection from all human compartments.
This was probably the first co-infection model. In [76], Hussaini et al. developed a
model for the transmission dynamics of Anthroponotic Visceral Leishmaniasis (AVL)
and human immunodeficiency virus (HIV) in a population that was used to assess the
impact of the co-endemicity of the two diseases on the dynamics of each disease. It
consists of eighteen coupled non-linear ordinary differential equations, sixteen of which
describe the host population (humans), and two dedicated to the vector population
(female sandflies). Their AVL-only sub-model undergoes the phenomenon of backward
bifurcation when the AVI-associated mortality is nonzero. Using the results of sen-
sitivity and uncertainty analysis, they found the dominant parameters that affect the
dynamics of the AVL-HIV co-infection model, which are the transmission rate of HIV,
the average number of times a sandfly bites humans per unit time, and the HIV-induced
death rate. In [96], Melese and Alemneh formulated SI-type model for the transmis-
sion of VL-HIV co-infection that incorporate three populations, human, reservoir and
sandfly. They calculated the basic reproduction number and investigated the local and
global stability of the DFE. Using the center manifold theory they found the condition
for backward bifurcation for the coifection model. They used sensitivity analysis and
investigated parameters that affect the transmission of the disease.

In this chapter, we present and investigate a nonlinear mathematical model for
AVL-HIV co-infection with treatment of both diseases. The equilibrium points of the
model, basic reproduction number for each of the diseases are found, and the stability
results for the equilibrium points are investigated. Then we develop a nonstandard
finite difference scheme (NSEFD) to obtain numerical solution of the co-infection model.

To our knowledge this is the first NSFD scheme applied to this model. The construction
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of the scheme is based on nonlocal approximation for the nonlinear terms with the aim
of obtaining positive approximations and a complex denominator function. A brief
overview of different descriptions of these methods along with extensive account of
works on these NSFD methods can be found in [114, 115].

The remainder of this chapter is arranged in the order that follows: In Section 6.2, a
co-infection mathematical model for the HIV/AIDS and AVL that includes treatment
for both diseases is formulated. In Section 6.3, the stability of the AVL sub-model is
presented. In Section 6.4, the stability of the HIV sub-model is presented. In Section
6.5, the existence and stability analysis of the equilibrium point of the AVL-HIV co-
infection model is investigated. In Section 6.6, we design and analyze a novel NSFD
scheme. Using this scheme, extensive numerical simulations are carried out and results
are presented in Section 6.7. In the final Section 6.8, we present some discussions on

these results and draw relevant conclusions.

6.2 Mathematical model and its analysis

In this section, we formulate a deterministic non-linear mathematical model for the
transmission dynamics of HIV and AVL co-infection by incorporating treatment for
both HIV/AIDS and AVL. We incorporate a treatment compartment only for HIV/AIDS
infected individuals. The populations involved in this study are humans and vectors

(sandflies). For the formulation of the model, we make the following assumptions:

1. Susceptibles are recruited into the population at a constant rate,

2. Susceptible humans get infected with HIV through contacting HIV infected and
AIDS individuals,

3. The treatment of HIV/AIDS is considered for both HIV infected and AIDS in-

dividuals,

4. We consider anthroponotic transmission for visceral leishmaniasis (which means

that female sandflies bite only humans),
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10.

11.

12

13

AVL infected individuals and post-kala-azar dermal leishmaniasis (PKDL) indi-

viduals can transmit AVL infection to the susceptible sandflies,

. We consider relapse after recovery from AVL/PKDL for co-infected individuals,

Only AVL infected and PKDL individuals are recovered after treatment, no

HIV/AIDS individuals recovered from the disease after treatment,

Individuals infected with both AVL and HIV can only infect Sandflies with Sand-

fly parasites,

No transmission of AVL and HIV by blood transfusion, and vertical transmission

is considered,
Sandflies do not suffer sandfly-induced death,

Individuals in the AIDS stage and under treatment with HIV/AIDS die due to

disease-induced death, with a smallest rate of treated class individuals,

Only AVL infected individuals die due to AVL disease, no PKDL individuals die

due to the disease,

All humans die naturally with a rate puy and sandflies die naturally with a rate

Ky -

We divide the total human population Ny into sixteen sub-populations, namely,

class of population susceptible to both diseases Sy, AVL infected individuals I, in-

dividuals who develop PKDL Py, those recovered from AVL infection and have per-

manent immunity Ry, HIV-infected not in the AIDS stage of disease progression [y,

under treatment HIV/AIDS individuals Ty, HIV infected in the AIDS stage of disease

progression Ap, dually infected with AVL and HIV positive without AIDS symptoms

I, dually infected with PKDL and HIV positive without AIDS symptoms Py y, those

recovered from AVL infection and PKDL and HIV positive without AIDS symptoms
Ry, dually infected with AVL and treated class of HIV/AIDS I, 7, dually infected
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with PKDL and treated class of HIV/AIDS Ppr, those recovered from AVL infection
and PKDL and treated class of HIV/AIDS Ry, dually infected individuals with AVL
and HIV with AIDS symptoms I 4, dually infected with PKDL and HIV with AIDS
symptoms Pr 4, those recovered from AVL infection and PKDL and HIV with AIDS

symptoms R4 in such a way that

Ny = Syp+I11+Pr+Ry+1g+Ty+Ay +1rg+Prg+ Reg + I + Prr

+Rpr 4+ Ipa+ Pra+ Rpa.

The total Phlebotomine female Sandfly population Ny is divided into two classes,
susceptible Sy and infectious Iy. So, at time ¢ the total sandfly population is Ny (¢) =
Sy (t) + Iy (t). Sandflies enter the susceptible class with a constant recruitment rate
Ay . They move to the infectious class after an effective contact with AVL infected and
PKDL individuals.

A pictorial representation of the compartments and flows is shown in Fig. 6.2.1.

The model is framed into the following system of equations:
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Fig. 6.2.1. Schematic diagram of the model 6.2.1
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Sy =Ty — (AL + Au)Su — puSH,
I, = ALSy — haAgly, — (o + pg +61) 11,
Pp=(1—o)al, — hodygPr — (&4 v1 + pr) P,
Ry = oyonlp + (& +v1) P, — AgRp — pu Ry,
Iy = AuSu + 1Ty — vidp Iy — (1 + 01 + p) I,
Ty = 011y + k1 Am — AT — (01 + 01 + pr + @04) T,
Ap =yly+ 01Ty — YadrAg — (k1 + par + 04) A,
I = hidgIp + VdpIy + @alir + mBRog — (2 + 02 + o + par + cadr) I,
Pry = hodu Py + (1 —o2)aolpy + o3Prr +TiRoy — (v3 + 03+ & + v + ) Pru,
Rip = AgRp + oscnlry + (Eo+v2)Prg +@aRer — (ya+ 04 +m + T + pu)Rem,
Ir = v ATy + 02y + Kolpa + moRpr — (2 + 00 + 03 + pur + @64 + citdr) I,
Prr = (1—o03)aslyr + 03Py + k3Pra + Rir

— (p3+ 03+ & +v3+ pr +q0a)Prr,
Ry = osa3lpr + (&3 +v3)Prr + 04Rop + kaRpa

— (pa+o01+m2+ T2+ pu +qda)Rer,
Ina = YorAp + volig + 020y +m3Rpa — (Ko + au + fig + Giaa + Cia0r) I,
Pra=(1—04)aulpa +v3Ppm + 03P + T3Rpa — (k3 + &4+ va + pugr + 04) Pra,
Rpa = osaulpa+ (€4 +va)Pra+vaRoy + 0aRor — (ks + 3+ T3 + pig + 64) Ria,

Sy =y — Ay Sy — py Sy,

Iy = \vSy — v Iy,
(6.2.1)
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and the infection rates are

Iy
AL = By bi—,
L Bu, LN
_ (It + Pp) + Qe + Prr) + G + Por) + G3(Ipa + Pra)
AV - /BhvbQ N ;
H
. Iy + Ry +wi(Ag + Rpa) +we(Iog + Pop) +ws(Ipa + Pra)
Au = Bu N, :

The total population sizes Ny and Ny can be determined from the differential

equations

Ny = Ty —pgNyg — 0nlp +q0aTu + 64An + cadrlim + (b4 + cudp)Ir
+@0aPrr + @daRrr + (¢iada + €iadr)Ipa + 04Pra + 6aRpA)
Ny = Ty — uyNy.

Noting that NH < Iy = pg Ny, and using the the Gronwall’s lemma, we obtain
II II
lim; o, Ny < —2 and limj o Ny < —V, which implies the solution of model (6.2.1)

HH 14
is bounded. Therefore, the biologically-feasible region of the model (6.2.1) is given by

Q = {(Swu, I, P, R, Iy, Ty, An, Iny, Poo, Row, Inr, Por, Ror, Ina, Pra, Rra,

Sy, Iyv) eRY Sy + I+ P+ R+ Iy +Tu+ A+ g+ Pow + Ren

11 11
+[LT+PLT+RLT+[LA+PLA+RLASM_H>SV+]V§M_V}~
H v

Hence, the AVL-HIV model (6.2.1) is epidemiologically and mathematically well-posed
in the biologically-feasible region 2 [68].
All state variables in the above system and their definitions are presented in Table

6.2.1 whereas all parameters and their interpretations are presented in Table 6.2.2.
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Table 6.2.1: State variables used in the system (6.2.1)

Variable Definition

SH Susceptible humans

I AVL infected humans

P AVL infected humans with PKDL

R, AVL recovered humans

Iy HIV infected humans with no symptoms of AIDS

Ty HIV under treatment humans

Ag HIV infected humans with clinical symptoms of AIDS

Iy Dually-infected humans with HIV and AVL

Pry Dually-infected humans with HIV and PKDL

Rry AVL recovered humans dually-infected with HIV infected humans
Irr Dually-infected humans with treated class of HIV and AVL infected
Prr Dually-infected humans with treated class of HIV and PKDL
Rrr AVL recovered humans dually-infected with HIV treated humans
Ipa Dually-infected humans with clinical symptoms of both diseases
Pra Dually-infected humans with PKDL and AIDS symptoms

Rpa AVL recovered humans dually-infected with clinical symptoms of AIDS
Ny Total population of humans

Sy Population of susceptible sandflies

Iy Population of AVL-infected sandflies

Ny Total population of sandflies

6.3 The AVL sub-model and its analysis

We obtain the AVL sub-model when HIV disease is not present in the population, that

is, when Iy =Ty = Ay = Iy = Poy = Rog = Iy = Pror = Rpp = Ipa = Pry =

Ry 4 =0, which is given by

Sy =Ty — A\pSy — wwSh,

jL =Sy — (o + g +61) 11,
Pr=1 =0l — (& 4+ v + pr) Py,
.L ( Valr — (& +u + pm)Pr 6.3.1)
Ry, = o104l + (& +w) P — pu Ry,

Sy =TIy — A\ Sy — v Sy,

Iy = AvSy — pv Iy,
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where, now,

Iy
AL = Bo b,
L B, 1NH
IL+PL)
Ay = b ,
v BhuQ( N,

with NH:SH+IL+PL+RL and NV:SV+]V~
Theorem 6.3.1. The region 21, given by

QL = {(SH(t),]L(t),PL(t),RL(t),Sv(t),]\/(t>) c R+6 .

0 < Si(t) + In(t) + Prlt) -+ Rut) < 2.0 < Sy(t) + Iv(t) < &}
HH 2%

of the AVL sub-model (6.3.1) with non-negative initial conditions is positively-invariant

and attracting.

Proof. Summing up the first four equations of the AVL sub-model (6.3.1) we obtain

d
E(SH‘F[L_'_PL"‘RL):HH_MH<SH+[L+PL+RL)_5L[L-

Because Ny (t) = Su(t) + IL(t) + Pr(t) + RL(t), it follows that

dN
d—tH < Uy — puNu,
so that
Nu(t) < Ng(0)e it 4 L (1 — e7rut)
1204
Similarly,

II
Ny (t) < Ny (0)e ! 4 = (1 —e7mvt).
120%
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11 II
Consequently, Ny (t) and Ny (t) are, respectively, bounded above by — and =¥
HH 2%

II II
whenever Ny (0) < — and Ny (0) < —Y This proves that the region 2, is positively-
129¢4 124%
II II
invariant. Moreover, if N (0) > —% and Ny (0) > —~, then either the solution enters
HH Ky

II
the region ), in a finite time, or Ny (¢) and Ny (¢) converge to —= and —=, respectively.
HH 120%
This proves that the region ), is attracting. O

Theorem 6.3.2. The solutions Sg(t), IL(t), PL(t), RL(t), Sy(t) and Iy (t) of system
(6.3.1) with positive initial conditions respectively Sg(0), I1(0), Pr(0), R.(0), Sy (0) and

Iy (t) in Qp are non-negative for all t > 0.
Proof. From the first equation of the AVL sub-model (6.3.1) we have

dSy(t)
dt

+ (AL(t) + pw)Su(t) >0,

which on integration gives
7
SH(t) > SH(()) exp (—/ ()\L(U> + /LH> du) > 0, vt > 0.
0

From the second equation of the AVL sub-model (6.3.1), we have % =Sy — (o +
pr + 0r)Ir whose solution satisfies I7,(t) > I.(0) exp(—(al + puy + 5L)) > 0. The
positivity of the other four state variables can be proved in a similar fashion. Hence,
all positive solutions starting in the region {2; remain positive for all subsequent time

in QL. UJ

Stability analysis of the disease free equilibrium

The AVL sub-model (6.3.1) has a DFE, obtained by setting the right-hand sides of the

equations in the sub-model to zero, given by

II 11
0 — (S, 10, PO R, S0, 10) — (—H,uo,o, —V,o).
2071 183%



CHAPTER 6. CONSTRUCTION AND ANALYSIS OF AVL-HIV CO-INFECTION
MODEL AND ITS ROBUST SIMULATION USING NONSTANDARD FINITE
DIFFERENCE SCHEME 189

Using the next generation matrix approach [137], the basic reproduction number, %,
for the AVL sub-model (6.3.1) is investigated. The matrices F corresponding to the
new infection terms and V corresponding to the remaining transition terms are given,

respectively, by

O O ﬁvhbl
F = 0 0 0
BrobaptmIly  BrobapimIly 0
U py g py
and
a1+ pg +90p 0 0
V=l =gl & Ltz tug 0
0 0 120%

The spectral radius, p, of the matrix FV ! will be the basic reproduction number,

(6.3.2)

_ Boyboprrbi Iy B, (1 — 1) o + & +v1 + pm)
% — FV 1 = h v
v=p(EVT) \/ Mg (& + v + pr) (on + pg + 01)

Using Theorem 2 of [137], the following result is established.

Theorem 6.3.3. The disease free equilibrium &) is locally asymptotically stable if
X1, < 1 and it is unstable if Z;, > 1.

The endemic equilibrium of AVL sub-model

The endemic equilibrium point for the AVL sub-model, denoted

&1 = (Su, 1L, PL, Ry, Sy, Iy )
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is a point where all the population components are present at a non-zero level. Solving

system (6.3.1) at the equilibrium gives

. Uy
= UH + )\z’
I ALlE
B (u + X)) (o + g + 1)
1-— AT
pr — B GV UALY , (6.3.3)
(w + A7) (1 + pr +01) (§1 +v1 + pwr)
x _ arNj Uy (o + v + &)
B (g + N5 (a4 o +61) (60 4+ w1 + ) po”
11
S = —V*7
My + )‘V
AT
I = e

(v A7) ey

where the force of infection for vectors is

A (g (I —o1)oq 1+ &) Broprrbs

A, = 6.3.4
V= T v ) (e (0t 00+ L) o + Apan) (6:3.4)
and the force of infection for humans becomes
N =By b ( Iy > (6.3.5)
— Py U1 * * * * . i
L "\ SH 4 I+ P4 R

It follows, by substituting (6.3.3) and (6.3.4) into (6.3.5), that the endemic equilibria of
the AVL model (6.3.1) satisfy the equation A} (A;* 4+ BAj + C) = 0. The expressions
for A, B and C' are given by

A = Hppy (pr + ax) (MV (prr + ) (&1 + v1 + pip)
+ Brobopy (g + (1 —0o1) g +v1 + 51)) > 0,

B = pg(ar+pu+0L) (bapin Bro (i + (1 = or)on + 1+ &) (pv Iy — billy Bun)
205 My (o + oa) (&1 + v1 + pw))

C = Mupipd (o + pa +00) (& + v+ p) (0 + pr + 1) (1 - %7) -
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The case A} = 0 corresponds to the DFE equilibrium. When A} # 0, we consider the

quadratic equation
AN+ BN, +C =0 (6.3.6)

for the possibility of multiple equilibria. From Eq. (6.3.6) it is clear that A is always
positive and C' can be positive if Z; < 1 and negative when %, > 1. So the number
of solutions for A\j from the quadratic equation (6.3.6) depend on the sign of the
reproduction number %, and B. Then, depending on values of A} the number of
endemic equilibrium point will be generated. Hence, we have established the following

result:

Theorem 6.3.4. The AVL sub-model (6.5.1) admits precisely
1. one unique endemic equilibrium iof £y > 1, or if Z, =1 and B < 0,
2. one unique endemic equilibrium if Zy, > 1, or if Z;, =1 and B > 0,
3. two endemic equilibria if Z;, <1 and B <0,
4. no endemic equilibrium otherwise.

We state the following theorem in [93] for the condition of backward bifurcation.

Theorem 6.3.5. Assume % = 1 and [3; s the critical value of the parameter [,

*

that makes the reproduction number equal to one. If C' = 0 and — > 0 where A*

A*
and B* are the values of A and B evaluated at (5 , then the quadratic equation (6.3.6)

has two positive roots for some values of By, close to B;;  that make CA > 0.
Because A > 0, Theorem 6.3.4 implies that the condition for backward bifurcation

is B* < 0. It is clear that g; = Wapiy (€2 + 1+ ponr) (o0 + pont + 01
' " Buybibopr Iy (1 —01) an + & + 1 + i)

and B* <0

becomes

pr (oq + g +961) (bapen Bryy (e + (1 — o1)oq + 11 + &) (vIlyg — 0111y Bun)

+205 g (e + oa) (&1 + v1 + pr)) <O0. (6.3.7)
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The necessary and sufficient condition (6.3.7) immediately suggests that there will
be no backward bifurcation if b; = 0, that is, if there is no bite of a female sandfly on
human. Further if I, = 0, that is, if we can control the vector population, backward
bifurcation also does not occur. Thus, the backward bifurcation in this model is a result
of the combined effect of biting rate, recruitment rate and probability of transmission
from infectious sandflies to humans during bite.

Fig. 6.3.1 shows the occurrence of backward bifurcation in the AVL sub-model
(6.3.1) for plausible parameter values. As a result effective control of AVL disease

becomes more difficult in the population.

-5
25107
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o0
T

Force of infection (AL)

I
3
T

l‘UnstabIe EE

Stable DFE AN Unstable DFE
N

N AV
0 . . . . . . - .

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
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Fig. 6.3.1. Backward bifurcation diagram of the AVL sub-model (6.3.1) for the force
of infection at steady state A} versus Zj.
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6.4 The HIV sub-model and its analysis

We assume the absence of AVL in the population. The HIV sub-model is given by

\

SH =1y — AgSu — MHSHy

Iy = AuSu+ 1Ty — (n + 01+ pw)In,
. (6.4.1)
Ty =011y + kiAp — (o1 + 01 + por + ¢:04) T,

Ag =g+ 0Ty — (k1 + g +64)Ax,

where the HIV force of infection is given by

vt 1 A
AH:5H<H—W1H>

N
Theorem 6.4.1. The solutions Sg(t), [y(t),Tu(t) and An(t) of system (6.4.1) with

positive initial conditions are non-negative for all t > 0. Moreover,

II
t—o0 ILLH

Further, the region Qg

Qy = {(SH(t),IH(t),TH(t),AH(t)) ER 0 <Su(t)+ In(t) + Tu(t) + Au(t) < %}

is positively invariant for system (6.4.1) with non-negative initial conditions.

Stability analysis of the disease-free equilibrium

The HIV sub-model (6.4.1) has a DFE, obtained by setting the right-hand sides of the

equations in the model to zero, given by

11
&y = (S%, I, T, AY) = (—H70,0,0).
HH
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Using the next generation matrix approach [137], the basic reproduction number, Zy,
for the HIV only model (6.4.1) will be investigated. The matrices F (for the new

infection terms) and V (for the remaining transition terms) are given, respectively, by

Bu 0 Buw
F= 0 0 0
0 0 0
and
Y1+ 01+ —¢1 0
V= —0, qi0a+ g +tp1+ 01 —K1
—M1 = (s K1 + 12%;:4 + 6A

The spectral radius, p, of the matrix FV ! will be the basic reproduction number,

_ Bu (mamiwr + w101 + mams — K101)
mimemMms — M1K101 — bhpims — Y11k1

Py =p(FV!) (6.4.2)
where
m1 =7+ 01+ i, Mo = qoa+ pm + o1+ 01, My =K1+ g+ 04
Clearly Zy > 0 because
mamg — k101 = (@04 + o1+ 01) (r +04) + p (K1 + prr +04) + K1 (@04 + 1) > 0

and

D = mymams — mik101 — brpims — yip1k1 = ma (Laqeda + @dakt + pams + o1p0m)

+ 04 (qe0a + 01) My + o1 (ams + gy +dam1) > 0.
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Using Theorem 2 of [137], the following result is established.

Theorem 6.4.2. The disease free equilibrium & is locally asymptotically stable if
Xy <1 and it is unstable if Zy > 1.

The theorem suggests that it is possible to eradicate HIV/AIDS if this threshold is

less than one.

Theorem 6.4.3. The discase-free equilibrium &3 is globally asymptotically stable if
Xy < 1 and it is unstable if Zy > 1.

Proof. Consider the Volterra-type Lyapunov functional V' : Q5 — R given by

S
V(SH,IH,TH,AH> = | <SH—S?{—S%IDS—€I> +IH+TH+AH,
H

€ Y(Su, Iy, Ty, An)R™

Then

dt FESTERY Ch

_ QO
_ (S1=5u My — By In +widn S — uaSp
Su Ny

Iy +wlA
+Bu <HN—H1H) Su+oiTy —(n+601+pu)ly+ 011y + k1 An

—(p1+ o1+ pa+904)Ty +vlg + 01T — (ki + g +04)An

= (Sw—Sh) (E ) — (Su = S%) (5 H(IHJHMAH))

av 1_% dSu 0l il s
S

Iy +wlA
Bu ( . NH1 H) S — ki = (i + 404)Trr — (prr + 04) A
My (Sy — S9)? Iy +w A
_ 1(Su i ) + 52 Bl +widn) — Iy — (pg + @) Ty
SuSY, Ny
—(pmr +04)An
Ty (Sy — S92 ( 5%51{) ( S%SHM)
_ —unde [1— —upAg 1 - 6.4.3
susy I\ ) T (U, ) B4

—(pr + @04)Tw — d4Aq.
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Notice that the right-hand side of (6.4.3) is non-positive only if Zy < 1, and it is equal
to zero if Sy = SY% and Iy = Ty = Ay = 0. This means that the only trajectory of the
system on which V =0is &Y. By LaSalle invariance principle |[87], we can conclude

that the DFE &) of system (6.4.1) is globally asymptotically stable in Q. O

Existence of the endemic equilibrium

The HIV sub-model has a unique endemic equilibrium & = (S}, I3, T, A}y) where

[ (mams — 01k1 + moy1 + msbh + 161 + 0101) Iy
D (Zr — 1) + pg (moms — 0151 + Moy + maby + iK1 + 60101)
Iy (m2m3 = Qlffl) (%H - 1)

I = . (644
B D (B — 1) + g (mams — 01k1 +mayi +msby +v1k1 + 0101) ( )
T;I = Plfl*{,
A% = BT,

0 0
where Py = MJ% = (may + bio1)

mams3 — 1K1 Mgz — 1K1
endemic equilibrium has a positive solution only when Zy > 1. We have therefore the

and because moms — k101 > 0 the

following existence theorem:.

Theorem 6.4.4. The endemic equilibrium &%; exists when Xy > 1.

Bifurcation and stability analysis of the endemic equilibrium

Consider HIV sub-model (6.4.1) and set Sy = x1, Iy = x9, Ty = x3 and Ay = z4.
Using the vector notation X = (@1, o, r3,24)7 HIV sub-model (6.4.1) can be written

in the form

dX

E = (f17f27f37f4>T7
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ie.,

To + W1y
1+ 29+ T3+ x4

55/1:HH—5H< )xl—ﬂHﬂﬁh

To + WX
$/2:5H< 2 ke )$1+901563—(’71+91+MH)$2,

T1+ X9+ T3+ x4 (645)

= 010y + Kixa — (1 + 01 + pr + q0a)ws,

Ty = N2 + 0123 — (K1 + i + 04) T4

Ve

Consider the case when %y = 1. Suppose further that Sy = 3}, from Zy =1 in

6.4.2 is chosen as a bifurcation parameter given by

MiMgMs — M1k 01 — bhipims — V111
moyiwt + wibie1 + mams — K101

Bu = By =

The Jacobian of the system (6.4.5), evaluated at the DFE &) with 8y = B3

(denoted by J*), is given by

—in =P 0 — B
J- 0 By—m—th—pn P1 Brwi
0 0 =04 — g — 1 — 01 K1
0 gl 01 —K1— pH — 04

The transformed system (6.4.5), with Sy = S}, has a non-hyperbolic equilibrium
point such that the linear system has a zero eigenvalue (with all other eigenvalues have
negative real parts). Hence, the centre manifold theory [35, 137] can be used to analyze
the dynamics of the system (6.4.5). In particular, a theorem in [35] will be used to
show the stability of the endemic equilibrium (&%) of the HIV sub-model. Following
the notation in Castillo-Chavez and Song [35], we proceed as follows.

Eigenvectors of J* [3,_g:: For the case when #Zy = 1, it can be shown that

J* has a right eigenvector (corresponding to the zero eigenvalue), given by w =
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[wy, wa, w3, wy]T, where
Wi — (mimawi — wib1p1 + Kip1) WP
L=
L (maBu — momy + 61p1)
Wo — (Bamawy + K1p1) wy
2 — )
mafin — mamy + 011 (6.4.6)

W3 =

wy (—01Bprwr + K1Bg — miky)
moBy — mamy + 014

wy = wy > 0.

9

Ve

Similarly, the components of the left eigenvector of J* (corresponding to the zero

eigenvalue), denoted by v = [v1, v, v3,v4] are given by

V1 = 07
(maey1 + 0101) va
mafu — mamy + 6101’
Uy (51{91 —mi01 — ’Y1<P1)
moBg — mamy + 611

(%)

U3

vy = v4 > 0.

/

(6.4.7)

For the transformed system (6.4.5), the associated non-zero partial derivative of f

(evaluated at the DFE Zy) are given by

Pfo  2Bupn Pl P Bakm

or3 TH Or90xs  Or30Te T

Pl Pfa Bupwa(wi+1) Pl P Bpwikm
617261'4 N 8:U48x2 n ™" 617361'4 N 85E4a$3 N TH
0*fy - _25EW1MH 0 f - 0 f2 .

023~ my | 0mdBy 0 0mdBy ¢

Y

s (6.4.8)
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Using the expressions in (6.4.6)-(6.4.8), it follows that

and

where

Q1
Q2

OF

Q4

Qs

Ues = Z VpW;w O i (0,0)
cs 1 Wj )
ki g1 8%895]
_ _2U2B;J,U/H (’LU4CU1 + U}Q) (UJQ + w3 + UJ4)
Iy
_Q,UHQ2Q3Q4U4WE <0
5 Q105
- 2f Q3vsw
bes = VpW; i 0,0) = (wawy + wo)vg = e 0,
,;1’“ Briapy 0 = (Wt =g o

qt0am1 + pay1 + 11 + 701 + bior,

@0 (g + 04+ K1) + pg (e +0a + 11+ 004+ 901 4+ 01) + (01 + o1+ 01) 64
+r1 (11 + 61+ 1) + @,

@0 (b1 + 0am1 4 0401 + 161 + K161) + 0a (Y1 + 11901 + 1101 + 6101)
+urQ2,

Gt0A (r + 04 + K1) + pa (g + 64 + K1+ 01+ 01) + 04 (1 + 01) + K11
+w1Q1,

q0awy (g + 01) + pawr (g + 01 4+ 1+ 01) + K11 + w1 Q1.

Because a.s < 0 and b.; > 0, from the theorem in [35], it implies that the HIV sub-

model unique endemic equilibrium point (&) which exists when Zy > 1 will be

locally asymptotically stable and the system will not exhibit any backward bifurcation

at Zy = 1. Therefore the following theorem is established.

Theorem 6.4.5. The unique endemic equilibrium (&) of the HIV sub-model (6.4.1)

15 locally asymptotically stable whenever Zy > 1.
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Theorem 6.4.6. If Zy > 1, the endemic equilibrium &5 of system (6.4.1) is globally
asymptotically stable.

6.5 The AVL-HIV co-infection model and its analysis

In this section, we analyze the full AVL-HIV co-infection model given by (6.2.1). The
full model has four equilibrium points, namely, the disease-free equilibrium point &,
the AVL endemic equilibrium point &7, the HIV endemic equilibrium point & and the
interior endemic equilibrium point &5 in which both diseases, that is, AVL and HIV

are endemic.

Stability analysis of the disease-free equilibrium

The AVL-HIV model (6.2.1) has a DFE, obtained by setting the right-hand sides of

the equations in the model to zero, given by

_ 0 0 0 0 70 0 0 0 0 0 0 0 0 0 0 0

éao - (SHa[L>PL7RL7[H7TH>AH>ILH>PLH7RLH7]LT7PLTaRLTa[LAvPLAvRLA’
0 0
SVv]V)

_ (E,o,o,o,o,o,o,o,o,o,o,o,o,o,o,o,&,0)
HH Hv

The linear stability of &, can be established using the next generation matrix ap-
proach in [137] on the system (6.2.1). It follows that the reproduction number of the
AVL-HIV model (6.2.1), denoted by %, is given by

%0 = max{%L,%H}

where Z;, and Zy are the reproduction numbers corresponding to AVL and HIV, given
by Eqgs. (6.3.2), (6.4.2), respectively.
The following Theorem follows from Theorem 2 of Van den Driessche and Wat-

mough [137].
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Theorem 6.5.1. The disease free equilibrium &y is locally asymptotically stable when-

ever %y < 1 and unstable otherwise.

Theorem 6.5.2. The disease-free equilibrium &y is globally asymptotically stable if
Ho < 1 and it is unstable if Zy > 1.

Proof. We use the method given by Castillo-Chavez et al. in [34] to establish the global
stability of the DFE &. First, we write system (6.2.1) in the following form:

— = F(X,2),
ddZt (6.5.1)
- = G(X, Z) with G(X,0) =0,

where
X = (SHERHISVIN
denotes the number of uninfected individuals and
Z = (I, Pr, Iy, Ty, Au, Ig, Pog, Rom, Ior, Por, Ror, Ia, Poa, Roas Iv)"

denotes the number of infected individuals. Let & = (Xo,0) denote the disease-free
equilibrium of the system (6.5.1). Then & is globally asymptotically stable if the
following conditions hold:

dX
(H,) For o= F(X,0), X, is globally asymptotically stable.

(Hy) G(X,2)=AZ —G(X,Z),G(X,Z) >0 for (X,Z) € Q, where A = D;G(X,,0)
is a matrix in which the off-diagonal entries are nonnegative and (2 is the feasible

region (i.e where the model makes biological sense).
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Comparing system (6.2.1) with system (6.5.1), we have

Oy — (A + Au)Su — puSu
F(X,Z)=| oyalp+ (& +11)Pp— AgRy — pa Ry
Iy — Ay Sy — pv Sy

and
G(X,7) =
ASy — hidglp — (o + pg + 1)1
(1 —o1)aly, — hodg P — (& +vi + pg) Pr
AaSu + 1Ty — vidp Iy — (1 + 01+ pu) I
Orlg + k1Ag = O AT — (o1 + 01+ pm + @04)Th
Y1lu + 01Ty — YaArAn — (k1 + i + 04) An
PaduIn +Vidleg + w2l +mBry — (2 + 0+ a2 + py + cadp) L
hoduw Pr, + (1 — o9)aalpy + 93 Prr + TiReg — (v3 + 03 + & + v + i) P
Ag Ry + oIy + (52 == VQ)PLH +osRrr— (74 +O0,+m+T+ ,UH)RLH
VATl + Ol g + Kalpa + meRir — (02 + 02 + a3+ pig + 04 + cirdp) 1y
(1 = o3)aslpr + O0sPry + ksPra + TaRpp — (03 + 03 + & +vs + g + qda) Prr
osazlpr + (§3 +v3) Prr + 04Rpy + kaBpa — (pa + 04 + M2 + To + i + ¢:04) Rir
VAL A + Vol + 02lpr +n3Rpa — (K2 + o + pigr + Giada + Ciadr)Ira
(1 —os)aalpa+v3Pru + 03Prr + T3Rpa — (k3 + &+ va+ pgr +04) Pra
ogoylpa+ (S +va)Pra+yaRon + 04aRpr — (Ko +m3 + T3 + pgr + 04) Rra

Ay Sy — py Iy
The disease free equilibrium of the system (6.2.1) is & = Ey = (Xo, 0) with

II IT
Xy = (—H,o, _V) |
HH 124%
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(H1)

(H>)

dX
o F(X,0) is equivalent to the equation

Sy =Ty — pwSu,
RL = —uHRL, (652)

Sy =Ty — py Sy

II II
Integrating (6.5.2) and using the initial conditions as (—H,O, —V), we obtain
2071 Hy
IT II
Su(t) = Sy(0)erat 4 (1 —e=rat) R, =0 and Sy (t) = Sy (0)e vt + —2(1—
HH I I 120%
e v, Clearly as t — oo, Sy — —H,RL — 0 and Sy — —Z. Hence X, is
el Hv

dX
globally asymptotically stable for e F(X,0) as X — X, when t — oc.

G(X,Z) =
-7 0 0 0 0 0 0 0 0 0 0 0 0 0 B, b1
(I—0o)q =2 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 —Zz+PBu @1 Bawr  Buws Buws B 0 0 0 Brws Buws  Buawi 0
0 0 01 —Za - 0 0 0 0 0 0 0 0 0 0
0 0 " bl L] 0 4 X§ 0 0 0 0 0 0o 0
0 0 0 i A 0 54y s 0 0 0 0 00
0 0 0 0 0 (I—=02)as —Z7 T 0 V3 0 0 0 0 0
0 0 0 0o 0 oy Gt —Zs 0 0 o 0 0 00
0 0 0 0 0 0y 0 0 —Zy 0 T Ko 0 0 0
0 0 0 0 0 0 b 0 (l—ogas —Zw T 0 ks 00
0 0 0 0 0 0 0 04 o303 & +vs —Zn 0 0 Ky 0
0 0 0 00 -~ 0 0 0 0 0 1 0 s 0
0 0 0 0 0 0 Y3 0 0 03 0 (I—og)au —Zu3 T3 0
0 0 0 0o 0 0 0 0 0 04 oy Gtws —Zu 0

N, Ny 0 0 0 Ny Ny 0 Ny Ny 0 N, N, 0 —Zis
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Irn

where

v B, bapin A Uy Bn, baCapirr . Wy B, baCrpimr N, — Iy Bh,b2C3pin
- —7 = —7 e —7 4 - —7
pvily pv iy pvily pvily

Zy=a1+ pg + 905, Zo=(pag+v1+&), Zs= (1401 + pun),

N

Zy = (G0 + p + @1+ 01); Zs = (pu+ 04+ k1),

Zs = (cadr + pm + o+ 72+ 02), Zr = (3 + 03+ pu + 12 + &),

Zg = (g +m +T1+ Y1+ 04), Zg = (cidp + @04 + pir + a3 + 2 + 02),

Zho = (@04 + pu +v3+ &+ @3+ 03), Zi1 = (q:6a + N2+ To + fig + Qa4 + 04),
Z1g = (CialL, + Gia0a + fimr + q + ko), Z13 = (kg + pg +va + &+ 04),

Ziy = (0a+ Ko +m3+ T3+ pm), Zis = pv (6.5.3)
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and
Ivby (Ny — Su) By,
Nu

hoAg Py,
Mg (Ng — Sg) + eIy
WAL T
VaAL Al
—(iAp Iy + hiAglyL)
—heAu Py
@(X, Z) = —AuRp
—PALTH

+ hiAuly

Av Ny pg Ty
pvIly

— AvSy

As can be seen from above, because Ny > Sy the matrix @(X, Z) > 0only if Ay =
AL = Ay = 0. Thus, the disease-free equilibrium may not be globally stable for some
parameter values. This indicates the AVL-HIV system (6.2.1) may undergo backward

bifurcation. O

The endemic equilibrium of AVL-HIV model

The AVL-HIV model has three possible endemic equilibria which are the
(i) AVL infection only,
(ii) HIV/AIDS only,

(iii) co-existence of AVL and HIV/AIDS.
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AVL only endemic equilibrium

This occurs when there is only AVL infections and no HIV/AIDS and Iy = Ty =
AH:ILH:PLH:RLH:[LT:PLT:RLT:[LA:PLA:RLA:O- IchiSC&SG,

the endemic equilibrium is given by

(gag = (S;I7 Iz? PL*7 R}n 07 07 07 07 07 07 O? 07 07 07 O? 07 S;‘/? [‘#})

Lemma 6.5.3. The endemic equilibrium &} exists whenever %, > 1 and Xy < 1.

HIV only endemic equilibrium

This occurs when there is only HIV/AIDS and no AVL infection and I, = P, = R;, =
Ity = Poy = Rpg = Ipr = Pur = Rpp = Ipa = Pra = Rpa = Sy = Iy = 0. In this

case, the endemic equilibrium is given by

& = (S,0,0,0, I, T, Ay, 0,0,0,0,0,0,0,0,0,0,0)

Lemma 6.5.4. The endemic equilibrium &}y exists whenever Zy > 1 and Z;, < 1.

Co-existence of AVL and HIV/AIDS

This occurs when AVL and HIV/AIDS co-exist in the population and in terms of the

forces of infection this is given by

* _ * * * * * * * * * * * * * * * *
gLH - (SHa [L7 PL? RL? [H7TH7AH> [LH7 PLH? RLH? ILT> PLT? RLT? ILA? PLA> RLA?

Sp. 1)
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where,
. _ v . _ SHAL . (A—o)al}
g+ X+ 0 Ay tun o +0 T heNy g+ &
R ooy + Pr(v + &) o ANySt + o1y
L — » “H T

pE + N VNS 4 g+ 46y

* ’ilA*H + ‘91]1“*{ *
TH = " , AH —
YN, 4+ @A + p + o1+ 01
Vidp Ly + Ay IT + polir + mRy

In +Tho
VaNs + pg + 04 + K1

oo = Ciulr + pig + a2 + 72 + 62 ’
P, = If yas(1 — o9) + ho N5y Pf 4 @3 Prr + TIRLH
Y3+ 05+ & +vo+ py
R:, = I} gaoos + Ply(ve + &) + Ny Ry + 904RLT
Yo+ 04+ n +Ti F U
I}:T _ ¢tAzTI§ + Rrolf 4+ 0o 15 T+l
citOr + qioa + p + a3 + oo+ 03
Pr— Iira3(1 —03) + K3Py + 03P 5 + TR
q:0A + g +v3+ &+ o3+ 03
R, = I} pasos + Pip(vs 4 &3) + ka Ry 4 + R} 04
qi0a + M2+ T+ fig + P4+ 04
ILA @Z}a/\*A +’Y2ILH+ILT92+773RLA
CiaOL + Gia0a + g + 0y + Ko ¢
Pr, = (1 —oy)agl} 4+ 3P}y + 03P;r +T3RE 4
kg + &+ Va4 i + 04 ’
R:, = oyl g+ Pra(va+ &) +vaRpy + 04 Ry g
Kq+ 13+ T3+ p +0a ’
g — W g ASV

wo+ A Yy

6.6 Construction and analysis of NSFD scheme for
the co-infection model

In this section, a nonstandard finite difference scheme (NSFD) is designed to approxi-
mate the solution of the continuous system (6.2.1).
The scheme that we propose uses non-local approximations and the approximation

of the derivatives is not traditional, it uses a nonnegative function [100]. Hence, if z(¢)
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is differentiable, then its derivative f (t) can be approximated by

dz(t)  z(t+10)—=2(t)
dt P(0)

+O(®()) as £ —0.

where ®(¢) is a real-valued function on R. In our work, we will also make use of
denominator functions. Let ¢, = k{, where ¢ > 0 is the time step size and k € N =

{0,1,2,...}. Let
(Slﬁh [Ev PE’ RIZ’ [Ik;ﬁ TI]—fIa AI}E]? [JI'jHa PfH’ RIZHv [ET7 PfT? R]ZTv I’ZAv PEA» Rlsz S@? [\I?)
be the approximations of the solution

<SH(tk)> I (te), Pr(te), Ro(te), La(te), Ta(te), Au(te), Ioa (te), Poa(te), Roa(te),

Inr(te), Por(te), Ror(te)s Ipa(te), Poa(ty), Roa(ty), Sv(te), fv(tk))

of system (6.2.1) at the discrete time points t5. Thus, the AVL-HIV model (6.2.1) is
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discretized as:
S]I?_l _ Slﬁ[ _ k k k+1 k+1
— =g — (AL + X)) Sy — puuSy,
®y(0)
]£+1 — IE — N\ ghtl _p \E [RHL 7 TRl
@2(6) LY H 1M gtr 4 >
Pk-‘rl o Pk
i —— = (1 — 0'1)0(1]2—’_1 — hg)\]}}Pf—’_l — ng)llf—’_l7
D3(0)
Ry — RE _ k41 k+1 _ \k pk+l k41
—————— =] + (& + )P Au R paRpT,
Dy (0)
It =1y _\k ck+1 ko \kThHL o phtl
D5(¢)
TII—CIJrl ~ Ty _p 7kl koo \kgk+l k41
—_— Y = 91]H + IilAH wt)‘LTH Z4TH s
D (1)
A’;{—H — AI;{ — o~ TR A k AR+l _ 7 pAk+1
=iy +o0lg 77Da)‘L H Zs H >
D7 (0)
I}?El B IEH —h )\k ]k-i-l )\k [k-i-l ]k ko k+1
—(1)8(6) = ARl A Iy + ol + mBLy — Zelig
Pl — Ply _ 1 vk phktl == kt1 k ko fet1
Rk+l . Rk; .0.
Lg)—(ﬁ)LH = My RE - ovan il o (& + ) Pryt + waRiy — Zs Ry,
10
1—2;1 B IET k mmk+1 k+1 k k k+1
o) VAL Ty + 011y + Kolpy +moRir — Zolpy,
11
Pt — Ply 1 k41 k41 k ko k41
—(I) (6) = (1 Ug)OZg[LT =+ 93PLH + /€3PLA +T2RLT ZlOPLT s
12
Rﬁr} B RlzT _ k+1 k+1 k+1 k k+1
—Q) (f) = O‘3013]LT + (53 + V3)PLT + 94RLH + ’%4RLA — ZURLT s
13
Iéizl B IEA k pk+1 k+1 k+1 k k+1
T(@ = %ALAH + '72ILH + QZILT + 3Ry, — ZlZILA )
Pt —Pfy B k1 k1 k1 ko k1
P (ﬁ) = (1 04)a4[LA +73PLH + QBPLT + T3 Ry 4 Zl3PLA )
15
Rﬁxl — R4 _ k+1 k41 k41 k+1 k41
<1>—(@ = 0'4(1/4]LA -+ (54 -+ V4)PLA + 74RLH + Q4RLT Zl4RLA s
16
Syt — S¢ "
V.YV, — A Sk+1_ SkJrl
[‘Ij+1 o Ik

|4 k Qk+1 k+1
— AbGRFL TR
(I)18(€) VeV Hv Ly,
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where the values of 71, Z5, ..., Z14 are given in (6.5.3), and the discretizations for Ap, Ay

and Ay are given as

k I

)\L - thblm,

H

h\A— By.b [(]£+P£>+QI(IIET+PI’/€T)+Q2(III§H+P£H>+C3(IEA—|—P£CA>‘|

Voo Pht2 ~7 |
H

Moo= g {h’?—f—REH+W1(AIE+R’£A)+w2([’£H+PfH)+w3(IIJ§A+P£A>}

H = PH N |

where the discretizations of the total populations Ny and Ny are given by

NE = SE 4TI+ PP+ R L el AR L TF + PF 4+ R+ TF .+ PEL
+RY + If 4 FIREAHREE

NE = SE+1IE.

The denominator functions are given by

1 — efﬂH‘e 1 = €7Z1£ 1 _ 67225
D(l) = ———— = Dy (¥ B.00) = —
O = T S R Rl = T Ball) =
1 — e ¢ 1 — e %t 1—e %t
(p E — 5 @ g == 9 @ g - )
()= T @)= el =
1 — e %t 1—e 7t 1—e %t
(p é . 5 @ £ = ) @ e - Y
()= T @)= ()=
1—e %t 1 — e~ %t 1 — e Zut
() f) = 5 () = ) Pi3(0) = )
11(€) Z: 12(0) 7 13(¢) 7
1 — e %2t 1 — ¢ %t 1 — e %t
(0 = . D50 = . Dis(l) = ,
() Z1z 15() Zn3 16() Z1s
1 — e_/l'Vé
(1917(6) = = @18(6)
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Then after rearranging (6.6.1) we obtain for the human population
Rl _ Sty + ©1(O)Ily )
B 110, (0) (M + My + )
e _ L+ (0N} S
P 0y(0) (N + 24)
w1 PP+ @301 — op)an I}
B 1+ ®5(0) (e + Zo)
REH — R + ©4(0) (<71061—TJI§Jrl + (& + VI)PEH) 7
1+ ®4(0) (N + pumr)
e L T @50 (VpSE + e Th)
g 1+ ®5(0) (%)\]z + Z3) 7
Th Th + ®6(0) (0115 + 11 AR
1+ @6(0) (YN} + Zy)
. Al + @2 (0) (I + o T
1+ ®(0) (YMs + Z5)
[ - IFy + @5 (0) (NS I + ST 4 ool + mRY ) |
1+ s(0) Zs (6.6.2a)
Pt _ PFy + ©9(0) (ho Ny PE (1= oo)enlf i + 03 PEr + T RE ) |
1+ @9(0)Z;
R Ry + ©1o(0) (NG RYT + o0 I T + (& + 1) PEf + @uRE ) |
1+ $q0(0) Zs
ot _ i 000 WORTE + 0If5 + vl 4 mRlr)
1+ ®q1(0)Z
phit Pir+ ®15(0) (1 = og)aslfit + 05 Pl + ks Py + TaRr) |
1+ ®15(0) 210
REFl — R + ®13(0) (030431%;1 + (& +v3)Pift + 04RE T + “4REA) 7
1+ ®y5(0) 214
[~ I} 4+ ®1(0) (W APAG " + 2200y + 02l77" + 1 R) ) 7
1+ D14(0) 215
pret Pry+ ®15(0) (1 — oa)aulf i + 7Pl + o3Pl + R )

1 + @15(£)Zlg ’
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and for the vector population

pe1 OSP4 $r(OIDy

Y 14+ () (M + )

IE + dig()\ESEF!
1+ @y5(0)py

(6.6.2b)

k1 _
I =

The NSFD scheme (6.6.2) preserves the positivity of the solution because if the ini-
tial conditions S (0), I1,(0), Pr(0), R.(0), I5(0), T (0), Ag(0), I, H(0), PLH(0), Ry, H(0),
I1,7(0), PLT(0), R,T(0), ILA(0), PLA(0), RLA(0), Sy (0), Iy (0) are non-negative, then
the right hand side equations of (6.6.2) admit no negative terms for any k > 0.

Stability Analysis
Fixed points of the numerical scheme

Now we determine the fixed points of the numerical scheme, i.e. the points satisfying

the condition:

k k k k 1k k k k k k k k k k k k k  TkN\T
(SH7 IL: PL’ RL> ]H7TH7 AH> ILH? PLH’ RLH? ]LTv PLT7 RLT’ ILA? PLA? RLA? SV7 IV)
_ k+1 71k+1 k+1 k+1 71k+1 k+1 k+1 71k+1 k+1 k+1 7k+1 k+1 k+1
_<SH JIL vPL 7RL JIH 7TH 7AH 7ILH7PLH7RLH7[LT7PLT7RLT7
k+1 k+1 k+1 k+1 7k+1N\T
ILX 7PLZr 7RLJ;X 7SVJr 7[\/+ ) : (663)
In the above system (6.6.3), if [¥ = PF =1y =Tk = Ak, = 1F, = PF, = Ry, =

Ih, =Pk =Rh =TF, =Pk =RE =15 =0then A} =0,\5 =0,k =0 and

H k k )
14+ @ (Nf + ANf) + Prpp
RE + @40’10(1[5 + @4(51 + Vl)Pf
1+ QN+ Dy
_ Sxk/ + @711y
L+ O A + Porpay

R =

Sy

11 11
which simplified to 5% = — R¥ = 0 and S& = —Y. Therefore, the DFE is unique
HH 123%
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and is given by

II II
& = (—H,O,O,O, O,O,O,O,O,O,O,O,O,O,O,O,—V,O> :
HH Hv

Remark 6.6.1. The continuous system (6.2.1) and the discrete system (6.6.2) have
the same DFE.

Finding explicit solutions for the system (6.6.3) are difficult. We, therefore, solve
the system (6.6.3) numerically to obtain the EE.

Theorem 6.6.2. The DFE, &, of the NSFD scheme (6.6.2) is locally asymptotically
stable if %y < 1.

Proof. To investigate the local stability of the DFE, we find the Jacobian matrix of
the NSFD scheme (6.6.2) at the DFE and show the spectral radius is less than unity.
Then, the Jacobian matrix J at the DFE & is given by

Gy Ldg: = L a1y LG8
Dk, by [N - L BAk Big
J(&)=| + + .. ;
Q1 q2 - qir 418
r T2 - Ti7 T18

18x18

where J is a matrix of order 18 whose column entries are set in alphabetical order,

with the only non-zero entries given below

0 — 1 0 — Br®y 0 — w1 Ba Py . — wa B Py
P o107 Oy + 177 Oy +17° Pypg +1°
o — — wa B Py G — — Br Py s — — w3 B Py e — — w3 B Py
9 (I)l,uH + 17 10 @LLLH + 17 14 (I)l,uH + 17 15 @LLLH I 17
 wifa® 0By, B 1 DB, 0
1= —5———, Qg = —————, o = ————~,0iIs = —————~,
Oipug +1 DOypp+1 1+ @, (Zy) 1+ @, (Zy)
_ q)g (1 —0'1)(3[1 1 @40’10[1 (fl +V1) @4

,C3 = 7d = ) - )
1+ ®325 ’ 1+ @37, ? Qypug +1 ’ Quppg +1
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ry = b2 Bp, Iy P1g Py = b2 B, Iy ®1g rs = e Goba B, Iy ®1g
g (Pispey + 1) py’ My (Prspy + 1) iy’ My (Pispv + 1) oy
ro = e Gaba B, Iy @15 P = P Giba B, 1y @ig rig = L Giba B, 1y @ig
Oy (Prspy + 1) oy’ My (Pispy + 1) py’ Oy (Pispy + 1) py’
e G3baBp, Iy ®1g i Gba B, Iy Dig 1

14 15

= ,T15 = Ty = ———————.
Oy (Prspy + 1) oy Oy (Prspv + 1) py 8 Digpy +1

The characteristic equation associated with the Jacobian matrix J is |.J(&y) —AI| = 0.
Some eigenvalues of the Jacobian matrix are \; = ay, Ay = dy4, A3 = ¢17, which are all
less than one, and the others are solutions of a polynomial of degree fifteen, which is
difficult to include in this chapter but the solutions of it numerically are all less than
one when %, < 1. Consequently, the NSFD scheme (6.6.2) is locally asymptotically
stable if Z, < 1. |

6.7 Numerical results

In this section, we present extensive numerical results that we obtained by simulating
the model with NSFD and other classical methods for a range of time step sizes. Param-
eter values used for the simulations are presented in Table 6.7.1. The initial condition
used for these simulations are Sy (0) = Ny — 410, 1,(0) = 100, P,(0) = 10; R (0) =
0, 15(0) =200, T (0) =50, Ag(0) = 50, Iy (0) =0, PLg(0) =0, RLg(0) =0, I7r(0) =
0, PLr(0) = 0,Rrr(0) = 0,1,4(0) = 0,Ppa(0) = 0,Rpa(0) = 0,Sy(0) = Ny —
50, I, (0) = 50.

Disease free equilibrium (%, < 1)

In this section, we present the results to study the convergence behavior of the model
(6.2.1) to disease-free equilibria using the NSFD scheme (6.6.2). In Fig. 6.7.1, we plot
the dynamics of the relevant variables of system (6.2.1). For the parameter values in
Table 6.7.1, except Sy = 0.0031,6; = 0.0767,6, = 0.024, 03 = 0.035, 6, = 0.0547 with
Ny = 200,000 and Ny = 20,000,000 when %, < 1(Z < Zx < 1), we can observe
that the NSFD scheme approaches the stable DFE asymptotically. The DFE is given
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1204 120%

Endemic equilibrium (%, > 1)

In this section, we study the behavior of the numerical methods to endemic equilibria.
In Fig. 6.7.2, we plot the results for parameter values in Table 6.7.1, except Sy =
0.0031,6, = 0.0767,0, = 0.024,0; = 0.035,0, = 0.0547 with Ny = 200,000 and
Ny = 100,000,000 when %y > 1(#, > 1,%y < 1). We observe that the model
approaches asymptotically the stable AVL endemic equilibrium &7 given by

& = (4.5951 x 10°,1.8627 x 10°,111.8964, 2.4884 x 10°,0,0,0,0,0,0,0,0,0,0,0,0,

4.1876 x 10®,2.9176 x 10%).

Fig. 6.7.3 shows the results for stable HIV endemic equilibrium for system (6.2.1). The
parameter values used are given in Table 6.7.1, except Sy = 0.0031,n; = 0.031,1, =
0.001,n73 = 0.03,7y = 0.03,T, = 0.001,T3 = 0.05 with Ny = 200,000 and Ny =
20,000,000 when %y > 1(#; < 1,%Zyx > 1). The HIV infection endemic equilibrium

is given by

&y = (1.2448 x 10°%,0,0,0,1.2194 x 10°,6.2296 x 10°,1.2584 x 10*,0,0,0,0,0,0,0,

0,0,8.3754 x 107,0).

In Fig. 6.7.4, we depict the dynamics of the variables of system (6.2.1). We observe
that, for the given initial conditions and parameter values given in Table 6.7.1, except
Br = 0.0031,a7 = 0.056 with Ny = 200,000 and Ny = 100,000,000 when %, >
W%, > 1,Zy > 1), the model approaches asymptotically the stable two disease
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endemic equilibrium &}, given by

&y = (1.6180 x 10°,3.2068 x 10°,192.6110,2.8364 x 10°,1.1805 x 10*,5.4599 x 10%,
1.1346 x 10°,10.5859, 15.9435,9.0022 x 10°,31.2131,141.7686, 1.5233 x 10°,

81.2780,248.4165,7.6077 x 10, 4.1876 x 10%,9.4553 x 10°).

Comparison

In Table 6.7.2, Table 6.7.3, Table 6.7.4, Table 6.7.5, numerical results about convergence
of Euler, RK4 and NSFD schemes for different time step-sizes are presented. It can
be observed that the NSFD scheme converges to the correct equilibrium point for
large ¢, and preserves the positivity of the model state variables see Fig. 6.7.1, so the
NSFD scheme is unconditionally positive. The other numerical methods converge to
the correct endemic equilibrium for small step-size and diverge for larger ¢ see Fig. 4.
In addition, Table 6.7.6, Table 6.7.7, Table 6.7.8, Table 6.7.9, provide the spectral radii
for the forward Euler and NSFD schemes for different values of /. It can be seen from
the NSFD scheme, these radii are less than one for every value of the time step size.
This implies the NSFD scheme is unconditionally convergent to the correct equilibrium

point.

6.8 Discussion and conclusions

A mathematical model for AVL-HIV co-infection incorporating treatment of both dis-
eases as a control mechanism was presented as a system of eighteen ordinary differential
equations. We first analyzed the single infection steady states, calculate the basic re-
production number, and then investigated the existence and stability of equilibria. We
then analyzed the co-infection model. The AVL sub-model undergoes the phenomenon

of backward bifurcation when the associated reproduction number of the AVL sub-
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model (denoted by Zp) is less than unity. It was shown that, there is no backward
bifurcation if b; = 0, that is, if there is no bite of a female sandfly on human (avoid
being outside at dusk to dawn, wear protective clothing, use bed nets, etc). Further
if Iy, = 0, that is, if we can control the number of vector population (with insecti-
cide spray, use of insecticide-treated nets, etc). Thus, it was shown that the backward
bifurcation in the AVL sub-model is a result of the combined effect of biting rate,
recruitment rate and probability of transmission from infectious sandflies to humans
during bite.

The global stability of the disease free equilibrium of the HIV sub-model was shown
with a suitable Lyapunov function. The endemic equilibrium of the HIV sub-model is
shown to be locally asymptotically stable using the centre manifold theory. Further, the
global stability of the disease free equilibrium of the AVL-HIV co-infection is shown.
It was shown that the possibility of backward bifurcation for AVL-HIV co-infection
model.

We then designed and analyzed a novel NSFD scheme, based on nonlocal approx-
imations for the nonlinear terms and use denominator functions, to approximate the
solutions of the AVL-HIV co-infection model. Then a thorough stability analysis is
provided. Comparisons are made with the other classical methods such as Euler and
Runge kutta fourth-order. Euler and RK4 methods diverge and produce negative re-
sults for several time step-sizes. They only converge to the correct steady state when
the time step-sizes are relatively small. However, the NSFD scheme converges to the
correct steady state irrespective of the time step-size. It is concluded that the proposed
NSFD scheme is unconditionally convergent and satisfies all the essential features of

the continuous model.
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Table 6.2.2: Parameters used in the system (6.2.1) and their interpretation.

Parameter Interpretation

Iy, Iy Constant recruitment rate of humans and vectors, respectively

Wiy oy Natural death rate of humans and vectors, respectively

By Transmission rate of HIV

B, the probability of transmission from infectious sandflies to
humans during bite

Bh, the probability of transmission from infectious humans to
sandflies during bite

b1 Number of bites per human per unit time

by Number of bites per sandfly per unit time

a;(i=1,2,3,4) Recovery rates of symptomatic AVL humans

0:(i=1,2,3,4) Fraction of those who recovered from AVL after treatment

(1—0y) Fraction of those who develop PKDL after treatment

&(i=1,2,3,4) Recovery rates of PKDL humans after treatment

vi(i =1,2,3,4) Recovery rates of PKDL humans humans without treatment

hy Modification parameter for the heterogeneity of HIV infection
between susceptible humans and humans infected with AVL

hs Modification parameter accounting for the heterogeneity of HIV
infection between humans with PKDL and those without

Uy, Vi, g Modification parameter for the increase in AVL infectiousness
of treated, HIV-infected and AIDS humans respectively in
comparison to humans with no HIV infection

Gi,wi(i=1,2,3) Modification parameters for the increase in infectiousness

0;(i =1,2,3,4) Progression rates of HIV-infected humans to treated classes

ki(t =1,2,3,4) Progression rates of AIDS humans to treated classes

wi(t =1,2,3,4) Progression rates of treated humans to HIV-infected classes
due to treatment failure

0i(i=1,2,3,4) Progression rates of treated humans to AIDS classes due to
treatment failure

vi(i =1,2,3,4) Progression rates of HIV-infected humans to AIDS classes

O, or, Disease-induced death rate for humans

Cils Cit» Cia Modification parameters for the increase in mortality due to AVL
for dually-infected humans in comparison to mono-infected
humans

Q Modification parameter for the decrease in mortality due to ATDS
for treated humans in comparison to AIDS developed humans

Gia Modification parameter for the increase in mortality due to AIDS
for dually-infected humans in comparison to mono-infected
humans

Ty, To, T3 Relapse rate of co-infected individuals after recovered from VL

,72,73

Relapse rate of co-infected individuals after recovered from VL
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Table 6.7.1: Parameters values used in the numerical simulations.
Parameter Value
Iy, Iy 0.0015875 x Ny, 0.299 x Ny
WH, [y 4.7096 x 1075, 0.0714
Br 0.1726 x 1073
Buns Bh, 0.3, 0.025
b1, by 0.22, 0.0714
aq, o, az, oy 0.56, 0.334, 0.4, 0.1
o1, 09, 03, 04 0.64, 0.06, 0.2, 0.04
&1, &, &3, &4 0.33, 0.2, 0.1, 0.1
v, Vo, 13, vy  0.00556, 0.0033697, 0.0016848, 0.0016848
hi, hs 1.2, 1.9
Wi, Vi, Yo 1.2, 1.5, 1.5
G, G, G3 1.2, detred=R
w1, W, Ws 1. 2ope o i
0., Oy, 05, 0,4 0.00767, 0.0024, 0.0035, 0.00547
K1, Ko, K3, kg 0.0043836, 0.0012, 0.0022, 0.0035
Y1, Y2, Y3, wg 0.0011507, 0.003, 0.002, 0.0011507
01, 02, 03, 04 0.00003288, 0.00006, 0.00005, 0.00003288
Y1, Y2, V3, Y4 0.000342466, 0.591783408, 0.483904458, 0.00188698766
o4, Op, 0.0005206, 0.011
Cily City Cig el 20
Qs Gia R e i
Ty, T2, T3 0.31, 0.01, 0.3
M, M2, N3 03, 001, 0.5
Table 6.7.2: Numerical convergence to the DFE &, when #Z;, = 0.2261,Zy =

0.2284, %, = 0.2284 < 1.

14 Euler RK4 NSFED
0.001 Convergent Convergent Convergent
0.005 Convergent Convergent Convergent
0.006  Divergent Convergent Convergent
0.007  Divergent Convergent Convergent
0.008 Divergent  Divergent Convergent

1 Divergent  Divergent Convergent

10 Divergent  Divergent Convergent

100 Divergent  Divergent Convergent
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Fig. 6.7.1. Stable disease-free equilibrium of system (6.2.1) using NSFD scheme
(6.6.2) for given parameter values in Table 6.7.1, except Sy = 0.0031,6; = 0.0767, 0y =
0.024, 6035 = 0.035, 04 = 0.0547 with Ny = 200,000 and Ny = 20,000,000 when ¢ = 0.1
and Zy = 0.2284, %1, = 0.2261, %, = 0.2284.

http://etd.uwc.ac.za/
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Fig. 6.7.2. Stable AVL endemic equilibrium of system (6.2.1) using NSFD scheme
(6.6.2) for given parameter values in Table 6.7.1, except Sy = 0.0031, 6, = 0.0767, 0y =
0.024, 05 = 0.035, 0, = 0.0547 with Ny = 200, 000 and Ny = 100,000, 000 when ¢ = 0.1
and Zy = 0.2284, %1, = 1.2010, %, = 1.2010.

http://etd.uwc.ac.za/



CHAPTER 6. CONSTRUCTION AND ANALYSIS OF AVL-HIV CO-INFECTION
MODEL AND ITS ROBUST SIMULATION USING NONSTANDARD FINITE

DIFFERENCE SCHEME 223
x10°
_, 100
>
- <
S =
E S 80
2 8
3 8 60
<@ c
2 »
o ©
8 g
1 >
w 2
- 20
. . . . . ) 5 B
0 100 200 300 400 500 600 0 00 00 ) 500 00 500 600
) Time (years)
Time (years)
70 T T T T T X 104
60 18
16
= @
g 50 S 141
o k<]
= > L
= 40 = 12
5 2
. g
S 30 2
g 3 st
= =
220 > 61
T
10 4r
2 -
0 100 200 . 300 400 500 600 0 100 200 300 400 500 600
Time (years) Time (years)
x10%
2 F
%)
o
<
©
g 1.5
o
S
£
>
2]
o 1r
£
S
o
<
(%]
)
g 05F
°
=
©
£
0 100 200 300 400 500 600

Time (years)

Fig. 6.7.3. Stable HIV endemic equilibrium of system (6.2.1) using NSFD scheme
(6.6.2) for given parameter values in Table 6.7.1, except Sy = 0.0031,7; = 0.031, 7, =
0.001,n73 = 0.03,7y = 0.03,T, = 0.001,T3 = 0.05 with Ny = 200,000 and Ny =
20,000,000 when ¢ = 0.1 and Zy = 1.6085, Z;, = 0.2261, %, = 1.6085.
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Fig. 6.7.4. Stable two disease endemic equilibrium of system (6.2.1) using NSFD
scheme (6.6.2) for given parameter values in Table 6.7.1, except Sy = 0.0031,a; =
0.056 with Ny = 200,000 and Ny = 100,000,000 when ¢ = 0.1 and Zy =
1.6085, Z;, = 1.2010, %, = 1.6085.
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Table 6.7.3: Numerical convergence to the AVL-infection EE &} when %, =
1.2010,Zy = 0.2284, %, = 1.2010 > 1.
14 Euler RK4 NSFD
0.001  Convergent Convergent Convergent
0.003 Convergent Convergent Convergent
0.0045 Divergent Convergent Convergent
0.006  Divergent  Divergent Convergent
1 Divergent  Divergent Convergent
10 Divergent Divergent  Convergent
100 Divergent  Divergent Convergent

Table 6.7.4: Numerical convergence to the HIV-infection EE
0.2261, Zy = 1.6085, Z, = 1.6085 > 1.
14 Euler RK4 NSFD
0.001 Convergent Convergent Convergent
0.005 Convergent Convergent Convergent
0.006 = Divergent  Convergent Convergent
0.008 Divergent  Divergent Convergent
1 Divergent  Divergent  Convergent
10 Divergent Divergent  Convergent
100 Divergent  Divergent Convergent

& when Zj,

Table 6.7.5: Numerical convergence to the two disease EE &7y when Z#
1.2010, Zy = 1.6085, %y = 1.6085 > 1.
14 Euler RK4 NSFD
0.001  Convergent Convergent Convergent
0.003 Convergent Convergent Convergent
0.0045 Divergent Convergent Convergent
0.006  Divergent  Divergent Convergent
1 Divergent  Divergent Convergent
10 Divergent Divergent  Convergent
100 Divergent  Divergent Convergent
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Table 6.7.6: The spectral radii of the Jacobian matrix corresponding to the DFE of
Euler method and NSFD scheme when Zy = 0.2284, %, = 0.2261, %, = 0.2284.

14 p(Euler) p(NSFD)
0.001  0.9999 0.9999
0.01  2.5870 0.9998
0.1 3.4870 x 10" 0.9985
1 3.5770 x 10> 0.9850

10 3.5860 x 10 0.9468
100 3.5869 x 10* 0.9467

Table 6.7.7: The spectral radii of the Jacobian matrix corresponding to the AVL EE
of Euler method and NSEFD scheme when Zy = 0.2284, %, = 1.2010, %, = 1.2010.

14 p(Euler) p(NSFD)
0.001  0.9999 0.9999
AN — i 0.9999
0.1 3.4870 x 101 0.9993
1 3.5770 x 10> 0.9937

10 3.5860 x 10% 0.9478
100 3.5869 x 10* 0.9391

Table 6.7.8: The spectral radii of the Jacobian matrix corresponding to the HIV EE
of Euler method and NSFD scheme when Zy = 1.6085, %, = 0.2261, %, = 1.6085.

14 p(Euler) p(NSFD)
0.001  0.9999 0.9999
0.01  2.5080 0.9994
0.1 3.4080 x 10! 0.9949
1 3.4980 x 10> 0.9673

10 3.5070 x 10 0.9372
100 3.5079 x 10* 0.9385

Table 6.7.9: The spectral radii of the Jacobian matrix corresponding to the EE of Euler
method and NSFD scheme when Zy = 1.6085, %, = 1.2010, %, = 1.6085.

14 p(Euler) p(NSFD)
0.001  0.9999 0.9999
0.01  2.5078 0.9998
0.1 3.4078 x 10! 0.9983
1 3.4978 x 10> 0.9903

10 3.5068 x 10 0.9664
100 3.5077 x 10*  0.9554




Chapter 7

Analysis of AVL-HIV co-infection
model using geometric singular

perturbation theory

Globally, anthroponotic visceral leishmaniasis (AVL) and human immunodeficiency
virus (HIV) co-infection is a major public health problem. The dynamic of AVL disease
in our communities is usually faster than the dynamic of the HIV epidemic. In this
chapter, we use the geometric singular perturbation method to sub-divide, investigate
and analyze a model of AVL-HIV co-infection. The full model is divided into two sub-
models: one characterized by a slower dynamic of HIV transmission and the other by
the fast dynamic of AVL disease. The focus here is on the slow dynamic model (HIV),
and a comprehensive stability analysis is performed. We find the basic reproduction
number and show the stability analysis. The model presented in this chapter is the
same as the one presented in Chapter 6. The aim of this chapter is to present the
analysis using geometric singular perturbation theory. We will, therefore, not add any

additional numerical results.
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7.1 Introducton

Geometric singular perturbation theory has been used successfully to sub-divide, in-
vestigate and analyze slow-fast systems in various fields, including epidemiology. In
[88], two mathematical models of malaria with relapse are studied, and the geometric
singular perturbation theory is used to analyze the full dynamics. Goufo et al. [64]
studied a co-infection model for the dynamics of HIV and TB. They applied the geo-
metric singular perturbation approach to subdivide into slow dynamic for HIV and fast
dynamic for TB infection. They showed the possibility of establishing and analyzing
the dynamics of the original model by only studying the reduced one.

In this chapter, we consider the AVL-HIV co-infection model that can be grouped
into a class of two-time scale problems. Using the geometric singular perturbation
techniques, the model is approximated by two simple subsystems whose dimensions
are much lower. These are the fast (AVL) and the slow (HIV) models. We find the
basic reproduction number and analyze the stability of the slow (HIV) model.

The chapter is organized as follows. In Section 7.2, the two-time scales model is
developed. The slow model is presented and analyzed in Section 7.3. Finally, in Section

7.4, we present some discussions on these results and draw relevant conclusions.
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7.2 A model with two time scales

Let us consider the model presented in the previous chapter:

Sy =Ty — (AL + Au)Su — puSH,
I, = ALSy — haAgly, — (o + pg +61) 17,
Pp=(1—o)ail, — hodygPr — (&4 v1 + p) P,
Ry =oionly + (& + 1) Py — Ag Ry — pn Ry,
Iy = AuSu + 1Ty — vidp Iy — (1 + 01 + p) I,
Ty = 011y + 1 Am — AT — (01 + 01 + pr + 404) T,
Ap =yly+ 01Ty — YadpAg = (51 + i +04) A,
I = hidgIp + VidpIy +@alip + mBRpg — (o + 02 + o + par + cadr) I,
Pry = hodu Py + (1 —o9)asliy +@aPrp + TRy — (3 + 03+ & +vo + py) Pru,
Rip = AgRp + oscnlpp + (o +12)Pra+@aRer — (va + 04 +m + 7T+ puu)Rem,
Ir = WAL Ty + 0oy + kalpa + moRer — (@2 + 00+ 03 + pur + @64 + citdr) I,
Prr = (1—03)aslpr + 03Py + ksPra +TRip

— (w3 + o3+ &+ 3+ pup +qoa)Prr,
Ry = osa3lpr + (&3 +v3)Prr + 04 Ry + kaRpa

— (pa+o1+m2+ T2+ pu +qda)Rer,
Ina =Y\ Ay +%elin + 02lir +m3Rea — (K2 + au + py + Giada + iadr) 14,
Pra=(1—o04)oulpa+ 3Py + 0sPrr + TsRpa — (ks + &+ va + g + 64) Pra,
Rpa = osaulpa+ (§a+va)Pra+vaRoy + 0aRor — (Ka + 3+ T3 + pig + 64) Ria,

Sy =Ty — A\ Sy — uyv Sy,

Iy = \vSy — pv Iy,
(7.2.1)
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where the infection rates are

Iy
AL = By bi—,
L Bu, LN
_ (It + Pp) + Qe + Prr) + G + Por) + G3(Ipa + Pra)
AV - /BhvbQ N ;
H
. Iy + Ry +wi(Ag + Rpa) +we(Iog + Pop) +ws(Ipa + Pra)
)\H - BH N )
H
and

Ny = Su+Ip+Po+Ry+1g+Tu+Ag+ Iy + Pog + Reg + I + Prr
+Rrpr+ Ipa+ Pra+Rra

Ny = Sy+1y.
The total population sizes Ny and Ny can be determined from the differential equations

Ny = Ty —pgNg— (O0rdp + q0aTH 4+ 0aAl + cudrloy + (@ + cudp) o7
+@0aPrr + @daRrr + (a0 + €ia0r)Ipa +04Ppa + 0aRpA)
Ny = Ty — uyNy.

We identify the HIV /AIDS infected compartments and denote their sum as

H=Ip+Ty+Ag+ Ity + Py + Reg +Ipr + Por + Rep + Ipa + Pra+ Rpa.

To simplify the analysis, we scale the system (7.2.1) by the total population sizes

in each class of the population. Let

sy Lo P o Ry g, Tho o Am
SH NH,ZL NH’pL NH,TL NH,ZH Ny’ H Ny’ H Ny’
iLHZIL—H pLH:@ TLH:@ iLT:L:_T pLT:@ TLT:@
Ny’ Ny’ Ny’ Ny’ Ny’ Ny’

Ira Pra Rra Sy . Iy

iLA:N_H7pLA:N_H>TLA:N_H7 SVZN_V7ZV: NV.
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Also let m = Ny /Ng be the female vector-human ratio that is considered constant

[49]. Hence,

Sg+ip+pr+rp+ig+tg+ag +ipy +pre +roe +icr P+ T

+ipa+pra+roa=1

and sy + ¢y = 1, which implies sy = 1 — iy, If we denote by A the part of the
population infected with HIV then,

A:N—:ZH+tH+6LH‘HLH+pLH+T’LH-HLT-H?LT-H“LT+ZLA+PLA+TLA-
H

It follows that

ag =A— (ig +tg +iryg +prg + 7o +irr +por + 1o +iga +pra+rra)
and
SH:1—(Z'L+PL+7“L—I—A).

After a time ¢ differentiation and simplification (7.2.1) reduces to the following equiv-

alent system:
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ip = Mo(1 = (ip 4+ pp +7r + A)) — hadgip — (ag + 01)ip — Qig,
pr = (1 — o1)arip — hodgpr — (§1 + v1)pr — Qpr,
1L = oraqir + (& +vi)pr — Aurn — Qr,
in = Ag(1— (i +pr+7r0+A) + ortg — Yidrin — (1 + 01)in — Qin,
iy = 01ig + Kkiag — Y-ty — (o1 + 01 + @0a)ty — Qtu,
irn = hidgip + vidping + @oipr + mrim — (V2 + 02 + o2 + cadp)iLy — Qipn,
Pra = hodupr + (1 — 02)agipy + w3prr + Tirpw — (v3 + 03 + & + v2)prw — Qpru,
P = Aurp + o2oipg + (§2 + vo)prm + parey — (Ya + 04 +m +T)rig — Qrrm,
it = Yedpty + Oaipy + Koipa + marpe — (924 02 F o3 + (@64 + cdr))irr — Qirr,
prr = (1 — o3)asipr + Osppy + kspra + Torer — (03 + 03 + & + v + qda)prr
— Qprr,
rrr = osasipy + (§3 + v3)prr + O4rpg + Karpa — (M2 + To)ror — (@4 + 04 + @da)TLT
— Qrrr,
ira = YaArag + Yairy + 02irr + n3rra — (K2 4+ 4 + (Gia0a + iab1))ina — Qipa,
pra = (1 —o4)auira +v3pru + 03prr + T3rpa — (K3 + &+ va + 04)pra — Qpra,
Fra = oauipa + (§a + va)Pra + Varom + 0arpr — (M3 + T3)7pa — (Ka +04)7La
— Qrra,
A= Ar(l = (ip +pr+ 711+ A) + ldgiz + hodgpr + Agrp + 01i, —d — QA
Ny =Ty — pg Ny — dNy

Ny =My — pyv Ny,
(7.2.2)
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where
Iy
= — —d
Q N,

d = 0pir+ qdaty + daany + cudrioy + (qda + cidr)ipr + @oaprr + GoarLr

+(qiada + CiaOr)ipa + 0apra + 0arLa
and

AL = By, bimiy,
Av = Buba[(in +pr) + Glicr +prr) + Glicy + pru) + G3(ipa + pra)l,

Aw = Pulin +rop+wilag +roa)+walicy + pru) + ws(ipa +pra)l -

The total population sizes Ny and Ny can be determined from the differential

equations

Ny = Ty — pgNy — (0pl + 0Ty + 04Ag + cudrly + (qda + cudr) o7
+@0aPrr + qoaRrr + (¢iada + €ia0r)pa + 04Pra + 0aRLA)

Ny = Iy — uyNy.

We have the following feasible regions I' = 'y x I'y,, where the co-infection model

makes biological sense

FH - {(iLapL7TL7tH7aHviLH7pLH7TLH7iLTapLT7TLT77:LA7pLAJTLA7AJ NH) € R+16 :
i, +pr+rp+tg+ag +irg +prg +rg +ipr + P+ +ina
+pra+rpa < Ltg+ag < 1,igg +ipr +prr + 1o +ia +pra

~ 11
—H”LASASLNHS—H}
129;

II
I'y = {(iv,Nv)€R+2:0§@'V§ 1,Ny < _V}
120%
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Because the HIV infection parameters (8y, 5, 0;, £, ©;, 0j,04)(where j = 1,2, 3,4),
the AVL induced death rate (01) and the demographic parameters (Ily, g) are on the
order of years, we can define a slow time scale that is related to the HIV only disease
and the associated demographic movements. The singular perturbation problem that
we consider is characterized by two time scales, slow time t, and fast time ¢. Then
we can define their relation by ¢ = t;/e. Because AVL disease in our community is
usually much faster than the HIV epidemic, we consider the parameter ¢ to small, that
is 0 < ¢ < 1. Hence, model (7.2.2) of AVL-HIV co-infection can be broken down into
two sub-models, one of which represents the slower dynamic of an HIV transmission
and the other representing the fast one describing the AVL infection. We follow a
technique similar to [54]. Let

2 _Ba _ v sl iR ey 0 5 04z Op

H — 77J:_j79]:_]7/€]:_]790]:_j7 j:_Ju(SA:_75L:_7
£ g & g g £ g

7 II i

Therefore, the model (7.2.2) becomes

dyy _
dt
dYs
dt

O(Yy, Y, e) = (Y}, Yy) + e@'(Y,Ys) (7.2.3)

= O(Y},Yae) = ©°(Y,Y,) + €01 (Y}, Y,),
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where

ir
br
rL
Iy
lu
ILH
PLH
L
iLT
prr
rLr
irA
Pra
TLA

ly

(Y}, Y;)

AL(L = (ir, +pr + 7+ A)) — anig,
(1 —o1)anip — (&1 +v1)pr
oronip + (& +v1)pe
—iALig
—th ALty
Yidpig +mrog — Qeirg
(1 —o2)anipy +Tireg — (&2 + v2)pLo
oa0irg + (§2 + v2)pra — (M + T)ree
Ui ALty + marpr — asipr
(1 —o3)azipr + Torpr — (§3 + v3)prr
osasipy + (§3 + v3)prr — (02 + T2)ror
YaAram + n3rpa — Quipa
(I =o4)auira+ tsroa — (4 +va)pra
agoyipa + (o + V4)pLA£ (73 +T3)rLa

v

Av(l F iv) - N—V’iv

Iy — py Ny
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—hidgip — 0pip — Qig
—hgj\HpL — Qpr
Y QTL
An(1=(ip +pr+re+A) + @ity — (71 + 01)in — Qin
Ovig + Frag — (P1+ 01 + @0a)tn — Qtu
hAmis + @oipr — (2 + 02+ cadr)icy — Qirn
hodupr + @sprr — (33 + 03)pLr — Qe
Aury + @arpr — (Y + 0 — Qron

(YY) =] ) B} _ :
Ovirm + Roipa — (@2 + 02 + (q0a + citdr))ivr — Qipr
Osprm + Rapra — (@3 + 03+ q:04)prr — Qprr
Osrrm + Rarpa — (@1 + 01+ @04)rir — Qrir
Yoipw + O2ipy — (R2 + (¢iaba + CiaOr))ina — Qira
Yspru + 0sprr — (s +04)pra — Qpra
urrir + 0arrr = (Fa +04)rLa — Qrra
0
0
Y, = . OV Y) = ,
Ny
o1, ) - Ao (1= (0= miz + (U= ho)py + A) ) + Bpip — d - QA

Iy — guNy — dNy
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where
_ Iy
_ g
Q N,
d = 0pir+ qdaty +0aany + cudripy + (q0a + cidr)ipr + @oaprr + GoarLr

+(qiada + CiaOL)ira + 0aPLA + 0ATLA.

In (7.2.3), € is assumed to be small enough and then, the components of Y, namely
(A, Ng) are called slow variables while those of Y} are called fast variables.

d d
Changing the time scale using t; = €t, we get — = e— and the model (7.2.3) can

dt dt,
be reformulated as:
de o _ &0 1
€ o O(Yy,Ys,e) = (Y, Ys) + @ (Y, Y) (7.2.4)
dY 0 1
Edt = @(Yf,ys,ef) =0 (Yf,ys) + 0 (Yf,Y;).

This model (7.2.4) is called the slow system can be distinguish from the fast system
(7.2.3). Both models are equivalent as long as € # 0. It is possible to naturally associate

every scaling present here with its limit when € — 0 to obtain the fast sub-system

dy’
d—tf = ®(Y},Y,,0) = ®°(Y;,Y5) (7.2.5)
dy;

dt = @(Yf,YS,O) - GO(YﬁYS)?

and the reduced system [56]

0= ®(Y},Ys,0) = ®°(Y}, V) (7.2.6)

dY,
TR O(Y;,Ys,0) = ©'(Y;,Y,).
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It represents a differential model that describes the evolution of the slow variable
constrained to the set ®(Y},Ys, 0) = ®°(Y;, Y;) (which also represents the set of critical
points for (7.2.5).

In the next section, we focus to slow dynamics of HIV in its co-infection with AVL.

7.3 Analysis of the reduced model associated with the
DFE of the fast model

Assume a two-dimensional manifold .#, that is contained in the set ®(Y},Y;,0) =

0 that is compact and normally hyperbolic, meaning that the eigenvalues A of the

0(Yy, Y5, 0)
aggum

axis. Hence, .4, also known as critical manifold (see [82]) persists as a locally invariant

slow manifold .Z. of the full model (7.2.3) that is O(e) close to .#,. The flow (7.2.3)

Jacobian matrix are uniformly bounded away from the imaginary

restricted to .. represents a small perturbation of the flow generated by (7.2.6). Now
if

My ={(Ys,Y,) eER™: Yy =po(Yy)},

hence the slow manifold .Z. (perturbed manifold) is defined by a perturbation p.(Ys)
of po(Y;) given by

= (VY € B Y= ().

and the substitution into the slow model (7.2.4) yields the flow on .Z. given by

dYy
dt

= @(pa(Y:s)7 YS? 5)'
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Now let
pe(Ys) = po(Ys) + epa(Ys) + O(e7),
define the perturbed manifold .Z° by the graph
M= {(Y5,Ys) € R Yy = pL(Y0), Yy 2 0,Y, 2 0F,

with po(Ys) = pd(Ys) seen as the disease free equilibrium [56, 82]. Obviously, the
manifold .Z? is invariant under the flow of (7.2.3) if

ope

5y (O°(PL(Y5), Vs, €) + 20 (p2(Y5), Y, €)) = DUpe(Ys), Vi) + €@ (pL(Y5), Vs )

(7.3.1)

The expansion of (7.3.1) around py(Y;) and putting the terms of different orders of
€ together yield

O(1) ' 1€%po(Ys)) =10

02) : (0 (po(Ys))pr =0

Because (0°)(po(Ys)) # 0 follows p; = 0 and this leads to the approximated perturba-

tion
p2(Ys) = po(Ys). (7.3.2)

Recall that for ¢ = 0, the slow dynamic on .Z_ is instructed by the limit model
(7.2.6). For sufficiently small nonzero ¢, the flow on .Z2 is a perturbation of this flow,

that can be approximated by inserting Yy = p2(Y;) with p?(Y;) given by (7.3.2) into
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the equation for Y, that is
dY
T O(Yjo,Y;,0) = ©'(Yyo, V). (7.3.3)

Hence, we have established the slow dynamics of HIV given in (7.3.3) which is

equivalent to the following model that describes the dynamic when there is no AVL

disease.
dA - . ~ - Iy -
— = Al —-A)— (1 - A)d,A— —A .34
G = Ore A= A) — (1 - A)5ad - 37 (7.3.4)
dN _ _ .
dtH:HH—[LHNH—éAANH.

System (7.3.4) describes the community in the absence of AVL disease. Which is

equivalent to the HIV-only model.
Theorem 7.3.1. If the initial condition is non-negative then the corresponding solution

(A(ts), Ny (ts)) of model (7.3.4) is non-negative for all t, > 0. Moreover,

5 IT
lim A(t,) <1 and lim Ny(t,) = —2Z.
HH

ts—00 ts—00

Further, we have the following invariance properties:

i. If A(0) <1 then A(t,) <1,
I1 II

ii. If Ny (0) < =2 then Ny(t,) < —2.
HH HH

In particular, the region
QH:{(A,NH>ER+2OSASLOSNHS_H}’
H

18 positively invariant.
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Basic reproduction number

- II
The DFE of the HIV-only model (7.3.4) is given by E? = (A% N}) = (0, —H)
12974

The linearization of the system (7.3.4) around Ej leads to the Jacobian matrix

Ble - ﬂff - 5,4 0
04 _
- —HH
HH

The matrices for the new infection terms (F) and the other terms (V) respectively

should be considered as

FZ(BHW1>andVZ(ﬂH+SA>7

then the spectral radius, p, of the matirix, FV " will be the basic reproduction number

K= p(FV_l) 5 _BH—Wl—
firr + 04
Theorem 7.3.2. The DFFE of slow reduced HIV system (7.3.4) is locally-asymptotically

stable if Zs < 1, and unstable if Zs > 1.

Proof. The Jacobian matrix of the linearized system of (7.3.4) around the DFE is given
by

Brw, — ﬁlj —64 0
Jo = ﬁHgA
HE

—HH

The eigenvalues of Jy are \; = —jig and Ay = Byw) — figr — 64 = (figr + 64)(%s — 1).
It implies that A\; < 0 and Ay < 0 if and only if Z, < 1. Hence, we conclude that
the DFE of model (7.3.4) is locally-asymptotically stable if Z; < 1, and unstable if
X, > 1. O
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Theorem 7.3.3. The DFE E° of the slow reduced HIV system (7.8.4) is globally-

asymptotically stable whenever Zs < 1.

Proof. Consider the Lyapunov function L = A. The Lyapunov derivative with respect
to ts is given by

dL  dA
dt,  dts
L B - Ty -
= fuw Al —A) — (1 - A)o,A— —A
Ny

_ N - - N N - e~ T -
= BpwiA(1— A) — figA(1 — A) + igA(l — A) — (1 — A)54A — N—HA
H

— (1 = B)A( = Ay = g A — (1 — D)5, A - <@ _ NH) A

Because all the model parameters are nonnegative and 0 < A <land 0 < Ny < —
12054

L L ~

in Qg, it follows that 37 < 0 and the equality ZT = 0 holds when A = 0. Thus
S = S dL

the largest compact invariant set in {(A(ts),NH(ts)) o = O} is {EY}. By LaSalle

invariance principle [87], we can conclude that the DFE E? of system (7.3.4) is globally
asymptotically stable for Z, < 1.

]

The endemic equilibrium (EE) of the slow reduced HIV system (7.3.4) is E* =

. - R -1 Brwilly
A* N5 here A* = d Nj; = = = = .
( 7 H>7 Where K e Brwifig + 0a(fir +04)(%s — 1)

Theorem 7.3.4. The EE of slow reduced HIV system (7.5.4) is locally-asymptotically
stable if Zs > 1, and unstable if Z5 > 1.

Proof. The Jacobian matrix of the system (7.3.4) at the EE E* is given by

B(—BHLU}—O—,BH—F(;A) (Ble—/]H—Ef) B2 (ﬂH—FgA)Q
J* = _ B 1 Bhwi
_ OallufBrwn B (fin +6a) ’

B (fig +6a) Brwi
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where B = fSyw; — 64. The eigenvalues of J* can be calculated as the roots of the

equation
/\2 + al)\ + ag = 0
where

ar = iy + (g + 04) (% — 1),

0 — (i + (fin + 04)(Rs — 1)) (fimr + 04) (R — 1)
2 = 7 '

It follows that a; > 0 and ay > 0 if and only if Z, > 1. Thus, by the Routh-Hurwitz
criteria, the EE of system (7.3.4) is locally-asymptotically stable if Z, > 1, and unstable
if Z, < 1. O

Global stability of EE for special case

In this section, we established global asymptotic stability of the EE of the slow system
(7.3.4) for special case. We restrict ourselves to the case where the disease induced

death of HIV is not too significant (i.e. 4 = 0). Then, system (7.3.4) becomes

7 U |
— = Al—-A)— —A 7.3.5
= Buen A1 - A) - (75)
dNg -
=1y — ity Ng.
dt. H — HHIVH
I dN _
Here in system (7.3.5) Ny =~ — due to —2 =T — [ Np.
122z 4 _ dts
11
The DFE of system (7.3.5) is (O, _—H) and the associated reproduction number is
HH
given by
Ry = Baw:

fig
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%SO —1 1:[H

The EE of system (7.3.5) is B*0 = ( , —
Y ( ) t@so 193;4

), which exists whenever %y > 1.
Remark 7.3.5. It is clear that o = Hs5,—o and E* = E*|5,_.

Now assume
QHOI {(A,NH) < QHZAIO},

and we have

Theorem 7.3.6. The EE, E*°, of system (7.3.5) is globally-asymptotically stable in

H
—— whenever Xy > 1.
Qro

- . A
Proof. Again, consider the Lyapunov function L = A — A0 — A*0In (ﬁ) The

Lyapunov derivative with respect to ts is given by

dr _ dA (A=A®
dt,  dts A

where we have used the fact that iy = Brws <1 — fl*o) at the equilibrium. It follows

dL dL L
that I < 0 and the equality = 0 holds when A = A*0. Thus the largest compact

’ . Oy dL - B 1
invariant set in < (A, Ny) € —= : =~ =0} is the set where A = = and Ny =
- Qpo  dts 50
II
= By the LaSalle invariance principle [87], we can conclude that the EE, E*° of
HH

system (7.3.5) is globally asymptotically stable for Zy, > 1. ]
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7.4 Discussion and conclusions

In this chapter, we have conducted a two time scale mathematical analysis for AVL-
HIV co-infection. The coupling of the processes makes the analysis challenging. Using
geometric singular perturbation techniques, the associated model was approximated
by two simple subsystems whose dimensions are much lower. These are the fast (AVL)
and the slow (HIV) models. We find the basic reproduction number and analyze the
stability of the slow (HIV) model. We find that the disease free equilibrium is both
locally and globally asymptotically stable when the basic reproduction number is less
than unity, and the endemic equilibrium is both locally and globally asymptotically

stable when the associated reproduction number is greater than unity.



Chapter 8

Concluding remarks and scope for

future research

This thesis dealt with the design, analysis, and implementation of robust numerical
methods to solve the mathematical model for the AVL-HIV co-infection. Some con-
cluding remarks on various findings are as follows:

In chapter 2, we formulated a nonstandard finite difference (NSFD) scheme to solve
the Visceral Leishmaniasis disease. We studied the convergence behavior of the scheme
and provided results for different values of the biting rate of sandflies. We showed that
the NSEFD scheme is unconditionally convergent to the correct steady state. In contrast,
the forward Euler and fourth-order Runge-Kutta methods diverge for several time step
sizes. Hence, it can be concluded that the proposed NSFD scheme is more efficient
computationally than other well-known numerical methods.

In chapter 3, we have investigated a model of Anthroponotic Visceral Leishmani-
asis (AVL). Using the geometric singular perturbation theory, the full AVL model is
separated into two sub-models: one with a slower dynamic (human population) and
the other with a fast dynamic (vector population). We reduced the model into a slow
model at the critical manifold. We study the slow system and show that the dynamics

of the full model is determined by the slow system. We then construct and develop a
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NSFED scheme to solve the slow dynamics and compare results with the full dynamics.

In chapter 4, we designed and analyzed a SIAT deterministic model for the trans-
mission dynamics of HIV/AIDS in a community to observe the effect of treatment of
both HIV-infected and AIDS-infected individuals. The stability of the equilibria of
the model is analyzed. The model parameter values are estimated. With the help of
sensitivity analysis, the parameters which has the strongest impact are determined.
Comparisons with numerical simulations revealed that increasing the rate of treatment
of HIV-infected individuals while decreasing the rate of treatment of AIDS-infected
individuals would result in a more than 83% reduction in the prevalence of HIV at the
end of 2030.

In chapter 5, we constructed and developed two classes of NSFD schemes to solve a
SIAT HIV/AIDS presented in chapter 4. The first scheme was based on the discretiza-
tion of nonlinear terms with a standard denominator function, whereas the second
class of methods is based on the nonlocal discretization of nonlinear terms with three
different types of denominator functions which are constructed using more sophisti-
cated approaches. These methods are tested extensively and comparative results are
presented in this chapter.

In chapter 6, we presented a mathematical model for AVL-HIV co-infection that
incorporates the treatment of both diseases. We first analyzed the single infection
steady states, calculated the basic reproduction number, and then investigated the
existence and stability of equilibria. We then analyzed the co-infection model. We
designed and analyzed a novel NSFD scheme based on nonlocal approximations for the
nonlinear terms and used denominator functions to approximate the solutions of the
AVL-HIV co-infection model. Comparisons are made with the other classical methods.
It is concluded that the proposed NSFD scheme is unconditionally convergent and
satisfies all the essential features of the continuous model.

In chapter 7, using geometric singular perturbation techniques, we designed the
two-time scales model for the co-infection and separated it into a fast time scale for

AVL dynamics and a slow time scale for the dynamics of HIV infection. We study
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the dynamics of the slow model associated with the disease-free equilibrium of the fast
model. We found the basic reproduction number and analyzed the stability of the slow
model.

As far as the scope for further research is concerned, we aim to:

1. Design an optimal control model for the AVL-HIV co-infection and study cost-

effective optimal policy.
2. Design higher order methods to solve some of problems considered in this thesis.

3. To further improve the accuracy of the methods using the extrapolation tech-

niques.
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