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Abstract

This work is a detailed study of the paper “Connectedness im kleinen and local connect-
edness in 2% and C(X)” by J. T. Goodykoontz, Jr. Our assumption throughout the study
is that X is a compact connected metric space. We study the hyperspace 2%, of all closed
subsets of X, and C(X), the hyperspace of all connected elements of 2. The hyperspaces
2% and C(X) are endowed with the Hausdorff metric topology and we show that the Haus-
dorff metric topology is equivalent to the Vietoris topology. Our purpose is to study the
connectivity properties of local connectedness and connectedness im kleinen on X and its

hyperspaces.

We show that for M € C(X), 2% is connected im kleinen at M if and only if for each open
set U containing M there is a component of U which contains M in its interior. We also
show that 2 is locally connected at M if and only if for each open set U containing M
there exists a connected open set V' such that M C V' C U. These two results are used to
show the main results. For A € 2%, 2% is locally connected (connected im kleinen) at A
if and only if 2% is locally connected (connected im kleinen) at each component of A.

Finally, we prove the first two results of the paper “More on connectedness im kleinen and

v



local connectedness in C(X)” by J. T. Goodykoontz, Jr. We show that for M € C(X),
2% connected im kleinen at M implies that C(X) is locally arcwise connected at M. The

second results gives a characterisation of connectedness im kleinen in C(X).
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Chapter 1

Introduction

What does the collection of all closed sets inside a space tell about the space itself? This
is the study of hyperspaces. The theory of hyperspaces began in the early 1900’s by F.
Hausdorff (see [3]) and L. Vietoris (see [10]). Later in the 1930’s, S. Mazurkiewicz (see
[S]) and M. Wojdyslawski (see [13]) made advancements in understanding the structure of
hyperspaces. The building of the hyperspaces of a compact and connected metric space, a
continuum, was introduced by J. L. Kelley (see [4]) in 1942. The concept of hyperspaces
has been established for various metric spaces. The significance of continua in hyperspace
theory was only recognized in the 1970’s, although J. L. Kelley had already established

essential facts much earlier that have been crucial to the field.
In this thesis we are working on the paper “Connectedness im kleinen and local connected-

ness in 2% and C(X)” by J. T. Goodykoontz, Jr (see [1]). The author of this paper assumes

many results with many gaps. The main aim of this thesis is to fill in all the gaps and to
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add necessary results to strengthen the understanding of connectivity properties in hyper-

spaces.

In Chapter 2, we lay the foundation of results needed later for our work and most of these

results are found in the book “General topology” by S. Willard (see [12]).

In Chapter 3, we study the topology on the hyperspaces. We start by defining a continuum
X, a compact and connected metric space and its hyperspaces, 2%, a set of all closed sub-
sets of X and C(X), a set of all connected elements of 2% often called subcontinua (see
[8]). We then define a base for a topology on X and in Theorem [3.8] we show that the
collection of the form N(Uy,...,U,), where Uy, ..., U, are open subsets of X forms a
base for the topology on 2% called the Vietoris topology on 2. Furthermore, in Theorem
we show that the form {N(U,)acs}, Where U, is open in X forms a basis for the
neighborhoods, and that is the reason we call them basic open sets. Finally we define the
Hausdorff metric and in Theorem [3.19] we show that it is equivalent to the Vietoris topol-
ogy on 2%. Hence the hyperspaces 2% and C(X) are endowed with the Vietoris topology.

Most of our work is found in (see [6]]).

In Chapter 4, we study the structure of the hyperspaces. As we have defined the basis for
the neighborhoods in chapter 3. In this chapter we define them as basic opens sets and
we study their properties. We then study the relationship between the continuum X and
its hyperspaces 2% and C(X). Furthermore, we define finite sets in 2%, which play a role

in the structure of hyperspaces. Most of the work is found in (see [[6]). Finally we study
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order arcs to understand more on the structure of hyperspaces (see [4]]), which is also an

important concept for this thesis.

In chapter 5, we study point-wise connectivity, local connectedness and connectedness im
kleinen in a continuum X. We then continue to study these connectivity properties in the
hyperspaces of this continuum. In Theorem we show that whenever M € C(X), 2%
is connected im kleinen at M if and only if for each open set U containing M, there is a
component of U which contains M in its interior. In Theorem[5.11] we show that whenever
M € C(X), 2% is locally connected at M if and only if for each open set U containing M
there exists a connected open set V' such that M/ C V' C U. These two theorems are used
to prove the main results of this thesis in Theorem where we show that whenever
A € 2% then 2% is connected im kleinen at A if and only if 2% is connected im kleinen at
each component of A. In Theorem whenever A € 2%, then 2% is locally connected
at A if and only if 2% is locally connected at each component of A. Most of this work is
found in (see [[1]). Furthermore, the author in this paper (see [1]) asks the question: For
M € C(X), if 2% is locally connected at M, is C(X) locally connected at M? We study
his paper “More on connectedness im kleinen and local connectedness in C(X)” (see [2]])

that answers this question.



Chapter 2

Preliminaries

In this section we will provide some results which we will need later. Many of these results

are well-known in the book “General topology” by S. Willard (see [12]).

2.1 Topological Spaces

Definition 2.1. A topology on a set X is a collection 7 of subsets of X satisfying:

1. 0, X e,
2. IfUl,UQ € 7,then U; NU; € 1, and

3. If {Ul’}iel €T, then U U,L €T.

iel
The pair of objects (X, 7) is called a fopological space and the elements of 7 are called

open sets.

Definition 2.2. Let (X, 7) be a topological space. A subset A C X is a closed set if and

only if X \ A is open.



Definition 2.3. Let (X, 7) be a topological space. A subset B C X is clopen if and only

if it is both open and closed.

Definition 2.4. Let (X, 7) be a topological space and £ C X. The closure of E in X,
denoted by E is defined as £ = ({4 C X | Aisclosed and £ C A}.

Theorem 2.5. Let (X, 7) be a topological space and A C X. Then x € A if and only if

for every open set U with x € U, then U N A # ().

Proof. “ —> 7 Suppose that x € A. By contradiction, assume that there is an open set
U with z € U and ANU = (). Since U is open, then X \ U is closed and A C X \ U.
Since A is the smallest set containing A , then A C X \ U which implies that z ¢ A.
Contradiction. Hence, for every open set U with x € U, then U N A # ().

“ <= " Assume that for every open set U with z € U, AN U # (). Suppose that z ¢ A.
Then v € X \ A, and X \ A = U is open and (X \ A) N A = () which implies that

U N A = (). Contradiction. Hence x € A. [ ]

Definition 2.6. Let (X, 7) be a topological space and D C X. Then D is called dense if
and only if D = X.

Definition 2.7. Let (X, 7) be a topological space and £ C X. The interior of E in X,
denoted by Int(F) is defined as Int(F) = |J{B C X | Bisopenand B C E}.

Definition 2.8. Let (X, 7) be a topological space. The boundary of A denoted by Bd(A)
is defined as Bd(A4) = A\ Int(A).

Definition 2.9. Let (X, 7) and (Y, o) be topological spaces and let f : X — Y be a map.

Then f is continuous at x in X if and only if for each open set U containing f(x) in Y,
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there exists an open set V' containing x in X such that f(V) C U. We say f is continuous

on X if and only if f is continuous at each point z € X.

Definition 2.10. Let (X, 7) and (Y, o) be topological spaces and let f : X — Y be a
map. Then f is an open map if and only if for each open set U in X, f(U) is an open set

inY.

Definition 2.11. Let (X, 7) and (Y, 0) be topological spaces and let f : X — Y be
a map. Then f is a homeomorphism if and only f is a bijection, continuous and f~*! is
continuous.

If there exists a homeomorphism between the topological spaces (X, 7) and (Y, o), then

(X, 7) and (Y, o) are homeomorphic. We write (X, 7) = (Y, 0).

Definition 2.12. Let (X, 7) be a topological space and A C X. The collection 7/ =

{AN B | B € 7} is the subspace topology on A. We say that A is a subspace of X.

2.2 Compactness

Definition 2.13. Let (X, 7) be a topological space and A C X. Then {U; };c; C 7 is an

open cover of Aif and only if A C J,.; U.

Definition 2.14. Let (X, 7) be a topological space and A C X. If {Ug} g is a cover of
A, then {U, }ac is said to be a subcover of Aif and only if J C I and A C |J,.; Us.

Definition 2.15. A topological space (X, 7) is said to be compact if and only if each open

cover of X has a finite subcover.



Theorem 2.16. Let (X, T) be a topological space and let A C X. If (X, T) is compact

and A is closed, then A is compact.

Proof. Let (X, 7) be a compact topological space and let A be closed in X. We want
to show that A is compact. Let {U;}ic; be an open cover of A. Then A C J,., Ui.

We have X = AU(X\A) C U,.; Ui U (X \ A). Since A is closed, then X \ A is

i€l
open. Thus {U;} U (X \ A) for each i € I is an open cover of X. Since X is compact,
there exists o, ...,q, such that X = (U, Us,) U (X \ A). Then A = AN X =
AN (U Ua, UK\ A)) = (ANUL, Ua) U(AN (X \ A) = AN UL, U, Hence

Ui, Us, is a finite subcover of A. Therefore A is compact. |
Theorem 2.17. The continuous image of a compact space is compact.

Proof. Let (X, 1) be a compact topological space, (Y, o) be a topological space and let
f : X — Y be continuous and onto. Suppose that {U;};c; is an open cover of Y. Then
Y C U;e; Ui Ttfollows that X = f~1(Y) C [ (U,;c; Ui) = U,e; £ (U;) and since f
is continuous, then {f~'(U;) }icr is an open cover of X. Since X is compact, then there
exists o, ..., a, suchthat X = (JI | f~1(U,,). Then Y = f(X) = f(U, /' (Us,;)) =

Ui, f(f71(Us,)). Since f is onto, then f(f 'Us,;)) = U,,. Hence {U,,}?, is a finite

subcover of Y. Therefore Y is compact. |

2.3 Separation Axioms

Definition 2.18. A topological space (X, 7) is a T} — space if and only if for every pair
of distinct points x,y € X, there exist open sets U and V' such that x € U and y ¢ U and

yeVandz ¢ V.



Theorem 2.19. A topological space (X, 1) is a T\ — space if and only if every singleton

set in X is closed.

Proof. © — 7 Let (X, 7) be al; — space and let x € X. For each y € X with y # z,
there is an open set U, containing y but not z. It follows that X \ {z} = U cy\ 1) Uy
which is open. Hence {z} is closed.

“ <= 7 Assume that every singleton {z} is closed. Let x,y € X such that x # y. Then
{y} is closed in X which implies that X \ {y} isopenand x € X \ {y}, buty ¢ X \ {y}.

Hence X is a 17 — space. ]

Definition 2.20. A topological space (X, 7) is a T — space (Hausdor f f space) if and
only if for every pair of distinct points x and y in X, there are disjoint open sets U and V'

in X suchthatx € Uandy € V.

Definition 2.21. A topological space (X, 7) is regular if and only if whenever A is closed
in X and x ¢ A, then there are disjoint open sets U and V such thatx € U and A C V.

Evidently, every 75 — space is 77.

Theorem 2.22. A topological space (X, T) is regular if and only if for each open set U in

X with x € U, there exists an open set V such that x € V C VCUu.

Proof. © — 7 Suppose that (X, 7) is regular, and U is an open set in X and x € U.
Then X \ U is closed in X and x ¢ X \ U. Since X is regular, there exist disjoint open
sets V and W such thatz € V and X \ U C W. Then X \ Wisclosedand V C X \ W
since VW = (). Hence V C X \ W. But X \ U C W which implies that X \ W C U.
Therefore V C U.

“ < 7 Letx € X and A be closed in X such that x ¢ A. Then X \ A is open and
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contains . There is an open set V such that V. C V C X \ A. It follows that X \ V is
open. Then V and X \ V are non-empty disjoint open sets withz € Vand A C X \ V.

Hence X is regular. n
Theorem 2.23. Let (X, T) be a topological space. If (X, T) is Ty, then regular —> Ts.

Proof. Suppose that (X, 7) is regular and 7;. Let x,y € X such that x # y. Then {y}
is closed. There exist disjoint open sets U and V' such that z € U and {y} C V. That is,

reUandy € Vand U NV = (). By Definition [2.20] it follows that X is T5.

2.4 Connectedness

Definition 2.24. A subspace A of a topological space (X, 7) is disconnected if and only
if there are non-empty disjoint open sets U and V' in A such that A = U U V. We then say
that A is disconnected by U and V. When there is no such a disconnection, we say that A

is connected.

Remark 2.25.

1. If A= UUYV, where U and V are non-empty disjoint open sets in A, then A =
(ANU)U(A\V). Thus A\U = Vand A\ V = U are closed sets in A which

implies that U and V are clopen sets in A.

2. If X = UUV, where U and V' are non-empty disjoint open sets in X, thenif C' C X
is connected, it follows that C' = (CNU)U(CNV). Hence CNU = for CNV = ().
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This means that C C (X \U) = Vor C C (X \ V) = U. Therefore C C U or
CcCV.

Theorem 2.26. Let (X, T) be a topological space, and let E C X. If E is connected, then

E' is connected.

Proof. Suppose that E = H U K, where H and K are non-empty disjoint open sets in E.
Then E=ENE=EN(HUK)=(ENK)U(ENH). Since H and K are disjoint
open sets in I, then £ N K and £ N H are disjoint open in £. Since H is non-empty
and open in E, then H N E # (). Similarly K N E # (). Hence we have shown that E is

disconnected implies that £ is disconnected, proving the required results. |
Theorem 2.27. The continuous image of a connected set is connected.

Proof. Let (X, 7) be a connected topological space and f : (X,7) — (Y, o) be contin-
uous and onto. Suppose that Y = H U K, where H and K are non-empty disjoint open
setsin Y. Then X = f~1(H)U f~}(K), where f~'(H) and f~!(K) are non-empty and
openin X. If v € f~'(H)N f~'(K), then f(z) € H and f(z) € K. Hence f~'(H) and
f~Y(K) are non-empty disjoint open sets. Thus, X disconnected, which is a contradiction.

Therefore Y is connected. |
Theorem 2.28. Let (X, T) be a topological space. Then

1 If X = U,e; Xa where each X, is connected and (\,c; Xo # 0, then X is con-

nected.

2. If each pair of points x,y in X lie in some connected subset E,, of X, then X is

connected.



3. If X =, X,,, where each X,, is connected and X,,_1 N X,, # () for each n > 2,

then X is connected.

Proof. 1. Suppose that X = U UV, where U and V' are non-empty disjoint open sets
in X. Since X, is a connected subset of X, then for each o € I, we have X, C U

or X, C V. Since (,.; Xo # 0, then the X, are not disjoint for each o € I. But

acl
UNV =0, then we must have X, C Uor X, C Vforall« € I. Hence X C U
which implies that V' = (). Contradiction the fact that V' is non-empty. Hence X

must be connected.

2. Fixy € X. Then X = |J,.y Euy. Since z,y € E,,, then ﬂyeX E,, # . Thus, by

1, U,cx Euy is connected. Hence X is connected.

3. By induction. If n = 1, then X = X which implies that X is connected. Let k£ > 2
and suppose that A;,_; = X; U ... U Xj_; is connected. Then A, = Ax_1 U Xj.
Since A;_1 N X} # (), then by 1, Ay, is connected. By induction, X is connected.

[ |

2.4.1 Components

In this section we will introduce the concept of components of a given space. Let (X, 7)
be a topological space and x € X. Then {z} is connected. Thus there is at least one
connected set containing z. Let C,, = [ J{C' | C connected and = € C'}. Since z € [ J{C |
C connected and x € C'}, by Theoreml), C, is connected and = € C,.. So (), is the

largest connected set containing x. We call C,, the connected component of X containing



Theorem 2.29. Let (X, T) be a topological space. Then the components of X are closed.

Proof. Let x € X, and C' be a component of . Then C' is connected and is the largest
connected set in X containing z. By Theorem [2.26] it follows that C' is connected and
x € C C C. Since C is the largest connected set containing x, then C' = C. Hence C is

closed. [ |

2.5 Quasicomponents

Definition 2.30. Let X be any set. An equivalence relation on X is a relation ~ such that

for all x,y and z in X the following conditions are satisfied:
1. & ~ x (reflexive),
2. x ~y = y ~ x (symmetric),
3. If x ~yand y ~ z, then x ~ z (transitive).
The equivalence class containing z is defined as [x] = {y € X |y ~ z}.

Remark 2.31. If [z;] for 7 € I are distinct equivalence classes, then | J,.;[z;] = X and

[#;] N [x;] = 0 if and only if i # j. Hence the equivalence classes partition X.

Lemma 2.32. Let (X, T) be a topological space. Define a relation ~ on X, forall x,y €
X, x ~ y if and only if whenever there are non-empty disjoint open sets U and V' such

that X = U UV, then either v,y € U or x,y € V. Then ~ is an equivalence relation.

10



Proof. 1. (Reflexive) Let z € X. If X = U UV, where U and V' are non-empty
disjoint open sets in X, then x € U or x € V which implies that x,x € U or

r,x € V. Thus z ~ x.

2. (Symmetry) Suppose that z ~ y. Let X = U UV, where U and V' are non-empty
disjoint open sets in X. Then either x,y € U or x,y € V which implies that

y,v € Uory,x € V. Hence y ~ x.

3. (Transitivity) Assume that x ~ y and y ~ 2. Let X = U UV, where U and V are
non-empty disjoint open sets in X. Then either x,y € U or x,y € V and either
y,z€Uory,z e V.Ify e U,thenz,y,z € U, and x ~ z. Similarly ify € V.
Hence z ~ z.

Hence the claim is true. |

Definition 2.33. Let (X, 7) be a topological space. The equivalence classes of the equiv-

alence relation ~ in Lemma are called the quasicomponents of X.
Remark 2.34. The quasicomponents of X partition X.

Lemma 2.35. Every component of a topological space (X, T) is contained in a quasicom-

ponent of X.

Proof. Let C,, be the component of X containing = and let (), be the quasicomponent of
X containing z. Lety € C, and let X = U UV, where U and V' are non-empty disjoint
open sets in X. By Remark [2.25(1), it follows that U and V" are clopen sets. Since C,
is connected, then by Remark [2.25]2), it follows that C;, C U or C;, C V. Assume that
C, CU. Then z,y € C, C U which implies that x,y € U. Proving that x ~ y. Hence

y € [x] = Q.. Therefore C, C Q,. [ |
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The following examples shows that quasicomponents may not be equal to components.

Example 2.36. Consider the set of rational numbers (Q as a subspace of real numbers R.
For all ¢ € Q, the only connected components of Q is {¢} since Q is disconnected. On the
other hand, for all ¢ € QQ, the quasicomponents of ¢ is the entire set QQ since the only clopen

subsets of Q are () and Q itself. Hence components may not be equal quasicomponents.

Lemma 2.37. Let (X, 7) be a topological space and x € X. The quasicomponent of X

that contains x is the intersection of all the clopen sets in X that contain x.

Proof. Let (), be the quasicomponent of X that contains x and let L, = ({U C X |
U clopen and z € U}.

“D7Lety € Lyandlet X = U UV, where U and V' are non-empty disjoint open sets.
Then U and V are clopen sets. Since x € X, thenz € Uorx € V,say x € U. Since
y € L., theny € U. Thus x,y € U which means that y ~ z. Hence y € [z] = @,, where
[x] is the equivalence class containing =. Therefore L, C Q,.

“C 7 Lety € Q. Theny ~ z. To show that y € L., let U be an arbitrary clopen set
containing x. If U = X, theny € U, so assume U # X. So X = U U (X \ U), where U
and (X \ U) are non-empty open sets in X and U N (X \U) = (). Sincey ~ zxand x € U,
it follows that y € U. Thus y € L,. Hence ), C L,.

Therefore ), = L. |
Remark 2.38. All quasicomponents are closed.

Lemma 2.39. Let (X, 7) be a topological space and let U and V' be non-empty disjoint
open sets such that X = U U V. If Q. is a quasicomponent of X, then either Q, C U or
Q. CV.

12



Proof. Let x € X. Suppose that U and V' are non-empty disjoint open sets in X such that
X =UUV.Then (X \V)=Uand (X \U) =V are closed sets in X which implies
that U and V' are clopen sets. Let (), be the quasicomponent of X that contains x. By
Lemma [2.37] it follows that @, = (\{C' € X | C'is clopen and z € C'}. Since z € X,

then x € U or x € V. Assume that x € U. But U is clopen. Thus ), C U. [ |

Theorem 2.40. Let (X, T) be a topological space, Q) be a quasicomponent of X, and K
be a compact subset of X such that QN K = (. Then there exist non-empty disjoint clopen

sets S and T such that X = SUT,and K C Sand () C T.

Proof. Let K be a compact subset of X and () be the quasicomponent of X such that
QNK =10. Thenz € K impliesz ¢ Q. Lety € Q@ = ({U € X | Uisclopenand y €
U}. Then there exists clopen C,, withy € C,, z € C,.. Hence Q C C,. Let U, = X \ C,.
Then x € U,, where U, is clopen. Then {U, | x € K} is an open cover of K. Since K is
compact, then there exists z1, ..., z, in K such K C (J_, U,,. Let S = |J;_, U,,, where
each U,, is clopen. Then S is clopen and K C S. Let 7" = X \ S. Then T is clopen
and X = SUT withT = X\ S =N_, (X \U,,) =i, Cs; 2 Q. Hence we get the

required results. |

2.6 Metric Spaces

Definition 2.41. Let X be a set and consider a function d : X x X — R. We say d is
a metric on X (or a distance function on X) if and only if the following conditions are

satisfied for all z, y, z € X:
1. d(z,y) >0,

13



2. d(z,y) = 0if and only if z = v,
3. d(z,y) = d(y, ),
4. d(z,y) <d(z,z)+d(z,y).

The pair (X, d) is called a metric space.

Definition 2.42. Let (X, d) be a metric space, z € X with a positive real number r > 0.

The open ball centered at x of radius r is the set B(z,r) = {y € X | d(z,y) < r}.

Definition 2.43. Let (X, d) be a metric space. A subset U of X is said to be an open set if

and only if for every x € U there is a positive real number r such that B(z,r) C U.

Definition 2.44. Let (X, d) be a metric space. Then forany A C X, A is called degenerate

provided that A = {x} for some = € X. Otherwise, A is called non-degenerate.

Remark 2.45. The open balls of a metric space (X, d) form a base for a topology on X.

Consequently, every metric space is a topological space.

Definition 2.46. Let (X, d) and (Y, o) be metric spaces. A map f : X — Y is uniformly

continuous if for every € > 0, there exists 0 such that for all z,y € X, whenever d(z,y) <

0, then o(f(x), f(y)) < e.

Definition 2.47. Let (X, d) and (Y, o) be metric spaces. Amap f : X — Y is continuous
at x in X if and only if for each ¢ > 0, there exists 6 > 0 such that for every y € X
whenever d(z,y) < d, then o(f(z), f(y)) < e. We say f is (uniformly) continuous, if it

is (uniformly) continuous at every point of X.

Corollary 2.48. Every uniformly continuous map is continuous.
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Proof. Let (X, d) and (Y, o) be metric spaces and f : X — Y be uniformly continuous.
Then for every € > 0 there exists 6 > 0 such that for z, y € X, whenever d(z,y) < J, then
o(f(x), f(y)) < e. Let B(z,0) be an open ball, and let « € B(x,d). Then d(a,x) < 0
which implies that o(f(a), f(z)) < €, so f(a) € B(f(z),¢)). Hence f(B(z,9)) C

B(f(x), €) which implies the continuity of f at z. Therefore f is continuous at . [ |

Remark 2.49. Uniformly continuous functions are always continuous, but the converse is

not true.

Theorem 2.50. Every metric space (X, d) is a Ty — space.

Proof. Let x,y € X withx # y and let r = d(g’y). Then r > 0. Define U = B(z,r) and

V = B(y,r). To show that X is a T} — space. Suppose thaty € U. Then d(x,y) < r. But

r= @, which implies that d(z,y) < d(z’y), and this is a contradiction. Hence y ¢ U.

Similarly, assume that © € V. Then d(y,z) = d(z,y) < r. But d(x,y) = 3r, which is a
contradiction. Hence x ¢ V. Therefore, we can find an open ball containing one point but

not the other. Thus X is a 77 — space. |
Theorem 2.51. Every metric space (X, d) is regular.

Proof. Let (X,d) be a metric space, x € X and C be a closed subset of X and z ¢ C.
Then z € X \ C and X \ C is open. Thus there exists r, > 0 such that B(z,r,) C
X\ C. For any y € C with y # z, it follows that y ¢ {z}, where {z} is closed. Then
y € X \ {z} which is open. Then there exists r, > 0 such that B(y,r,) C X \ {z}. Let
V=U,ecc By, 3). Clearly C C V. Let U = B(z, 7).

Claim. U NV = 0.
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Proof of Claim. Assume that z € U N V. Then z € U and z € V, which implies that

z € B(x, %) and z € B(y, %) for some y € C. Hence

d(z,y) <d(z,z)+d(z,y)

Tz 4 Ty
<3 +3.

Case 1. Assume that r, < r,. Then 2% < 1, which implies that z € B(y,r,) C X \ {z},
which is a contradiction.
Case 2. Assume that 7, < r,. Then 2% < r, which implies that y € B(z,r,) C X \ C,
which is a contradiction.

Therefore (X, d) is regular. [ |

Theorem 2.52. [7] Let (X, d) be a metric space A C X. Then v € A if and only if there

exists a sequence x.,, in A such that x,, — .

Proof. “ = 7 Suppose that x € A. Consider the open ball B(z, %) It follows that the
open ball B(x, <) intersects A. Thus for each n € N, there exists x,, € AN B(x, +). Then
d(zy, x) < £ — 0 which implies that z,, — .

“ <= 7 Assume that there is a sequence x,, in A such that z,, — x. Let ¢ > 0, then there
exists NV such that forall n > N, we have d(x,,, ) < € which implies that z,, € B(x,e)NA

forn > N. Thus B(z,¢) N A # (). Hence z € A. [ |

Definition 2.53. Let (X, d) be a metric space, and let H and K be compact subsets of X.
Then d(H, K) = inf{d(h,k) | h € H,k € K}.

Definition 2.54. Let (X, d) be a metric space. If A is bounded and non-empty, the diame-

ter of A is defined by d(A) = sup{d(a,as) | a1,as € A}.
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Lemma 2.55. [[I2] Let H and K be subsets of a metric space (X,d). Then d(H,K) =
inf{d(A) | Aisopen, ANH # D and AN K # 0}.

Proof. Let A be open such that AN H # () and AN K # (). Then there exist h €
HnNnAand k € KNA. Thus d(H,K) < d(h,k) < d(A). So d(H, K) is a lower
bound of all such diameters. To show that d(H, K) is the greatest lower bound, we take
e > 0. Pick h € H and k € K such that d(H,K) < d(h,k) < d(H,K) + §. Let
A= B(h,{)UB(k, §), where B(h, {) and B(k, {) are open balls. For u,v € A, we have
d(u,v) < d(u, h)+d(k, h)+d(k,v). Ifu,v € B(h, §)oru,v € B(k, {), thend(u,v) < 5.
Ifu € B(h,{)andv € B(k, {), then d(u,v) < { +d(h, k) + § = d(h, k) + 5. Therefore
d(A) < d(h,k) + 5 <d(H,K) +e. [ |

Lemma 2.56. [[2]] Let H and K be compact subsets of a metric space (X, d). f HNK =

(), then d(H, K) > 0.

Proof. From Lemma[2.55] we have d(H, K) = inf{d(A) | Ais open, ANH # () and AN
K # (}. Suppose that there is a sequence A,, of open sets with A, NH # () and A,NK #
0 such that d(A,) < d(H,K) + L. Since A, N H # @and A, N K # 0, then choose
h, € A,NHand k, € A, N K. Then d(H,K) < d(hy, kn) < d(A,) < d(H,K) + L.
Thus

(B, k) — d(H, K). @2.1)

Since H is compact, then there exists h € H and a subsequence h,,, of a sequence h,, such
that h,,, — h. Similarly, since K is compact, there exists k¥ € K and a subsequence k,,; of
a sequence k,, such that k,,, — k. To show that d(h,,, kn,;) — d(h, k) as [ — co. We have

A(hpys k) < d(Boy, B) + d(B, k) + d(ky,, k). Then d(h, k) < d(h, hy,) + d(hy,, kn,) +
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d(kn,, k). Hence |d(hy,, ky,) — d(h, k)| < d(h, hy,) + d(k,,, k) — 0. Thus

Ay, on,) — d(hy K). (2.2)

From (2.1)) and (2.2)), and by the uniqueness of limits, it follows that d(H, K) = d(h, k).
[
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Chapter 3

The topology on the hyperspaces

In this section we dive into the study of a continuum X and its hyperspaces. The hyper-

spaces 2% and C(X), the closed subspace of 2% as proved by (see [9]), Theorem 1.3.11.
Definition 3.1. [12]] A continuum X is a non-empty compact connected metric space.

Definition 3.2. [12] A subcontinuum is a non-empty compact connected subspace of a

continuum X .

We now define the hyperspaces of a given metric space (X, d), the set of all non-empty
closed subsets of X, denoted by 2% and its subspace C(X), which is the collection of all

connected elements within 2.

Definition 3.3. [8] The hyperspaces 2* and C(X) of a compact connected metric space

X are defined as
1. 2 = {AC X | Aisclosed in X},
2. C(X) = {A €2X | Ais connected}.
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Remark 3.4. If X is compact, then the elements of 2% are compact in X.

3.1 The Vietoris topology on 2*

In this section we introduce the Vietoris topology on the hyperspace 2X. The Vietoris

topology is produced by a foundation of basic open sets [6].

Definition 3.5. [12] If (X, 7) is a topological space, a base for the topology 7 is a col-
lection # C 7 such that 7 = {{Jz., B|€ C %} Itis easy to see that & is a base for
X if and only if whenever G is open in X and p € G, there is some B € % such that
pe BCQG.

Theorem 3.6. [I2] Let (X, 7) be a topological space. Then A is a base for a topology on
X if and only if

1. X =\{B|B e %),

2. whenever B1, By € B with p € By N By, there exists By € 9 such that p € B3y C

By N Bs.

Definition 3.7. [8] Let (X, 7) be a topological space. For any Uy, ..., U, open in X, we
define N(Uy,...,U,) ={B€2X | BCJ ,Ujand BNU; #0fori =1,...,n}.

Theorem 3.8. [l6]] Let (X, 7) be a topological space and Uy, ..., U, be open subsets of
X. Then the collection 8 = {N(Uy,...,U,) | n € N} form a basis for a topology on 2%

called the Vietoris topology on 2°X.

Proof.
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. N(X)={Be2X|BC Xand BNX # 0} =2% = J{B| B C %},

2. Let % = N(Uy,....Uy)and ¥ = N(Vi, ..., V).
Claim. Z NY = NU,NV,...,U,NV,.UNW,...,UNV,,), where U = J_, U;
and V = J7L, V.
Proof of Claim. “ C " Let B € # N¥.Then B C |J._,U; = U, BNU; #
Ofori =1,...,nand B C ;L V; =V, BNV; # @forj = 1,...,m. Hence
BCUNY = (ULU)N ULV = Ul U, Ui 0 V. Now BOU; £ 0
and B C V. So BN (U;NV) # 0. Similarly BN (V; NU) # (. Hence B €
NUNV,... .U OV, UNW,...,UN V).
“27Let B e N(ULNV,..., UV, VinU, ..., ViunU). Then B C |J7, (UiNV)U
U0 0) = VA (Ui U] U U AU Vil = (VAT U V) =0 Y.
SoBCU=U_UadB CV =V Also BN (U;NV) # 0 for
i=1,...,nand BN (V;NU) # 0 for j = 1,...,m. This implies B N U; # ( for
i=1,...,nand BNV; # 0 forj=1,...,m. Thus B € N(Uy,...,U,) =%
and B € N(Vi,...,V,,) =¥ .Hence B € % N7V. Therefore N(U;NV,..., U, N
v,vinu,...,V,NnU) € A.

Since conditions 1. and 2. of Theorem [3.6]are satisfied, then % forms a base for a topology

on 2% called Vietoris topology on 2. [ |

Definition 3.9. [12] If (X, 7) is a topological space and x € X, a neighborhood of z is a
set U which contains an open set V' containing x. Evidently, U is a neighborhood of z if
and only if = € Int(U). The collection %, of all neighborhoods of z is the neighborhood

system at x.
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Theorem 3.10. [12] Let (X, 7) be a topological space and A C X. Then x € A if and

only if every neighborhood of x intersects A.

Theorem 3.11. [[/2]] The neighborhood system %, at x in a topological space (X, T) has
the following properties:

N(a): IfU € %,, then x € U,

NOb): IfU,V € U, thenU NV € %,,

N(c): IfU € %,, then there is a V€ %, such that U € %, for eachy €V,

N(@d): IfU € %, andU C V,thenV € U,

and furthermore,

N(e): G C X is open if and only if G contains a neighborhood of each its points.

Definition 3.12. [12] A neighborhood base at z in the topological space (X, 7) is a sub-
collection %, taken from the neighborhood system %, having the property that each
U € %, contains some V € ZB,. That is, %, must be determined by 4, as follows

U, ={UC X |V CUforsomeV € £,}.

Theorem 3.13. [[I2] Let (X, T) be a topological space, and v € X and P, be a neigh-
borhood base at x. Then

Via): IfV € By, thenz €V,

V(b): IfVi,Vy € B, then there is some V3 € B, such that V3 C Vi N Vs,

Ve) : IfV € B,, then there is some Vy € B, such that if y € V, then there exists some
W e B, such that W C V,

and furthermore,

V(d) : G C X is open if and only if G contains a basic neighborhood of each of its point.
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Theorem 3.14. [6] Let (X, d) be a metric space. If {Us}aca is a basis for the neigh-
borhoods of x in X, then 8 = {N(U,) }aca is a basis for the neighborhoods of {x} in

2X.

Proof. Let (X, d) be a metric space, € X. Then {z} is closed in X. We need to show
that V'(a), V(b), V (c) are satisfied.

V(a) : Foreach o € A, x € U,, then {z} C U,. Thus {z} € N(U,) forall a € A.

V(b) : Let o, 8 € A. Since {U, }aca is a neighborhood base at x, there exists v € A such
thatx € U, C U, NUg. Clearly {z} € N(U,) C N(U,NUs) = N(U,) N N(Us). Hence
{z} € N(U,) C N(U,) N N(Up).

V(c) : Let a; € A. Since {U, }aca is a neighborhood at x, there is oy € A such that if
{W3}sep is neighborhood base for y € U,,, then there is § € B such thaty € W3 C U,,
which implies that {y} € N(Wj3) C N(o).

Now since V'(a), V' (b), V(c) are satisfied, then 2 is a basis for the neighborhoods of {z}

in 2%, [ |

3.2 Hausdorff metric on 2%

In this section we extend the notion of distance between points to the notion of distance
between sets in a metric space (X, d), the Hausdorff metric. We first study some basic
notation about the distances between sets in order to define it precisely. The study is from
(see [12]). Let (X, d) be a metric space and let A be a closed and bounded subset of X.

Then
Vi(A) = J Blw,e) = [ J{y € X | d(z,y) < e}

€A €A
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Furthermore, for z € X and forany A, B C X

d(z,B) = inf{d(x,y) |y € B} and d(A, B) = inf{d(z,y) | r € Aand y € B}.

Definition 3.15. [12] Let (X, d) be a metric space. For each pair of non-empty, closed,

and bounded subsets A, B of X. The Hausdorff metric between A and B is defined as

pr(A, B) =inf{e > 0| A C V.(B) and B C V,(A)}.

Theorem 3.16. [12)] Let (X, d) be a metric space and let A, B € 2%. Then

pu(A, B) = max{sup d(z, B),supd(4,y)}.

€A yeB

Proof. Theorem 1.2.5 of [9] provides a detailed proof.
|

Theorem 3.17. [8] Let (X, d) be a metric space and 2~ be the set of all non-empty closed

subsets of X. Then (2%, pyr) is a metric space.
Proof. Theorem 1.2.2 of [9]] provides a detailed proof. |

With following result we establish the groundwork of the study of sequences in hyper-

spaces using series of sets. The study of this is found in (see [8]).
Lemma 3.18. [8] Let { A}, and { B}, be sequences in 2%

1. IfA, =+ A, B, — Bin2X and A, C B, for eachn. Then A C B.
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2. If A, — Ain2% and A, N B # () for each n. Then AN B # (.
Proof. Theorem 1.3.10 of [9] provides a detailed proof. |

Theorem 3.19. [6|] Let (X, d) be a compact metric space. The Hausdorff metric topology

on 2% is equivalent to the Vietoris topology on 2°X.

Proof. Suppose that N (Ui, ..., U,) is a basic open set with Uy, ..., U, open in X. To
show that N(Uy,...,U,) is open in (2%, py). For B € N(Uy,...,U,), we must find
e > Osuchthat B, (B,e) C N(Uy,...,Uy,).

Let Be N(Uy,...,U,). Then B C | J!_, U;and BNU; # 0 fori,...,n. Leth; € BNU;.
Since Uj is open there exists 7; > 0 such that By(b;, ;) C Uj.

Also, since B C |J;, U;, then BN (X \ U;_, U;) = 0. Since B and |J;_, U; are closed
subsets of a compact space X, by Theorem both B and X \ |J;_, U; are compact.
By Lemma[2.56] there exists b € B, y € X \ JI_, U; such that d(B, (X \ U_, U;)) =
inf{d(b,y) | b € B,y € X \ U, U;} > 0. Let e = min{a,ry,...,7,} > 0, where
a=d(b,y).

Claim. B, (B,e) C N(Uy,...,U,).

Proof of Claim. Let A € B,,(B,¢). Then py (A, B) < €. So there exists py(A, B) <
0 < esuchthat A C Vi(B), B C V5(A), A C V.(B)and B C V.(A). For B C V5(A),
we have b; € Vs(A) which implies that there exists a; € A such that d(a;,b;) < 6. Then

a; € Bd(b“(S) - Bd(bi,Ti) C U;. Hence

aieAﬂUi;«éQforizl,...,n. 3.1
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For A C V3(B), we have B C (J!_, U; which implies that B N (X \ J_, U;) = 0. Let
x € Vi(B). Then there exists b € B such that d(z,V) < §. Now 6 < a = d(B, (X \
Ui, Us)). Then d(z, V') < d(B,(X \ U;—, U;)) which implies that = ¢ X \ |J;_, U.
Hence V5(B) N (X \ U;_, U;) = 0. Since A C V3(B) and AN (X \ U, U; = 0), then

acJu. (3.2)
i=1

Since and are satisfied, then A € N(Uy,...,U,). Hence the claim is true, i.e.
N(Uy,...,U,) is open in the Hausdorff metric topology.

Let B, (B, ¢) be a basic open in (2%, pH).Now B is closed in X and X is compact. By
Theorem B is compact. Also B C [, Ba(b, 5) = Ve(B). Since B is compact,

there exists by, . .., b, in B such that B C (J;"; By(b;, §). Note that

Ve(B) = {x € X | there exists b € B such that d(z,b) < €}
= Useplr € X [d(z,0) < e}
= Usep Ba(b, €).

Each By(b;, 5) is open fori = 1,...,nin X. Consider N(Bqy(b1, 5), ..., Ba(bn, 5)).

(2E5)

N

Claim. B € N(By(b1, %), ..., Ba(bs, §)) C B, (B, e).

Proof of Claim. Clearly B € N(By(by,5),. .., Bi(bn, 5)). Let A € N(Bqg(b1,5),...,Ba
(bns5)). Then A C UL, Ba(bi, §) € Upep Balb, 5) = Ve(B) C Vi(B). Also AN
By(bi, 5) # 0 foralli = 1,...,n. So there exists a; € AN Bq(b;, §). Then d(b;, a;) < §
fora; € A.Now forb € B, b € By(b;, §) for some i. Hence d(b, a;) < d(b, b;)+d(b;, a;) <

$+ 5 = € Sob € Bgy(aj, €) which implies that B C V.(A). Since A C V,(B) and
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B C V,(A), then py(A, B) < e which implies that A € B, (B, €). Hence the claim is
true. Therefore for e > 0, B,,(B,e) C N(Uy,...,U,). This proves that the Hausdorff

metric topology on 2% is equivalent to the Vietoris topology on 2. |
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Chapter 4

Structure of the hyperspaces

4.1 Properties of basic open sets

In the previous chapter, we studied the topology on the hyperspaces, the Vietoris topology
on 2% In this section we study properties of basic open sets which follows from Definition

[3.7]and the study is from (see [6]).

Proposition 4.1. Let (X, d) be a metric space and {U, | o € I} be a family of open
subsets of X. Then |J,c; N(Us) € N (U,nes Ua)-

Proof. Let A € |J,c; N(Uy,). Then there exists og € I such that A € N(U,,) which
implies that A C U,,. Since Uny € U,c; Ua, then A C |J,c; Us. Thus A € N (U, ; Ua)
and hence | J,.; N(Ua) € N (U,c; Ua) |

Proposition 4.2. Let (X, d) be a metric space and U,V be open subsets of X. Then
NU)NN{V)=NUNV).

28



Proof. Let B € N(U)NN(V). Then B € N(U) and B € N(V). Thus A C U and
A C V which implies that A C UNV. Hence A € N(UNV). Therefore N(U)NN (V) C

N(U NV). The converse follows immediately from the definitions. |

Theorem 4.3. [6] Let (X, d) be a metric space. If Uy, ..., U, are open sets in X, then

N(Uy,...,U,) = N(Uy,...,U,).

Proof. “ C 7 It is clear that N(Uy,...,U,) C N(Ui,...,U,). We will show that

N(Uy,...,U,) is closed, and hence N (Uy,...,U,) € N(Uy,...,U,).

To show that N(Uy, ..., U,) is closed, we will show that 2X \ N(Uy, ..., U,) is open. Let
Fe2X\N(U,,...,U,). Then F ¢ N(Uy,...,U,).Soeither F  |J_, U;or FNU; = ()
for some i.

Casel. FZ |J U, :

Itis clear that I € N (X, (X\U;, U:)). To show that N(X, (X\U}, U:))NN (U, ..., U,)
=0.If Be N(X,(X\U,U))), then BN (X \ UL, U;) # 0 and B € -, U; implies
that B ¢ N(Uy,...,U,). Hence N(X, X \ U, U;) " N(Uy,...,U,) = 0. This shows
that FF € N(X, X \U_, U;) C 2X\ N(Uy,...,U,). Therefore 2X \ N(Uy,...,U,) is
open.

Case 2. F N U, = () for some i:

Now F' C X \ U;. Hence N(X \ U;) is a neighborhood of F. To show that N(X \ U;) N
N(Uy,...,U,) =0.1f B€ N(X \U;), then B C X \ U; which implies that BN U; = ().
Thus B ¢ N(Uy,...,U,). Hence N(X \ U, U;) "N (U, ..., U,) = 0. This shows that
Fe N(X\U;) C2X\ N(U,,...,U,), showing that 2% \ N(Uy, ..., U,) is open.

For both cases we have shown that 2% \ N (U1, ..., U,) is open, and hence N (U7, ..., U,)

n
n

is closed. Therefore N(U,,...,U,) € N(U,,...,U,

~—
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“ D 7 Now to show that N(U,...,U,) € N(Uy,...,U,). Let F € N(U,,...,U,).

We want to show that every basic neighborhood of F' meets N (Uy, ..., U,), proving that

F e N(Uy,...,Uy,). Let N(V4,...,V,,) be a basic neighborhood of F'. We want to show
that N(Vi,...,V,) A N(Uy,...,U,) # 0. Now F' € N(Uy,...,U,). Then FNU; # 0
fori =1,...,n. Leta; € FNU;. Thenz; € F C UL, V. Thus U7, Vj is an open
neighborhood of z; and since x; € Uy, then [ JT, V; N U; # 0. Lety; € (UL, V;) N Ui
Now FNV; # 0forj=1,...,m. Letz; € FNV,forj=1,...,m. Then FNV; C
(U, U;) N V;. Thus z; € Uy N'V; for some i'. Now V; is an open neighborhood of
zj. So V; N U; # 0 for some i. Letw; € V; N U;. Then V; N Uy C V; N (U, U).
Let B = {y1,...,Yn,w1,...,wy}. Since B is a finite set in a T;—space, then B is

closed. Thus B € N(Uy,...,U,) N N(V1,...,V,,). Hence every basic neighborhood of

F meets N(Uy, ...,U,). This means that F € N(Uj,...,U,). Hence N(Uy,...,U,) C

N, ..., Uy).

Therefore N(Uy,...,U,) = N(Uy,...,U,). [ |

Theorem 4.4. [6] Let (X, d) be a metric space. Then N(Vy, ..., V) € N(Uy,...,U,) if
and only if \J;_, V; C U, Ui and for each U there exists V; such that V; C Uj.

Proof. “ = 7 Assume that N(Vi,...,V;,) € N(Uy,...,U,). Letx € UL, V;. Pick
vjeViforj=1,... mandlet A= {x,vy,...,v,}. Then Ais closed since A is a finite
setin X. Thus A C Jj~, Vjand ANV # O fori =1,...,m.Hence A € N(Vi,..., V).
By our assumption, A € N(Uy,...,U,) which implies that A C | J;_, U;. Butz € A. So
x €U, Ui Thus U2, V; € UL, Ui

Now fix 7 and assume that V; € U, for all j = 1,...,m. Then there exists v; € V; such

thatv; & Ui Let A = {v1,..., v} C U~ Vjand ANV, # @ for j = 1,...,m. Thus
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A e NW,...,Vy). Since eachv; € U; for j = 1,...,m, then AN U; = (). Hence
A¢g N(Uy,...,U,). Contradicting our assumption. Therefore for each U;, there exists V;
such that V; C Uj.

“ <=7 Suppose that U;”:l V; C Ui, U; and for each U; there exists V; such that V; C U;.
To show that N(Vi,...,V,,) € N(Uy,...,U,). Let A € N(V4,...,V,,). Then A C
UL, Vi € UL, Ui and ANV; # () forall j = 1,...,m. For any U; there exists V; such
that V; C U;. Thus ANU; # O fori =1,...,n. Hence A € N(Uy,...,U,). Therefore
N(A,..., Vi) C N(Uy,...,Up). m

4.2 Relationship between X and 2*

In this section we study the relationship between the continuum X, its hyperspaces 2% and

c(X).

Lemma 4.5. [7](Alexander’s Subbase Lemma) Let (X, T) be a topological space and
S C 7 a subbase for T. If every cover of X by elements of S has a finite subcover, then X

is compact.

Theorem 4.6. [6] Let (X,d) be a metric space. Then X is compact if and only if 2% is

compact.

Proof. “ —> 7 Assume that X is compact. We use Lemma to prove that 2% is
compact. Let 2% = |J,.; N(Us) € N(Upe;Ua) € 2%, Then for z € X, we have
{z} € 2% which implies that {z} N U, for some o € I. Hence z € U,. So X =
Uaes Ua- Since X is compact, then X = (JI, Uy, for some o,...,a, € I. Thus

N(X) = NU,U,) 2 Ui, N(U,,) and clearly N(X) = 2% which implies that
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2% = N(U}_, U,,). Hence 2% is compact.

“ <= 7 Assume that 2% is compact and let X = (J,.;Us. Then 2% = N(X) =
N(UperUa) 2 Uuer N(Uy). Since 2% is compact, then there exist ov,..., o, € [
such that 2% = |J_, N(U,,). For each z € X, we have {z} € 2% which implies that

{z} € N(U,,) for some i. Then z € U,,. Hence X = |J;_, U,,, which proves that X is

compact. |

Lemma 4.7. [4] Let X be a continuum. If & C 2% is closed in 2%, then K = |J{A | A €
o'} is closed in X.

Proof. Let o7 C 2% be closed in 2X. Then o7 € 22 . To show K = [ J{A | A € &/} is
closed in X. Let z € K. By Theorem exists a sequence a,, € K such thata, — x
in X with a,, € A, and A, € /. By Theorem 2X is compact and . is a closed
subset of 2%. By Theorem </ is compact. Then there exists a subsequence (A4,, )7,
of a sequence (A,)%°, in & such that A, — A with A € & in 2% and there exists
a subsequence (ay, ) of a, such that a,, — z in X. Now a,, — x which implies that
d(ay,,,x) — 0. But py({an, },{z}) = d(an,,x) — 0. Since A,,, — A and {a,, } — {z},
with {a,, } C A,,, by Lemma[3.18] {z} C A which implies that z € Aand A € &/. Thus

x € A C K. Hence K is closed. [ |

Lemma 4.8. [4] Let X be a continuum. If < is open in 2% then K = | J{A | A € &/} is

open in X.

Proof. Letx € K. Then z € A’ for some A’ € /. We have A’ € &/ and &/ open in 2%
which implies that there exists > 0 such that B, (A’,r) C &/

Claim. B,(z,§) C |J K.
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Proof of Claim. Lety € By(w, 5). Theny € By(w,5) C Vi (A'). Let B = A'U{y}. Now
A" C Ve(A). So B C Vi (A'). Since A’ C B, A" C Vi(B), then py(A",B) < § <r
which implies that B € B, (A’,r) C &/. Thus B € &/. Soy € B C K which implies
that y € K. Hence B,(x, 5) C K. This proves that the claim is true.

Therefore K is open in X. |

Lemma 4.9. [4] Let X be a continuum. If o/ is a connected (respectively, compact) subset
of 2% and o/ NC(X) # 0, then K = | J{A | A € o} is connected (respectively, compact)
in X.

Proof. Let M € o/ NC(X). To show that K = | J{A | A € &/} is a continuum, we will
first show that K is connected. Suppose that K = V; U V5, where V; and V5 open sets in
K such that Vi NV, = (). Since M € o/ NC(X), then M C K and M is connected. Now
M=MnNK=(MnV)U(MnV,), where M NV, and M NV, open sets in M. We
have M connected implies that M NV, = 0 or M NV, = (). Assume that M NV, = 0.
Then M = M N Vi which implies that M C V;. Let

o ={Aed |ACV),
oty ={Aed | ANVy# () and Ais closed}.

It is clear that o} U oo C &7, If A € of and if A € o/, then A € V; which implies that
ANV, #0. Thus A € . Hence o7 C /) U 5. Therefore &7 = o) U .

To show that <7 and % are closed in 2¥. Let A € 7. Then there exists a sequence
{A,}52, in o7 such that A,, — A. Thus A,, C V; for each n, by Lemma A C V.
Hence A € o7 which implies that <7 is closed in 2%,

Now let A € .o%. Then there exists a sequence {4, }°, in <% such that A, — A. Thus
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A, NVy # (), by Lemma[3.18) ANV, # (). Hence A € % which implies that <% is closed
in 2%,

Claim. </, N o = .

Proof of Claim. By contradiction. Suppose that A € @/ N . Then A C V; and
ANV, # () which implies that V; NV; # (). Contradicting the fact that V; NV; = (). Hence
ah N ety = ).

Since &7 is connected, @ = () or .o/, = (). But M € ./ which implies that <7 # () and
hence o = (), i.e. forall A € o/, ANV, = () implies that K NV, = (). Then Vo, = ()

Therefore K is connected.

To show that K is compact. Since .7 is compact in 2%, then .27 is closed in 2% which
implies that & is closed in X. But X is a compact, so by Theorem[2.16] K is compact.

Since K is connected and compact, therefore K = | J{A | A € &7} is a continuum. W

4.3 Finite sets in 2%

In this section we study the finite sets in the hyperspace 2-X.

Definition 4.10. [6] Let (X, 7) be a topological space. Then
F,(X) = {E € 2* | E has at most n elements }. 4.1)

Proposition 4.11. [6]] Let (X, T) be a topological space. The natural map f : X" —
F,.(X) defined by f((x1,...,2,)) ={x1,...,x,} is continuous.
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Proof. Let N(Uy,...,Uy) be an open set in F,(X) with {z1,...,2,} € N(Uy,...,Uy).
To show that (zy,...,2,) € [~YN(Uy,...,Us)) is open in X™. Now for each i, z; €
U,,, where j; € {1,...,k}. Then (z1,...,2,) € U, x ... x U;,. If (y1,...,yn) €
Uj x...xUj, theny;, € Uj,wherei =1,....n. So f(v1,...,yn) = {v1,..-,Un} €
N(Uy,,...,U;.). Thus {z1, ..., 20} € f(Uy,...,U;) S N(Uy,,...,U;) € N(Uy, ..., Uy).
So (z1,...,x,) € Uj,,...,U;, € f1f(U;,...,U;) C f~YN(Ui,...,U,)). Hence

fYN(Uy,...,U,)) is open in X™, proving that f is continuous. [ |

Remark 4.12. For a topological space (X, 7), if X is connected, then X" is connected.
Hence F},(X) is connected. We note that F;(X) C F,,(X) foralln, so F(X) = U2, Fn(X)

is connected.
Proposition 4.13. /6] Let (X, ) be a topological space. Then F(X) is dense in 2-X.

Proof. Let M € 2¥ andlet N(Uy, ..., U,) be abasic open setsuch that M € N(Uy, ..., U,).
Then M C |J;_, U; and MNU; # @ fori = 1,...,n. Since MNU; # O, pick z; € MNU;.
Let F = {zy,...,z,}. Then F' € F,,(X) C F(X) and for each i, we have z; € U; which
implies that ' C M C |J;_, U; and z; € F N U; which implies that F N U; # (). Hence
F e N(Uy,...,U,), proving that N(Uy,...,U,) N F(X) # (0. Therefore F/(X) is dense
in 2%, [ |

Lemma 4.14. [I|] Let X be a continuum and let V' be a connected open set such that
{z1,...,2,} CV C X and define o : V. — o/, where of = {{z1,...,2,,y} |y € V}

by a(y) = {{x1,..., 20, y}}. Then « is continuous.
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Proof. Since a(y) is compact, then for any v,y € V

prlaly). o) = max{ sw d(za(y)), sw d(a(y),«))

Then d(x,a(y’)) = 0 and d(y, a(y’)) < d(y,y’). Hence sup,c., d(z, a(y')) < d(y,y').
Similarly, Sup,/c ., d(a(y), z') < d(y, y') which implies that p (a(y), a(y')) < d(y,y'),

showing that « is uniformly continuous and hence by Corollary [2.48] « is continuous. W

Theorem 4.15. [1|] Let X be a continuum, let V' be an open connected set and V1, ..., V,

be open sets such that V = J;_, Vi. Then N(Vi,...,V},) is connected.

Proof. Consider

F(X) = Fu(X).

Pick x; € V; fori = 1,...,n. Since X is a T}-space, {z1, ..., x,} is closed and belongs
to F,(X). Since {zy,...,z,} € U, Viand {z1,...,2,} N Vi # 0, {z1,...,2,} €
N(Vi,...,V,). Hence F,,(X)NN(V4,...,V,) # 0. Let p be the smallest positive integer
such that F,,(X) N N(V4,...,V,) # (. Then p < n. Let

F = G(Fi(X) ANV, ..., V).

Let {z1,..., 2.}, {v1,...,yn} € Z. To show that .Z is connected, we will show that
there exists a connected subset of .% which contains {z1,...,x,},{v1,...,yn}. There are

three cases to be considered.

Casel. Let & = {{xy,...,2,} | z; € V; and x; = z; if and only if ; = j for each
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i=1,...,n}.

We will first show that <7 lies in a connected subset of Z. Let {x1,..., 2, },{y1,...,Yn} €
/. Define o) = {{z1,...,2n,y} |y € V}and B = {{y1,29,...,2,,y} |y € V}. By
Lemma each o7 and %, is the continuous image of a connected set V/, hence .7 is
a connected subset of .%# which contains {z1,...,x,} and {21, ..., x,,y1}. Similarly, %,
is a connected subset of .# which contains {x1,...,2,, v} and {y;, 22, ..., 2,}. Hence
U %, is connected subset of ..

Similarly, foreach 7 = 2,...,n — 1 define

%:{{yl,...,yiflgxh"'?xn?y}|yev}

and

'%’i = {{yla' s Yis Titdy - - 7xn7y} | y e V}
Then <7 is a connected subset of .# which contains {y1,...,y;—1,Z;, ..., T, } and {y1, ..., ¥,
Ti, ..., %, } and 9B; is a connected subset of .% which contains {y1, ..., v;, 2;,...,z,} and

{v1,- -, ¥i, Tiy1,-..,x,}. Define

ejyn == {{yla---aynflvxnvy} ‘ Yy S V}

and

%n = {{yla s >yn7y} | Yy e V}
Then 47, is a connected subset of .# which contains {y1, ..., Yn_1, T, and {y1, ..., Yn, Tn}
and 4, is a connected subset of .# which contains {y1, ..., ¥yn, .} and {y1,...,y,}. So
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o7 U %B; is a connected subset in .% for each i (since {y1,...,yi, Ti, ..., T} € < N By).
It follows that | J]'_, (% U %) is a connected subset of .# which contains {z1, ..., z,} and
i, Yn

Case 2. {zy,...,2,} € & and {z1,...,0,,} € F \ .

Under Case 2. we will consider two cases.

Case2.l.p<m<n

Choose n —m distinct elements x,, 11, . . ., ¢, such that {1, ..., Ty, Tips1, ..., Tn} € .
Foreachi = 1,....,n —m, let 6; = {{z1,...,Zpyu-1),y} | ¥y € V}. Then €
is a connected subset of .# containing {z1,...,%p46-1)} and {21, ..., T }. Hence
% = U;_" %, is a connected subset of .7 containing {x1,...,2,,} and {z1,...,2,}.
By Case 1, there exists a connected subset 6, of .# which contains {z;...,z,,} and
{z1,...,2,}. Hence € U%, is a connected subset of .% which contains {x; ..., z,,} and
{z1...,2,}

Case 2.2. m > n.

Let {y1,...,yn} € . Let 21 = {{z1,...,2m,y} | y € V}. Then 2 is a con-
nected subset of .% containing {z1, ...,z } and {z1,..., 2,y }. Foreachi =2,...,n,
let 2, = {{z1,.- T, ¥1,---,¥i—1,y} | y € V}. Then &; is a connected subset of
& containing {1, ..., ZTm, Y1, Yi—1} and {@1, ..., Tm, y1,...,v;}. Hence U, Z; is
a connected subset of .# containing {z1,...,z,} and {z1,..., 2, y1,...,y,} With an
analogous construction we can show that there is a connected subset of .7 which contains
{y1,.- -, yn} and {z1, ..., Zp,¥1, ..., yn}. It follows that there is a connected subset of

Z which contains {z1,...,2,,}and {y1,...,yn}
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Case3. {z1,..., 2.}, {y1,...,yn} € F\ &.

Pick {x1,...,2,} € o/. By Case 2, there exists a connected subset %, of .% which con-
tains {1, ...,x,}and {1, ..., x,,} and a connected subset €5 of .% containing {y1, ..., yn}
and {x1,...,2,}. So 1 U %, is a connected subset of .% which contains {x1,...,2z,,}

and {y1,...,Yn}. By Theorem (2), F is connected.

We have shown that <7 lies in a connected subset of .% and each of .% \ &/ members lies

in that connected subset of .# which meets 7. Hence .7 is connected in N (V;,..., V).

By Proposition[4.13] .% is dense in N (V4,...,V,). Hence N(V4,...,V,) is connected.
[

4.4 Order arcs

Order arcs are important components in hyperspace theory. In this chapter the notion of
order arcs is introduced to prove many of the results in Chapter 5. Order arcs plays an
important role in the understanding of hyperspaces of a continuum. Most of the results are

found in (see [4]).

Definition 4.16. [12] Let (X, d) be a metric space. ¢ : [a,b] — 2% is an arc in 2X if
¢ : [a,b] — ¢(|a, b]) is a homeomorphism. (This may be called homeomorphism INTO

2% since it does not have to be onto).

Remark 4.17. An arc ¢ is continuous.

Definition 4.18. [8] An order arc is an arc ¢ : [a,b] — 2% such that whenever s < t in
[a,b], then ¢(s) C ¢(t).
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Theorem 4.19. [8] If ¢ : [a,b] — 2 is an order arc, then ¢([a, b)) is compact in C(X).

Theorem 4.20. /8] If ¢ : [a,b] — 2% is an order arc, then ¢([a,b]) is connected in

C(X).

Corollary 4.21. [8] Let (X,d) be a metric space and let ¢ : [a,b] — 2% be an order

arc. Then ¢(|a, b)) is a continuum.

Theorem 4.22. [4] If A, B € 2%, then there is an order arc from A to B if and only if

A C B and each component of B meets A.

Proof. Theorem 4.1.13 of [9] provides a detailed proof.
[ |

Theorem 4.23. [4|] Every order arc whose initial point is an element of C(X) is entirely

contained in C(X).
Proof. Theorem 4.2.9 of [9] provides a detailed proof. |

Lemma 4.24. Let N(Uy, ..., U,) be a basic open set and let A, B € N(Uy,...,U,) such
that A C B. If there is an order arc £ from A to B, then £ liesin N(Uy,...,U,).

Proof. Let L € . Then A C L C B. Since A,B € N(Uy,...,U,), ANU; # 0
fori =1,...,nand B C |J_, U; which implies that LN U; # {) fori = 1,...,n and
L C U, U Hence L € N(Uy,...,U,) which implies that & C N (Uy,...,U,). [

Remark 4.25. We note here that when we say .Z is an order arc above, we are in fact

talking about the image ¢([a, b]).
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Chapter 5

Local connectedness and connectedness

im kleinen

5.1 Connectedness in a continuum X

In this section we study the connectivity properties, local connectedness and connected-

ness im kleinen in a continuum X (see [12]).

Definition 5.1. [[12] Let (X, d) be a metric space and x € X. Then X is locally connected
at z if and only if for each open set U containing x there is a connected open set V' such
thatx €¢ V C U.

Furthermore, X is locally connected if and only if X locally connected at every x in X.

Definition 5.2. [12] Let (X, d) be a metric space and x € X. Then X is connected im
kleinen at x if and only if for each open set U containing x there is a component of U

which contains z in its interior.
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Proposition 5.3. [/2]] Every locally connected space is connected im kleinen.

Proof. Assume that X is locally connected at z. Let U be an open set containing x. Since
X is locally connected at z, there exists a connected open set V' and an open set C' in
X such that z € C C V C U. Since C' is open, then Int(C') C C which implies that

x € Int(C) C C CV CU. Hence X is connected im kleinen. [ |
However, the converse of Proposition[5.3]is not true. See Theorem [5.§]

Definition 5.4. [12] Let (X, d) be a metric space. Then X is pathwise connected if and
only if for any two points = and y in X, there is a continuous function f : [0,1] — X

such that f(0) = z, f(1) = y. The function f is called an path from x to y.
Theorem 5.5. [|/2] Every pathwise connected space is connected.

Proof. Assume that X is path connected but not connected. Let X = H U K, where
H and K are non-empty disjoint open sets in X. Let x € H, and y € K and let f :
[0,1] — X be a path between x and y. Then f~!(H) and f~'(K) disconnect [0, 1],

which is impossible, since [0, 1] is connected. Hence X is connected. |

Definition 5.6. [12] Let (X, d) be a metric space. Then X is arcwise connected if and only
if for any two points = and y in X, there is a homeomorphism f : [0,1] — f([0,1]) C X

such that f(0) = z, f(1) = y. The function f is called an arc from z to y.

Corollary 5.7. Every arcwise connected space is connected.
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The following theorem gives an alternate definition of connectedness im kleinen at x.

Theorem 5.8. Let X be a continuum. Then X is connected im kleinen at x if and only

for each open set U, x € U there is a connected set C' and an open set V such that

reV CcCcCU.

Proof. * = 7 Suppose that X is connected im kleinen at x. Let U be an open set
containing x. Since X is connected im kleinen at x, there exists a component of U, call it
C, containing z in its interior, i.e. x € Int(C) C C C U. If V = Int(C), then V is open
andx eV C(CCU.

“ <= " Assume that the condition holds. Let U be an open set in X containing x. Then
there exists a connected set C' and an open set V suchthat x €¢ V C C C U. If C'is
connected, then C' C (., where C, is a component of U containing z. Since V' C C), is
open, then V' C Int(C,). Sox € V C Int(C,) C C, C U,ie. z € Int(C,) C C, C U.

Hence X is connected im kleinen at z. |

5.1.1 Connectedness in the hyperspaces 2 and C(X)

In the previous section we discussed local connectedness and connectedness im kleinen in
a continuum X. In this section we study these connectivity properties in the hyperspaces
2% and C(X) of a continuum X equipped with the Vietoris topology. Most of the work is

from (see [1]]).

Theorem 5.9. [[I|] Let M € C(X). Then 2% is connected im kleinen at M if and only if for

each open set U containing M there is a component of U which contains M in its interior.
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Proof. “ = 7 Assume that 2% is connected im kleinen at M. Let U be open set in X
containing M. Then M € N(U). Since 2% is connected im kleinen at M, there exists a
component ¢ of N(U) such that M € Int(¢) C ¢ C N(U). Let K = |J{A| A € ¢}.
By Lemma K is connected. Hence there exists N(V') such that M € N(V) C
Int(%¢) C ¢ C N(U).

Claim. M CV C K.

It is clear that M C V. Now V € N(V) C €. So V € % which implies that V' C K.
Thus K contains M in its interior.

Claim. K C U.

For each A € ¥, A € N(U) which implies that A C U. Then |J{A | A € €} C U.
Hence K C U. Sowe have M C V C K C U. But K is connected, so there exists a
component of U, call it C'suchthat K C C. SoM CV C C C U, andsince V C C'is
open, then M C Int(C). Thus M C Int(C) C C C U.

“ <=7 Assume that for each open set U containing M there is a component of U contain-
ing M in its interior. Let N (Ui, ..., U, ) be a basic open set containing M. By regularity

of 2%, there exists a basic open set N(Vy,...,V,,) such that M € N(Vi,...,V,,) C

N(Vi,...,Vm) € N(Uy,...,U,). Let V = J;", Vi. Since V is open in X and M C V,
there exists a component C' of V' containing M in its interior, i.e. M C int(C) CC C V.
Fori =1,...,m,let W; = V;NInt(C). Then M C Int(C) and M € N(Vy,...,V,,)
which implies that M N'V; # (. Thus V; N Int(C) = W; # (). We have M N W, =
MNV;NInt(C) = MNV; # Gand M C |J;2, V;NInt(C) = Y;~,(V;NInt(C)) = U~ , W;.

Hence M € N(Wy,..., W) C N(Vi,..., Vi) CN(Vi, ..., Vi) C N(Uy, ..., Uy).
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IfAe NWy,...,Wy,),then AC J", W, CInt(C) CC CCCV =",V So

A Ce NV, ...,.V,) =N(Vi,...,V,) CN(UY, ..., Uy).

Since C' is a component of V/, then C' is connected and by Theorem C is con-
nected. Hence C' € C(X). Now, since A C C and each component of C' (which is
C itself) meets A. By Theorem there exists an order arc ¢ from A to C. Then
A,C € N(Uy,...,U,) which implies that A,C C [J_,U; and A,C N U; # 0 for
i=1,...,n. Thus A C ¢(t) C C which implies that ¢(¢) C |J;_, U; and ¢(t) N U; # 0
fori = 1,...,n. Hence ¢(t) € N(Uy,...,U,) forall t € [a,b]. Now ¢ continuous and
$(a) = A and ¢(b) = C. Thus ¢[a,b] C N(Uy,...,U,). Hence every order arc from
N(Wy,...,Wy) to Cliesin N(Uy, ..., U,).

Let o/ be the union of all such order arcs. Since C belongs to each one, then &7 is
connected. So M € N(W,,...,W,,) C & C N(Uy,...,U,). By Lemma[5.8] 2% is

connected im kleinen at M. |

Corollary 5.10. [[I|] Let X be a continuum and x € X. Then 2% is connected im kleinen

at {x} if and only if X is connected im kleinen at .
Proof. Follows from Theorem [5.9]if we let M = {x}. [ ]

Theorem 5.11. [[IJLet M € C(X). Then 2 is locally connected at M if and only if for

each open set U containing M there exists a connected open set V such that M C'V C U.

Proof. “ = 7 Suppose that 2% is locally connected at M. Let U be an open set in X

containing M. Then M € N(U). Since 2% is locally connected at M, there exists a
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connected open set ¥ such that M € ¥ C N(U). LetV = |J{A| A € ¥'}. By Lemma
4.8 V is open and by Lemma[4.9] V' is connected. Hence M C V C U.

“ <= 7 Assume that for each open set U containing M there exists a connected open
set V such that M C V C U. Let N(Uy,...,U,) be a basic open set and let M €
N(U,...,U,). Then M C U}, Ujand M NU; #Qfori=1,...,n. LetU = J;_, U;.
Then M C U. Hence there exists a connected open set V' such that M C V C U.
LetV; = VNU,. Thenwehave V = |J'_,V; = U_,(VNnU;) =VnU_,U) =
V NU. By Theorem[4.4] N(V4,...,V,) C N(Uh,...,U,) and M € N(V4,...,V,) C
N(Uy,...,U,). By Theorem N(Vi,...,V,) is connected. Therefore 2% is locally

connected at M. |

Corollary 5.12. [[I|] Let X be a continuum and x € X. Then 2% is locally connected at

{z} if and only if X is locally connected at .
Proof. Follows from Theorem if welet M = {z}. [

Remark 5.13. If M € C(X) and 2% is locally connected at M, then Theorem and
Theorem [5.11]imply the existence of a local base of connected sets at M/, each of which is

of the form N (Uy, ..., U,).

For the next few results we investigate the relationship between the hyperspace 2% and the
hyperspace of continua C(.X') with respect to local connectedness and connectedness im

kleinen at points of C(X).

Theorem 5.14. [[[JLet M € C(X). If 2% is connected im kleinen at M, then C(X) is

connected im kleinen at M.
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Proof. Let N(Uy,...,U,) N C(X) be an open set in C(X) containing M. Since C(X)

is regular, there exists a basic open set N(V1,...,V,,) such that M € N(Vi,...,V,,) C

N(Vi,..., Vi) € N(Uy,...,U,). Since 2% is connected im kleinen at M, there ex-

ists a connected set ¥ C 2% and a basic open set N (Wi, ..., W) such that M €

NWy,...,W) CInt(¢) CE€ C N(Vi,..., V) CN(VA, ..., Vi) CN(Uy,...,Uy,) C
2X. If B € NWy,...,W,), then M,B € %. Since € C N(Vi,..., V), then € C

N(Vi,..., V) and since € is a closed subset of 2%, by Theorem , % is compact.
Since % is connected, then by Theorem [2.26, it follows that % is connected. Hence % is a

continuum. So there is a continuum containing 5B and M.

Let K € N(Wy,...,W,)NC(X). Then K C U\, Wyand K N W; # O fori =1,...,k
and K € C(X) implies that K is connected. From the argument above there exists a
continuum . C N(Uy,...,U,) containing K and M. Let L = |J{A | A € Z}. By
Lemma 4.9 L is a continuum in X. Hence L € C(X) and L € N(Uy,...,U,). Since
K, M € £, then K, M C L and since each component of L (which is L itself) meets
K and M, by Theorem there exist order arcs %, from K to L and £, from M
to L. Now since K, M € C(X), by Lemmaf.23] L, £y C C(X). If A € Z, then
K C AC L, where K,L € N(Uy,...,U,). Thus, we have A C L C |J._, U; and
K € N(Uy,...,U,) which implies that K N U; C ANU; # (fori = 1,...,n. Then
A € N(Uy,...,U,). Hence Zx C N(Uy,...,U,). Similarly, £y, C N(Uy,...,U,).
Therefore Ly, £y € N(Uy,...,U,)NC(X). Now L € Lk N.Z) and by Theorem
each of the order arcs % and %), is connected, then we have £k U %) connected. Also

by Theorem each of the order arcs L, %) is compact, then we have L U Ly
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compact. Therefore £ U %), is a continuum in N (Uy,...,U,) N C(X) containing M
and K. Then M € N(Wy,... , Wp)NC(X) C Lx ULy C N(Uy,...,U,)NC(X). Thus

C(X) is connected im kleinen at M. [ |

Corollary 5.15. [[Il] Let M € C(X). If for each open set U containing M there is a

component of U which contains M in its interior, then C(X) is connected im kleinen at M.
Proof. Follows from Theorem[5.9/and Theorem [5.14] [ |

Corollary 5.16. [Il]Let X be a continuum and x € X. Then X is connected im kleinen at

x if and only if C(X) is connected im kleinen at {z}.

Proof. “ = 7 Assume that X is connected im kleinen at z. By Corollary 2X is
connected im kleinen at {x} and by Theorem C(X) is connected im kleinen at {z}.
“ <= 7 Assume that C(X) is connected im kleinen at {x} and let U be an open set in
X such that z € U C X. Then {z} € N(U) N C(X). By our assumption there exists a
connected set € C N(U)NC(X) and an open set N(V')NC(X) such that {z} € N(V) N
CX)CECNU)NC(X). Thusz € VCU. Ify € V,then {y} € N(V)NC(X) C
¢ C N(U)NC(X). So % contains {z} and {y}. Let K = |J{A | A € €}. Since €
is connected, by Lemma[.9] K is a connected subset of U and K contains = and y. For
each A € ¥, wehave A € N(U). Then A CU.So K CU.Hencez € V C K CU.

Therefore X is connected im kleinen at x. |

Corollary 5.17. [[|]Let X be a continuum and x € X. If X is locally connected at x, then

C(X) is locally connected at {x}.

Proof. Suppose that X is locally connected at . Let N(U) N C(X) be an open set in

C(X) containing {z}. Since X is locally connected at x, there exists an open connected
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set V suchthatz € V C U.

Claim. N (V) N C(X) is connected.

Proof of Claim. If V' is connected, by Theorem N(V) is connected. Let M €
N(V)NnC(X)\ Fi(V), where Fy(V) is as in Definition Then M C V and M is
connected. For any {y} € F1(V), {y} is connected and {y} C M. Then every component
of M (which is M itself) meets {y}. By Lemma4.22] there exists an order from {y} to M
lying in C(X). For any A on the order arc, we have A C M C V. So A € N(V'). Hence
the order arc from {y} to M lies in N (V) NC(X).

Let .Z)s be the order arc from {y} to M. By Theorem Z) 1s connected and by
Remark [4.12] F(X) is connected. Hence %, U F (V) is connected since {y} € £y N
Fi(V).Butwehave N(V)NC(X) = {ZnUF (V)| MecNV)NCX)\ Fi(V)}.
Hence N(V)NC(X) is connected since (\{-LyUF (V) | M € N(V)NC(X)\Fi(V)} D
Fi(V).So{z} e N(V)NC(X) € N(U) NC(X). Therefore C(X) is locally connected
at {x}. [ |

The following example shows that a continuum X is connected im kleinen at (0, 0) but not
locally connected at (0, 0). This actually shows that connected im kleinen does not imply

locally connected.

Example 5.18. [1]For each positive integer n, m let L,, ,,, be the line from

() © ()

Let

An = Uﬁzl Ln,m~
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Let

X = UZL Ap.

To show that X is connected im kleinen at (0,0). Let U be an open set in X such that
(0,0) € U (we may assume that U = B(0, r), for » > 0 and where 0 = (0, 0)). Choose n
such that% <r. Thenm CU. Taker' < % Then 0 € B(0,r) C C C U, where C
is a connected set. Hence X is connected im kleinen at (0, 0).

Now to show that X is not locally connected at (0, 0). Let U be an open set in X (we may
assume that U = B(0,r) N X). Choose % < r. Then m is connected but not open

(since it contains (%, 0)). So there is no open set that is connected in X. Hence X is not

locally connected at (0, 0).

The following definition and lemma concerns the Vietoris topology and will be used to
prove the main results with necessary and sufficient conditions that 2 is locally connected

or connected im kleinen at any arbitrary points of 2.

Definition 5.19. [1]] Let A € 2%. A basic open set N(Uy, . .., U,) is essential with respect
to Aif A€ N(Uy,...,U,) and foreachi = 1,...,n, then A\ U, U; # 0.

Theorem 5.20. [[[|] Let A € 2% and let N(Uy, ..., U,) be an open set containing A. Then
there exists an open set N(V1, ..., Vy,) such that A € N(Vi,..., V) € N(Uy,...,Up,)

and N(Vi, ..., Vy,) is essential with respect to A.

Proof. Since A € N(Uy,...,U,), then ANU; # O fori =1,...,n. Pick z; € ANU; for

eachi = 1,...,n. Now (\{U; | z; € U,} is open since it is a finite intersection of open
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sets and x; € ({U; | z; € U;}. Hence there exists an open set V; such that

with the condition that V; = V; if z; = x; and V;NV; = Qif x; # x;. Let {V4,..., V,,} (re-
labelling if necessary) be the set of distinct V;’s. If A C | ", Vi, then A € N(V4,...,V;,)
andz; € A\Uj,, V; # 0fori=1,... ,msince z; € Vj. Otherwise, assume A Z | J;, Vi.
Lety c A\U~, Vi CACU., Ui Soy € U; for some j. Now y € (\{U; | y € U;}

which is open. Then there exists an open set O,, such that
y €0, C( Ui lyeU;} (5.2)

with O, N {x1,...,2,} = 0in U; wherey € U;. Then A\ U, V; = U{{y} | v €
A\NUL Vi CU{O, |y € A\NUZ, Vi}. Now U, V; open in X which implies that
A\ U, Viisclosedin A C X. But A is compact, by Theorem A\UL, Viis
compact. Hence there exist yi,...,y, € A\ U;~, V; such that A\ U", V; € UL, O,,.
We may assume that the O,,’s are distinct. Now take {O,,,...,0, } C {Oy,,..., 0y}
consisting of all the O,,’s with the property that (A \ U, Vi) \ (U, Oy;) # 0. For

notation purposes, let O,, = V,,,; andletm +p ={fork =1,...,p. Then we have

A C(A\UL VU UL V)
C (U= 0y) U (UL V)
= Ui:l Vi,

v, € ANVjforj =1,....mandy; € ANQO, fori = 1,...,p. Hence A €
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N(‘/l7"'7vm7vm+17"'7‘/2)'
To show that N(Vi, ..., Vi, Vinsns- .., Vi) € N(Ui,...,Uy). Let B € N(Vi,...,Vi).
Then B C |J._,V;and BNV, #fori = 1,...,1. By ,U;.n:le C U, U; and by

(5.2), U=y Vinrk = Up=y Oy, € U2, Ui Hence

B C (UL V) U (Urzt Vintr)
C (U?:l Ui) U (U?:l Ui)
= U?:l Ui.

To show that BNV; # () for j = 1,...,1. Consider U;, where i € {1,...,n}. Then
there exists V}, where j € {1,...,m} such that V; C U,. Since BNV, # (), we must
have BNU; # (). Thus by Theorem@d.4) N (V4, ..., Vi, Vini1, ..., Vi) = N(V4,..., V) C
N(Uy,...,Up).

Now we want to show that N (V4, ..., V) is essential with respect to A. If j € {1,...,m},
then A \ Uizlﬂ.# Vi C A\ U;L#j Vi. There exists z; € V; which implies that z; ¢
Ui,z Vi Thenz; € A\, ,; Vi which implies that A\(J[, ;,; Vi # (. Therefore A\
U§:17i¢j V; # 0. Now take j € {m+1,...,m+p}. Then (A\|J", V;)\(Ui:mﬂﬂ.# V;) #
(). Then there exists a; € (A\ >, Vi) \ (Uizmﬂ’#j V;) which implies that a; € A\

Ur, Viand a; & Ui, 1.0 Vi But A\ U, V; € UM V;. So a; € V;. Now

i=m1,i]
a;j ¢ U, Vi. Then a; ¢ UZ;fH#jVi which implies that a; ¢ Ui:l,z’yﬁj V;. Hence
aj € A\Ué:17i¢j‘/;f0reachj e{m+1,...,m+p}.

Therefore N(Vi,..., Vi) = N(Vi,..., Vi, Vi1, - . ., Vinyp) 18 essential with respect to A.

Now that we have the preliminaries and the groundwork in place. We move to the main
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theorems which are the mains results for this thesis. For notation purposes, as defined in
Definition the Int(A) represents the interior of A in X and as defined in Definition
Bd(A) represents the boundary of A in X.

Below we have extracted certain proofs of Theorem [5.23] and Theorem [5.24] and they

appear as lemmas. They have been referenced within the proofs.

Lemma 5.21. Let A € 2% and define f : 2% — 2% by f(C) = C U A, where C € 2X.

Then f is continuous.

Proof. f is well-defined. Let % be open in 2*. We want show that f~1(%/) is open in 2-X.
Now f"H%)={C e2X | f(C)=CUU e %}.LetD € f~(%). Then f(D) € % .
Since 7% is open, there exists € > 0 such that Box (f(D),€) C % .

Claim. Byx (D, ¢) C f~H(%).

Proof of Claim. Let B € B(D,¢€). Then py(B, D) < €. Hence

B C V(D) and D C V.(B). (5.3)

To show that B € f~1(% ), i.e. f(B) € % . We will show that f(B) € B(f(D), €) which
isthesameas BUU € B((DU A),¢),i.e. puy(BUA, DUA) < e.

Letz € BUA,thenxz € Borx € A. If x € B, from (5.3), x € V.(D), so there exists
a € D such that d(z,a) < e. Then z € B(a,€). Buta € DU A. Hence z € V(D U A).
If xr € A, thenz € DU A and d(x,z) = 0 < € which implies that x € B(z,¢€). Thus
r eV (DUA).

Hence BU A C V(D U A). By a similar argument, D U A C V(D U A). Hence
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pu(D U A, BU A) < e which implies that f(B) € Byx(f(D),e) C % . Then B(S,¢€) C

[~ ). Hence f~'(% ) is open. Therefore f is continuous. [ |

Lemma 5.22. Let € be a connected component of N(U, Uy, ...,U,). Define f : € —
N(U) by f(B) = BNU, where B € €. Then f is continuous and open.

Proof. Since B € ¢, then B € N(U,Uy,...,U,) which implies that B N U # (). Then
BNU = f(B) € N(U). Hence f is well-defined.

Let N(V4,...,V,) be openin N(U).

Claim. f~\(N(Vi,...,V,)) = N(Vi,...,V,,Us,...,.U) N .

Proof of claim. “ C " Let B € f~*(N(V4,...,V,)). Then B € ¥ implies that f(B) €
N(Vi,...,V,). Then® # BNU € N(Vi,...,V,). Now B € ¢ implies that B €
N@U,Uy,...,U,). Then B C UUJ._,U;. SoB = (BNU)U(BNU, U;) C
(U, Vi) U (Ur, Us). To show that BNV, # 0: We have BNU € N(V4,...,V,). Then
(BNU)NV; # 0 fori =1,...,pwhich implies that BNV, # () fori = 1,. .., p. To show
BN U; # 0: We have B € ¢ which implies that B € N(U, Uy, ...,U,). Then BN U; #
O fori =1,...,n. Thus B € N(Vi,...,V,,Uy,...,U,). So f[7YN(V4,...,V})) C
NWi, ...\ Vo Us,....U) NE.

“2>7LetB e N(Vi,...,Vy,Un,...,U)NE. Then B C (', V) U(UL, Us), BOV; #
Ofori=1,....,p, BNU #Dfori=1,...,nand B € €. So

BnU U V)u U UlnU
= UL (VinU)JU UL (Ui N V)]
=U_,VinU,sinceU;NU =0fori=1,...,n.

C P, V; CU,since N(Vi,...,V,) C N(U).
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To show that (BNU)NV; # @ fori = 1,...,p: We have (BNU)NV; = (BNV;)N(UNV;) =
(BNV;)NV; = BNV; # 0. Since BNV; # @ and UNV; = V,. Then f(B) € N(V4,...,V,).
Thus we have proved that f~*(N(V4,...,V,)) = N(V4,...,V,,Uy,...,U,) NE, where
% is open. Hence f is continuous.

Now we want to show that f is open. Let N(V;,...,V,) be openin ¥

Claim. f(N(Vi,...,V,)) = N(Vi,...,Vy), where N(Vi, ..., V,) = N(Vi,. ... Vin, Vi1,
oL V) with 2V, CUand U7, Vi € UL, Us.

Proof of Claim. “ C " If B € N(V4,...,V},), then B C ", V; U ., ., Vi. This
implies that f(B) = BNU C U, V; CUand BNV; # 0 fori = 1,...,p. Then
BNU)NV,=BnNnUNV;,) =BNYV; #0(since V; CUfori=1,...,m.) Hence

f(B) € N(Vi,..., V). Therefore f(N(Vi,...,V,)) C N(Vi,..., V).

“D7IfBe N(Vi,..., V), then BC | J",V; CU.Hence BNU C |J*, V; and BN
Vi # 0. To show that B = f(C), where C' € N(V4,...,V,). Let C = BU(J;_,,., Vi) €

P ViandCNV; # Ofori =m+1,...,p. Then C € N(V,...,V,) and f(C) =
CNU = B.Thus B € f(N(Vi,...,V,)). Hence N(V4,...,V,,) € f(N(V4,...,V})).

Therefore f(N(V4,...,V,)) = N(Vi,...,V,,). This proves that f is open. [

Theorem 5.23. [I]] Let A € 2X. Then 2% is connected im kleinen at A if and only if 2% is

connected im kleinen at each component of A.

Proof. “ = " Assume that 2~ is connected im kleinen at A and let A; be a component
of A. If Ay = A, the proof is complete. Otherwise, assume that A; # A. Let W be an
open set of X such that A; C V. We can find an open set U such that A; C U C UCwW
and such that ANBd(U) = 0. Now A\ U = An (X \ U). Since A is closed and U is
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open in X, then X \ U is closed. But A and X \ U are subsets of a compact space X.
By Theorem it follows that A and X \ U are compact which implies that A \ U is
compact. Now A\ U C | J{U, | Uy isopenin X, U,NU =), and ANU, # 0}. Hence
there exists {Uy,...,U,} with U; N U = 0 and U; N A # @ such that A\ U C (J;_, U..
Then A C (A\U)UU C (U, U;)) UUand ANU # 0, ANU; # 0 fori=1,....n.

Hence
Ae NUUy,...,Up,). (5.4)
Since 2% is connected im kleinen at A, there exists a component ¢ of N(U,Uy,...,U,)
such that
Aent(¢) C¢€ CNWU,Uy,...,Uy,). (5.5

Let f : € — N(U) defined by f(B) = BN U, where B € ¥. By Lemma|5.22] f is

continuous. Hence f (%) is connected.

By (5.5), we can let N(V4,...,V,) be an open set in ¢ such that A € N(V4,...,V,) C
¢ C N(U,U,...,Up,). Let {V1,...,V,,} (by relabelling if necessary) be the largest
subset of {Vi,...,V,} such that V; N U # 0 for j = 1,...,m. (Again by relabelling),
let {Vi,...,Vi} be the largest subset of {V},...,V;,} such that V; N (J._, U;) # 0 for
jg=1,....k. Then V,;NU =0 forj = m+1,....,pand V; N (U;_, U;) = 0 for
= k+1,...,m Forj=1,. .. kletVl = V;nUand V2 = V; N (UL, Uy).

Claim. A € N(V{',... . Vi Visrs o Vi, V2 L VE Vi, . V).
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Recall Theorem Now

0o (0 (D(0)

Since A € N(Vi, ... Vy)then A € U, Vs = (Uit Vi) U(Uposs Vi ) U (Ui V5)
and ANV; # (forj =1,...,p. Toshow that ANV} # Jand ANV? #forj=1,... k.
We have A C | J]_, Vjand ANV; # O forj=1,...,p. Then ANU C Jj_, V; NU C
Ule V. Thus (AN U) NV}' # 0 which implies that AN V;" # @ for j = 1,..., k. Also
AN(Ui, Us) < Ule 1/;2 which implies that AN (J;"_, U;) N (Vf) # (. Then AﬁVj2 =+ .

Hence claim is true. Therefore
Ae NV o Vi Vi, o Vi VoV Vi, -, V) (5.7)

By Theorem[@4, N(V}!, ..., V! Visr, oo, Vi V2 oo V2 Vi, -, V) C N(VA, .., V)

and N(Vi,...,V,) C€.Then A€ N(V!, ... VE Vigr, oo, Vi, V2 VR Vi, o, V)

CNW,...,V,) CE where N(ViL, ... VL Vigrs ooy Vi, V2 V2 Vg, V) =

V.

Claim. f(¥) = N(V}, ..., Vi, Viga, -, V).

Proof of Claim. * C " If B € 7/, then /(1) = BU € (Ui, V' UUS, V2 UL, Vi)
- (U?Zl V! UU?L:,CHVJ-) NU since UNU; = 0 fori = 1,...,n implies that

UNnUL Ui = 0. SoUunVp =0nV;nUL Ui = 0and UN UL, Vi = 0.
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So
BnU

[<U§=1 Vil) <U§=1 Vf) U (U}Zkﬂ Vﬂ NBNU
(U)o (U] 0
B [U;LI (V;'n B)} U [U}ZM (BN Vj)}

Thus V;'NB # O forj =1,... ,kand BNV; # (@ for j = k+1,...,m, which implies that

U
U

f(By=BnU e N(V}!,..., V., Viiq, ..., V). Hence f(#) C NV, ..,V Vi, -+ -
V).

“D7LetC e NV, ...,Vi',Vigr, ..., V). Choose z; € V7 for j = 1,...,k and
;e Viforyj=m+1,...,p.

Claim. D = C U {zy,..., % Tmi1,...,2py = CUE € ¥, where E = {xy, ...z,
Tnt1s- -5 Tp)

Now ENVP #@forj=1,....k, ENV; #0forj=m+1,...,pand C NV} # 0
forj=1,....k,CNV; £ Pforj=Fk+1,....,m AndD = C UE C (Ule‘/f)u
<U;.n:k+1 V}) U (Ule Vf) U( ?:m+1vj)- Hence D € ¥. So f(D) € f(¥). To show
that C' = f(D). We have

f(D)=DNU
=(CUE)NU
=(CNU)U(ENU) SinceUNV?=0forj=1,... Kk,
andUNV;=0forj=m+1,...,p,
then ENU =0

=CnU.
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Now (Ule v;) U (UT: . v-) C U, V; € UU (UL, Ui Gsince N(VA,...,V}) C
NU,Uy,...,Uy)). Forj=k+1,....,m,V; N (U, U;) = 0, which implies V; C U and
VS Uforj =1,k Thus € € (UL V') U (Ul V) SU-SoCNU = C.
Thus C' = f(D) € f(7¥). Hence C = f(D) € f(¥).

Therefore f(7) = NV, ..., Vi, Viwr, -+, Vin).

Since A € ¥ C ¢, then f(A) € f(¥) C f(¢) which implies that ANU € N (V... Vil
Vitty -, Vin) = f(#) C f(€). Therefore f(%) contains an open set containing A N U.

Let C = J{f(B) | B€¥}. Then A, C ANU = f(A) CC C C C U (since C C U).
Since A, is connected, we can find a component C(A;) of C such that A; C C(4,).
Then A; C C(A;) C C. Now A € Int(¢) C € C N(U,Uy,...,U,). So there exists
anopen set N(V1,..., Vi, Vipga, ..., Vp)suchthat A € N(Vi, ...V, Vipga, ..., V) C
Int(%) € ¢ with 7, V; CU and U, V; € UL, Ui, since U N (Ui, Us) = 0 and

-1 Vi CUU UL U

Let {Vi,...,Vi} be the largest subset of {Vi,...,V,,} after relabelling such that V; N
C(A;)) =0fori=1,... k. (Hence C(A)NV; #(fori=Fk+1,...,m). We consider
two cases.

Case 1. {V;,..., Vi.} # 0.

Let O be an open set such that C(4;) C O, 0N (U?Zl W) =0 and Bd(O)NC = 0.
Claim. A; C Int(C'(4;))

Proof of Claim. Assume that A; ¢ Int(C(A;)). There is z € A; such that z ¢
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Int(C'(Ay)). Thenz € A} C A C U;’:le. Thus z € V; for some j and x € A; C
C(A;) C O.Hence z € O N (N{V; | z € V;}), so there exists an open set O, such that
z €0, CON(N{V;|x € V;}). Since O, is an open set containing , then O, Z C(A;)
andz ¢ C(4,). Lety € (0,NC)\ C(A,) and let C(y) be the component of C' containing
y. Since y & C(A;) and C(y)NC(A;) # 0, then C(y) € C C X \Bd(0) = (X\O)UO.
Since C(y) is connected, then C(y) € X \ O or C(y) € O. Buty € O, C O and
y € C(y),soC(y) C O. Let O, be an open set such that C'(y) € O, € O, O,NC(A;) =0
and such that Bd(0,) N C = 0. Now O,, 0\ O, = ON (X \ O,), X \ O are disjoint open
sets in X. Since CNBd(0) = ) and CNBd(O,) = 0, then C C O,U(0\O0,)U(X\O).
Hence N(O,), N(O\O,), N(X\0), N(O,,0\0,), N(O,,X\0), N(O\O,, X\O)
and N(O,,0\ O,, X \ O) are pairwise disjoint open sets in 2% and f(%) is contained in

the union of these sets.

Fori=1,...,k, choose z; € V;,thenx; & C(A;).Fori =k+1,...,m,C(A)NV; # 0.
Let 2 € C(A;)NV;. Now O\ O, is an open set containing C'(A;). Then (O\O,)NV; # 0.
Choose z; € V;N(O\ O,) fori =k +1,...,m. Then {xy,...,z,} € N(Vi,..., V) C
f(€). Nowy € On (({Vi |z €Vi}). Butz € Uj_, Vj. Hencey € Vj forall j =
k + 1,...,m, which implies that {xy,..., 2, y} € N(V4,...,V,,) C f(%). Further,
{zy,...,2,} € N(O\O,,X\O)and {1, ...,7,,y} € N(O,,0\O0,, X\ O). But this
contradicts the fact that f(%’) is connected. Hence A; C Int(C'(4,)).

Case2. {Vi,...,Vi} =0. Then V; N C(A;) # 0, fori =1,...,m.

Pick 7; € V;N (0O \ O,). Now y € "{V; | = € V;} which implies that {x1,...,2,,} €
N(Vi,...,V) C f(€)and {z1,...,xm,y} € N(V4,..., V) C f(F).
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Then {z1,...,2,} € N(O\O,),and {71, ..., 7,,y} € N(O,, O\O,) which contradicts
the fact that f(%) is connected. Thus A; C Int(C(A;)). In either cases A; C Int(C(A;)).
Hence A, C Int(C(4;)) € C(A;) C U C W, where C(A,) is connected and hence is

contained in a component of W. By Theorem 2X is connected im kleinen at A;.

“ &= " Assume that 2% is connected im kleinen at each component of A. Let % be an

open set in 2% containing A and let N (U1, ..., U,) a basic open set such that

AeNU,....U) CN(U,,....U) CU.

From Theorem we may assume that N(Uy, ..., U,) is essential with respect to A.
Let Ay, o € [ be the components of A and let {Uf,...,US } be the largest subset
of {Uy,...,U,} such that A, N Ui # 0 for j = 1,...,n,. (We can do this since
Ay, CACUUL,Up). Then A, € N(U?

i1

7Uiofm>' Let U, = U?il U’LO; Then A, C U,.

Since 2% is connected im kleinen at A,, by Therorem there exists a component M,

of U, such that A, C Int(M,) C M, C U,.

Foreachj =1,...,n,, let V¥ = Int(M,) N U7,
Claim A, € N(V, ..., V).
Now
Upe v = U, [ne(M) nog ]
= Int(M) 1 [, U2 |
We have A, C Int(M,) and A, C U;‘;l Ul‘j Then A, C U;‘;l V. In addition
Ao C Int(M,) and A, N U # 0 which implies that A, N (Int(M,) N US) # 0. Then
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A.NVE#Bforj=1,...,n, Hence A, € N(Vi*,...,V,2).
To shows that N (V*, ..., V,*) C N(UY

217"

L UR ). Wehave VY C U forj =1, na.
So Uj2, V¥ € Uj2, UR. By Theorem NP, ..., V) C NU?

217 °

..,U? ). Hence
No

A, € N(VE,... Vo) C NU?

217"

LS UR ).

Now we have A = J,c; Ao € Upes (U?O‘l V;"‘) Since A is compact, then there exists

o, .., an suchthat A C U2, (U2 Vj"‘l)

J

To show that N'(Vi™, ..., Vied . Vit Lo Vit ) © N(Un, ..., Uy). Since N(Uy, ..., Uy)

' Vnam,

is essential with respect to A, then

acJUvr<UUvr -Uv 59
i=1j=1 i=1j=1 i=1

So the collection {U;' }; ; is exactly the collection {U; }i_,. Hence foreach k € {1,...,n},

Up = U forsome i € {1,...,m}and j € {1,...,nq,}. Then
Vit QU = Up. (5.9)

Since (5.8) and (5.9) are satisfied, then A € N(Vy™,... Ve . Ve Lo Ve ) C
N(U.,...,U,).

Let M = |J, M,,, where we recall that M,, is a component of U,, containing A,,

in its interior. We want to show that M € N(U,,...,U,) = N(Uy,...,U,). Now
Ua, € U2 U2 C ULy Ui € Upzy Uk So Mo, C U, Uy and therefore M C y_, Uy

Further, for each ¢ € {1,...,n}, there exist k,¢ such that V:j C U; from (5.9). Then
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Int(M,,) N U; # O implies that M,, N U; # 0. Thus M N U; # (). Therefore M €

i

N(Ui,...,U,). From Theorem N(Uy,...,U,) = N(Uy,...,U,) which implies that

MeNT,...,U)=N(h,...,U,).

Now let B € N(Vi*, ..., Ver .. Vim . Vem) Then B C UL, USL, Vi which
implies that B = <U:i1 Ui, V]_O‘> NnB=U", [B N Uj‘lej_o‘ . Now

BN (U Vf”) C Int(M,,) C M,,. (5.10)

J=1

Since M, is the component of U,,, then M,, is connected. By Theorem , M,, is

connected. Hence every component of M, (which is M., itself) meets B N (U2, V™).

By Theorem 4.22, there exists an order arc %, from B N (U}, W) to M,,. Similarly,

there exists an order arc %, from B N (U2, V;**) to M, fori = 2,...,m. We note that
A, is connected since it is the image of the homeomorphism from [a, b] to 2% and [a, b]

is connected.

Define f, : A, — % by f1(C) = CU [U:iz <B N U?:i Vj_aﬂ Now to show that
f is well-defined. We will show that f,(C) € N(Uy,...,U,). Let C € %,,. Then
BN U2tV C C C M,, which implies that C C M and M € N(Uy,...,U,),
then C C |J_,U;. Now B C C' U (U:iz (BﬂU?fl V]_a>> C U, U and B €
N(mal,...,vnfgl,...,Vﬁm,...,vnf;n) C N(Uh,...,U,) € N (Th,...,T,) . Then BN

U # 0 fori=1,...,nand this implies that C' N (U?;Q(B U V]_“)> NT; # 0. Thus
cn [UZ’;Q(B nU;2, V]_O‘)} € N(Uy,...,U,) C %. Hence f,(C) € % . Therefore f, is
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well-defined. By Lemma f1 is continuous. Thus fi(Z%,,) is a connected subset of
% . Now
B = (BNUMYT) U UraBnU V)
=1 (BOUYT) € f#).

Also M, U [UZ (BN Va’)} filMa,) € f1(%).

Define f; : $., —> % by

Then BN (U}, V™) C C C M,, C M € N(Ty, ..., U,).

Hence f;(C) C Uj_, U;. By lb we have

- UL (BnUz V)
- U (BmUO‘k v‘%) (Bmu vaz) VUi (BﬂU“k V“’“)
- < Z 11 Mak) UCUUiLin (B N Unak Vak) = fi(C).

As we had earlier B € N(Uy, ..., U,), we also have that f;(C) € N(Uy,...,U,). Again,

fi is continuous, and hence f;(4,,) is a connected subset of % and

(3007 = Usies (Ual ) e .

J=1
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and

1. () = (UW>U<U Bmuv_> € 1()

Now define f,, : B, — % by fn(C) = (Uj~,' My) U C. Then as we had before
fm(C) C %, then f,,(AB.,,,) is a connected subset of % containing

M, U (B nUier Vf"”) and M. Then (J;", fi(%;) is a connected subsets of %

containing B and M. Since B € N(V|™', ..., V,;*™ ) was arbitrary, then

» Y naq

Ae NV, Ve Ve veny | (B c 2.
i=1

Therefore 2% is connected im kleinen at A. |

Theorem 5.24. [1]] Let A € 2X. Then 2% is locally connected at A if and only if 2% is

locally connected at each component of A.

Proof. “ = " Assume that 2% is locally connected at A and let A; be a component of
A. If A} = A, the proof is complete. Otherwise, assume A; # A. Then let W be an open
set in X such that A; C WW. We can find an open set U such that Ay C U C UCw
and such that AN Bd(U) = 0. Now A\ U = AN (X \ U). Since A is closed and U
is open in X, then X \ U is closed. But A and X \ U are subsets of a compact space
X. By Theorem A and X \ U are compact which implies that A \ U is compact.
Now A\ U C | J{U, | Uy isopenin X, U, NU = 0, and AN U, # 0}. Hence there
exists {Uy,...,U,} with U; N U = @ and U; N A # () such that A\ U C |J;_, U;. Then
ACA\DUU C (UL, U)UUand ANU #0,ANU; # 0 fori=1,...,n. Hence

Ae NWU,U,...,Uy,). (5.11)
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Since 2% is locally connected at A, there exists a connected open set ¥ in 2% such that

Ae¥ CNUU,...

,Uy). Define f : ¥ — N(U) by f(B) = BN U. Similar argu-

ment with Theorem|[5.23|and by Lemma [5.22] which shows that f is continuous and open.

Hence f(7') is open and connected.

LetV =J{f(B)=BnU|Be ¥} ThenV C U. Since A € ¥, then f(A) C V. So

AL CANU CV.

Let Q(A;) be a quasicomponent of V' such that A; C Q(A;) and let x € Q(A;) C

V. Then z € f(B) for some B € ¥. Since ¥ is open, there exists an open set

N(W,...,V,) =N(W,..

B € N(V,

and satisfying (J!", V; C U and | J}
be the largest subset of {V/, ..

consider two cases.

L Vel # 0.
'7V_m7vm+17"'

[

Case 1. {V], ..
Now N(V7, ..

iCs

. 7Vm7 Vm+17 .

i=m-+1

p
v)( § m)eN(Vl,...,
1=m-+1

.., V) such that

Vi Vit o, V)
"'7V_mavm+l7"'7vzv)
'7V_mvvm+17"'avp)

(5.12)

Vi CUi, Ui. Let {V1,...,V;} (after relabelling)

,Vp) C 7. Also

Vi, Vit - -
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So f (U Vi) U (UiZia Vi) S Ve,

i=m—+1

(<Q7> U (igjﬂw>> NU = <Q7¢ﬂ U> U (igﬂvm(]) cv

Then | J;", V; C V.

Hence |J", V; € V and (U2, Vi) N Q(A;) = 0. Since | J;", V; is compact, by Theorem
there exist disjoint clopen sets S and 7" such that ULV@- C S, Q(A;) € T and
V=8SUT.

Claim. = € Int(Q(4,))

Proof of Claim. (We note that = € Q(A,) is arbitrary). Suppose that = ¢ Int(Q)(A;)) and
r€Q(A). Butzx e Q(A) CTandz € ({Vi |z € V;}. Thenz € TN(N{Vi | z € V;})
which is an open set. Let O be an open set such that z € O CT'N (({V; | z € V}}).
Lety € O buty ¢ Q(A;). By Theorem [2.40} there exist disjoint clopen sets of 7', 7" and
T" suchthat T =T'"UT", Q(A;) CT"and {y} CT".

Now T”,T” and S are disjoint open sets with 7/ U T"” U S = V. As in Theorem
N(T"),N(T"),N(S), N(T'",T"),N(T",S), N(T",S) and N(T",T",S) are pairwise dis-

joint open sets and f () is contained in the union of these sets.

Case2. {V},....Vi} = 0.
Pick 2; € V; fori = 1,... kand fori =k +1,...,m, let Q(A;) NV, # 0. There exists
zi € Q(A) NV,. Then z; €V, implies that every open set containing the z;’s meets V;. But

z; € Q(A;) C T’ which is open and contains z;. Then 7" N V; # (. Pick z; € T" NV}, for
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i=k+1,...,m. From (5.12), {z1,...,zn},{z1,.. ., Zm,y} € N(V1,..., V) C f(¥).
In addition {z1,...,x,} € N(T",S) and {z1,...,2,,y} € N(T',T7",S) which are
disjoint open sets. Thus contradicting the fact that f(7') is connected. Hence = €
Int(QQ(A;)). This proves that Q(A;) C Int(Q(A;)) € Q(A;). Hence Q(A;) is open.
But Q(A;) is also closed. Therefore Q(A;) and V' \ Q(A;) are disjoint clopen subsets of
V.

Now we want to show that Q(A;) is connected. Assume that Q(A;) = Wy U W, where
W, and W, are non-empty disjoint open sets in Q(A;). Since Q(A;) is open in V, then W,
and Wy are openin V. Thus V =W, U W, U (V \ Q(A;)) = Wi U (W U (V \ Q(A1))).
Since (Q(A;) is a quasicomponent of V, then Q(A;) C W), C Q(A;) or Q(A;) C
Wy U (V' \ Q(A;)) which implies that Q(A;) € Wy C Q(A;). Thus Wy = Q(A;) or
Wy = Q(A;) which implies that W; = () or W5 = (). This proves that Q(A;) is connected,
openand A; C Q(A;) CV CU. By Theorem 2% is locally connected at A;.

“ <=7 Suppose that 2% is locally connected at each component of A. Let N(Uy, ..., U,)
be a basic open set containing A. By Theorem we may assume that N(Uy,...,U,)
is essential with respect to A. Let A,, o € [ be a component of A. Since A, C A,
A, €U, U;. Then A, meets some of the U;’s. Let {U;,, ..., U;, } be the largest subset
of {Un,... Uy} suchthat A, NU;; # 0 forj=1,...,n,. Then A, € N(U,,, ..., U;,.).
LetU, = U?’;l Ui,. Then A, C U,.

Since 2% is locally connected at A,, by Theorem there is a connected open set

V., such that A, C V, C U,. Let Ve =Vo,nU, forj = 1,...,n, Then A, €
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N(VE, ..

V) AgNU;, # 0 and A, C V. Then A, = (A, NV,) NU;, # 0 which

implies that A, N V* # (. Also, A, C V,, and A, NU;, # 0. Then A, NV # 0.

To show that N (V/%,. ..

Vi) S N(Us, ..., U, ). We have

Ve =V, nUy,

Na
(0%
Uv
j=1

Na

Uvanuy)

j=1

v (U U)

Jj=1

— VC%

Na

Also, U;; 2 Vo, N U, V. Hence N(V, ...,

Ay e NV&,...,V2) C N(U,, ..., U, ). Now U?il Ve

(U?il Ui]) — V, N U, = V,. By Theorem .15, N(V*,.

A =U,4
C Uq Va
= U, (VanU,)
U0 (U )
= U Uiz, (VanU;))
=U. Uz, V.
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cey

.y Up, ). Therefore

19 °

Ui, (VanU;y) = Va N

V. ) is connected. Now



Since A is compact, there exists as, . . ., sy, such that A C (1", U?il V. Then
Ae NV, Ve Ve Ve ) =¥ CN(UL, ..., Uy).

1. Now A C U, Uj2y V. Then Vi = V,,, N U;,. We have Ay, C Vi, and A, N
Uy, # 0. Then ANV 2 A, NV = Ay, N (Vo, NU;;) = Ao, NU;, # 0. So
ANV 0. Thus A€ 7.

2. A, C U?iil Vi C UL, U, for each i. Hence Ui~ U;Liil Vit U UL, U
U?:l Us.

Now for each k, A\ U, € Ul#k ;. Then Vja = Vo, NU;; C U fori =1,...,m
Thus A, € A € U U2y Vi € UL, Ui Using the fact that N(Uy,...,U,) is
essential with respect to A, then no U; that can be left out in A C U?=1 U;. Then
AcUm U v Ul Ve, CUL Ua, = UL, Uj2, Ui, Butsince N(Uy, ..., Uy)
is essential with respect A, then |J;", Un“’ U, =L, U.Forke{l,....n}, Uy = U,
where j € {1,...,n,,} forsome o; andi € {1,...,m}. So V" =V, NU;;, C U;; = Uy.

Thus we have proved that ¥ C N(Uy,...,U,).

We will show that ¥ is connected, which will give us the desired results. To show that
¥ is connected, we will first show that F'(X) N ¥ is connected and then we will show
that F/(X) N ¥ isdensein ¥. Let B,C € F(X)N ¥ andfori = 1,...,m, let B; =
BN(U;2y Vi) and C; = CN (U2 V7). Clearly B;, C; € F(X) foralli = 1,...,mand
B;,C; € N(Vla",...,VnO(ji). Also B,C € V = N(Vl‘“,...,Vnoc‘xll,...,Vf‘m,... Viom ),

' Yna,,

Then BNV}* # Qand CNV™ # Qforj =1,...,n,,. So BiNV* = BNV Similarly
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for C;. Hence B;, C; € N(Vy™,..., V2 )N F(X). (Since B,C € F(X)). There exists a

connected set .Z; satisfying
B;,Cie £ C N(V™, ...,V )N F(X) (5.13)

Define f; : 4 — ¥ N F(X) by fi(D) = DU (U;~, B;), where D € .%,. Clearly
DU (U, Bi) € F(X). Now D € N(Vi*,..., Vi ). Then DU (U2, B;) € 7. Hence
f1 is well-defined and belong to #" N F'(X). By Lemma f1 is continuous. Thus
f1(:41) is a connected subset in ¥ N (X)) containing f1(B) = B U (%, B;) = B and
f(Cr) = Cru (UL, Ba).

Fori = 2,...,m — 1, define f; : % — ¥ N F(X) by f;(D) = (U, Cx) UD U
(Uiziii Be) € 7 N F(X). Then f; is continuous. Hence f;(.Z;) is a connected subset
of ¥ N F(X) containing f;(C;) = (U,_, Cx) U (Uiii1 Be) and fi(B;) = ( O U
(U, Bo).

Define f,, : %, — ¥ N F(X) by fn(D) = DU (U";" C:). Again by Lemma
fm is continuous. Then f,,(.%,,) is a connected subset of #" N F'(X) containing C' and
By, U (U Cy). Hence ", fi(.Z) is a connected subset of ¥ N F(X) containing B
and C. By Remark [4.12] ¥ N F(X) is connected. By Proposition F(X) is dense
in 2%, Thus ¥ N F(X) is dense in ¥ proving that ¥ is connected. Hence 2 is locally
connected at A.

Corollary 5.25. [[I] Let A € 2%. If X is connected im kleinen at each point of A, then 2~

is connected im kleinen at A.
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Proof. Assume that X is connected im kleinen at each point of A. Let A; be any compo-
nent of A and let U be an open set in X such that A; C U. Foreachx € A,z € A. Hence
there exists a connected set V,, and an open set O, in X such that x € O, C V, C U.
Since A; is a component of A, then A; is connected and since A; C U, then A; is con-
tained in some component of U, call it C,,. Since V, is connected, and V, containing x
and V, C U, then V, C C,. Thusz € O, C C, C U for all z € A; which implies
A C YO, |z € A} CC, CU, where | {O,. | € A, } is open and C, is connected.
By Theorem 2X is connected im kleinen at each component of A and by Theorem
2% is connected im kleinen at A.

]

Corollary 5.26. [I]] Let A € 2. If X is locally connected at each point of A, then 2% is

locally connected at A.

Proof. Assume that X is locally connected at each point of A. Let A; be a component of
A and let U be an open set in X such that A; C A C U. Foreach x € A;, x € A. Hence
there exists a connected open set C, in X such that x € C, C U. Since C, is connected
and open, A; = J{{z} |z € A1} CU{C, | x € A1} C U. Now since A; is compact,
there exist z1, ..., x, in A; such that A; C U?:l C, C U and since A; is connected, then
each C,, must meet some C,,, for some j. Hence |J;_, C,, is a connected open set with
A C U?:l C,, € U. By Theorem 2% is locally connected at A; and by Theorem
2% is locally connected at A. |

Corollary 5.27. [lI|] The following are equivalent for a continuum X :

1. Foreachi=1,...,n, X is connected im kleinen (locally connected) at p;.
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2. Foreachi=1,...,n, 2% is connected im kleinen (locally connected) at {p;}.
3. 2% is connected im kleinen (locally connected) at {py, ..., p,}.
Proof.

1. <= 2. From Corollary and Corollary
1. = 3. From Corollary and Corollary (with A = {p1,...,pu}).

3. = 2. Assume that 2% is connected im kleinen (locally connected) at {p1,-- P}

For A = {p1,...,pn}, {pi} is a component of A: Now {p;} is connected. For i = 1,2,
we have {p1,p2} = {p1} U {p2} which is a disconnection of {p;,p2}. Hence {pi,p2}
is not connected. So {p;} fori = 1,...,n is a component of A. By Theorem and
Theorem 2X connected im kleinen (locally connected) at {p;, ..., p,} implies that

2% is connected im kleinen (locally connected) at {p;} for each . |

5.2 More on connectedness in hyperspaces

In this section we study more on the connectivity properties we have discussed in the
previous section. Then author in (see [1]) asks a question that, whenever M € C(X), if
2% is locally connected at M, is C(X) locally connected at M? This section focuses on

answering this question based on his paper (see [2]).

Definition 5.28. [12] Let X be a continuum and x € X. Then X is locally arcwise
connected at x if and only if for each open set U containing x there is an arcwise connected

open set V such thatx € V C U.

Corollary 5.29. Let X be a continuum. Then
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locally arcwise connected = locally connected = connected im kleinen.

Theorem 5.30. [2]] Let M € C(X). If 2% is connected im kleinen at M, then C(X) is

locally arcwise connected at M.

Proof. Assume that 2% is connected im kleinen at M. Let N(Uy,...,U,) N C(X) be

a basic open set in C(X) containing M. There is an open set N (V4,...,V,,) such that

Me NVi,...,Vi)) € N(Vi,..., V) € N(Uy,...,U,). Since 2% is connected im
kleinen at M, there exists a component 6 of N(Vi,...,V,,) containing M in its inte-

rior, hence there exists an open set N (Wi, ..., Wp) such that M € N(Wy,..., Wp) C

(%) C€ CN(W,..., Vi) CNVA, ... Vi) C N(Uy, ..., Uy).

LetC = |J{A| A € €}. We have ¥ connected since it is a component of N(V;, ..., V,,).
By Lemma \U{A | A € €} is connected and by Theorem[2.26, C' = [ J{A | A € ¢}

is connected. Since C' € 2%, then C is compact. Hence C' € C(X). Therefore C is a con-

tinuum. Since ¥ C N(V4,..., V), UE € N(Vi,...,V,,). ThenC = | J{A| A€ €} €

N(Vi,...,Vy). Hence C € N(Uy,...,U,).

LetU = U, U;. Since N(Wy,...,W,) C N(Uy,...,U,), by Theorem N(W, ...,

W,,U) € N(Ui,...,U,). We have | J/_,W; € N(Wi,...,W,) which implies that
P Wie€and | J)_, W; CC. ThenCNW; #0fori=1,...,pandCNU., U; #0

which implies that C' N U # (. Also since C € N(Uy,...,U,), then C C |J_, U; C

(U, W;) UU. Hence C € N(Wy,...,W,,U) C N(Uy,...,U,) and clearly M €

N(Wi,...,W,,U) C N(UL,...,Uy).

Now we want to show that N (W, ..., W,,U)NC(X) is arcwise connected. Let Ly, Ly €

N(Wy, ..., W, U)NC(X) with Ly # Ly. Then L, L, C (J’_, W;)uU C I, U; = U,

74



and L1, Lo N'W; # O fori = 1,...,pand Ly, L, NU # 0. Since | J!_, W; € C and

P Wi CU,then LiNC # Band LyNC # (0, and L, and L, are connected. So we have
LiUC, Ly UC connected and C' C L; UC and C' C Ly UC'. Hence (L1 UC)U (L UC)
is connected and (L; U C) U (L, U C) € C(X). Now W; C C which implies that
W;N(LyULyUC) # Pforall jand (Ly UL, UC)NU # (. Then L; UL, UC C
(U, W;) UU. Hence Ly UL, UC € N(Wy,...,W,,U). Since L, C Ly U Ly, UC
and each component of Ly U L, U C' (which is Ly U Ly U C' itself) meets L;, by Theorem
there exist order arcs .Z; from L; to L1 U L, UC fori = 1,2. If L € £, then
Ly CLC LiUL,UC and by Lemmaf424] L € N(W4,...,W,,U) N C(X). Hence
L CNWy, ..., W, U)NC(X) and £ C N(Wy, ..., W,,U)NC(X). Let £ be the
arc which is the concatenation of .Z; with the reverse of .%. So .Z is an arc from L; to
Ly which lies in N (W7, ..., W,,U)NC(X). Hence N(W1,...,W,,U)NC(X) is arcwise
connected. Hence C(X) is locally arcwise connected at M.

|
We state and prove the following lemma which will be used in the theorem that follows.

Lemma 5.31. Let {€,}2°, be a sequence of continua in 22" . If 6, — €, with M € €,

then there exist L; € €; such that L; — M.

Proof. Since %, are both compact in C(X), then %;, € < 22" . Now

p(€:,€) = max{ sup pu(Li, €),sup pu(%;, L)},
L;€%; Le®

where g/, is the Hausdorff metric in 22° . Since p/,; (%, €) — 0, for each n € N, there

exists a positive iy € N such that whenever i > iy, py(6;, L) < sup;cq pu(%i, L) <
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P (€, €) < Lforeach L € . Since M € €, then py(6;, M) < L, ie. inf{py (K, M) |
K € 6} <

3=

Hence there is L; € %; such that py(L;, M) < - which implies that

Definition 5.32. [12]] A subset A of topological space (X, 7) is called conditionally com-

pact if and only if its closure is compact.

Definition 5.33. [11] A set L is locally compact if and only if for every p € L, there exists
an open set G containing p such that LNG is compact. If L is the whole space, this ensures

the existence of a conditionally compact open set containing p.
Definition 5.34. [11] A generalized continuum is a locally compact and connected set.

Theorem 5.35. [l11] If the generalized continuum M is not locally connected at one of
its points p, then there exists a spherical neighborhood R with center p and an infinite
sequence of distinct components C1, Cy, Cs, . .. of M N R converging to a limit continuum

C which contains p and has no point in common with any of the continua C, Cs, Cs, . . ..

For our purpose we are concerned with a continuum. However, a continuum is a general-

ized continuum.

Theorem 5.36. [2|] Let M € C(X). Then C(X) is connected im kleinen at M if and only
if for each open set U containing M, each sequence of continua {L;} C U converging to

M is eventually contained in the component of U to which M belongs.

Proof. “ = 7 Assume that C(X) is connected im kleinen at M. Let U be an open set
containing M and let D be the component of U which contains M. It follows that D is

connected and D is contained in C(X). Let {L;}$°, be a sequence of continua in U such
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that L; — M. Since C(X) is connected im kleinen at M, there exists 4 a component of

N(U)NC(X) and an open set N(V4,...,V,,) NC(X) such that
MeNWVy,...,Vyp)NC(X) CInt(¥) C€ C N(U)NC(X).

Since L; — M, there exists a positive integer iy such that whenever ¢ > iy, L; €
N(Vi,...,Vy) NC(X). Since € C C(X) and C(X) C 2%, by Lemma 4.9 U{C |
C € ¥} is a continuum. Now M € % implies that M C (J{C | C € €} C U. If
U{C|Ce®} D, thenD CU{C|CeFtUuDand M € | J{C |C € €} N D. So
U{C | C € €} N D is a connected subset of U, contradicting the fact that D is a compo-
nent of U. Hence | J{C | C' € €} C D. Now fori > ig, L; € N(V4,...,V,,)NC(X) C %.
Then L; C | J{C | C € €} forall i > i,,i.e. {L;} is eventually contained in D.

“ <=7 Suppose that C(X) is not connected im kleinen at /. By Theorem |5.35| there
exists an open set 7 NC(X) and a sequence {%; }:°, of distinct components of % N C(X)
converging to a limit continuum % which contains M and has no point in common with

any of the continua %;. Choose basic open sets N (U1, ...,U,) and N(Vi, ..., V,,) contain-

ing M suchthat M € N(Uy,...,U,)NC(X) C N(Uy,...,U,)NC(X) C N(Uy,...,U,)N
C(X)CNV,...,.Vp)NC(X) C % NC(X). Since 6; — € and M € €, by Lemma
there exists a sequence {L;}:°, such that L; — M, where L; € %;. Hence there
is a positive integer iy such that whenever iy > i, L; € N(Uy,...,U,) N C(X). Let
U = U;_, U; and let I be the component of U containing M. Then {L;}, is a sequence

of continua contained in U which converges to M.

77



If it is true that for some j > 4o we have L; N E # (), then since L; is connected in U and

E is a component of U, then L; C E C E. We also have M C E C E. Since E C U and

ENU; # 0 (since L; NU; # 0), wehave ENU; ZQand E CU =, U; = Ui, U;.

Thus E € N(Uy,...,U,)NC(X) = N(Uy,...,U,)NC(X) C N(V4,...,Vm)NC(X). By
Theorem there exist order arcs in N(V4,...,V,,)NC(X) C Z NC(X) from L, to E
and from M to E. Since the order arcs are connected, L; and M lie in the same component
of  NC(X). But L; € €;and M € € and €; N € = (. This is a contradiction. Hence
L,NE = (foralli > i.

Thus {L;};, is not eventually in £. Hence C(X) is connected im kleinen at M.
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