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Abstract

This work is a detailed study of the paper “Connectedness im kleinen and local connect-

edness in 2X and C(X)” by J. T. Goodykoontz, Jr. Our assumption throughout the study

is that X is a compact connected metric space. We study the hyperspace 2X , of all closed

subsets of X , and C(X), the hyperspace of all connected elements of 2X . The hyperspaces

2X and C(X) are endowed with the Hausdorff metric topology and we show that the Haus-

dorff metric topology is equivalent to the Vietoris topology. Our purpose is to study the

connectivity properties of local connectedness and connectedness im kleinen on X and its

hyperspaces.

We show that for M ∈ C(X), 2X is connected im kleinen at M if and only if for each open

set U containing M there is a component of U which contains M in its interior. We also

show that 2X is locally connected at M if and only if for each open set U containing M

there exists a connected open set V such that M ⊆ V ⊆ U . These two results are used to

show the main results. For A ∈ 2X , 2X is locally connected (connected im kleinen) at A

if and only if 2X is locally connected (connected im kleinen) at each component of A.

Finally, we prove the first two results of the paper “More on connectedness im kleinen and
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local connectedness in C(X)” by J. T. Goodykoontz, Jr. We show that for M ∈ C(X),

2X connected im kleinen at M implies that C(X) is locally arcwise connected at M . The

second results gives a characterisation of connectedness im kleinen in C(X).
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Chapter 1

Introduction

What does the collection of all closed sets inside a space tell about the space itself? This

is the study of hyperspaces. The theory of hyperspaces began in the early 1900’s by F.

Hausdorff (see [3]) and L. Vietoris (see [10]). Later in the 1930’s, S. Mazurkiewicz (see

[5]) and M. Wojdyslawski (see [13]) made advancements in understanding the structure of

hyperspaces. The building of the hyperspaces of a compact and connected metric space, a

continuum, was introduced by J. L. Kelley (see [4]) in 1942. The concept of hyperspaces

has been established for various metric spaces. The significance of continua in hyperspace

theory was only recognized in the 1970’s, although J. L. Kelley had already established

essential facts much earlier that have been crucial to the field.

In this thesis we are working on the paper “Connectedness im kleinen and local connected-

ness in 2X and C(X)” by J. T. Goodykoontz, Jr (see [1]). The author of this paper assumes

many results with many gaps. The main aim of this thesis is to fill in all the gaps and to

viii
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add necessary results to strengthen the understanding of connectivity properties in hyper-

spaces.

In Chapter 2, we lay the foundation of results needed later for our work and most of these

results are found in the book “General topology” by S. Willard (see [12]).

In Chapter 3, we study the topology on the hyperspaces. We start by defining a continuum

X , a compact and connected metric space and its hyperspaces, 2X , a set of all closed sub-

sets of X and C(X), a set of all connected elements of 2X often called subcontinua (see

[8]). We then define a base for a topology on X and in Theorem 3.8 we show that the

collection of the form N(U1, . . . , Un), where U1, . . . , Un are open subsets of X forms a

base for the topology on 2X called the Vietoris topology on 2X . Furthermore, in Theorem

3.14 we show that the form {N(Uα)α∈I}, where Uα is open in X forms a basis for the

neighborhoods, and that is the reason we call them basic open sets. Finally we define the

Hausdorff metric and in Theorem 3.19 we show that it is equivalent to the Vietoris topol-

ogy on 2X . Hence the hyperspaces 2X and C(X) are endowed with the Vietoris topology.

Most of our work is found in (see [6]).

In Chapter 4, we study the structure of the hyperspaces. As we have defined the basis for

the neighborhoods in chapter 3. In this chapter we define them as basic opens sets and

we study their properties. We then study the relationship between the continuum X and

its hyperspaces 2X and C(X). Furthermore, we define finite sets in 2X , which play a role

in the structure of hyperspaces. Most of the work is found in (see [6]). Finally we study

ix
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order arcs to understand more on the structure of hyperspaces (see [4]), which is also an

important concept for this thesis.

In chapter 5, we study point-wise connectivity, local connectedness and connectedness im

kleinen in a continuum X . We then continue to study these connectivity properties in the

hyperspaces of this continuum. In Theorem 5.9, we show that whenever M ∈ C(X), 2X

is connected im kleinen at M if and only if for each open set U containing M , there is a

component of U which contains M in its interior. In Theorem 5.11, we show that whenever

M ∈ C(X), 2X is locally connected at M if and only if for each open set U containing M

there exists a connected open set V such that M ⊆ V ⊆ U . These two theorems are used

to prove the main results of this thesis in Theorem 5.23, where we show that whenever

A ∈ 2X , then 2X is connected im kleinen at A if and only if 2X is connected im kleinen at

each component of A. In Theorem 5.24, whenever A ∈ 2X , then 2X is locally connected

at A if and only if 2X is locally connected at each component of A. Most of this work is

found in (see [1]). Furthermore, the author in this paper (see [1]) asks the question: For

M ∈ C(X), if 2X is locally connected at M , is C(X) locally connected at M? We study

his paper “More on connectedness im kleinen and local connectedness in C(X)” (see [2])

that answers this question.

1
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Chapter 2

Preliminaries

In this section we will provide some results which we will need later. Many of these results

are well-known in the book “General topology” by S. Willard (see [12]).

2.1 Topological Spaces

Definition 2.1. A topology on a set X is a collection τ of subsets of X satisfying:

1. ∅, X ∈ τ ,

2. If U1, U2 ∈ τ , then U1 ∩ U2 ∈ τ , and

3. If {Ui}i∈I ∈ τ , then
⋃

i∈I Ui ∈ τ .

The pair of objects (X, τ) is called a topological space and the elements of τ are called

open sets.

Definition 2.2. Let (X, τ) be a topological space. A subset A ⊆ X is a closed set if and

only if X \ A is open.

2

https://uwcscholar.uwc.ac.za/home 



Definition 2.3. Let (X, τ) be a topological space. A subset B ⊆ X is clopen if and only

if it is both open and closed.

Definition 2.4. Let (X, τ) be a topological space and E ⊆ X . The closure of E in X ,

denoted by E is defined as E =
⋂
{A ⊆ X | A is closed and E ⊆ A}.

Theorem 2.5. Let (X, τ) be a topological space and A ⊆ X . Then x ∈ A if and only if

for every open set U with x ∈ U , then U ∩ A ̸= ∅.

Proof. “ =⇒ ” Suppose that x ∈ A. By contradiction, assume that there is an open set

U with x ∈ U and A ∩ U = ∅. Since U is open, then X \ U is closed and A ⊆ X \ U .

Since A is the smallest set containing A , then A ⊆ X \ U which implies that x ̸∈ A.

Contradiction. Hence, for every open set U with x ∈ U , then U ∩ A ̸= ∅.

“ ⇐= ” Assume that for every open set U with x ∈ U , A ∩ U ̸= ∅. Suppose that x ̸∈ A.

Then x ∈ X \ A, and X \ A = U is open and (X \ A) ∩ A = ∅ which implies that

U ∩ A = ∅. Contradiction. Hence x ∈ A. ■

Definition 2.6. Let (X, τ) be a topological space and D ⊆ X . Then D is called dense if

and only if D = X .

Definition 2.7. Let (X, τ) be a topological space and E ⊆ X . The interior of E in X ,

denoted by Int(E) is defined as Int(E) =
⋃
{B ⊆ X | B is open and B ⊆ E}.

Definition 2.8. Let (X, τ) be a topological space. The boundary of A denoted by Bd(A)

is defined as Bd(A) = A \ Int(A).

Definition 2.9. Let (X, τ) and (Y, σ) be topological spaces and let f : X −→ Y be a map.

Then f is continuous at x in X if and only if for each open set U containing f(x) in Y ,

3

https://uwcscholar.uwc.ac.za/home 



there exists an open set V containing x in X such that f(V ) ⊆ U . We say f is continuous

on X if and only if f is continuous at each point x ∈ X .

Definition 2.10. Let (X, τ) and (Y, σ) be topological spaces and let f : X −→ Y be a

map. Then f is an open map if and only if for each open set U in X , f(U) is an open set

in Y .

Definition 2.11. Let (X, τ) and (Y, σ) be topological spaces and let f : X −→ Y be

a map. Then f is a homeomorphism if and only f is a bijection, continuous and f−1 is

continuous.

If there exists a homeomorphism between the topological spaces (X, τ) and (Y, σ), then

(X, τ) and (Y, σ) are homeomorphic. We write (X, τ) ∼= (Y, σ).

Definition 2.12. Let (X, τ) be a topological space and A ⊆ X . The collection τ ′ =

{A ∩B | B ∈ τ} is the subspace topology on A. We say that A is a subspace of X .

2.2 Compactness

Definition 2.13. Let (X, τ) be a topological space and A ⊆ X . Then {Ui}i∈I ⊆ τ is an

open cover of A if and only if A ⊆
⋃

i∈I Ui.

Definition 2.14. Let (X, τ) be a topological space and A ⊆ X . If {Uβ}β∈I is a cover of

A, then {Uα}α∈J is said to be a subcover of A if and only if J ⊆ I and A ⊆
⋃

α∈J Uα.

Definition 2.15. A topological space (X, τ) is said to be compact if and only if each open

cover of X has a finite subcover.

4
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Theorem 2.16. Let (X, τ) be a topological space and let A ⊆ X . If (X, τ) is compact

and A is closed, then A is compact.

Proof. Let (X, τ) be a compact topological space and let A be closed in X . We want

to show that A is compact. Let {Ui}i∈I be an open cover of A. Then A ⊆
⋃

i∈I Ui.

We have X = A ∪ (X \ A) ⊆
⋃

i∈I Ui ∪ (X \ A). Since A is closed, then X \ A is

open. Thus {Ui} ∪ (X \ A) for each i ∈ I is an open cover of X . Since X is compact,

there exists α1, . . . , αn such that X = (
⋃n

i=1 Uαi
) ∪ (X \ A). Then A = A ∩ X =

A ∩ (
⋃n

i=1 Uαi
∪ (X \ A)) = (A ∩

⋃n
i=1 Uαi

) ∪ (A ∩ (X \ A)) = A ∩
⋃n

i=1 Uαi
. Hence⋃n

i=1 Uαi
is a finite subcover of A. Therefore A is compact. ■

Theorem 2.17. The continuous image of a compact space is compact.

Proof. Let (X, τ) be a compact topological space, (Y, σ) be a topological space and let

f : X −→ Y be continuous and onto. Suppose that {Ui}i∈I is an open cover of Y . Then

Y ⊆
⋃

i∈I Ui. It follows that X = f−1(Y ) ⊆ f−1(
⋃

i∈I Ui) =
⋃

i∈I f
−1(Ui) and since f

is continuous, then {f−1(Ui)}i∈I is an open cover of X . Since X is compact, then there

exists α1, . . . , αn such that X =
⋃n

i=1 f
−1(Uαi

). Then Y = f(X) = f(
⋃n

i=1 f
−1(Uαi

)) =⋃n
i=1 f(f

−1(Uαi
)). Since f is onto, then f(f−1Uαi

)) = Uαi
. Hence {Uαi

}ni=1 is a finite

subcover of Y . Therefore Y is compact. ■

2.3 Separation Axioms

Definition 2.18. A topological space (X, τ) is a T1 − space if and only if for every pair

of distinct points x, y ∈ X , there exist open sets U and V such that x ∈ U and y /∈ U and

y ∈ V and x /∈ V .

5
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Theorem 2.19. A topological space (X, τ) is a T1 − space if and only if every singleton

set in X is closed.

Proof. “ =⇒ ” Let (X, τ) be a T1 − space and let x ∈ X . For each y ∈ X with y ̸= x,

there is an open set Uy containing y but not x. It follows that X \ {x} =
⋃

y∈X\{x} Uy,

which is open. Hence {x} is closed.

“ ⇐= ” Assume that every singleton {x} is closed. Let x, y ∈ X such that x ̸= y. Then

{y} is closed in X which implies that X \ {y} is open and x ∈ X \ {y}, but y ̸∈ X \ {y}.

Hence X is a T1 − space. ■

Definition 2.20. A topological space (X, τ) is a T2 − space (Hausdorff space) if and

only if for every pair of distinct points x and y in X , there are disjoint open sets U and V

in X such that x ∈ U and y ∈ V .

Definition 2.21. A topological space (X, τ) is regular if and only if whenever A is closed

in X and x ̸∈ A, then there are disjoint open sets U and V such that x ∈ U and A ⊆ V .

Evidently, every T2 − space is T1.

Theorem 2.22. A topological space (X, τ) is regular if and only if for each open set U in

X with x ∈ U , there exists an open set V such that x ∈ V ⊆ V ⊆ U .

Proof. “ =⇒ ” Suppose that (X, τ) is regular, and U is an open set in X and x ∈ U .

Then X \ U is closed in X and x ̸∈ X \ U . Since X is regular, there exist disjoint open

sets V and W such that x ∈ V and X \ U ⊆ W . Then X \W is closed and V ⊆ X \W

since V ∩W = ∅. Hence V ⊆ X \W . But X \ U ⊆ W which implies that X \W ⊆ U .

Therefore V ⊆ U .

“ ⇐= ” Let x ∈ X and A be closed in X such that x ̸∈ A. Then X \ A is open and

6
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contains x. There is an open set V such that V ⊆ V ⊆ X \ A. It follows that X \ V is

open. Then V and X \ V are non-empty disjoint open sets with x ∈ V and A ⊆ X \ V .

Hence X is regular. ■

Theorem 2.23. Let (X, τ) be a topological space. If (X, τ) is T1, then regular =⇒ T2.

Proof. Suppose that (X, τ) is regular and T1. Let x, y ∈ X such that x ̸= y. Then {y}

is closed. There exist disjoint open sets U and V such that x ∈ U and {y} ⊆ V . That is,

x ∈ U and y ∈ V and U ∩ V = ∅. By Definition 2.20, it follows that X is T2.

■

2.4 Connectedness

Definition 2.24. A subspace A of a topological space (X, τ) is disconnected if and only

if there are non-empty disjoint open sets U and V in A such that A = U ∪ V . We then say

that A is disconnected by U and V . When there is no such a disconnection, we say that A

is connected.

Remark 2.25.

1. If A = U ∪ V , where U and V are non-empty disjoint open sets in A, then A =

(A \ U) ∪ (A \ V ). Thus A \ U = V and A \ V = U are closed sets in A which

implies that U and V are clopen sets in A.

2. If X = U∪V , where U and V are non-empty disjoint open sets in X , then if C ⊆ X

is connected, it follows that C = (C∩U)∪(C∩V ). Hence C∩U = ∅ or C∩V = ∅.

7
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This means that C ⊆ (X \ U) = V or C ⊆ (X \ V ) = U . Therefore C ⊆ U or

C ⊆ V .

Theorem 2.26. Let (X, τ) be a topological space, and let E ⊆ X. If E is connected, then

E is connected.

Proof. Suppose that E = H ∪K, where H and K are non-empty disjoint open sets in E.

Then E = E ∩ E = E ∩ (H ∪K) = (E ∩K) ∪ (E ∩ H). Since H and K are disjoint

open sets in E, then E ∩ K and E ∩ H are disjoint open in E. Since H is non-empty

and open in E, then H ∩ E ̸= ∅. Similarly K ∩ E ̸= ∅. Hence we have shown that E is

disconnected implies that E is disconnected, proving the required results. ■

Theorem 2.27. The continuous image of a connected set is connected.

Proof. Let (X, τ) be a connected topological space and f : (X, τ) −→ (Y, σ) be contin-

uous and onto. Suppose that Y = H ∪ K, where H and K are non-empty disjoint open

sets in Y . Then X = f−1(H) ∪ f−1(K), where f−1(H) and f−1(K) are non-empty and

open in X . If x ∈ f−1(H) ∩ f−1(K), then f(x) ∈ H and f(x) ∈ K. Hence f−1(H) and

f−1(K) are non-empty disjoint open sets. Thus, X disconnected, which is a contradiction.

Therefore Y is connected. ■

Theorem 2.28. Let (X, τ) be a topological space. Then

1. If X =
⋃

α∈I Xα where each Xα is connected and
⋂

α∈I Xα ̸= ∅, then X is con-

nected.

2. If each pair of points x, y in X lie in some connected subset Exy of X , then X is

connected.

8
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3. If X =
⋃∞

n=1Xn, where each Xn is connected and Xn−1 ∩Xn ̸= ∅ for each n ≥ 2,

then X is connected.

Proof. 1. Suppose that X = U ∪ V , where U and V are non-empty disjoint open sets

in X . Since Xα is a connected subset of X , then for each α ∈ I , we have Xα ⊆ U

or Xα ⊆ V . Since
⋂

α∈I Xα ̸= ∅, then the Xα are not disjoint for each α ∈ I . But

U ∩ V = ∅, then we must have Xα ⊆ U or Xα ⊆ V for all α ∈ I . Hence X ⊆ U

which implies that V = ∅. Contradiction the fact that V is non-empty. Hence X

must be connected.

2. Fix y ∈ X . Then X =
⋃

x∈X Exy. Since x, y ∈ Exy, then
⋂

y∈X Exy ̸= ∅. Thus, by

1,
⋃

x∈X Exy is connected. Hence X is connected.

3. By induction. If n = 1, then X = X1 which implies that X is connected. Let k ≥ 2

and suppose that Ak−1 = X1 ∪ . . . ∪ Xk−1 is connected. Then Ak = Ak−1 ∪ Xk.

Since Ak−1 ∩Xk ̸= ∅, then by 1, Ak is connected. By induction, X is connected.

■

2.4.1 Components

In this section we will introduce the concept of components of a given space. Let (X, τ)

be a topological space and x ∈ X. Then {x} is connected. Thus there is at least one

connected set containing x. Let Cx =
⋃
{C | C connected and x ∈ C}. Since x ∈

⋃
{C |

C connected and x ∈ C}, by Theorem 2.28(1), Cx is connected and x ∈ Cx. So Cx is the

largest connected set containing x. We call Cx the connected component of X containing

9
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x.

Theorem 2.29. Let (X, τ) be a topological space. Then the components of X are closed.

Proof. Let x ∈ X , and C be a component of x. Then C is connected and is the largest

connected set in X containing x. By Theorem 2.26, it follows that C is connected and

x ∈ C ⊆ C. Since C is the largest connected set containing x, then C = C. Hence C is

closed. ■

2.5 Quasicomponents

Definition 2.30. Let X be any set. An equivalence relation on X is a relation ∼ such that

for all x, y and z in X the following conditions are satisfied:

1. x ∼ x (reflexive),

2. x ∼ y =⇒ y ∼ x (symmetric),

3. If x ∼ y and y ∼ z, then x ∼ z (transitive).

The equivalence class containing x is defined as [x] = {y ∈ X | y ∼ x}.

Remark 2.31. If [xi] for i ∈ I are distinct equivalence classes, then
⋃

i∈I [xi] = X and

[xi] ∩ [xj] = ∅ if and only if i ̸= j. Hence the equivalence classes partition X .

Lemma 2.32. Let (X, τ) be a topological space. Define a relation ∼ on X , for all x, y ∈

X , x ∼ y if and only if whenever there are non-empty disjoint open sets U and V such

that X = U ∪ V , then either x, y ∈ U or x, y ∈ V . Then ∼ is an equivalence relation.

10
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Proof. 1. (Reflexive) Let x ∈ X . If X = U ∪ V , where U and V are non-empty

disjoint open sets in X , then x ∈ U or x ∈ V which implies that x, x ∈ U or

x, x ∈ V . Thus x ∼ x.

2. (Symmetry) Suppose that x ∼ y. Let X = U ∪ V , where U and V are non-empty

disjoint open sets in X . Then either x, y ∈ U or x, y ∈ V which implies that

y, x ∈ U or y, x ∈ V . Hence y ∼ x.

3. (Transitivity) Assume that x ∼ y and y ∼ z. Let X = U ∪ V , where U and V are

non-empty disjoint open sets in X . Then either x, y ∈ U or x, y ∈ V and either

y, z ∈ U or y, z ∈ V . If y ∈ U , then x, y, z ∈ U , and x ∼ z. Similarly if y ∈ V .

Hence x ∼ z.

Hence the claim is true. ■

Definition 2.33. Let (X, τ) be a topological space. The equivalence classes of the equiv-

alence relation ∼ in Lemma 2.31 are called the quasicomponents of X .

Remark 2.34. The quasicomponents of X partition X .

Lemma 2.35. Every component of a topological space (X, τ) is contained in a quasicom-

ponent of X .

Proof. Let Cx be the component of X containing x and let Qx be the quasicomponent of

X containing x. Let y ∈ Cx and let X = U ∪ V , where U and V are non-empty disjoint

open sets in X . By Remark 2.25(1), it follows that U and V are clopen sets. Since Cx

is connected, then by Remark 2.25(2), it follows that Cx ⊆ U or Cx ⊆ V . Assume that

Cx ⊆ U . Then x, y ∈ Cx ⊆ U which implies that x, y ∈ U . Proving that x ∼ y. Hence

y ∈ [x] = Qx. Therefore Cx ⊆ Qx. ■
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The following examples shows that quasicomponents may not be equal to components.

Example 2.36. Consider the set of rational numbers Q as a subspace of real numbers R.

For all q ∈ Q, the only connected components of Q is {q} since Q is disconnected. On the

other hand, for all q ∈ Q, the quasicomponents of q is the entire set Q since the only clopen

subsets of Q are ∅ and Q itself. Hence components may not be equal quasicomponents.

Lemma 2.37. Let (X, τ) be a topological space and x ∈ X . The quasicomponent of X

that contains x is the intersection of all the clopen sets in X that contain x.

Proof. Let Qx be the quasicomponent of X that contains x and let Lx =
⋂
{U ⊆ X |

U clopen and x ∈ U}.

“ ⊇ ” Let y ∈ Lx and let X = U ∪ V , where U and V are non-empty disjoint open sets.

Then U and V are clopen sets. Since x ∈ X , then x ∈ U or x ∈ V , say x ∈ U . Since

y ∈ Lx, then y ∈ U . Thus x, y ∈ U which means that y ∼ x. Hence y ∈ [x] = Qx, where

[x] is the equivalence class containing x. Therefore Lx ⊆ Qx.

“ ⊆ ” Let y ∈ Qx. Then y ∼ x. To show that y ∈ Lx, let U be an arbitrary clopen set

containing x. If U = X , then y ∈ U , so assume U ̸= X . So X = U ∪ (X \ U), where U

and (X \U) are non-empty open sets in X and U ∩ (X \U) = ∅. Since y ∼ x and x ∈ U ,

it follows that y ∈ U . Thus y ∈ Lx. Hence Qx ⊆ Lx.

Therefore Qx = Lx. ■

Remark 2.38. All quasicomponents are closed.

Lemma 2.39. Let (X, τ) be a topological space and let U and V be non-empty disjoint

open sets such that X = U ∪ V . If Qx is a quasicomponent of X , then either Qx ⊆ U or

Qx ⊆ V .

12
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Proof. Let x ∈ X . Suppose that U and V are non-empty disjoint open sets in X such that

X = U ∪ V . Then (X \ V ) = U and (X \ U) = V are closed sets in X which implies

that U and V are clopen sets. Let Qx be the quasicomponent of X that contains x. By

Lemma 2.37, it follows that Qx =
⋂
{C ⊆ X | C is clopen and x ∈ C}. Since x ∈ X ,

then x ∈ U or x ∈ V . Assume that x ∈ U . But U is clopen. Thus Qx ⊆ U . ■

Theorem 2.40. Let (X, τ) be a topological space, Q be a quasicomponent of X , and K

be a compact subset of X such that Q∩K = ∅. Then there exist non-empty disjoint clopen

sets S and T such that X = S ∪ T , and K ⊆ S and Q ⊆ T .

Proof. Let K be a compact subset of X and Q be the quasicomponent of X such that

Q ∩K = ∅. Then x ∈ K implies x ̸∈ Q. Let y ∈ Q =
⋂
{U ⊆ X | U is clopen and y ∈

U}. Then there exists clopen Cx, with y ∈ Cx, x ̸∈ Cx. Hence Q ⊆ Cx. Let Ux = X \Cx.

Then x ∈ Ux, where Ux is clopen. Then {Ux | x ∈ K} is an open cover of K. Since K is

compact, then there exists x1, . . . , xn in K such K ⊆
⋃n

i=1 Uxi
. Let S =

⋃n
i=1 Uxi

, where

each Uxi
is clopen. Then S is clopen and K ⊆ S. Let T = X \ S. Then T is clopen

and X = S ∪ T with T = X \ S =
⋂n

i=1(X \ Uxi
) =

⋂n
i=1Cxi

⊇ Q. Hence we get the

required results. ■

2.6 Metric Spaces

Definition 2.41. Let X be a set and consider a function d : X × X −→ R. We say d is

a metric on X (or a distance function on X) if and only if the following conditions are

satisfied for all x, y, z ∈ X:

1. d(x, y) ≥ 0,

13
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2. d(x, y) = 0 if and only if x = y,

3. d(x, y) = d(y, x),

4. d(x, y) ≤ d(x, z) + d(z, y).

The pair (X, d) is called a metric space.

Definition 2.42. Let (X, d) be a metric space, x ∈ X with a positive real number r > 0.

The open ball centered at x of radius r is the set B(x, r) = {y ∈ X | d(x, y) < r}.

Definition 2.43. Let (X, d) be a metric space. A subset U of X is said to be an open set if

and only if for every x ∈ U there is a positive real number r such that B(x, r) ⊆ U .

Definition 2.44. Let (X, d) be a metric space. Then for any A ⊆ X , A is called degenerate

provided that A = {x} for some x ∈ X . Otherwise, A is called non-degenerate.

Remark 2.45. The open balls of a metric space (X, d) form a base for a topology on X .

Consequently, every metric space is a topological space.

Definition 2.46. Let (X, d) and (Y, σ) be metric spaces. A map f : X −→ Y is uniformly

continuous if for every ϵ > 0, there exists δ such that for all x, y ∈ X , whenever d(x, y) <

δ, then σ(f(x), f(y)) < ϵ.

Definition 2.47. Let (X, d) and (Y, σ) be metric spaces. A map f : X −→ Y is continuous

at x in X if and only if for each ϵ > 0, there exists δ > 0 such that for every y ∈ X

whenever d(x, y) < δ, then σ(f(x), f(y)) < ϵ. We say f is (uniformly) continuous, if it

is (uniformly) continuous at every point of X .

Corollary 2.48. Every uniformly continuous map is continuous.
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Proof. Let (X, d) and (Y, σ) be metric spaces and f : X −→ Y be uniformly continuous.

Then for every ϵ > 0 there exists δ > 0 such that for x, y ∈ X , whenever d(x, y) < δ, then

σ(f(x), f(y)) < ϵ. Let B(x, δ) be an open ball, and let a ∈ B(x, δ). Then d(a, x) < δ

which implies that σ(f(a), f(x)) ≤ ϵ, so f(a) ∈ B(f(x), ϵ)). Hence f(B(x, δ)) ⊆

B(f(x), ϵ) which implies the continuity of f at x. Therefore f is continuous at x. ■

Remark 2.49. Uniformly continuous functions are always continuous, but the converse is

not true.

Theorem 2.50. Every metric space (X, d) is a T1 − space.

Proof. Let x, y ∈ X with x ̸= y and let r = d(x,y)
3

. Then r > 0. Define U = B(x, r) and

V = B(y, r). To show that X is a T1 − space. Suppose that y ∈ U . Then d(x, y) < r. But

r = d(x,y)
3

, which implies that d(x, y) < d(x,y)
3

, and this is a contradiction. Hence y ̸∈ U .

Similarly, assume that x ∈ V . Then d(y, x) = d(x, y) < r. But d(x, y) = 3r, which is a

contradiction. Hence x ̸∈ V . Therefore, we can find an open ball containing one point but

not the other. Thus X is a T1 − space. ■

Theorem 2.51. Every metric space (X, d) is regular.

Proof. Let (X, d) be a metric space, x ∈ X and C be a closed subset of X and x ̸∈ C.

Then x ∈ X \ C and X \ C is open. Thus there exists rx > 0 such that B(x, rx) ⊆

X \ C. For any y ∈ C with y ̸= x, it follows that y ̸∈ {x}, where {x} is closed. Then

y ∈ X \ {x} which is open. Then there exists ry > 0 such that B(y, ry) ⊆ X \ {x}. Let

V =
⋃

y∈C B(y, ry
3
). Clearly C ⊆ V . Let U = B(x, rx

3
).

Claim. U ∩ V = ∅.
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Proof of Claim. Assume that z ∈ U ∩ V . Then z ∈ U and z ∈ V , which implies that

z ∈ B(x, rx
3
) and z ∈ B(y, ry

3
) for some y ∈ C. Hence

d(x, y) ≤ d(x, z) + d(z, y)

< rx
3
+ ry

3
.

Case 1. Assume that rx ≤ ry. Then 2ry
3

< ry which implies that x ∈ B(y, ry) ⊆ X \ {x},

which is a contradiction.

Case 2. Assume that ry ≤ rx. Then 2rx
3

< rx which implies that y ∈ B(x, rx) ⊆ X \ C,

which is a contradiction.

Therefore (X, d) is regular. ■

Theorem 2.52. [7] Let (X, d) be a metric space A ⊆ X . Then x ∈ A if and only if there

exists a sequence xn in A such that xn → x.

Proof. “ =⇒ ” Suppose that x ∈ A. Consider the open ball B(x, 1
n
). It follows that the

open ball B(x, 1
n
) intersects A. Thus for each n ∈ N, there exists xn ∈ A∩B(x, 1

n
). Then

d(xn, x) <
1
n
→ 0 which implies that xn → x.

“ ⇐= ” Assume that there is a sequence xn in A such that xn → x. Let ϵ > 0, then there

exists N such that for all n ≥ N , we have d(xn, x) < ϵ which implies that xn ∈ B(x, ϵ)∩A

for n ≥ N . Thus B(x, ϵ) ∩ A ̸= ∅. Hence x ∈ A. ■

Definition 2.53. Let (X, d) be a metric space, and let H and K be compact subsets of X .

Then d(H,K) = inf{d(h, k) | h ∈ H, k ∈ K}.

Definition 2.54. Let (X, d) be a metric space. If A is bounded and non-empty, the diame-

ter of A is defined by d(A) = sup{d(a1, a2) | a1, a2 ∈ A}.
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Lemma 2.55. [12] Let H and K be subsets of a metric space (X, d). Then d(H,K) =

inf{d(A) | A is open, A ∩H ̸= ∅ and A ∩K ̸= ∅}.

Proof. Let A be open such that A ∩ H ̸= ∅ and A ∩ K ̸= ∅. Then there exist h ∈

H ∩ A and k ∈ K ∩ A. Thus d(H,K) ≤ d(h, k) ≤ d(A). So d(H,K) is a lower

bound of all such diameters. To show that d(H,K) is the greatest lower bound, we take

ϵ > 0. Pick h ∈ H and k ∈ K such that d(H,K) ≤ d(h, k) < d(H,K) + ϵ
2
. Let

A = B(h, ϵ
4
) ∪B(k, ϵ

4
), where B(h, ϵ

4
) and B(k, ϵ

4
) are open balls. For u, v ∈ A, we have

d(u, v) ≤ d(u, h)+d(k, h)+d(k, v). If u, v ∈ B(h, ϵ
4
) or u, v ∈ B(k, ϵ

4
), then d(u, v) < ϵ

2
.

If u ∈ B(h, ϵ
4
) and v ∈ B(k, ϵ

4
), then d(u, v) ≤ ϵ

4
+ d(h, k) + ϵ

4
= d(h, k) + ϵ

2
. Therefore

d(A) ≤ d(h, k) + ϵ
2
< d(H,K) + ϵ. ■

Lemma 2.56. [12] Let H and K be compact subsets of a metric space (X, d). If H∩K =

∅, then d(H,K) > 0.

Proof. From Lemma 2.55, we have d(H,K) = inf{d(A) | A is open, A∩H ̸= ∅ and A∩

K ̸= ∅}. Suppose that there is a sequence An of open sets with An∩H ̸= ∅ and An∩K ̸=

∅ such that d(An) < d(H,K) + 1
n

. Since An ∩ H ̸= ∅ and An ∩ K ̸= ∅, then choose

hn ∈ An ∩ H and kn ∈ An ∩K. Then d(H,K) ≤ d(hn, kn) ≤ d(An) < d(H,K) + 1
n

.

Thus

d(hn, kn) → d(H,K). (2.1)

Since H is compact, then there exists h ∈ H and a subsequence hnl
of a sequence hn such

that hnl
→ h. Similarly, since K is compact, there exists k ∈ K and a subsequence knj

of

a sequence kn such that knj
→ k. To show that d(hnl

, knj
) → d(h, k) as l → ∞. We have

d(hnl
, knj

) ≤ d(hnl
, h) + d(h, k) + d(knj

, k). Then d(h, k) ≤ d(h, hnl
) + d(hnl

, knj
) +
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d(knj
, k). Hence |d(hnl

, knj
)− d(h, k)| ≤ d(h, hnl

) + d(knj
, k) → 0. Thus

d(hnl
, knj

) → d(h, k). (2.2)

From (2.1) and (2.2), and by the uniqueness of limits, it follows that d(H,K) = d(h, k).

■
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Chapter 3

The topology on the hyperspaces

In this section we dive into the study of a continuum X and its hyperspaces. The hyper-

spaces 2X and C(X), the closed subspace of 2X as proved by (see [9]), Theorem 1.3.11.

Definition 3.1. [12] A continuum X is a non-empty compact connected metric space.

Definition 3.2. [12] A subcontinuum is a non-empty compact connected subspace of a

continuum X .

We now define the hyperspaces of a given metric space (X, d), the set of all non-empty

closed subsets of X , denoted by 2X and its subspace C(X), which is the collection of all

connected elements within 2X .

Definition 3.3. [8] The hyperspaces 2X and C(X) of a compact connected metric space

X are defined as

1. 2X = {A ⊆ X | A is closed in X},

2. C(X) = {A ∈ 2X | A is connected}.
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Remark 3.4. If X is compact, then the elements of 2X are compact in X .

3.1 The Vietoris topology on 2X

In this section we introduce the Vietoris topology on the hyperspace 2X . The Vietoris

topology is produced by a foundation of basic open sets [6].

Definition 3.5. [12] If (X, τ) is a topological space, a base for the topology τ is a col-

lection B ⊆ τ such that τ = {
⋃

B∈C B|C ⊆ B}. It is easy to see that B is a base for

X if and only if whenever G is open in X and p ∈ G, there is some B ∈ B such that

p ∈ B ⊆ G.

Theorem 3.6. [12] Let (X, τ) be a topological space. Then B is a base for a topology on

X if and only if

1. X =
⋃
{B | B ∈ B},

2. whenever B1, B2 ∈ B with p ∈ B1 ∩ B2, there exists B3 ∈ B such that p ∈ B3 ⊆

B1 ∩B2.

Definition 3.7. [8] Let (X, τ) be a topological space. For any U1, . . . , Un open in X , we

define N(U1, . . . , Un) = {B ∈ 2X | B ⊆
⋃n

i=1 Ui and B ∩ Ui ̸= ∅ for i = 1, . . . , n}.

Theorem 3.8. [6] Let (X, τ) be a topological space and U1, . . . , Un be open subsets of

X . Then the collection B = {N(U1, . . . , Un) | n ∈ N} form a basis for a topology on 2X

called the Vietoris topology on 2X .

Proof.
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1. N(X) = {B ∈ 2X | B ⊆ X and B ∩X ̸= ∅} = 2X =
⋃
{B | B ⊆ B},

2. Let U = N(U1, . . . , Un) and V = N(V1, . . . , Vm).

Claim. U ∩V = N(U1∩V, . . . , Un∩V, U ∩V1, . . . , U ∩Vm), where U =
⋃n

i=1 Ui

and V =
⋃m

j=1 Vj .

Proof of Claim. “ ⊆ ” Let B ∈ U ∩ V . Then B ⊆
⋃n

i=1 Ui = U, B ∩ Ui ̸=

∅ for i = 1, . . . , n and B ⊆
⋃m

j=1 Vj = V, B ∩ Vj ̸= ∅ for j = 1, . . . ,m. Hence

B ⊆ U ∩ V = (
⋃n

i=1 Ui) ∩ (
⋃m

j=1 Vj) =
⋃m

j=1

⋃n
i=1 Ui ∩ Vj . Now B ∩ Ui ̸= ∅

and B ⊆ V . So B ∩ (Ui ∩ V ) ̸= ∅. Similarly B ∩ (Vj ∩ U) ̸= ∅. Hence B ∈

N(U1 ∩ V, . . . , Un ∩ V, U ∩ V1, . . . , U ∩ Vm).

“ ⊇ ” Let B ∈ N(U1∩V, . . . , Un∩V, V1∩U, . . . , Vm∩U). Then B ⊆
⋃n

i=1(Ui∩V )∪⋃m
j=1(Vj ∩ U) = [V ∩ (

⋃n
i=1 Ui)] ∪ [U ∩

⋃m
j=1 Vj] = (V ∩ U) ∪ (U ∩ V ) = U ∩ V.

So B ⊆ U =
⋃n

i=1 Ui and B ⊆ V =
⋃m

j=1 Vj . Also B ∩ (Ui ∩ V ) ̸= ∅ for

i = 1, . . . , n and B ∩ (Vj ∩ U) ̸= ∅ for j = 1, . . . ,m. This implies B ∩ Ui ̸= ∅ for

i = 1, . . . , n and B ∩ Vj ̸= ∅ for j = 1, . . . ,m. Thus B ∈ N(U1, . . . , Un) = U

and B ∈ N(V1, . . . , Vm) = V . Hence B ∈ U ∩ V . Therefore N(U1 ∩ V, . . . , Un ∩

V, V1 ∩ U, . . . , Vm ∩ U) ∈ B.

Since conditions 1. and 2. of Theorem 3.6 are satisfied, then B forms a base for a topology

on 2X called Vietoris topology on 2X . ■

Definition 3.9. [12] If (X, τ) is a topological space and x ∈ X, a neighborhood of x is a

set U which contains an open set V containing x. Evidently, U is a neighborhood of x if

and only if x ∈ Int(U). The collection Ux of all neighborhoods of x is the neighborhood

system at x.
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Theorem 3.10. [12] Let (X, τ) be a topological space and A ⊆ X . Then x ∈ A if and

only if every neighborhood of x intersects A.

Theorem 3.11. [12] The neighborhood system Ux at x in a topological space (X, τ) has

the following properties:

N(a) : If U ∈ Ux, then x ∈ U,

N(b) : If U, V ∈ Ux, then U ∩ V ∈ Ux,

N(c) : If U ∈ Ux, then there is a V ∈ Ux such that U ∈ Uy for each y ∈ V,

N(d) : If U ∈ Ux and U ⊆ V, then V ∈ Ux

and furthermore,

N(e) : G ⊆ X is open if and only if G contains a neighborhood of each its points.

Definition 3.12. [12] A neighborhood base at x in the topological space (X, τ) is a sub-

collection Bx taken from the neighborhood system Ux, having the property that each

U ∈ Ux contains some V ∈ Bx. That is, Ux must be determined by Bx as follows

Ux = {U ⊆ X | V ⊆ U for some V ∈ Bx}.

Theorem 3.13. [12] Let (X, τ) be a topological space, and x ∈ X and Bx be a neigh-

borhood base at x. Then

V (a) : If V ∈ Bx, then x ∈ V,

V (b) : If V1, V2 ∈ Bx, then there is some V3 ∈ Bx such that V3 ⊆ V1 ∩ V2,

V (c) : If V ∈ Bx, then there is some V0 ∈ Bx such that if y ∈ V0, then there exists some

W ∈ By such that W ⊆ V ,

and furthermore,

V (d) : G ⊆ X is open if and only if G contains a basic neighborhood of each of its point.
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Theorem 3.14. [6] Let (X, d) be a metric space. If {Uα}α∈A is a basis for the neigh-

borhoods of x in X , then B = {N(Uα)}α∈A is a basis for the neighborhoods of {x} in

2X .

Proof. Let (X, d) be a metric space, x ∈ X . Then {x} is closed in X . We need to show

that V (a), V (b), V (c) are satisfied.

V (a) : For each α ∈ A, x ∈ Uα, then {x} ⊆ Uα. Thus {x} ∈ N(Uα) for all α ∈ A.

V (b) : Let α, β ∈ A. Since {Uα}α∈A is a neighborhood base at x, there exists γ ∈ A such

that x ∈ Uγ ⊆ Uα ∩Uβ. Clearly {x} ∈ N(Uγ) ⊆ N(Uα ∩Uβ) = N(Uα)∩N(Uβ). Hence

{x} ∈ N(Uγ) ⊆ N(Uα) ∩N(Uβ).

V (c) : Let α1 ∈ A. Since {Uα}α∈A is a neighborhood at x, there is α2 ∈ A such that if

{Wβ}β∈B is neighborhood base for y ∈ Uα2 , then there is β ∈ B such that y ∈ Wβ ⊆ Uα1

which implies that {y} ∈ N(Wβ) ⊆ N(α1).

Now since V (a), V (b), V (c) are satisfied, then B is a basis for the neighborhoods of {x}

in 2X . ■

3.2 Hausdorff metric on 2X

In this section we extend the notion of distance between points to the notion of distance

between sets in a metric space (X, d), the Hausdorff metric. We first study some basic

notation about the distances between sets in order to define it precisely. The study is from

(see [12]). Let (X, d) be a metric space and let A be a closed and bounded subset of X .

Then

Vϵ(A) =
⋃
x∈A

B(x, ϵ) =
⋃
x∈A

{y ∈ X | d(x, y) < ϵ}.
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Furthermore, for x ∈ X and for any A,B ⊆ X

d(x,B) = inf{d(x, y) | y ∈ B} and d(A,B) = inf{d(x, y) | x ∈ A and y ∈ B}.

Definition 3.15. [12] Let (X, d) be a metric space. For each pair of non-empty, closed,

and bounded subsets A, B of X . The Hausdorff metric between A and B is defined as

ρH(A,B) = inf{ϵ > 0 | A ⊆ Vϵ(B) and B ⊆ Vϵ(A)}.

Theorem 3.16. [12] Let (X, d) be a metric space and let A,B ∈ 2X . Then

ρH(A,B) = max{sup
x∈A

d(x,B), sup
y∈B

d(A, y)}.

Proof. Theorem 1.2.5 of [9] provides a detailed proof.

■

Theorem 3.17. [8] Let (X, d) be a metric space and 2X be the set of all non-empty closed

subsets of X . Then (2X , ρH) is a metric space.

Proof. Theorem 1.2.2 of [9] provides a detailed proof. ■

With following result we establish the groundwork of the study of sequences in hyper-

spaces using series of sets. The study of this is found in (see [8]).

Lemma 3.18. [8] Let {An}∞n=1 and {Bn}∞n=1 be sequences in 2X .

1. If An → A, Bn → B in 2X and An ⊆ Bn for each n. Then A ⊆ B.
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2. If An → A in 2X and An ∩B ̸= ∅ for each n. Then A ∩B ̸= ∅.

Proof. Theorem 1.3.10 of [9] provides a detailed proof. ■

Theorem 3.19. [6] Let (X, d) be a compact metric space. The Hausdorff metric topology

on 2X is equivalent to the Vietoris topology on 2X .

Proof. Suppose that N(U1, . . . , Un) is a basic open set with U1, . . . , Un open in X . To

show that N(U1, . . . , Un) is open in (2X , ρH). For B ∈ N(U1, . . . , Un), we must find

ϵ > 0 such that BρH (B, ϵ) ⊆ N(U1, . . . , Un).

Let B ∈ N(U1, . . . , Un). Then B ⊆
⋃n

i=1 Ui and B∩Ui ̸= ∅ for i, . . . , n. Let bi ∈ B∩Ui.

Since Ui is open there exists ri > 0 such that Bd(bi, ri) ⊆ Ui.

Also, since B ⊆
⋃n

i=1 Ui, then B ∩ (X \
⋃n

i=1 Ui) = ∅. Since B and
⋃n

i=1 Ui are closed

subsets of a compact space X , by Theorem 2.16, both B and X \
⋃n

i=1 Ui are compact.

By Lemma 2.56, there exists b ∈ B, y ∈ X \
⋃n

i=1 Ui such that d(B, (X \
⋃n

i=1 Ui)) =

inf{d(b, y) | b ∈ B, y ∈ X \
⋃n

i=1 Ui} > 0. Let ϵ = min{α, r1, . . . , rn} > 0, where

α = d(b, y).

Claim. BρH (B, ϵ) ⊆ N(U1, . . . , Un).

Proof of Claim. Let A ∈ BρH (B, ϵ). Then ρH(A,B) < ϵ. So there exists ρH(A,B) ≤

δ < ϵ such that A ⊆ Vδ(B), B ⊆ Vδ(A), A ⊆ Vϵ(B) and B ⊆ Vϵ(A). For B ⊆ Vδ(A),

we have bi ∈ Vδ(A) which implies that there exists ai ∈ A such that d(ai, bi) < δ. Then

ai ∈ Bd(bi, δ) ⊆ Bd(bi, ri) ⊆ Ui. Hence

ai ∈ A ∩ Ui ̸= ∅ for i = 1, . . . , n. (3.1)
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For A ⊆ Vδ(B), we have B ⊆
⋃n

i=1 Ui which implies that B ∩ (X \
⋃n

i=1 Ui) = ∅. Let

x ∈ Vδ(B). Then there exists b′ ∈ B such that d(x, b′) < δ. Now δ < α = d(B, (X \⋃n
i=1 Ui)). Then d(x, b′) < d(B, (X \

⋃n
i=1 Ui)) which implies that x ̸∈ X \

⋃n
i=1 Ui.

Hence Vδ(B) ∩ (X \
⋃n

i=1 Ui) = ∅. Since A ⊆ Vδ(B) and A ∩ (X \
⋃n

i=1 Ui = ∅), then

A ⊆
n⋃

i=1

Ui. (3.2)

Since (3.1) and (3.2) are satisfied, then A ∈ N(U1, . . . , Un). Hence the claim is true, i.e.

N(U1, . . . , Un) is open in the Hausdorff metric topology.

Let BρH (B, ϵ) be a basic open in (2X , ρH).Now B is closed in X and X is compact. By

Theorem 2.16, B is compact. Also B ⊆
⋃

b∈B Bd(b,
ϵ
2
) = V ϵ

2
(B). Since B is compact,

there exists b1, . . . , bn in B such that B ⊆
⋃n

i=1Bd(bi,
ϵ
2
). Note that

Vϵ(B) = {x ∈ X | there exists b ∈ B such that d(x, b) < ϵ}

=
⋃

b∈B{x ∈ X | d(x, b) < ϵ}

=
⋃

b∈B Bd(b, ϵ).

Each Bd(bi,
ϵ
2
) is open for i = 1, . . . , n in X . Consider N(Bd(b1,

ϵ
2
), . . . , Bd(bn,

ϵ
2
)).

Claim. B ∈ N(Bd(b1,
ϵ
2
), . . . , Bd(bn,

ϵ
2
)) ⊆ BρH (B, ϵ).

Proof of Claim. Clearly B ∈ N(Bd(b1,
ϵ
2
), . . . , Bd(bn,

ϵ
2
)). Let A ∈ N(Bd(b1,

ϵ
2
), . . . , Bd

(bn,
ϵ
2
)). Then A ⊆

⋃n
i=1 Bd(bi,

ϵ
2
) ⊆

⋃
b∈B Bd(b,

ϵ
2
) = V ϵ

2
(B) ⊆ Vϵ(B). Also A ∩

Bd(bi,
ϵ
2
) ̸= ∅ for all i = 1, . . . , n. So there exists ai ∈ A ∩ Bd(bi,

ϵ
2
). Then d(bi, ai) <

ϵ
2

for ai ∈ A. Now for b ∈ B, b ∈ Bd(bi,
ϵ
2
) for some i. Hence d(b, ai) ≤ d(b, bi)+d(bi, ai) <

ϵ
2
+ ϵ

2
= ϵ. So b ∈ Bd(ai, ϵ) which implies that B ⊆ Vϵ(A). Since A ⊆ Vϵ(B) and
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B ⊆ Vϵ(A), then ρH(A,B) < ϵ which implies that A ∈ BρH (B, ϵ). Hence the claim is

true. Therefore for ϵ > 0, BρH (B, ϵ) ⊆ N(U1, . . . , Un). This proves that the Hausdorff

metric topology on 2X is equivalent to the Vietoris topology on 2X . ■
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Chapter 4

Structure of the hyperspaces

4.1 Properties of basic open sets

In the previous chapter, we studied the topology on the hyperspaces, the Vietoris topology

on 2X . In this section we study properties of basic open sets which follows from Definition

3.7 and the study is from (see [6]).

Proposition 4.1. Let (X, d) be a metric space and {Uα | α ∈ I} be a family of open

subsets of X . Then
⋃

α∈I N(Uα) ⊆ N
(⋃

α∈I Uα

)
.

Proof. Let A ∈
⋃

α∈I N(Uα). Then there exists α0 ∈ I such that A ∈ N(Uα0) which

implies that A ⊆ Uα0 . Since Uα0 ⊆
⋃

α∈I Uα, then A ⊆
⋃

α∈I Uα. Thus A ∈ N
(⋃

α∈I Uα

)
and hence

⋃
α∈I N(Uα) ⊆ N

(⋃
α∈I Uα

)
■

Proposition 4.2. Let (X, d) be a metric space and U, V be open subsets of X . Then

N(U) ∩N(V ) = N(U ∩ V ).
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Proof. Let B ∈ N(U) ∩ N(V ). Then B ∈ N(U) and B ∈ N(V ). Thus A ⊆ U and

A ⊆ V which implies that A ⊆ U∩V . Hence A ∈ N(U∩V ). Therefore N(U)∩N(V ) ⊆

N(U ∩ V ). The converse follows immediately from the definitions. ■

Theorem 4.3. [6] Let (X, d) be a metric space. If U1, . . . , Un are open sets in X , then

N(U1, . . . , Un) = N(U1, . . . , Un).

Proof. “ ⊆ ” It is clear that N(U1, . . . , Un) ⊆ N(U1, . . . , Un). We will show that

N(U1, . . . , Un) is closed, and hence N(U1, . . . , Un) ⊆ N(U1, . . . , Un).

To show that N(U1, . . . , Un) is closed, we will show that 2X \N(U1, . . . , Un) is open. Let

F ∈ 2X \N(U1, . . . , Un). Then F ̸∈ N(U1, . . . , Un). So either F ̸⊆
⋃n

i=1 Ui or F ∩Ui = ∅

for some i.

Case 1. F ̸⊆
⋃n

i=1 Ui :

It is clear that F ∈ N(X, (X\
⋃n

i=1 Ui)). To show that N(X, (X\
⋃n

i=1 Ui))∩N(U1, . . . , Un)

= ∅. If B ∈ N(X, (X \
⋃n

i=1 Ui)), then B ∩ (X \
⋃n

i=1 Ui) ̸= ∅ and B ̸⊆
⋃n

i=1 Ui implies

that B ̸∈ N(U1, . . . , Un). Hence N(X,X \
⋃n

i=1 Ui) ∩ N(U1, . . . , Un) = ∅. This shows

that F ∈ N(X,X \
⋃n

i=1 Ui) ⊆ 2X \ N(U1, . . . , Un). Therefore 2X \ N(U1, . . . , Un) is

open.

Case 2. F ∩ Ui = ∅ for some i:

Now F ⊆ X \ Ui. Hence N(X \ Ui) is a neighborhood of F . To show that N(X \ Ui) ∩

N(U1, . . . , Un) = ∅. If B ∈ N(X \ Ui), then B ⊆ X \ Ui which implies that B ∩ Ui = ∅.

Thus B ̸∈ N(U1, . . . , Un). Hence N(X \
⋃n

i=1 Ui)∩N(U1, . . . , Un) = ∅. This shows that

F ∈ N(X \ Ui) ⊆ 2X \N(U1, . . . , Un), showing that 2X \N(U1, . . . , Un) is open.

For both cases we have shown that 2X \N(U1, . . . , Un) is open, and hence N(U1, . . . , Un)

is closed. Therefore N(U1, . . . , Un) ⊆ N(U1, . . . , Un).
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“ ⊇ ” Now to show that N(U1, . . . , Un) ⊆ N(U1, . . . , Un). Let F ∈ N(U1, . . . , Un).

We want to show that every basic neighborhood of F meets N(U1, . . . , Un), proving that

F ∈ N(U1, . . . , Un). Let N(V1, . . . , Vm) be a basic neighborhood of F . We want to show

that N(V1, . . . , Vm) ∩ N(U1, . . . , Un) ̸= ∅. Now F ∈ N(U1, . . . , Un). Then F ∩ Ui ̸= ∅

for i = 1, . . . , n. Let xi ∈ F ∩ Ui. Then xi ∈ F ⊆
⋃m

j=1 Vj . Thus
⋃m

j=1 Vj is an open

neighborhood of xi and since xi ∈ U i, then
⋃m

j=1 Vj ∩ Ui ̸= ∅. Let yi ∈ (
⋃m

j=1 Vj) ∩ Ui.

Now F ∩ Vj ̸= ∅ for j = 1, . . . ,m. Let zj ∈ F ∩ Vj for j = 1, . . . ,m. Then F ∩ Vj ⊆

(
⋃n

i=1 U i) ∩ Vj. Thus zj ∈ U i′ ∩ Vj for some i′. Now Vj is an open neighborhood of

zj . So Vj ∩ Ui ̸= ∅ for some i. Let wj ∈ Vj ∩ Ui. Then Vj ∩ Ui′ ⊆ Vj ∩ (
⋃n

i=1 Ui).

Let B = {y1, . . . , yn, w1, . . . , wm}. Since B is a finite set in a T1−space, then B is

closed. Thus B ∈ N(U1, . . . , Un) ∩ N(V1, . . . , Vm). Hence every basic neighborhood of

F meets N(U1, . . . , Un). This means that F ∈ N(U1, . . . , Un). Hence N(U1, . . . , Un) ⊆

N(U1, . . . , Un).

Therefore N(U1, . . . , Un) = N(U1, . . . , Un). ■

Theorem 4.4. [6] Let (X, d) be a metric space. Then N(V1, . . . , Vm) ⊆ N(U1, . . . , Un) if

and only if
⋃m

j=1 Vj ⊆
⋃n

i=1 Ui and for each Ui there exists Vj such that Vj ⊆ Ui.

Proof. “ =⇒ ” Assume that N(V1, . . . , Vm) ⊆ N(U1, . . . , Un). Let x ∈
⋃m

j=1 Vj . Pick

vj ∈ Vj for j = 1, . . . ,m and let A = {x, v1, . . . , vm}. Then A is closed since A is a finite

set in X . Thus A ⊆
⋃m

j=1 Vj and A∩Vj ̸= ∅ for i = 1, . . . ,m. Hence A ∈ N(V1, . . . , Vm).

By our assumption, A ∈ N(U1, . . . , Un) which implies that A ⊆
⋃n

i=1 Ui. But x ∈ A. So

x ∈
⋃n

i=1 Ui. Thus
⋃m

j=1 Vj ⊆
⋃n

i=1 Ui.

Now fix i and assume that Vj ̸⊆ Ui for all j = 1, . . . ,m. Then there exists vj ∈ Vj such

that vj ̸∈ Ui. Let A = {v1, . . . , vm} ⊆
⋃m

j=1 Vj and A ∩ Vj ̸= ∅ for j = 1, . . . ,m. Thus
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A ∈ N(V1, . . . , Vm). Since each vj ̸∈ Ui for j = 1, . . . ,m, then A ∩ Ui = ∅. Hence

A ̸∈ N(U1, . . . , Un). Contradicting our assumption. Therefore for each Ui, there exists Vj

such that Vj ⊆ Ui.

“ ⇐= ” Suppose that
⋃m

j=1 Vj ⊆
⋃n

i=1 Ui and for each Ui there exists Vj such that Vj ⊆ Ui.

To show that N(V1, . . . , Vm) ⊆ N(U1, . . . , Un). Let A ∈ N(V1, . . . , Vm). Then A ⊆⋃m
j=1 Vj ⊆

⋃n
i=1 Ui and A ∩ Vj ̸= ∅ for all j = 1, . . . ,m. For any Ui there exists Vj such

that Vj ⊆ Ui. Thus A ∩ Ui ̸= ∅ for i = 1, . . . , n. Hence A ∈ N(U1, . . . , Un). Therefore

N(V1, . . . , Vm) ⊆ N(U1, . . . , Un). ■

4.2 Relationship between X and 2X

In this section we study the relationship between the continuum X , its hyperspaces 2X and

C(X).

Lemma 4.5. [7](Alexander’s Subbase Lemma) Let (X, τ) be a topological space and

S ⊆ τ a subbase for τ . If every cover of X by elements of S has a finite subcover, then X

is compact.

Theorem 4.6. [6] Let (X, d) be a metric space. Then X is compact if and only if 2X is

compact.

Proof. “ =⇒ ” Assume that X is compact. We use Lemma 4.5 to prove that 2X is

compact. Let 2X =
⋃

α∈I N(Uα) ⊆ N(
⋃

α∈I Uα) ⊆ 2X . Then for x ∈ X , we have

{x} ∈ 2X which implies that {x} ∩ Uα for some α ∈ I . Hence x ∈ Uα. So X =⋃
α∈I Uα. Since X is compact, then X =

⋃n
i=1 Uαi

for some α1, . . . , αn ∈ I . Thus

N(X) = N(
⋃n

i=1 Uαi
) ⊇

⋃n
i=1 N(Uαi

) and clearly N(X) = 2X which implies that
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2X = N(
⋃n

i=1 Uαi
). Hence 2X is compact.

“ ⇐= ” Assume that 2X is compact and let X =
⋃

α∈I Uα. Then 2X = N(X) =

N(
⋃

α∈I Uα) ⊇
⋃

α∈I N(Uα). Since 2X is compact, then there exist α1, . . . , αn ∈ I

such that 2X =
⋃n

i=1 N(Uαi
). For each x ∈ X , we have {x} ∈ 2X which implies that

{x} ∈ N(Uαi
) for some i. Then x ∈ Uαi

. Hence X =
⋃n

i=1 Uαi
, which proves that X is

compact. ■

Lemma 4.7. [4] Let X be a continuum. If A ⊆ 2X is closed in 2X , then K =
⋃
{A | A ∈

A } is closed in X.

Proof. Let A ⊆ 2X be closed in 2X . Then A ∈ 22
X
. To show K =

⋃
{A | A ∈ A } is

closed in X . Let x ∈ K. By Theorem 2.52, exists a sequence an ∈ K such that an → x

in X with an ∈ An and An ∈ A . By Theorem 4.6, 2X is compact and A is a closed

subset of 2X . By Theorem 2.16, A is compact. Then there exists a subsequence (Ank
)∞k=1

of a sequence (An)
∞
n=1 in A such that Ank

→ A with A ∈ A in 2X and there exists

a subsequence (ank
) of an such that ank

→ x in X . Now ank
→ x which implies that

d(ank
, x) → 0. But ρH({ank

}, {x}) = d(ank
, x) → 0. Since Ank

→ A and {ank
} → {x},

with {ank
} ⊆ Ank

, by Lemma 3.18, {x} ⊆ A which implies that x ∈ A and A ∈ A . Thus

x ∈ A ⊆ K. Hence K is closed. ■

Lemma 4.8. [4] Let X be a continuum. If A is open in 2X , then K =
⋃
{A | A ∈ A } is

open in X.

Proof. Let x ∈ K. Then x ∈ A′ for some A′ ∈ A . We have A′ ∈ A and A open in 2X

which implies that there exists r > 0 such that BρH (A
′, r) ⊆ A .

Claim. Bd(x,
r
2
) ⊆

⋃
K.
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Proof of Claim. Let y ∈ Bd(x,
r
2
). Then y ∈ Bd(x,

r
2
) ⊆ V r

2
(A′). Let B = A′∪{y}. Now

A′ ⊆ V r
2
(A′). So B ⊆ V r

2
(A′). Since A′ ⊆ B, A′ ⊆ V r

2
(B), then ρH(A

′, B) ≤ r
2
< r

which implies that B ∈ BρH (A
′, r) ⊆ A . Thus B ∈ A . So y ∈ B ⊆ K which implies

that y ∈ K. Hence Bd(x,
r
2
) ⊆ K. This proves that the claim is true.

Therefore K is open in X . ■

Lemma 4.9. [4] Let X be a continuum. If A is a connected (respectively, compact) subset

of 2X and A ∩C(X) ̸= ∅, then K =
⋃
{A | A ∈ A } is connected (respectively, compact)

in X .

Proof. Let M ∈ A ∩ C(X). To show that K =
⋃
{A | A ∈ A } is a continuum, we will

first show that K is connected. Suppose that K = V1 ∪ V2, where V1 and V2 open sets in

K such that V1 ∩ V2 = ∅. Since M ∈ A ∩ C(X), then M ⊆ K and M is connected. Now

M = M ∩K = (M ∩ V1) ∪ (M ∩ V2), where M ∩ V1 and M ∩ V2 open sets in M . We

have M connected implies that M ∩ V1 = ∅ or M ∩ V2 = ∅. Assume that M ∩ V2 = ∅.

Then M = M ∩ V1 which implies that M ⊆ V1. Let

A1 = {A ∈ A | A ⊆ V1},

A2 = {A ∈ A | A ∩ V2 ̸= ∅ and A is closed}.

It is clear that A1 ∪ A2 ⊆ A . If A ∈ A and if A ̸∈ A1, then A ̸⊆ V1 which implies that

A ∩ V2 ̸= ∅. Thus A ∈ A2. Hence A ⊆ A1 ∪ A2. Therefore A = A1 ∪ A2.

To show that A1 and A2 are closed in 2X . Let A ∈ A1. Then there exists a sequence

{An}∞i=1 in A1 such that An → A. Thus An ⊆ V1 for each n, by Lemma 3.18, A ⊆ V1.

Hence A ∈ A1 which implies that A1 is closed in 2X .

Now let A ∈ A2. Then there exists a sequence {An}∞i=1 in A2 such that An → A. Thus
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An∩V2 ̸= ∅, by Lemma 3.18, A∩V2 ̸= ∅. Hence A ∈ A2 which implies that A2 is closed

in 2X .

Claim. A1 ∩ A2 = ∅.

Proof of Claim. By contradiction. Suppose that A ∈ A1 ∩ A2. Then A ⊆ V1 and

A∩V2 ̸= ∅ which implies that V1∩V2 ̸= ∅. Contradicting the fact that V1∩V2 = ∅. Hence

A1 ∩ A2 = ∅.

Since A is connected, A1 = ∅ or A2 = ∅. But M ∈ A1 which implies that A1 ̸= ∅ and

hence A = ∅, i.e. for all A ∈ A , A ∩ V2 = ∅ implies that K ∩ V2 = ∅. Then V2 = ∅

Therefore K is connected.

To show that K is compact. Since A is compact in 2X , then A is closed in 2X which

implies that K is closed in X . But X is a compact, so by Theorem 2.16, K is compact.

Since K is connected and compact, therefore K =
⋃
{A | A ∈ A } is a continuum. ■

4.3 Finite sets in 2X

In this section we study the finite sets in the hyperspace 2X .

Definition 4.10. [6] Let (X, τ) be a topological space. Then

Fn(X) = {E ∈ 2X | E has at most n elements }. (4.1)

Proposition 4.11. [6] Let (X, τ) be a topological space. The natural map f : Xn −→

Fn(X) defined by f((x1, . . . , xn)) = {x1, . . . , xn} is continuous.
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Proof. Let N(U1, . . . , Uk) be an open set in Fn(X) with {x1, . . . , xn} ∈ N(U1, . . . , Uk).

To show that (x1, . . . , xn) ∈ f−1(N(U1, . . . , Uk)) is open in Xn. Now for each i, xi ∈

Uji , where ji ∈ {1, . . . , k}. Then (x1, . . . , xn) ∈ Uj1 × . . . × Ujn . If (y1, . . . , yn) ∈

Uj1 × . . . × Ujn , then yi ∈ Uji , where i = 1, . . . , n. So f(y1, . . . , yn) = {y1, . . . , yn} ∈

N(Uj1 , . . . , Ujn). Thus {x1, . . . , xn} ∈ f(Uj1 , . . . , Ujn) ⊆ N(Uj1 , . . . , Ujn) ⊆ N(U1, . . . , Un).

So (x1, . . . , xn) ∈ Uj1 , . . . , Ujn ⊆ f−1f(Uj1 , . . . , Ujn) ⊆ f−1(N(U1, . . . , Un)). Hence

f−1(N(U1, . . . , Un)) is open in Xn, proving that f is continuous. ■

Remark 4.12. For a topological space (X, τ), if X is connected, then Xn is connected.

Hence Fn(X) is connected. We note that F1(X) ⊆ Fn(X) for all n, so F (X) =
⋃∞

n=1 Fn(X)

is connected.

Proposition 4.13. [6] Let (X, τ) be a topological space. Then F (X) is dense in 2X .

Proof. Let M ∈ 2X and let N(U1, . . . , Un) be a basic open set such that M ∈ N(U1, . . . , Un).

Then M ⊆
⋃n

i=1 Ui and M∩Ui ̸= ∅ for i = 1, . . . , n. Since M∩Ui ̸= ∅, pick xi ∈ M∩Ui.

Let F = {x1, . . . , xn}. Then F ∈ Fn(X) ⊆ F (X) and for each i, we have xi ∈ Ui which

implies that F ⊆ M ⊆
⋃n

i=1 Ui and xi ∈ F ∩ Ui which implies that F ∩ Ui ̸= ∅. Hence

F ∈ N(U1, . . . , Un), proving that N(U1, . . . , Un) ∩ F (X) ̸= ∅. Therefore F (X) is dense

in 2X . ■

Lemma 4.14. [1] Let X be a continuum and let V be a connected open set such that

{x1, . . . , xn} ⊆ V ⊆ X and define α : V −→ A , where A = {{x1, . . . , xn, y} | y ∈ V }

by α(y) = {{x1, . . . , xn, y}}. Then α is continuous.
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Proof. Since α(y) is compact, then for any y, y′ ∈ V

ρH(α(y), α(y
′)) = max{ sup

x∈α(y)
d(x, α(y′)), sup

x′∈α(y′)
d(α(y), x′)}.

Then d(x, α(y′)) = 0 and d(y, α(y′)) ≤ d(y, y′). Hence supx∈α(y) d(x, α(y
′)) ≤ d(y, y′).

Similarly, supx′∈α(y′) d(α(y), x
′) ≤ d(y, y′) which implies that ρH(α(y), α(y′)) ≤ d(y, y′),

showing that α is uniformly continuous and hence by Corollary 2.48, α is continuous. ■

Theorem 4.15. [1] Let X be a continuum, let V be an open connected set and V1, . . . , Vn

be open sets such that V =
⋃n

i=1 Vi. Then N(V1, . . . , Vn) is connected.

Proof. Consider

F (X) =
∞⋃
n=1

Fn(X).

Pick xi ∈ Vi for i = 1, . . . , n. Since X is a T1-space, {x1, . . . , xn} is closed and belongs

to Fn(X). Since {x1, . . . , xn} ⊆
⋃n

i=1 Vi and {x1, . . . , xn} ∩ Vi ̸= ∅, {x1, . . . , xn} ∈

N(V1, . . . , Vn). Hence Fn(X)∩N(V1, . . . , Vn) ̸= ∅. Let p be the smallest positive integer

such that Fp(X) ∩N(V1, . . . , Vn) ̸= ∅. Then p ≤ n. Let

F =
∞⋃
i=p

(Fi(X) ∩N(V1, . . . , Vn)).

Let {x1, . . . , xn}, {y1, . . . , yn} ∈ F . To show that F is connected, we will show that

there exists a connected subset of F which contains {x1, . . . , xn}, {y1, . . . , yn}. There are

three cases to be considered.

Case1. Let A = {{x1, . . . , xn} | xi ∈ Vi and xi = xj if and only if i = j for each
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i = 1, . . . , n}.

We will first show that A lies in a connected subset of F . Let {x1, . . . , xn}, {y1, . . . , yn} ∈

A . Define A1 = {{x1, . . . , xn, y} | y ∈ V } and B1 = {{y1, x2, . . . , xn, y} | y ∈ V }. By

Lemma 4.14, each A1 and B1 is the continuous image of a connected set V , hence A1 is

a connected subset of F which contains {x1, . . . , xn} and {x1, . . . , xn, y1}. Similarly, B1

is a connected subset of F which contains {x1, . . . , xn, y1} and {y1, x2, . . . , xn}. Hence

A1 ∪ B1 is connected subset of F .

Similarly, for each i = 2, . . . , n− 1 define

Ai = {{y1, . . . , yi−1, xi, . . . , xn, y} | y ∈ V }

and

Bi = {{y1, . . . , yi, xi+1, . . . , xn, y} | y ∈ V }.

Then Ai is a connected subset of F which contains {y1, . . . , yi−1, xi, . . . , xn} and {y1, . . . , yi,

xi, . . . , xn} and Bi is a connected subset of F which contains {y1, . . . , yi, xi, . . . , xn} and

{y1, . . . , yi, xi+1, . . . , xn}. Define

An = {{y1, . . . , yn−1, xn, y} | y ∈ V }

and

Bn = {{y1, . . . , yn, y} | y ∈ V }.

Then An is a connected subset of F which contains {y1, . . . , yn−1, xn} and {y1, . . . , yn, xn}

and Bn is a connected subset of F which contains {y1, . . . , yn, xn} and {y1, . . . , yn}. So
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Ai ∪ Bi is a connected subset in F for each i (since {y1, . . . , yi, xi, . . . , xn} ∈ Ai ∩ Bi).

It follows that
⋃n

i=1(Ai∪Bi) is a connected subset of F which contains {x1, . . . , xn} and

{y1, . . . , yn}.

Case 2. {x1, . . . , xn} ∈ A and {x1, . . . , xm} ∈ F \ A .

Under Case 2. we will consider two cases.

Case 2.1. p ≤ m < n

Choose n−m distinct elements xm+1, . . . , xn such that {x1, . . . , xm, xm+1, . . . , xn} ∈ A .

For each i = 1, . . . , n − m, let Ci = {{x1, . . . , xm+(i−1), y} | y ∈ V }. Then Ci

is a connected subset of F containing {x1, . . . , xm+(i−1)} and {x1, . . . , xm+i}. Hence

C1 =
⋃n−m

i=1 Ci is a connected subset of F containing {x1, . . . , xm} and {x1, . . . , xn}.

By Case 1, there exists a connected subset C2 of F which contains {x1 . . . , xm} and

{x1, . . . , xn}. Hence C1 ∪C2 is a connected subset of F which contains {x1 . . . , xm} and

{x1 . . . , xn}

Case 2.2. m ≥ n.

Let {y1, . . . , yn} ∈ A . Let D1 = {{x1, . . . , xm, y} | y ∈ V }. Then D1 is a con-

nected subset of F containing {x1, . . . , xm} and {x1, . . . , xm, y1}. For each i = 2, . . . , n,

let Di = {{x1, . . . , xm, y1, . . . , yi−1, y} | y ∈ V }. Then Di is a connected subset of

F containing {x1, . . . , xm, y1, . . . , yi−1} and {x1, . . . , xm, y1, . . . , yi}. Hence
⋃n

i=1 Di is

a connected subset of F containing {x1, . . . , xm} and {x1, . . . , xm, y1, . . . , yn} With an

analogous construction we can show that there is a connected subset of F which contains

{y1, . . . , yn} and {x1, . . . , xm, y1, . . . , yn}. It follows that there is a connected subset of

F which contains {x1, . . . , xm} and {y1, . . . , yn}.
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Case 3. {x1, . . . , xn}, {y1, . . . , yn} ∈ F \ A .

Pick {x1, . . . , xm} ∈ A . By Case 2, there exists a connected subset C1 of F which con-

tains {x1, . . . , xn} and {x1, . . . , xm} and a connected subset C2 of F containing {y1, . . . , yn}

and {x1, . . . , xn}. So C1 ∪ C2 is a connected subset of F which contains {x1, . . . , xm}

and {y1, . . . , ym}. By Theorem 2.28 (2), F is connected.

We have shown that A lies in a connected subset of F and each of F \ A members lies

in that connected subset of F which meets A . Hence F is connected in N(V1, . . . , Vn).

By Proposition 4.13, F is dense in N(V1, . . . , Vn). Hence N(V1, . . . , Vn) is connected.

■

4.4 Order arcs

Order arcs are important components in hyperspace theory. In this chapter the notion of

order arcs is introduced to prove many of the results in Chapter 5. Order arcs plays an

important role in the understanding of hyperspaces of a continuum. Most of the results are

found in (see [4]).

Definition 4.16. [12] Let (X, d) be a metric space. ϕ : [a, b] −→ 2X is an arc in 2X if

ϕ : [a, b] −→ ϕ([a, b]) is a homeomorphism. (This may be called homeomorphism INTO

2X , since it does not have to be onto).

Remark 4.17. An arc ϕ is continuous.

Definition 4.18. [8] An order arc is an arc ϕ : [a, b] −→ 2X such that whenever s < t in

[a, b], then ϕ(s) ⊆ ϕ(t).
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Theorem 4.19. [8] If ϕ : [a, b] −→ 2X is an order arc, then ϕ([a, b]) is compact in C(X).

Theorem 4.20. [8] If ϕ : [a, b] −→ 2X is an order arc, then ϕ([a, b]) is connected in

C(X).

Corollary 4.21. [8] Let (X, d) be a metric space and let ϕ : [a, b] −→ 2X be an order

arc. Then ϕ([a, b]) is a continuum.

Theorem 4.22. [4] If A,B ∈ 2X , then there is an order arc from A to B if and only if

A ⊆ B and each component of B meets A.

Proof. Theorem 4.1.13 of [9] provides a detailed proof.

■

Theorem 4.23. [4] Every order arc whose initial point is an element of C(X) is entirely

contained in C(X).

Proof. Theorem 4.2.9 of [9] provides a detailed proof. ■

Lemma 4.24. Let N(U1, . . . , Un) be a basic open set and let A,B ∈ N(U1, . . . , Un) such

that A ⊆ B. If there is an order arc L from A to B, then L lies in N(U1, . . . , Un).

Proof. Let L ∈ L . Then A ⊆ L ⊆ B. Since A,B ∈ N(U1, . . . , Un), A ∩ Ui ̸= ∅

for i = 1, . . . , n and B ⊆
⋃n

i=1 Ui which implies that L ∩ Ui ̸= ∅ for i = 1, . . . , n and

L ⊆
⋃n

i=1 Ui. Hence L ∈ N(U1, . . . , Un) which implies that L ⊆ N(U1, . . . , Un). ■

Remark 4.25. We note here that when we say L is an order arc above, we are in fact

talking about the image ϕ([a, b]).
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Chapter 5

Local connectedness and connectedness

im kleinen

5.1 Connectedness in a continuum X

In this section we study the connectivity properties, local connectedness and connected-

ness im kleinen in a continuum X (see [12]).

Definition 5.1. [12] Let (X, d) be a metric space and x ∈ X . Then X is locally connected

at x if and only if for each open set U containing x there is a connected open set V such

that x ∈ V ⊆ U .

Furthermore, X is locally connected if and only if X locally connected at every x in X .

Definition 5.2. [12] Let (X, d) be a metric space and x ∈ X . Then X is connected im

kleinen at x if and only if for each open set U containing x there is a component of U

which contains x in its interior.
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Proposition 5.3. [12] Every locally connected space is connected im kleinen.

Proof. Assume that X is locally connected at x. Let U be an open set containing x. Since

X is locally connected at x, there exists a connected open set V and an open set C in

X such that x ∈ C ⊆ V ⊆ U . Since C is open, then Int(C) ⊆ C which implies that

x ∈ Int(C) ⊆ C ⊆ V ⊆ U . Hence X is connected im kleinen. ■

However, the converse of Proposition 5.3 is not true. See Theorem 5.8

Definition 5.4. [12] Let (X, d) be a metric space. Then X is pathwise connected if and

only if for any two points x and y in X , there is a continuous function f : [0, 1] −→ X

such that f(0) = x, f(1) = y. The function f is called an path from x to y.

Theorem 5.5. [12] Every pathwise connected space is connected.

Proof. Assume that X is path connected but not connected. Let X = H ∪ K, where

H and K are non-empty disjoint open sets in X . Let x ∈ H , and y ∈ K and let f :

[0, 1] −→ X be a path between x and y. Then f−1(H) and f−1(K) disconnect [0, 1],

which is impossible, since [0, 1] is connected. Hence X is connected. ■

Definition 5.6. [12] Let (X, d) be a metric space. Then X is arcwise connected if and only

if for any two points x and y in X , there is a homeomorphism f : [0, 1] −→ f([0, 1]) ⊆ X

such that f(0) = x, f(1) = y. The function f is called an arc from x to y.

Corollary 5.7. Every arcwise connected space is connected.
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The following theorem gives an alternate definition of connectedness im kleinen at x.

Theorem 5.8. Let X be a continuum. Then X is connected im kleinen at x if and only

for each open set U , x ∈ U there is a connected set C and an open set V such that

x ∈ V ⊆ C ⊆ U .

Proof. “ =⇒ ” Suppose that X is connected im kleinen at x. Let U be an open set

containing x. Since X is connected im kleinen at x, there exists a component of U , call it

C, containing x in its interior, i.e. x ∈ Int(C) ⊆ C ⊆ U . If V = Int(C), then V is open

and x ∈ V ⊆ C ⊆ U .

“ ⇐= ” Assume that the condition holds. Let U be an open set in X containing x. Then

there exists a connected set C and an open set V such that x ∈ V ⊆ C ⊆ U . If C is

connected, then C ⊆ Cx, where Cx is a component of U containing x. Since V ⊆ Cx is

open, then V ⊆ Int(Cx). So x ∈ V ⊆ Int(Cx) ⊆ Cx ⊆ U , i.e. x ∈ Int(Cx) ⊆ Cx ⊆ U .

Hence X is connected im kleinen at x. ■

5.1.1 Connectedness in the hyperspaces 2X and C(X)

In the previous section we discussed local connectedness and connectedness im kleinen in

a continuum X . In this section we study these connectivity properties in the hyperspaces

2X and C(X) of a continuum X equipped with the Vietoris topology. Most of the work is

from (see [1]).

Theorem 5.9. [1] Let M ∈ C(X). Then 2X is connected im kleinen at M if and only if for

each open set U containing M there is a component of U which contains M in its interior.
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Proof. “ =⇒ ” Assume that 2X is connected im kleinen at M . Let U be open set in X

containing M . Then M ∈ N(U). Since 2X is connected im kleinen at M , there exists a

component C of N(U) such that M ∈ Int(C ) ⊆ C ⊆ N(U). Let K =
⋃
{A | A ∈ C }.

By Lemma 4.9, K is connected. Hence there exists N(V ) such that M ∈ N(V ) ⊆

Int(C ) ⊆ C ⊆ N(U).

Claim. M ⊆ V ⊆ K.

It is clear that M ⊆ V . Now V ∈ N(V ) ⊆ C . So V ∈ C which implies that V ⊆ K.

Thus K contains M in its interior.

Claim. K ⊆ U .

For each A ∈ C , A ∈ N(U) which implies that A ⊆ U . Then
⋃
{A | A ∈ C } ⊆ U .

Hence K ⊆ U . So we have M ⊆ V ⊆ K ⊆ U . But K is connected, so there exists a

component of U , call it C such that K ⊆ C. So M ⊆ V ⊆ C ⊆ U , and since V ⊆ C is

open, then M ⊆ Int(C). Thus M ⊆ Int(C) ⊆ C ⊆ U .

“ ⇐= ” Assume that for each open set U containing M there is a component of U contain-

ing M in its interior. Let N(U1, . . . , Un) be a basic open set containing M . By regularity

of 2X , there exists a basic open set N(V1, . . . , Vm) such that M ∈ N(V1, . . . , Vm) ⊆

N(V1, . . . , Vm) ⊆ N(U1, . . . , Un). Let V =
⋃m

i=1 Vi. Since V is open in X and M ⊆ V ,

there exists a component C of V containing M in its interior, i.e. M ⊆ int(C) ⊆ C ⊆ V .

For i = 1, . . . ,m, let Wi = Vi ∩ Int(C). Then M ⊆ Int(C) and M ∈ N(V1, . . . , Vm)

which implies that M ∩ Vi ̸= ∅. Thus Vi ∩ Int(C) = Wi ̸= ∅. We have M ∩ Wi =

M∩Vi∩Int(C) = M∩Vi ̸= ∅ and M ⊆
⋃m

i=1 Vi∩Int(C) =
⋃m

i=1(Vi∩Int(C)) =
⋃m

i=1Wi.

Hence M ∈ N(W1, . . . ,Wm) ⊆ N(V1, . . . , Vm) ⊆ N(V1, . . . , Vm) ⊆ N(U1, . . . , Un).

44

https://uwcscholar.uwc.ac.za/home 



If A ∈ N(W1, . . . ,Wm), then A ⊆
⋃m

i=1 Wi ⊆ Int(C) ⊆ C ⊆ C ⊆ V =
⋃m

i=1 Vi. So

A,C ∈ N(V1, . . . , Vm) = N(V1, . . . , Vm) ⊆ N(U1, . . . , Un).

Since C is a component of V , then C is connected and by Theorem 2.26, C is con-

nected. Hence C ∈ C(X). Now, since A ⊆ C and each component of C (which is

C itself) meets A. By Theorem 4.22, there exists an order arc ϕ from A to C. Then

A,C ∈ N(U1, . . . , Un) which implies that A,C ⊆
⋃n

i=1 Ui and A,C ∩ Ui ̸= ∅ for

i = 1, . . . , n. Thus A ⊆ ϕ(t) ⊆ C which implies that ϕ(t) ⊆
⋃n

i=1 Ui and ϕ(t) ∩ Ui ̸= ∅

for i = 1, . . . , n. Hence ϕ(t) ∈ N(U1, . . . , Un) for all t ∈ [a, b]. Now ϕ continuous and

ϕ(a) = A and ϕ(b) = C. Thus ϕ[a, b] ⊆ N(U1, . . . , Un). Hence every order arc from

N(W1, . . . ,Wm) to C lies in N(U1, . . . , Un).

Let A be the union of all such order arcs. Since C belongs to each one, then A is

connected. So M ∈ N(W1, . . . ,Wm) ⊆ A ⊆ N(U1, . . . , Un). By Lemma 5.8, 2X is

connected im kleinen at M . ■

Corollary 5.10. [1] Let X be a continuum and x ∈ X . Then 2X is connected im kleinen

at {x} if and only if X is connected im kleinen at x.

Proof. Follows from Theorem 5.9 if we let M = {x}. ■

Theorem 5.11. [1]Let M ∈ C(X). Then 2X is locally connected at M if and only if for

each open set U containing M there exists a connected open set V such that M ⊆ V ⊆ U .

Proof. “ =⇒ ” Suppose that 2X is locally connected at M . Let U be an open set in X

containing M . Then M ∈ N(U). Since 2X is locally connected at M , there exists a
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connected open set V such that M ∈ V ⊆ N(U). Let V =
⋃
{A | A ∈ V }. By Lemma

4.8, V is open and by Lemma 4.9, V is connected. Hence M ⊆ V ⊆ U .

“ ⇐= ” Assume that for each open set U containing M there exists a connected open

set V such that M ⊆ V ⊆ U . Let N(U1, . . . , Un) be a basic open set and let M ∈

N(U1, . . . , Un). Then M ⊆
⋃n

i=1 Ui and M ∩ Ui ̸= ∅ for i = 1, . . . , n. Let U =
⋃n

i=1 Ui.

Then M ⊆ U . Hence there exists a connected open set V such that M ⊆ V ⊆ U .

Let Vi = V ∩ Ui. Then we have V =
⋃n

i=1 Vi =
⋃n

i=1(V ∩ Ui) = V ∩ (
⋃n

i=1 Ui) =

V ∩ U . By Theorem 4.4, N(V1, . . . , Vn) ⊆ N(U1, . . . , Un) and M ∈ N(V1, . . . , Vn) ⊆

N(U1, . . . , Un). By Theorem 4.15, N(V1, . . . , Vn) is connected. Therefore 2X is locally

connected at M . ■

Corollary 5.12. [1] Let X be a continuum and x ∈ X . Then 2X is locally connected at

{x} if and only if X is locally connected at x.

Proof. Follows from Theorem 5.11 if we let M = {x}. ■

Remark 5.13. If M ∈ C(X) and 2X is locally connected at M , then Theorem 4.15 and

Theorem 5.11 imply the existence of a local base of connected sets at M , each of which is

of the form N(U1, . . . , Un).

For the next few results we investigate the relationship between the hyperspace 2X and the

hyperspace of continua C(X) with respect to local connectedness and connectedness im

kleinen at points of C(X).

Theorem 5.14. [1]Let M ∈ C(X). If 2X is connected im kleinen at M , then C(X) is

connected im kleinen at M .
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Proof. Let N(U1, . . . , Un) ∩ C(X) be an open set in C(X) containing M . Since C(X)

is regular, there exists a basic open set N(V1, . . . , Vm) such that M ∈ N(V1, . . . , Vm) ⊆

N(V1, . . . , Vm) ⊆ N(U1, . . . , Un). Since 2X is connected im kleinen at M , there ex-

ists a connected set C ⊆ 2X and a basic open set N(W1, . . . ,Wk) such that M ∈

N(W1, . . . ,Wk) ⊆ Int(C ) ⊆ C ⊆ N(V1, . . . , Vm) ⊆ N(V1, . . . , Vm) ⊆ N(U1, . . . , Un) ⊆

2X . If B ∈ N(W1, . . . ,Wk), then M,B ∈ C . Since C ⊆ N(V1, . . . , Vm), then C ⊆

N(V1, . . . , Vm) and since C is a closed subset of 2X , by Theorem 2.16, C is compact.

Since C is connected, then by Theorem 2.26, it follows that C is connected. Hence C is a

continuum. So there is a continuum containing B and M .

Let K ∈ N(W1, . . . ,Wk) ∩ C(X). Then K ⊆
⋃k

i=1 Wi and K ∩Wi ̸= ∅ for i = 1, . . . , k

and K ∈ C(X) implies that K is connected. From the argument above there exists a

continuum L ⊆ N(U1, . . . , Un) containing K and M . Let L =
⋃
{A | A ∈ L }. By

Lemma 4.9, L is a continuum in X . Hence L ∈ C(X) and L ∈ N(U1, . . . , Un). Since

K,M ∈ L , then K,M ⊆ L and since each component of L (which is L itself) meets

K and M , by Theorem 4.22 there exist order arcs LK from K to L and LM from M

to L. Now since K,M ∈ C(X), by Lemma 4.23, LK ,LM ⊆ C(X). If A ∈ LK , then

K ⊆ A ⊆ L, where K,L ∈ N(U1, . . . , Un). Thus, we have A ⊆ L ⊆
⋃n

i=1 Ui and

K ∈ N(U1, . . . , Un) which implies that K ∩ Ui ⊆ A ∩ Ui ̸= ∅ for i = 1, . . . , n. Then

A ∈ N(U1, . . . , Un). Hence LK ⊆ N(U1, . . . , Un). Similarly, LM ⊆ N(U1, . . . , Un).

Therefore LK ,LM ⊆ N(U1, . . . , Un)∩C(X). Now L ∈ LK ∩LM and by Theorem 4.19

each of the order arcs LK and LM is connected, then we have LK ∪LM connected. Also

by Theorem 4.20, each of the order arcs LK ,LM is compact, then we have LK ∪ LM
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compact. Therefore LK ∪ LM is a continuum in N(U1, . . . , Un) ∩ C(X) containing M

and K. Then M ∈ N(W1, . . . ,Wk)∩C(X) ⊆ LK ∪LM ⊆ N(U1, . . . , Un)∩C(X). Thus

C(X) is connected im kleinen at M. ■

Corollary 5.15. [1] Let M ∈ C(X). If for each open set U containing M there is a

component of U which contains M in its interior, then C(X) is connected im kleinen at M.

Proof. Follows from Theorem 5.9 and Theorem 5.14. ■

Corollary 5.16. [1]Let X be a continuum and x ∈ X . Then X is connected im kleinen at

x if and only if C(X) is connected im kleinen at {x}.

Proof. “ =⇒ ” Assume that X is connected im kleinen at x. By Corollary 5.10, 2X is

connected im kleinen at {x} and by Theorem 5.14, C(X) is connected im kleinen at {x}.

“ ⇐= ” Assume that C(X) is connected im kleinen at {x} and let U be an open set in

X such that x ∈ U ⊆ X . Then {x} ∈ N(U) ∩ C(X). By our assumption there exists a

connected set C ⊆ N(U)∩C(X) and an open set N(V )∩C(X) such that {x} ∈ N(V )∩

C(X) ⊆ C ⊆ N(U) ∩ C(X). Thus x ∈ V ⊆ U . If y ∈ V , then {y} ∈ N(V ) ∩ C(X) ⊆

C ⊆ N(U) ∩ C(X). So C contains {x} and {y}. Let K =
⋃
{A | A ∈ C }. Since C

is connected, by Lemma 4.9, K is a connected subset of U and K contains x and y. For

each A ∈ C , we have A ∈ N(U). Then A ⊆ U . So K ⊆ U . Hence x ∈ V ⊆ K ⊆ U .

Therefore X is connected im kleinen at x. ■

Corollary 5.17. [1]Let X be a continuum and x ∈ X . If X is locally connected at x, then

C(X) is locally connected at {x}.

Proof. Suppose that X is locally connected at x. Let N(U) ∩ C(X) be an open set in

C(X) containing {x}. Since X is locally connected at x, there exists an open connected
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set V such that x ∈ V ⊆ U .

Claim. N(V ) ∩ C(X) is connected.

Proof of Claim. If V is connected, by Theorem 4.15, N(V ) is connected. Let M ∈

N(V ) ∩ C(X) \ F1(V ), where F1(V ) is as in Definition 4.10. Then M ⊆ V and M is

connected. For any {y} ∈ F1(V ), {y} is connected and {y} ⊆ M . Then every component

of M (which is M itself) meets {y}. By Lemma 4.22, there exists an order from {y} to M

lying in C(X). For any A on the order arc, we have A ⊆ M ⊆ V . So A ∈ N(V ). Hence

the order arc from {y} to M lies in N(V ) ∩ C(X).

Let LM be the order arc from {y} to M . By Theorem 4.19, LM is connected and by

Remark 4.12, F1(X) is connected. Hence LM ∪ F1(V ) is connected since {y} ∈ LM ∩

F1(V ). But we have N(V ) ∩ C(X) =
⋃
{LM ∪ F1(V ) | M ∈ N(V ) ∩ C(X) \ F1(V )}.

Hence N(V )∩C(X) is connected since
⋂
{LM ∪F1(V ) | M ∈ N(V )∩C(X)\F1(V )} ⊇

F1(V ). So {x} ∈ N(V ) ∩ C(X) ⊆ N(U) ∩ C(X). Therefore C(X) is locally connected

at {x}. ■

The following example shows that a continuum X is connected im kleinen at (0, 0) but not

locally connected at (0, 0). This actually shows that connected im kleinen does not imply

locally connected.

Example 5.18. [1]For each positive integer n,m let Ln,m be the line from

(
1

n+ 1
, (−1)n+1 1

m(n+ 1)

)
to
(
1

n
, 0

)
.

Let

An =
⋃∞

m=1 Ln,m.
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Let

X =
⋃∞

n=1An.

To show that X is connected im kleinen at (0, 0). Let U be an open set in X such that

(0, 0) ∈ U (we may assume that U = B(0, r), for r > 0 and where 0 = (0, 0)). Choose n

such that 1
n
< r. Then

⋃∞
k=nAk ⊆ U . Take r′ < 1

n
. Then 0 ∈ B(0, r) ⊆ C ⊆ U , where C

is a connected set. Hence X is connected im kleinen at (0, 0).

Now to show that X is not locally connected at (0, 0). Let U be an open set in X (we may

assume that U = B(0, r) ∩X). Choose 1
n
< r. Then

⋃∞
k=n Ak is connected but not open

(since it contains ( 1
n
, 0)). So there is no open set that is connected in X . Hence X is not

locally connected at (0, 0).

The following definition and lemma concerns the Vietoris topology and will be used to

prove the main results with necessary and sufficient conditions that 2X is locally connected

or connected im kleinen at any arbitrary points of 2X .

Definition 5.19. [1] Let A ∈ 2X . A basic open set N(U1, . . . , Un) is essential with respect

to A if A ∈ N(U1, . . . , Un) and for each i = 1, . . . , n, then A \
⋃

j ̸=i Uj ̸= ∅.

Theorem 5.20. [1] Let A ∈ 2X and let N(U1, . . . , Un) be an open set containing A. Then

there exists an open set N(V1, . . . , Vm) such that A ∈ N(V1, . . . , Vm) ⊆ N(U1, . . . , Un)

and N(V1, . . . , Vm) is essential with respect to A.

Proof. Since A ∈ N(U1, . . . , Un), then A∩Ui ̸= ∅ for i = 1, . . . , n. Pick xi ∈ A∩Ui for

each i = 1, . . . , n. Now
⋂
{Uj | xi ∈ Uj} is open since it is a finite intersection of open
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sets and xi ∈
⋂
{Uj | xi ∈ Uj}. Hence there exists an open set Vi such that

xi ∈ Vi ⊆
⋂

{Uj | xi ∈ Uj} ⊆ Ui (5.1)

with the condition that Vi = Vj if xi = xj and Vi∩Vj = ∅ if xi ̸= xj . Let {V1, . . . , Vm} (re-

labelling if necessary) be the set of distinct Vi’s. If A ⊆
⋃m

i=1 Vi, then A ∈ N(V1, . . . , Vm)

and xj ∈ A\
⋃m

j ̸=i Vj ̸= ∅ for i = 1, . . . ,m since xj ∈ Vj . Otherwise, assume A ̸⊆
⋃m

i=1 Vi.

Let y ∈ A \
⋃m

i=1 Vi ⊆ A ⊆
⋃n

i=1 Ui. So y ∈ Uj for some j. Now y ∈
⋂
{Uj | y ∈ Uj}

which is open. Then there exists an open set Oy such that

y ∈ Oy ⊆
⋂

{Uj | y ∈ Uj} (5.2)

with Oy ∩ {x1, . . . , xn} = ∅ in Uj where y ∈ Uj . Then A \
⋃m

i=1 Vi =
⋃
{{y} | y ∈

A \
⋃m

i=1 Vi} ⊆
⋃
{Oy | y ∈ A \

⋃m
i=1 Vi}. Now

⋃m
i=1 Vi open in X which implies that

A \
⋃m

i=1 Vi is closed in A ⊆ X . But A is compact, by Theorem 2.16, A \
⋃m

i=1 Vi is

compact. Hence there exist y1, . . . , yq ∈ A \
⋃m

i=1 Vi such that A \
⋃m

i=1 Vi ⊆
⋃q

i=1 Oyi .

We may assume that the Oyi’s are distinct. Now take {Oy1 , . . . , Oyp} ⊆ {Oy1 , . . . , Oyq}

consisting of all the Oyi’s with the property that (A \
⋃m

i=1 Vi) \ (
⋃

j ̸=i Oyj) ̸= ∅. For

notation purposes, let Oyk = Vm+k and let m+ p = l for k = 1, . . . , p. Then we have

A ⊆ (A \
⋃m

i=1 Vi) ∪ (
⋃m

i=1 Vi)

⊆ (
⋃p

i=1 Oyi) ∪ (
⋃m

i=1 Vi)

=
⋃l

i=1 Vi,

xi ∈ A ∩ Vj for j = 1, . . . ,m and yi ∈ A ∩ Oyi for i = 1, . . . , p. Hence A ∈
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N(V1, . . . , Vm, Vm+1, . . . , Vl).

To show that N(V1, . . . , Vm, Vm+1, . . . , Vl) ⊆ N(U1, . . . , Un). Let B ∈ N(V1, . . . , Vl).

Then B ⊆
⋃l

i=1 Vi and B ∩ Vi ̸= for i = 1, . . . , l. By (5.1),
⋃m

j=1 Vj ⊆
⋃n

i=1 Ui and by

(5.2),
⋃p

k=1 Vm+k =
⋃p

k=1Oyk ⊆
⋃n

i=1 Ui. Hence

B ⊆ (
⋃m

i=1 Vi) ∪ (
⋃p

k=1 Vm+k)

⊆ (
⋃n

i=1 Ui) ∪ (
⋃n

i=1 Ui)

=
⋃n

i=1 Ui.

To show that B ∩ Vj ̸= ∅ for j = 1, . . . , l. Consider Ui, where i ∈ {1, . . . , n}. Then

there exists Vj , where j ∈ {1, . . . ,m} such that Vj ⊆ Ui. Since B ∩ Vj ̸= ∅, we must

have B∩Ui ̸= ∅. Thus by Theorem 4.4, N(V1, . . . , Vm, Vm+1, . . . , Vl) = N(V1, . . . , Vl) ⊆

N(U1, . . . , Un).

Now we want to show that N(V1, . . . , Vl) is essential with respect to A. If j ∈ {1, . . . ,m},

then A \
⋃l

i=1,i̸=j Vi ⊆ A \
⋃m

i=1,i̸=j Vi. There exists xi ∈ Vj which implies that xi ̸∈⋃m
i=1,i̸=j Vi. Then xi ∈ A\

⋃m
i=1,i̸=j Vi which implies that A\

⋃m
i=1,i̸=j Vi ̸= ∅. Therefore A\⋃l

i=1,i̸=j Vi ̸= ∅. Now take j ∈ {m+1, . . . ,m+p}. Then (A\
⋃m

i=1 Vi)\(
⋃l

i=m+1,i̸=j Vi) ̸=

∅. Then there exists aj ∈ (A \
⋃m

i=1 Vi) \ (
⋃l

i=m+1,i̸=j Vi) which implies that aj ∈ A \⋃m
i=1 Vi and aj ̸∈

⋃l
i=m+1,i̸=j Vi. But A \

⋃m
i=1 Vi ⊆

⋃m+p
i=m+1,i̸=j Vi. So aj ∈ Vj . Now

aj ̸∈
⋃m

i=1 Vi. Then aj ̸∈
⋃m+p

i=m+1,i̸=j Vi which implies that aj ̸∈
⋃l

i=1,i̸=j Vi. Hence

aj ∈ A \
⋃l

i=1,i̸=j Vi for each j ∈ {m+ 1, . . . ,m+ p}.

Therefore N(V1, . . . , Vl) = N(V1, . . . , Vm, Vm+1, . . . , Vm+p) is essential with respect to A.

■

Now that we have the preliminaries and the groundwork in place. We move to the main
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theorems which are the mains results for this thesis. For notation purposes, as defined in

Definition 2.7, the Int(A) represents the interior of A in X and as defined in Definition

2.8, Bd(A) represents the boundary of A in X .

Below we have extracted certain proofs of Theorem 5.23 and Theorem 5.24 and they

appear as lemmas. They have been referenced within the proofs.

Lemma 5.21. Let A ∈ 2X and define f : 2X −→ 2X by f(C) = C ∪ A, where C ∈ 2X .

Then f is continuous.

Proof. f is well-defined. Let U be open in 2X . We want show that f−1(U ) is open in 2X .

Now f−1(U ) = {C ∈ 2X | f(C) = C ∪ U ∈ U }. Let D ∈ f−1(U ). Then f(D) ∈ U .

Since U is open, there exists ϵ > 0 such that B2X (f(D), ϵ) ⊆ U .

Claim. B2X (D, ϵ) ⊆ f−1(U ).

Proof of Claim. Let B ∈ B(D, ϵ). Then ρH(B,D) < ϵ. Hence

B ⊆ Vϵ(D) and D ⊆ Vϵ(B). (5.3)

To show that B ∈ f−1(U ), i.e. f(B) ∈ U . We will show that f(B) ∈ B(f(D), ϵ) which

is the same as B ∪ U ∈ B((D ∪ A), ϵ), i.e. ρH(B ∪ A,D ∪ A) < ϵ.

Let x ∈ B ∪ A, then x ∈ B or x ∈ A. If x ∈ B, from (5.3), x ∈ Vϵ(D), so there exists

a ∈ D such that d(x, a) < ϵ. Then x ∈ B(a, ϵ). But a ∈ D ∪ A. Hence x ∈ Vϵ(D ∪ A).

If x ∈ A, then x ∈ D ∪ A and d(x, x) = 0 < ϵ which implies that x ∈ B(x, ϵ). Thus

x ∈ Vϵ(D ∪ A).

Hence B ∪ A ⊆ Vϵ(D ∪ A). By a similar argument, D ∪ A ⊆ Vϵ(D ∪ A). Hence
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ρH(D ∪ A,B ∪ A) < ϵ which implies that f(B) ∈ B2X (f(D), ϵ) ⊆ U . Then B(S, ϵ) ⊆

f−1(U ). Hence f−1(U ) is open. Therefore f is continuous. ■

Lemma 5.22. Let C be a connected component of N(U,U1, . . . , Un). Define f : C −→

N(U) by f(B) = B ∩ U , where B ∈ C . Then f is continuous and open.

Proof. Since B ∈ C , then B ∈ N(U,U1, . . . , Un) which implies that B ∩ U ̸= ∅. Then

B ∩ U = f(B) ∈ N(U). Hence f is well-defined.

Let N(V1, . . . , Vp) be open in N(U).

Claim. f−1(N(V1, . . . , Vp)) = N(V1, . . . , Vp, U1, . . . , Un) ∩ C .

Proof of claim. “ ⊆ ” Let B ∈ f−1(N(V1, . . . , Vp)). Then B ∈ C implies that f(B) ∈

N(V1, . . . , Vp). Then ∅ ̸= B ∩ U ∈ N(V1, . . . , Vp). Now B ∈ C implies that B ∈

N(U,U1, . . . , Un). Then B ⊆ U ∪
⋃n

i=1 Ui. So B = (B ∩ U) ∪ (B ∩
⋃n

i=1 Ui) ⊆

(
⋃p

i=1 Vi) ∪ (
⋃n

i=1 Ui). To show that B ∩ Vi ̸= ∅: We have B ∩ U ∈ N(V1, . . . , Vp). Then

(B∩U)∩Vi ̸= ∅ for i = 1, . . . , p which implies that B∩Vi ̸= ∅ for i = 1, . . . , p. To show

B ∩ Ui ̸= ∅: We have B ∈ C which implies that B ∈ N(U,U1, . . . , Un). Then B ∩ Ui ̸=

∅ for i = 1, . . . , n. Thus B ∈ N(V1, . . . , Vp, U1, . . . , Un). So f−1(N(V1, . . . , Vp)) ⊆

N(V1, . . . , Vp, U1, . . . , Un) ∩ C .

“ ⊇ ” Let B ∈ N(V1, . . . , Vp, U1, . . . , Un)∩C . Then B ⊆ (
⋃p

i=1 Vi)∪(
⋃n

i=1 Ui), B∩Vi ̸=

∅ for i = 1, . . . , p, B ∩ U ̸= ∅ for i = 1, . . . , n and B ∈ C . So

B ∩ U ⊆ [(
⋃p

i=1 Vi) ∪ (
⋃n

i=1 Ui] ∩ U

= [
⋃p

i=1(Vi ∩ U)] ∪ [
⋃n

i=1(Ui ∩ U)]

=
⋃p

i=1 Vi ∩ U, since Ui ∩ U = ∅ for i = 1, . . . , n.

⊆
⋃p

i=1 Vi ⊆ U, since N(V1, . . . , Vp) ⊆ N(U).
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To show that (B∩U)∩Vi ̸= ∅ for i = 1, . . . , p: We have (B∩U)∩Vi = (B∩Vi)∩(U∩Vi) =

(B∩Vi)∩Vi = B∩Vi ̸= ∅. Since B∩Vi ̸= ∅ and U∩Vi = Vi. Then f(B) ∈ N(V1, . . . , Vp).

Thus we have proved that f−1(N(V1, . . . , Vp)) = N(V1, . . . , Vp, U1, . . . , Un) ∩ C , where

C is open. Hence f is continuous.

Now we want to show that f is open. Let N(V1, . . . , Vp) be open in V .

Claim. f(N(V1, . . . , Vp)) = N(V1, . . . , Vm), where N(V1, . . . , Vp) = N(V1, . . . , Vm, Vm+1,

. . . , Vp) with
⋃m

i=1 Vi ⊆ U and
⋃p

i=m+1 Vi ⊆
⋃n

i=1 Ui.

Proof of Claim. “ ⊆ ” If B ∈ N(V1, . . . , Vp), then B ⊆
⋃m

i=1 Vi ∪
⋃p

i=m+1 Vi. This

implies that f(B) = B ∩ U ⊆
⋃m

i=1 Vi ⊆ U and B ∩ Vi ̸= ∅ for i = 1, . . . , p. Then

(B ∩ U) ∩ Vi = B ∩ (U ∩ Vi) = B ∩ Vi ̸= ∅ (since Vi ⊆ U for i = 1, . . . ,m.) Hence

f(B) ∈ N(V1, . . . , Vm). Therefore f(N(V1, . . . , Vp)) ⊆ N(V1, . . . , Vm).

“ ⊇ ” If B ∈ N(V1, . . . , Vm), then B ⊆
⋃m

i=1 Vi ⊆ U . Hence B ∩ U ⊆
⋃m

i=1 Vi and B ∩

Vi ̸= ∅. To show that B = f(C), where C ∈ N(V1, . . . , Vp). Let C = B ∪ (
⋃p

i=m+1 Vi) ⊆⋃p
i=1 Vi and C ∩ Vi ̸= ∅ for i = m + 1, . . . , p. Then C ∈ N(V1, . . . , Vp) and f(C) =

C ∩ U = B. Thus B ∈ f(N(V1, . . . , Vp)). Hence N(V1, . . . , Vm) ⊆ f(N(V1, . . . , Vp)).

Therefore f(N(V1, . . . , Vp)) = N(V1, . . . , Vm). This proves that f is open. ■

Theorem 5.23. [1] Let A ∈ 2X . Then 2X is connected im kleinen at A if and only if 2X is

connected im kleinen at each component of A.

Proof. “ =⇒ ” Assume that 2X is connected im kleinen at A and let A1 be a component

of A. If A1 = A, the proof is complete. Otherwise, assume that A1 ̸= A. Let W be an

open set of X such that A1 ⊆ W . We can find an open set U such that A1 ⊆ U ⊆ U ⊆ W

and such that A ∩ Bd(U) = ∅. Now A \ U = A ∩ (X \ U). Since A is closed and U is
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open in X , then X \ U is closed. But A and X \ U are subsets of a compact space X .

By Theorem 2.16, it follows that A and X \ U are compact which implies that A \ U is

compact. Now A \ U ⊆
⋃
{Uα | Uα is open in X, Uα ∩ U = ∅, and A ∩ Uα ̸= ∅}. Hence

there exists {U1, . . . , Un} with Ui ∩ U = ∅ and Ui ∩ A ̸= ∅ such that A \ U ⊆
⋃n

i=1 Ui.

Then A ⊆ (A \ U) ∪ U ⊆ (
⋃n

i=1 Ui) ∪ U and A ∩ U ̸= ∅, A ∩ Ui ̸= ∅ for i = 1, . . . , n.

Hence

A ∈ N(U,U1, . . . , Un). (5.4)

Since 2X is connected im kleinen at A, there exists a component C of N(U,U1, . . . , Un)

such that

A ∈ Int(C ) ⊆ C ⊆ N(U,U1, . . . , Un). (5.5)

Let f : C −→ N(U) defined by f(B) = B ∩ U , where B ∈ C . By Lemma 5.22, f is

continuous. Hence f(C ) is connected.

By (5.5), we can let N(V1, . . . , Vp) be an open set in C such that A ∈ N(V1, . . . , Vp) ⊆

C ⊆ N(U,U1, . . . , Un). Let {V1, . . . , Vm} (by relabelling if necessary) be the largest

subset of {V1, . . . , Vp} such that Vj ∩ U ̸= ∅ for j = 1, . . . ,m. (Again by relabelling),

let {V1, . . . , Vk} be the largest subset of {V1, . . . , Vm} such that Vj ∩ (
⋃n

i=1 Ui) ̸= ∅ for

j = 1, . . . , k. Then Vj ∩ U = ∅ for j = m + 1, . . . , p and Vj ∩ (
⋃n

i=1 Ui) = ∅ for

j = k + 1, . . . ,m. For j = 1, . . . , k, let V 1
j = Vj ∩ U and V 2

j = Vj ∩ (
⋃n

i=1 Ui).

Claim. A ∈ N(V 1
1 , . . . , V

1
k , Vk+1, . . . , Vm, V

2
1 , . . . , V

2
k , Vm+1, . . . , Vp).
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Recall Theorem 4.4. Now

p⋃
j=1

Vj =

(
k⋃

j=1

Vj

)
∪

(
m⋃

j=k+1

Vj

)
∪

(
p⋃

j=m+1

Vj

)
. (5.6)

Since A ∈ N(V1, . . . , Vp), then A ⊆
⋃p

j=1 Vj =
(⋃k

j=1 Vj

)
∪
(⋃m

j=k+1 Vj

)
∪
(⋃p

j=m+1 Vj

)
and A∩Vj ̸= ∅ for j = 1, . . . , p. To show that A∩V 1

j ̸= ∅ and A∩V 2
j ̸= for j = 1, . . . , k.

We have A ⊆
⋃p

j=1 Vj and A ∩ Vj ̸= ∅ for j = 1, . . . , p. Then A ∩ U ⊆
⋃p

j=1 Vj ∩ U ⊆⋃k
j=1 V

1
j . Thus (A ∩ U) ∩ V 1

j ̸= ∅ which implies that A ∩ V 1
j ̸= ∅ for j = 1, . . . , k. Also

A∩(
⋃n

i=1 Ui) ⊆
⋃k

j=1 V
2
j which implies that A∩(

⋃n
i=1 Ui)∩

(
V 2
j

)
̸= ∅. Then A∩V 2

j ̸= ∅.

Hence claim is true. Therefore

A ∈ N(V 1
1 , . . . , V

1
k , Vk+1, . . . , Vm, V

2
1 , . . . , V

2
k , Vm+1, . . . , Vp) (5.7)

By Theorem 4.4, N(V 1
1 , . . . , V

1
k , Vk+1, . . . , Vm, V

2
1 , . . . , V

2
k , Vm+1, . . . , Vp) ⊆ N(V1, . . . , Vp)

and N(V1, . . . , Vp) ⊆ C . Then A ∈ N(V 1
1 , . . . , V

1
k , Vk+1, . . . , Vm, V

2
1 , . . . , V

2
k , Vm+1, . . . , Vp)

⊆ N(V1, . . . , Vp) ⊆ C , where N(V 1
1 , . . . , V

1
k , Vk+1, . . . , Vm, V

2
1 , . . . , V

2
k , Vm+1, . . . , Vp) =

V .

Claim. f(V ) = N(V 1
1 , . . . , V

1
k , Vk+1, . . . , Vm).

Proof of Claim. “ ⊆ ” If B ∈ V , then f(B) = B∩U ⊆
(⋃k

j=1 V
1
j ∪

⋃k
j=1 V

2
j ∪

⋃p
j=m+1 Vj

)
∩

U =
(⋃k

j=1 V
1
j ∪

⋃m
j=k+1 Vj

)
∩ U since U ∩ Ui = ∅ for i = 1, . . . , n implies that

U ∩
⋃n

i=1 Ui = ∅. So U ∩ V 2
j = U ∩ Vj ∩

⋃n
i=1 Ui = ∅ and U ∩

⋃m
j=k+1 Vj = ∅.

57

https://uwcscholar.uwc.ac.za/home 



So
B ∩ U =

[(⋃k
j=1 V

1
j

)
∪
(⋃k

j=1 V
2
j

)
∪
(⋃m

j=k+1 Vj

)]
∩B ∩ U

=
[(⋃k

j=1 V
1
j

)
∪
(⋃m

j=k+1 Vj

)]
∩B

=
[⋃k

j=1

(
V 1
j ∩B

)]
∪
[⋃m

j=k+1 (B ∩ Vj)
] .

Thus V 1
j ∩B ̸= ∅ for j = 1, . . . , k and B∩Vj ̸= ∅ for j = k+1, . . . ,m, which implies that

f(B) = B∩U ∈ N(V 1
1 , . . . , V

1
k , Vk+1, . . . , Vm). Hence f(V ) ⊆ N(V 1

1 , . . . , V
1
k , Vk+1, . . . ,

Vm).

“ ⊇ ” Let C ∈ N(V 1
1 , . . . , V

1
k , Vk+1, . . . , Vm). Choose xj ∈ V 2

j for j = 1, . . . , k and

xj ∈ Vj for j = m+ 1, . . . , p.

Claim. D = C ∪ {x1, . . . , xk, xm+1, . . . , xp} = C ∪ E ∈ V , where E = {x1, . . . , xk,

xm+1, . . . , xp}.

Now E ∩ V 2
j ̸= ∅ for j = 1, . . . , k, E ∩ Vj ̸= ∅ for j = m + 1, . . . , p and C ∩ V 1

j ̸= ∅

for j = 1, . . . , k, C ∩ Vj ̸= ∅ for j = k + 1, . . . ,m. And D = C ∪ E ⊆
(⋃k

j=1 V
1
j

)
∪(⋃m

j=k+1 Vj

)
∪
(⋃k

j=1 V
2
j

)
∪
(⋃p

j=m+1 Vj

)
. Hence D ∈ V . So f(D) ∈ f(V ). To show

that C = f(D). We have

f(D) = D ∩ U

= (C ∪ E) ∩ U

= (C ∩ U) ∪ (E ∩ U) Since U ∩ V 2
j = ∅ for j = 1, . . . , k,

and U ∩ Vj = ∅ for j = m+ 1, . . . , p,

then E ∩ U = ∅

= C ∩ U.
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Now
(⋃k

j=1 V
1
j

)
∪
(⋃m

j=k+1 Vj

)
⊆
⋃p

j=1 Vj ⊆ U ∪ (
⋃n

i=1 Ui) (since N(V1, . . . , Vp) ⊆

N(U,U1, . . . , Un)). For j = k+1, . . . ,m, Vj ∩ (
⋃n

i=1 Ui) = ∅, which implies Vj ⊆ U and

V 1
j ⊆ U for j = 1, . . . , k. Thus C ⊆

(⋃k
j=1 V

1
j

)
∪
(⋃m

j=k+1 Vj

)
⊆ U. So C ∩ U = C.

Thus C = f(D) ∈ f(V ). Hence C = f(D) ∈ f(V ).

Therefore f(V ) = N(V 1
1 , . . . , V

1
k , Vk+1, . . . , Vm).

Since A ∈ V ⊆ C , then f(A) ∈ f(V ) ⊆ f(C ) which implies that A∩U ∈ N(V 1
1 , . . . , V

1
k ,

Vk+1, . . . , Vm) = f(V ) ⊆ f(C ). Therefore f(C ) contains an open set containing A ∩ U.

Let C =
⋃
{f(B) | B ∈ C }. Then A1 ⊆ A ∩ U = f(A) ⊆ C ⊆ C ⊆ U (since C ⊆ U ).

Since A1 is connected, we can find a component C(A1) of C such that A1 ⊆ C(A1).

Then A1 ⊆ C(A1) ⊆ C. Now A ∈ Int(C ) ⊆ C ⊆ N(U,U1, . . . , Un). So there exists

an open set N(V1, . . . , Vm, Vm+1, . . . , Vp) such that A ∈ N(V1, . . . , Vm, Vm+1, . . . , Vp) ⊆

Int(C ) ⊆ C with
⋃m

j=1 Vj ⊆ U and
⋃p

j=m+1 Vj ⊆
⋃n

i=1 Ui, since U ∩ (
⋃n

i=1 Ui) = ∅ and⋃p
j=1 Vj ⊆ U ∪ (

⋃n
i=1 Ui).

Let {V1, . . . , Vk} be the largest subset of {V1, . . . , Vm} after relabelling such that V i ∩

C(A1) = ∅ for i = 1, . . . , k. (Hence C(A1) ∩ Vi ̸= ∅ for i = k + 1, . . . ,m). We consider

two cases.

Case 1. {V1, . . . , Vk} ̸= ∅.

Let O be an open set such that C(A1) ⊆ O, O ∩
(⋃k

j=1 Vj

)
= ∅ and Bd(O) ∩ C = ∅.

Claim. A1 ⊆ Int(C(A1))

Proof of Claim. Assume that A1 ̸⊆ Int(C(A1)). There is x ∈ A1 such that x ̸∈
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Int(C(A1)). Then x ∈ A1 ⊆ A ⊆
⋃p

j=1 Vj. Thus x ∈ Vj for some j and x ∈ A1 ⊆

C(A1) ⊆ O. Hence x ∈ O ∩ (
⋂
{Vj | x ∈ Vj}), so there exists an open set Ox such that

x ∈ Ox ⊆ O∩ (
⋂
{Vj | x ∈ Vj}). Since Ox is an open set containing x, then Ox ̸⊆ C(A1)

and x ̸∈ C(A1). Let y ∈ (Ox∩C)\C(A1) and let C(y) be the component of C containing

y. Since y ̸∈ C(A1) and C(y)∩C(A1) ̸= ∅, then C(y) ⊆ C ⊆ X \Bd(O) = (X \O)∪O.

Since C(y) is connected, then C(y) ⊆ X \ O or C(y) ⊆ O. But y ∈ Ox ⊆ O and

y ∈ C(y), so C(y) ⊆ O. Let Oy be an open set such that C(y) ⊆ Oy ⊆ O, Oy∩C(A1) = ∅

and such that Bd(Oy)∩C = ∅. Now Oy, O \Oy = O∩ (X \Oy), X \O are disjoint open

sets in X . Since C ∩Bd(O) = ∅ and C ∩Bd(Oy) = ∅, then C ⊆ Oy∪ (O \Oy)∪ (X \O).

Hence N(Oy), N(O\Oy), N(X \O), N(Oy, O\Oy), N(Oy, X \O), N(O\Oy, X \O)

and N(Oy, O \Oy, X \O) are pairwise disjoint open sets in 2X and f(C ) is contained in

the union of these sets.

For i = 1, . . . , k, choose xi ∈ Vi, then xi ̸∈ C(A1). For i = k+1, . . . ,m, C(A1)∩Vi ̸= ∅.

Let z ∈ C(A1)∩Vi. Now O\Oy is an open set containing C(A1). Then (O\Oy)∩Vi ̸= ∅.

Choose xi ∈ Vi ∩ (O \Oy) for i = k+1, . . . ,m. Then {x1, . . . , xm} ∈ N(V1, . . . , Vm) ⊆

f(C ). Now y ∈ O ∩
(⋂

{Vi | x ∈ Vi}
)
. But x ∈

⋃p
j=1 Vj . Hence y ∈ Vj for all j =

k + 1, . . . ,m, which implies that {x1, . . . , xm, y} ∈ N(V1, . . . , Vm) ⊆ f(C ). Further,

{x1, . . . , xm} ∈ N(O \Oy, X \O) and {x1, . . . , xm, y} ∈ N(Oy, O \Oy, X \O). But this

contradicts the fact that f(C ) is connected. Hence A1 ⊆ Int(C(A1)).

Case 2. {V1, . . . , Vk} = ∅. Then Vi ∩ C(A1) ̸= ∅, for i = 1, . . . ,m.

Pick xi ∈ Vi ∩ (O \ Oy). Now y ∈
⋂
{Vj | x ∈ Vj} which implies that {x1, . . . , xm} ∈

N(V1, . . . , Vm) ⊆ f(C ) and {x1, . . . , xm, y} ∈ N(V1, . . . , Vm) ⊆ f(C ).
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Then {x1, . . . , xm} ∈ N(O\Oy), and {x1, . . . , xm, y} ∈ N(Oy, O\Oy) which contradicts

the fact that f(C ) is connected. Thus A1 ⊆ Int(C(A1)). In either cases A1 ⊆ Int(C(A1)).

Hence A1 ⊆ Int(C(A1)) ⊆ C(A1) ⊆ U ⊆ W , where C(A1) is connected and hence is

contained in a component of W . By Theorem 5.9, 2X is connected im kleinen at A1.

“ ⇐= ” Assume that 2X is connected im kleinen at each component of A. Let U be an

open set in 2X containing A and let N(U1, . . . , Un) a basic open set such that

A ∈ N(U1, . . . , Un) ⊆ N(U1, . . . , Un) ⊆ U .

From Theorem 5.20, we may assume that N(U1, . . . , Un) is essential with respect to A.

Let Aα, α ∈ I be the components of A and let {Uα
i1
, . . . , Uα

inα
} be the largest subset

of {U1, . . . , Un} such that Aα ∩ Uα
ij

̸= ∅ for j = 1, . . . , nα. (We can do this since

Aα ⊆ A ⊆
⋃n

i=1 Ui). Then Aα ∈ N(Uα
i1
, . . . , Uα

inα
). Let Uα =

⋃nα

j=1 U
α
ij

. Then Aα ⊆ Uα.

Since 2X is connected im kleinen at Aα, by Therorem 5.9, there exists a component Mα

of Uα such that Aα ⊆ Int(Mα) ⊆ Mα ⊆ Uα.

For each j = 1, . . . , nα, let V α
j = Int(Mα) ∩ Uα

ij
.

Claim Aα ∈ N(V α
1 , . . . , V α

nα
).

Now ⋃nα

j=1 V
α
j =

⋃nα

j=1

[
Int(Mα) ∩ Uα

ij

]
= Int(Mα) ∩

[⋃nα

j=1 U
α
ij

]
We have Aα ⊆ Int(Mα) and Aα ⊆

⋃nα

j=1 U
α
ij

. Then Aα ⊆
⋃nα

j=1 V
α
j . In addition

Aα ⊆ Int(Mα) and Aα ∩ Uα
ij
̸= ∅ which implies that Aα ∩ (Int(Mα) ∩ Uα

ij
) ̸= ∅. Then
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Aα ∩ V α
j ̸= ∅ for j = 1, . . . , nα. Hence Aα ∈ N(V α

1 , . . . , V α
nα
).

To shows that N(V α
1 , . . . , V α

nα
) ⊆ N(Uα

i1
, . . . , Uα

inα
). We have V α

j ⊆ Uα
ij

for j = 1, . . . , nα.

So
⋃nα

j=1 V
α
j ⊆

⋃nα

j=1 U
α
ij

. By Theorem 4.4, N(V α
1 , . . . , V α

nα
) ⊆ N(Uα

i1
, . . . , Uα

inα
). Hence

Aα ∈ N(V α
1 , . . . , V α

nα
) ⊆ N(Uα

i1
, . . . , Uα

inα
).

Now we have A =
⋃

α∈I Aα ⊆
⋃

α∈I

(⋃nα

j=1 V
α
j

)
. Since A is compact, then there exists

α1, . . . , αm such that A ⊆
⋃m

i=1

(⋃nαi
j=1 V

αi
j

)
.

To show that N(V α1
1 , . . . , V α1

nα1
, . . . , V αm

1 , . . . , V αm
nαm

) ⊆ N(U1, . . . , Un). Since N(U1, . . . , Un)

is essential with respect to A, then

A ⊆
m⋃
i=1

nαi⋃
j=1

V αi
j ⊆

m⋃
i=1

nαi⋃
j=1

Uαi
ij

=
n⋃

i=1

Ui (5.8)

So the collection {Uαi
ij
}i,j is exactly the collection {Ui}ni=1. Hence for each k ∈ {1, . . . , n},

Uk = Uαi
ij

for some i ∈ {1, . . . ,m} and j ∈ {1, . . . , nαi
}. Then

V αi
j ⊆ Uαi

ij
= Uk. (5.9)

Since (5.8) and (5.9) are satisfied, then A ∈ N(V α1
1 , . . . , V α1

nα1
, . . . , V αm

1 , . . . , V αm
nαm

) ⊆

N(U1, . . . , Un).

Let M =
⋃m

i=1 Mαi
, where we recall that Mαi

is a component of Uαi
containing Aαi

in its interior. We want to show that M ∈ N(U1, . . . , Un) = N(U1, . . . , Un). Now

Uαi
⊆
⋃nαi

j=1 U
αi
ij

⊆
⋃n

i=1 Ui ⊆
⋃n

k=1 Uk. So Mαi
⊆
⋃n

k=1 Uk and therefore M ⊆
⋃n

k=1 Uk.

Further, for each i ∈ {1, . . . , n}, there exist k, i such that V αj

ik
⊆ Ui from (5.9). Then
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Int(Mαi
) ∩ Ui ̸= ∅ implies that Mαi

∩ Ui ̸= ∅. Thus M ∩ Ui ̸= ∅. Therefore M ∈

N(U1, . . . , Un). From Theorem 4.3, N(U1, . . . , Un) = N(U1, . . . , Un) which implies that

M ∈ N(U1, . . . , Un) = N(U1, . . . , Un).

Now let B ∈ N(V α1
1 , . . . , V α1

nα1
, . . . , V αm

1 , . . . , V αm
nα1

). Then B ⊆
⋃m

i=1

⋃αi

j=1 V
αi
j which

implies that B =
(⋃m

i=1

⋃αi

j=1 V
αi
j

)
∩B =

⋃m
i=1

[
B ∩

⋃αi

j=1 V
αi
j

]
. Now

B ∩

(
α1⋃
j=1

V α1
j

)
⊆ Int(Mα1) ⊆ Mα1 . (5.10)

Since Mα1 is the component of Uαi
, then Mα1 is connected. By Theorem 2.26, Mα1 is

connected. Hence every component of Mα1 (which is Mα1 itself) meets B ∩ (
⋃α1

j=1 V
α1
j ).

By Theorem 4.22, there exists an order arc Bα1 from B ∩ (
⋃α1

j=1 V
α1
j ) to Mα1 . Similarly,

there exists an order arc Bαi
from B ∩ (

⋃αi

j=1 V
αi
j ) to Mαi

for i = 2, . . . ,m. We note that

Bαi
is connected since it is the image of the homeomorphism from [a, b] to 2X and [a, b]

is connected.

Define f1 : Bα1 −→ U by f1(C) = C ∪
[⋃m

i=2

(
B ∩

⋃nαi
j=1 V

αi
j

)]
. Now to show that

f is well-defined. We will show that f1(C) ∈ N(U1, . . . , Un). Let C ∈ Bα1 . Then

B ∩
⋃nα1

j=1 V
α1
j ⊆ C ⊆ Mα1 which implies that C ⊆ M and M ∈ N(U1, . . . , Un),

then C ⊆
⋃n

i=1 Ui. Now B ⊆ C ∪
(⋃m

i=2

(
B ∩

⋃nαi
j=1 V

αi
j

))
⊆
⋃m

i=1 Ui, and B ∈

N
(
V α1
1 , . . . , V α1

nα1
, . . . , V αm

1 , . . . , V αm
nαm

)
⊆ N(U1, . . . , Un) ⊆ N

(
U1, . . . , Un

)
. Then B∩

Ui ̸= ∅ for i = 1, . . . , n and this implies that C ∩
(⋃m

i=2(B ∩
⋃nαi

j=2 V
αi
j )
)
∩ Ui ̸= ∅. Thus

C ∩
[⋃m

i=2(B ∩
⋃nαi

j=2 V
αi
j )
]
∈ N(U1, . . . , Un) ⊆ U . Hence f1(C) ∈ U . Therefore f1 is
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well-defined. By Lemma 5.21, f1 is continuous. Thus f1(Bα1) is a connected subset of

U . Now
B =

(
B ∩

⋃nα1
j=1 V

α1
j

)
∪
[⋃m

i=2(B ∩
⋃nαi

j=1 V
αi
j )
]

= f1

(
B ∩

⋃nα1
j=1 V

α1
j

)
∈ f1(B1).

Also Mα1 ∪
[⋃m

i=2(B ∩
⋃nαi

j=1 V
αi
j )
]
= f1(Mα1) ∈ f1(B1).

Define fi : Bαi
−→ U by

fi(C) =

(
i−1⋃
k=1

Mαk

)
∪ C ∪

(
m⋃

k=i+1

(
B ∩

nαk⋃
j=1

V αi
j

))
.

Then B ∩ (
⋃nαi

j=1 V
αi
j ) ⊆ C ⊆ Mαi

⊆ M ∈ N(U1, . . . , Un).

Hence fi(C) ⊆
⋃n

j=1 Ui. By (5.10) we have

B =
⋃m

k=1

(
B ∩

⋃nαi
j=1 V

αi
j

)
=
⋃i−1

k=1

(
B ∩

⋃αk

j=1 V
αk
j

)
∪
(
B ∩

⋃αi

j=1 V
αi
j

)
∪
⋃m

k=i+1

(
B ∩

⋃αk

j=1 V
αk
j

)
⊆
(⋃i−1

k=1Mαk

)
∪ C ∪

⋃m
k=i+1

(
B ∩

⋃nαk
j=1 V

αk
j

)
= fi(C).

As we had earlier B ∈ N(U1, . . . , Un), we also have that fi(C) ∈ N(U1, . . . , Un). Again,

fi is continuous, and hence fi(Bαi
) is a connected subset of U and

fi

(
B ∩

nαi⋃
j=1

V αi
j

)
=

i−1⋃
k=1

Mk ∪

(
m⋃
k=i

B ∩
nαk⋃
j=1

V αk
j

)
∈ f(Bαi

)
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and

fi
(
Mαi

)
=

(
i⋃

k=1

Mk

)
∪

(
m⋃

k=i+1

B ∩
nαk⋃
j=1

V αk
j

)
∈ f(Bi).

Now define fm : Bαm −→ U by fm(C) = (
⋃m−1

k=1 Mk) ∪ C. Then as we had before

fm(C) ⊆ U , then fm(Bαm) is a connected subset of U containing⋃m−1
k=1 Mαk

∪
(
B ∩

⋃nαm
j=1 V αm

j

)
and M . Then

⋃m
i=1 fi(Bi) is a connected subsets of U

containing B and M . Since B ∈ N(V α1
1 , . . . , V αm

nαm
) was arbitrary, then

A ∈ N(V α1
1 , . . . , V α1

nα1
, . . . , V αm

1 , . . . , V αm
nαm

) ⊆
m⋃
i=1

fi(Bi) ⊆ U .

Therefore 2X is connected im kleinen at A. ■

Theorem 5.24. [1] Let A ∈ 2X . Then 2X is locally connected at A if and only if 2X is

locally connected at each component of A.

Proof. “ =⇒ ” Assume that 2X is locally connected at A and let A1 be a component of

A. If A1 = A, the proof is complete. Otherwise, assume A1 ̸= A. Then let W be an open

set in X such that A1 ⊆ W . We can find an open set U such that A1 ⊆ U ⊆ U ⊆ W

and such that A ∩ Bd(U) = ∅. Now A \ U = A ∩ (X \ U). Since A is closed and U

is open in X , then X \ U is closed. But A and X \ U are subsets of a compact space

X . By Theorem 2.16, A and X \ U are compact which implies that A \ U is compact.

Now A \ U ⊆
⋃
{Uα | Uα is open in X, Uα ∩ U = ∅, and A ∩ Uα ̸= ∅}. Hence there

exists {U1, . . . , Un} with Ui ∩ U = ∅ and Ui ∩ A ̸= ∅ such that A \ U ⊆
⋃n

i=1 Ui. Then

A ⊆ (A \ U) ∪ U ⊆ (
⋃n

i=1 Ui) ∪ U and A ∩ U ̸= ∅, A ∩ Ui ̸= ∅ for i = 1, . . . , n. Hence

A ∈ N(U,U1, . . . , Un). (5.11)
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Since 2X is locally connected at A, there exists a connected open set V in 2X such that

A ∈ V ⊆ N(U,U1, . . . , Un). Define f : V −→ N(U) by f(B) = B ∩ U. Similar argu-

ment with Theorem 5.23 and by Lemma 5.22 which shows that f is continuous and open.

Hence f(V ) is open and connected.

Let V =
⋃
{f(B) = B ∩ U | B ∈ V }. Then V ⊆ U . Since A ∈ V , then f(A) ⊆ V . So

A1 ⊆ A ∩ U ⊆ V .

Let Q(A1) be a quasicomponent of V such that A1 ⊆ Q(A1) and let x ∈ Q(A1) ⊆

V . Then x ∈ f(B) for some B ∈ V . Since V is open, there exists an open set

N(V1, . . . , Vp) = N(V1, . . . , Vm, Vm+1, . . . , Vp) such that

B ∈ N(V1, . . . , Vm, Vm+1, . . . , Vp)

⊆ N(V1, . . . , Vm, Vm+1, . . . , Vp)

⊆ N(V1, . . . , Vm, Vm+1, . . . , Vp)

⊆ V

(5.12)

and satisfying
⋃m

i=1 Vi ⊆ U and
⋃p

i=m+1 Vi ⊆
⋃n

i=1 Ui. Let {V1, . . . , Vk} (after relabelling)

be the largest subset of {V1, . . . , Vm} such that Vi ∩Q(A1) = ∅, for i = 1, . . . , k. We will

consider two cases.

Case 1. {V1, . . . , Vk} ̸= ∅.

Now N(V1, . . . , Vm, Vm+1, . . . , Vp) ⊆ V . Also

(
m⋃
i=1

Vi

)
∪

(
p⋃

i=m+1

Vi

)
∈ N(V1, . . . , Vm, Vm+1, . . . , Vp) ⊆ V .

66

https://uwcscholar.uwc.ac.za/home 



So f
((⋃m

i=1 Vi

)
∪
(⋃p

i=m+1 Vi

))
⊆ V , i.e.

((
m⋃
i=1

Vi

)
∪

(
p⋃

i=m+1

Vi

))
∩ U =

(
m⋃
i=1

Vi ∩ U

)
∪

(
p⋃

i=m+1

Vi ∩ U

)
⊆ V.

Then
⋃m

i=1 Vi ⊆ V .

Hence
⋃m

i=1 Vi ⊆ V and
(⋃m

i=1 Vi

)
∩ Q(A1) = ∅. Since

⋃m
i=1 Vi is compact, by Theorem

2.40, there exist disjoint clopen sets S and T such that
⋃k

i=1 Vi ⊆ S, Q(A1) ⊆ T and

V = S ∪ T.

Claim. x ∈ Int(Q(A1))

Proof of Claim. (We note that x ∈ Q(A1) is arbitrary). Suppose that x ̸∈ Int(Q(A1)) and

x ∈ Q(A1). But x ∈ Q(A1) ⊆ T and x ∈
⋂
{Vi | x ∈ Vi}. Then x ∈ T∩(

⋂
{Vi | x ∈ Vi})

which is an open set. Let O be an open set such that x ∈ O ⊆ T ∩ (
⋂
{Vi | x ∈ Vi}).

Let y ∈ O but y ̸∈ Q(A1). By Theorem 2.40, there exist disjoint clopen sets of T , T ′ and

T ′′ such that T = T ′ ∪ T ′′, Q(A1) ⊆ T ′ and {y} ⊆ T ′′.

Now T ′, T ′′ and S are disjoint open sets with T ′ ∪ T ′′ ∪ S = V . As in Theorem 5.23,

N(T ′), N(T ′′), N(S), N(T ′, T ′′), N(T ′, S), N(T ′′, S) and N(T ′, T ′′, S) are pairwise dis-

joint open sets and f(V ) is contained in the union of these sets.

Case 2. {V1, . . . , Vk} = ∅.

Pick xi ∈ Vi for i = 1, . . . , k and for i = k + 1, . . . ,m, let Q(A1) ∩ Vi ̸= ∅. There exists

zi ∈ Q(A1)∩Vi. Then zi ∈ Vi implies that every open set containing the zi’s meets Vi. But

zi ∈ Q(A1) ⊆ T ′ which is open and contains zi. Then T ′ ∩ Vi ̸= ∅. Pick xi ∈ T ′ ∩ Vi, for
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i = k+1, . . . ,m. From (5.12), {x1, . . . , xm}, {x1, . . . , xm, y} ∈ N(V1, . . . , Vm) ⊆ f(V ).

In addition {x1, . . . , xm} ∈ N(T ′, S) and {x1, . . . , xm, y} ∈ N(T ′, T ′′, S) which are

disjoint open sets. Thus contradicting the fact that f(V ) is connected. Hence x ∈

Int(Q(A1)). This proves that Q(A1) ⊆ Int(Q(A1)) ⊆ Q(A1). Hence Q(A1) is open.

But Q(A1) is also closed. Therefore Q(A1) and V \ Q(A1) are disjoint clopen subsets of

V .

Now we want to show that Q(A1) is connected. Assume that Q(A1) = W1 ∪ W2 where

W1 and W2 are non-empty disjoint open sets in Q(A1). Since Q(A1) is open in V, then W1

and W2 are open in V. Thus V = W1 ∪W2 ∪ (V \Q(A1)) = W1 ∪ (W2 ∪ (V \Q(A1))).

Since Q(A1) is a quasicomponent of V , then Q(A1) ⊆ W1 ⊆ Q(A1) or Q(A1) ⊆

W2 ∪ (V \ Q(A1)) which implies that Q(A1) ⊆ W2 ⊆ Q(A1). Thus W1 = Q(A1) or

W2 = Q(A1) which implies that W1 = ∅ or W2 = ∅. This proves that Q(A1) is connected,

open and A1 ⊆ Q(A1) ⊆ V ⊆ U. By Theorem 5.11, 2X is locally connected at A1.

“ ⇐= ” Suppose that 2X is locally connected at each component of A. Let N(U1, . . . , Un)

be a basic open set containing A. By Theorem 5.20, we may assume that N(U1, . . . , Un)

is essential with respect to A. Let Aα, α ∈ I be a component of A. Since Aα ⊆ A,

Aα ⊆
⋃n

i=1 Ui. Then Aα meets some of the Ui’s. Let {Ui1 , . . . , Uinα
} be the largest subset

of {U1, . . . Un} such that Aα ∩ Uij ̸= ∅ for j = 1, . . . , nα. Then Aα ∈ N(Ui1 , . . . , Uinα
).

Let Uα =
⋃nα

j=1 Uij . Then Aα ⊆ Uα.

Since 2X is locally connected at Aα, by Theorem 5.11, there is a connected open set

Vα such that Aα ⊆ Vα ⊆ Uα. Let V α
j = Vα ∩ Uij for j = 1, . . . , nα. Then Aα ∈
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N(V α
1 , . . . , V α

nα
): Aα ∩ Uij ̸= ∅ and Aα ⊆ Vα. Then Aα = (Aα ∩ Vα) ∩ Uij ̸= ∅ which

implies that Aα ∩ V α
j ̸= ∅. Also, Aα ⊆ Vα and Aα ∩ Uij ̸= ∅. Then Aα ∩ V α

j ̸= ∅.

To show that N(V α
1 , . . . , V α

nα
) ⊆ N(Ui1 , . . . , Uinα

). We have

V α
j = Vα ∩ Uij,

nα⋃
j=1

V α
j =

nα⋃
j=1

(Vα ∩ Uij)

= Vα ∩

(
nα⋃
j=1

Uij

)

⊆
nα⋃
j=1

Uij.

Also, Uij ⊇ Vα ∩ Uij = V α
j . Hence N(V α

1 , . . . , V α
nα
) ⊆ N(Ui1 , . . . , Unα). Therefore

Aα ∈ N(V α
1 , . . . , V α

nα
) ⊆ N(Ui1 , . . . , Uinα

). Now
⋃nα

j=1 V
α
j =

⋃nα

j=1

(
Vα ∩ Uij

)
= Vα ∩(⋃nα

j=1 Uij

)
= Vα ∩ Uα = Vα. By Theorem 4.15, N(V α

1 , . . . , V α
nα
) is connected. Now

A =
⋃

αAα

⊆
⋃

α Vα

=
⋃

α(Vα ∩ Uα)

=
⋃

α

[
Vα ∩

(⋃nα

j=1 Uij

)]
=
⋃

α

⋃nα

j=1

(
Vα ∩ Uij

)
=
⋃

α

⋃nα

j=1 V
α
j .

69

https://uwcscholar.uwc.ac.za/home 



Since A is compact, there exists α1, . . . , αm such that A ⊆
⋃m

i=1

⋃nαi
j=1 V

αi
j . Then

A ∈ N(V α1
1 , . . . , V α1

nα1
, . . . , V αm

1 , . . . , V αm
nαm

) = V ⊆ N(U1, . . . , Un).

1. Now A ⊆
⋃m

i=1

⋃nαi
j=1 V

αi
j . Then V αi

j = Vαi
∩ Uij . We have Aαi

⊆ Vαi
and Aαi

∩

Uij ̸= ∅. Then A ∩ V αi
j ⊇ Aαi

∩ V αi
j = Aαi

∩
(
Vαi

∩ Uij

)
= Aαi

∩ Uij ̸= ∅. So

A ∩ V αi
j ̸= ∅. Thus A ∈ V .

2. Aαi
⊆
⋃nαi

j=1 V
αi
j ⊆

⋃αi

j=1 Uij for each i. Hence
⋃m

i=1

⋃nαi
j=1 V

αi
j ⊆

⋃m
i=1

⋃αi

j=1 Uij ⊆⋃n
i=1 Ui.

Now for each k, A \ Uk ̸⊆
⋃m

i̸=k Ui. Then V αi
j = Vαi

∩ Uij ⊆ Uij for i = 1, . . . ,m.

Thus Aα ⊆ A ⊆
⋃m

i=1

⋃nαi
j=1 V

αi
j ⊆

⋃n
i=1 Ui. Using the fact that N(U1, . . . , Un) is

essential with respect to A, then no Ui that can be left out in A ⊆
⋃n

i=1 Ui. Then

A ⊆
⋃m

i=1

⋃nαi
j=1 V

αi
j ⊆

⋃m
i=1 Vαi

⊆
⋃m

i=1 Uαi
=
⋃m

i=1

⋃nα

j=1 Uij . But since N(U1, . . . , Un)

is essential with respect A, then
⋃m

i=1

⋃nαi
j=1 Uij =

⋃n
i=1 Ui. For k ∈ {1, . . . , n}, Uk = Uij

where j ∈ {1, . . . , nαi
} for some αi and i ∈ {1, . . . ,m}. So V αi

j = Vαi
∩Uij ⊆ Uij = Uk.

Thus we have proved that V ⊆ N(U1, . . . , Un).

We will show that V is connected, which will give us the desired results. To show that

V is connected, we will first show that F (X) ∩ V is connected and then we will show

that F (X) ∩ V is dense in V . Let B,C ∈ F (X) ∩ V and for i = 1, . . . ,m, let Bi =

B∩
(⋃nαi

j=1 V
αi
j

)
and Ci = C∩

(⋃nαi
j=1 V

αi
j

)
. Clearly Bi, Ci ∈ F (X) for all i = 1, . . . ,m and

Bi, Ci ∈ N(V αi
1 , . . . , V αi

nαi
). Also B,C ∈ V = N(V α1

1 , . . . , V α1
nα1

, . . . , V αm
1 , . . . , V αm

nαm
).

Then B∩V αi
j ̸= ∅ and C∩V αi

j ̸= ∅ for j = 1, . . . , nαi
. So Bi∩V αi

j = B∩V αi
j . Similarly

70

https://uwcscholar.uwc.ac.za/home 



for Ci. Hence Bi, Ci ∈ N(V αi
1 , . . . , V αi

nαi
) ∩ F (X). (Since B,C ∈ F (X)). There exists a

connected set Li satisfying

Bi, Ci ∈ Li ⊆ N(V αi
1 , . . . , V αi

nαi
) ∩ F (X) (5.13)

Define f1 : L1 −→ V ∩ F (X) by f1(D) = D ∪ (
⋃m

i=2 Bi), where D ∈ L1. Clearly

D ∪ (
⋃m

i=2Bi) ∈ F (X). Now D ∈ N(V αi
1 , . . . , V αi

nαi
). Then D ∪ (

⋃m
i=2Bi) ∈ V . Hence

f1 is well-defined and belong to V ∩ F (X). By Lemma 5.21, f1 is continuous. Thus

f1(L1) is a connected subset in V ∩F (X) containing f1(B1) = B1 ∪ (
⋃m

i=2Bi) = B and

f1(C1) = C1 ∪ (
⋃m

i=2 Bi).

For i = 2, . . . ,m − 1, define fi : Li −→ V ∩ F (X) by fi(D) = (
⋃i−1

k=1Ck) ∪ D ∪

(
⋃m

k=i+1 Bk) ∈ V ∩ F (X). Then fi is continuous. Hence fi(Li) is a connected subset

of V ∩ F (X) containing fi(Ci) = (
⋃i

k=1Ck) ∪ (
⋃m

k=i+1 Bk) and fi(Bi) = (
⋃i−1

k=1 Ck) ∪

(
⋃m

k=i Bk).

Define fm : Lm −→ V ∩ F (X) by fm(D) = D ∪ (
⋃m−1

i=1 Ci). Again by Lemma 5.21,

fm is continuous. Then fm(Lm) is a connected subset of V ∩ F (X) containing C and

Bm ∪ (
⋃m−1

i=1 Ci). Hence
⋃m

i=1 fi(Li) is a connected subset of V ∩ F (X) containing B

and C. By Remark 4.12, V ∩ F (X) is connected. By Proposition 4.13, F (X) is dense

in 2X . Thus V ∩ F (X) is dense in V proving that V is connected. Hence 2X is locally

connected at A.

■

Corollary 5.25. [1] Let A ∈ 2X . If X is connected im kleinen at each point of A, then 2X

is connected im kleinen at A.
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Proof. Assume that X is connected im kleinen at each point of A. Let A1 be any compo-

nent of A and let U be an open set in X such that A1 ⊆ U . For each x ∈ A1, x ∈ A. Hence

there exists a connected set Vx and an open set Ox in X such that x ∈ Ox ⊆ Vx ⊆ U .

Since A1 is a component of A, then A1 is connected and since A1 ⊆ U , then A1 is con-

tained in some component of U , call it Cα. Since Vx is connected, and Vx containing x

and Vx ⊆ U , then Vx ⊆ Cα. Thus x ∈ Ox ⊆ Cα ⊆ U for all x ∈ A1 which implies

A1 ⊆
⋃
{Ox | x ∈ A1} ⊆ Cα ⊆ U , where

⋃
{Ox | x ∈ A1} is open and Cα is connected.

By Theorem 5.9, 2X is connected im kleinen at each component of A and by Theorem

5.23, 2X is connected im kleinen at A.

■

Corollary 5.26. [1] Let A ∈ 2X . If X is locally connected at each point of A, then 2X is

locally connected at A.

Proof. Assume that X is locally connected at each point of A. Let A1 be a component of

A and let U be an open set in X such that A1 ⊆ A ⊆ U . For each x ∈ A1, x ∈ A. Hence

there exists a connected open set Cx in X such that x ∈ Cx ⊆ U . Since Cx is connected

and open, A1 =
⋃
{{x} | x ∈ A1} ⊆

⋃
{Cx | x ∈ A1} ⊆ U . Now since A1 is compact,

there exist x1, . . . , xn in A1 such that A1 ⊆
⋃n

i=1 Cxi
⊆ U and since A1 is connected, then

each Cxi
must meet some Cxj

for some j. Hence
⋃n

i=1Cxi
is a connected open set with

A1 ⊆
⋃n

i=1 Cxi
⊆ U . By Theorem 5.11, 2X is locally connected at A1 and by Theorem

5.24, 2X is locally connected at A. ■

Corollary 5.27. [1] The following are equivalent for a continuum X:

1. For each i = 1, . . . , n, X is connected im kleinen (locally connected) at pi.
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2. For each i = 1, . . . , n, 2X is connected im kleinen (locally connected) at {pi}.

3. 2X is connected im kleinen (locally connected) at {p1, . . . , pn}.

Proof.

1. ⇐⇒ 2. From Corollary 5.10 and Corollary 5.12.

1. =⇒ 3. From Corollary 5.25 and Corollary 5.26 (with A = {p1, . . . , pn}).

3. =⇒ 2. Assume that 2X is connected im kleinen (locally connected) at {p1, . . . , pn}.

For A = {p1, . . . , pn}, {pi} is a component of A: Now {pi} is connected. For i = 1, 2,

we have {p1, p2} = {p1} ∪ {p2} which is a disconnection of {p1, p2}. Hence {p1, p2}

is not connected. So {pi} for i = 1, . . . , n is a component of A. By Theorem 5.23 and

Theorem 5.24, 2X connected im kleinen (locally connected) at {p1, . . . , pn} implies that

2X is connected im kleinen (locally connected) at {pi} for each i. ■

5.2 More on connectedness in hyperspaces

In this section we study more on the connectivity properties we have discussed in the

previous section. Then author in (see [1]) asks a question that, whenever M ∈ C(X), if

2X is locally connected at M , is C(X) locally connected at M? This section focuses on

answering this question based on his paper (see [2]).

Definition 5.28. [12] Let X be a continuum and x ∈ X . Then X is locally arcwise

connected at x if and only if for each open set U containing x there is an arcwise connected

open set V such that x ∈ V ⊆ U .

Corollary 5.29. Let X be a continuum. Then
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locally arcwise connected ⇒ locally connected ⇒ connected im kleinen.

Theorem 5.30. [2] Let M ∈ C(X). If 2X is connected im kleinen at M , then C(X) is

locally arcwise connected at M .

Proof. Assume that 2X is connected im kleinen at M . Let N(U1, . . . , Un) ∩ C(X) be

a basic open set in C(X) containing M . There is an open set N(V1, . . . , Vm) such that

M ∈ N(V1, . . . , Vm) ⊆ N(V1, . . . , Vm) ⊆ N(U1, . . . , Un). Since 2X is connected im

kleinen at M , there exists a component C of N(V1, . . . , Vm) containing M in its inte-

rior, hence there exists an open set N(W1, . . . ,Wp) such that M ∈ N(W1, . . . ,Wp) ⊆

Int(C ) ⊆ C ⊆ N(V1, . . . , Vm) ⊆ N(V1, . . . , Vm) ⊆ N(U1, . . . , Un).

Let C =
⋃
{A | A ∈ C }. We have C connected since it is a component of N(V1, . . . , Vm).

By Lemma 4.9,
⋃
{A | A ∈ C } is connected and by Theorem 2.26, C =

⋃
{A | A ∈ C }

is connected. Since C ∈ 2X , then C is compact. Hence C ∈ C(X). Therefore C is a con-

tinuum. Since C ⊆ N(V1, . . . , Vm),
⋃

C ∈ N(V1, . . . , Vm). Then C =
⋃
{A | A ∈ C } ∈

N(V1, . . . , Vm). Hence C ∈ N(U1, . . . , Un).

Let U =
⋃n

i=1 Ui. Since N(W1, . . . ,Wp) ⊆ N(U1, . . . , Un), by Theorem 4.4, N(W1, . . . ,

Wp, U) ⊆ N(U1, . . . , Un). We have
⋃p

i=1 Wi ∈ N(W1, . . . ,Wp) which implies that⋃p
i=1Wi ∈ C and

⋃p
i=1 Wi ⊆ C. Then C ∩Wi ̸= ∅ for i = 1, . . . , p and C ∩

⋃n
i=1 Ui ̸= ∅

which implies that C ∩ U ̸= ∅. Also since C ∈ N(U1, . . . , Un), then C ⊆
⋃n

i=1 Ui ⊆

(
⋃p

i=1 Wi) ∪ U . Hence C ∈ N(W1, . . . ,Wp, U) ⊆ N(U1, . . . , Un) and clearly M ∈

N(W1, . . . ,Wp, U) ⊆ N(U1, . . . , Un).

Now we want to show that N(W1, . . . ,Wp, U)∩C(X) is arcwise connected. Let L1, L2 ∈

N(W1, . . . ,Wp, U)∩C(X) with L1 ̸= L2. Then L1, L2 ⊆ (
⋃p

i=1 Wi)∪U ⊆
⋃n

i=1 Ui = U ,
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and L1, L2 ∩ Wi ̸= ∅ for i = 1, . . . , p and L1, L2 ∩ U ̸= ∅. Since
⋃p

i=1Wi ⊆ C and⋃p
i=1Wi ⊆ U , then L1∩C ̸= ∅ and L2∩C ̸= ∅, and L1 and L2 are connected. So we have

L1 ∪C, L2 ∪C connected and C ⊆ L1 ∪C and C ⊆ L2 ∪C. Hence (L1 ∪C)∪ (L2 ∪C)

is connected and (L1 ∪ C) ∪ (L2 ∪ C) ∈ C(X). Now Wj ⊆ C which implies that

Wj ∩ (L1 ∪ L2 ∪ C) ̸= ∅ for all j and (L1 ∪ L2 ∪ C) ∩ U ̸= ∅. Then L1 ∪ L2 ∪ C ⊆

(
⋃p

i=1Wi) ∪ U . Hence L1 ∪ L2 ∪ C ∈ N(W1, . . . ,Wp, U). Since Li ⊆ L1 ∪ L2 ∪ C

and each component of L1 ∪ L2 ∪ C (which is L1 ∪ L2 ∪ C itself) meets Li, by Theorem

4.22, there exist order arcs Li from Li to L1 ∪ L2 ∪ C for i = 1, 2. If L ∈ L1, then

L1 ⊆ L ⊆ L1 ∪ L2 ∪ C and by Lemma 4.24, L ∈ N(W1, . . . ,Wp, U) ∩ C(X). Hence

L1 ⊆ N(W1, . . . ,Wp, U) ∩ C(X) and L2 ⊆ N(W1, . . . ,Wp, U) ∩ C(X). Let L be the

arc which is the concatenation of L1 with the reverse of L2. So L is an arc from L1 to

L2 which lies in N(W1, . . . ,Wp, U)∩C(X). Hence N(W1, . . . ,Wp, U)∩C(X) is arcwise

connected. Hence C(X) is locally arcwise connected at M .

■

We state and prove the following lemma which will be used in the theorem that follows.

Lemma 5.31. Let {Ci}∞i=1 be a sequence of continua in 22
X

. If Ci → C , with M ∈ C ,

then there exist Li ∈ Ci such that Li → M .

Proof. Since Ci,C are both compact in C(X), then Ci,C ∈ 22
X . Now

ρ′H(Ci,C ) = max{ sup
Li∈Ci

ρH(Li,C ), sup
L∈C

ρH(Ci, L)},

where ρ′H is the Hausdorff metric in 22
X . Since ρ′H(Ci,C ) → 0, for each n ∈ N, there

exists a positive i0 ∈ N such that whenever i ≥ i0, ρH(Ci, L) ≤ supL∈C ρH(Ci, L) ≤
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ρ′H(Ci,C ) < 1
n

for each L ∈ L . Since M ∈ C , then ρH(Ci,M) < 1
n

, i.e. inf{ρH(K,M) |

K ∈ Ci} < 1
n

. Hence there is Li ∈ Ci such that ρH(Li,M) < 1
n

which implies that

Li → M . ■

Definition 5.32. [12] A subset A of topological space (X, τ) is called conditionally com-

pact if and only if its closure is compact.

Definition 5.33. [11] A set L is locally compact if and only if for every p ∈ L, there exists

an open set G containing p such that L∩G is compact. If L is the whole space, this ensures

the existence of a conditionally compact open set containing p.

Definition 5.34. [11] A generalized continuum is a locally compact and connected set.

Theorem 5.35. [11] If the generalized continuum M is not locally connected at one of

its points p, then there exists a spherical neighborhood R with center p and an infinite

sequence of distinct components C1, C2, C3, . . . of M ∩R converging to a limit continuum

C which contains p and has no point in common with any of the continua C1, C2, C3, . . ..

For our purpose we are concerned with a continuum. However, a continuum is a general-

ized continuum.

Theorem 5.36. [2] Let M ∈ C(X). Then C(X) is connected im kleinen at M if and only

if for each open set U containing M , each sequence of continua {Li} ⊆ U converging to

M is eventually contained in the component of U to which M belongs.

Proof. “ =⇒ ” Assume that C(X) is connected im kleinen at M . Let U be an open set

containing M and let D be the component of U which contains M . It follows that D is

connected and D is contained in C(X). Let {Li}∞i=1 be a sequence of continua in U such
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that Li → M . Since C(X) is connected im kleinen at M , there exists C a component of

N(U) ∩ C(X) and an open set N(V1, . . . , Vm) ∩ C(X) such that

M ∈ N(V1, . . . , Vm) ∩ C(X) ⊆ Int(C ) ⊆ C ⊆ N(U) ∩ C(X).

Since Li → M , there exists a positive integer i0 such that whenever i ≥ i0, Li ∈

N(V1, . . . , Vm) ∩ C(X). Since C ⊆ C(X) and C(X) ⊆ 2X , by Lemma 4.9,
⋃
{C |

C ∈ C } is a continuum. Now M ∈ C implies that M ⊆
⋃
{C | C ∈ C } ⊆ U . If⋃

{C | C ∈ C } ̸⊆ D, then D ⊊
⋃
{C | C ∈ C } ∪D and M ∈

⋃
{C | C ∈ C } ∩D. So⋃

{C | C ∈ C } ∩D is a connected subset of U , contradicting the fact that D is a compo-

nent of U . Hence
⋃
{C | C ∈ C } ⊆ D. Now for i ≥ i0, Li ∈ N(V1, . . . , Vm)∩C(X) ⊆ C .

Then Li ⊆
⋃
{C | C ∈ C } for all i ≥ io, i.e. {Li} is eventually contained in D.

“ ⇐= ” Suppose that C(X) is not connected im kleinen at M . By Theorem 5.35, there

exists an open set U ∩C(X) and a sequence {Ci}∞i=1 of distinct components of U ∩ C(X)

converging to a limit continuum C which contains M and has no point in common with

any of the continua Ci. Choose basic open sets N(U1, . . . , Un) and N(V1, . . . , Vm) contain-

ing M such that M ∈ N(U1, . . . , Un)∩C(X) ⊆ N(U1, . . . , Un) ∩ C(X) ⊆ N(U1, . . . , Un)∩

C(X) ⊆ N(V1, . . . , Vm) ∩ C(X) ⊆ U ∩ C(X). Since Ci → C and M ∈ C , by Lemma

5.31, there exists a sequence {Li}∞i=1 such that Li → M , where Li ∈ Ci. Hence there

is a positive integer i0 such that whenever i0 ≥ i, Li ∈ N(U1, . . . , Un) ∩ C(X). Let

U =
⋃n

i=1 Ui and let E be the component of U containing M . Then {Li}∞i=i0
is a sequence

of continua contained in U which converges to M .
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If it is true that for some j ≥ i0 we have Lj ∩ E ̸= ∅, then since Lj is connected in U and

E is a component of U , then Lj ⊆ E ⊆ E. We also have M ⊆ E ⊆ E. Since E ⊆ U and

E ∩ Ui ̸= ∅ (since Lj ∩ Ui ̸= ∅), we have E ∩ Ui ̸= ∅ and E ⊆ U =
⋃n

i=1 Ui =
⋃n

i=1 Ui.

Thus E ∈ N(U1, . . . , Un)∩C(X) = N(U1, . . . , Un)∩C(X) ⊆ N(V1, . . . , Vm)∩C(X). By

Theorem 4.22, there exist order arcs in N(V1, . . . , Vm)∩C(X) ⊆ U ∩C(X) from Lj to E

and from M to E. Since the order arcs are connected, Lj and M lie in the same component

of U ∩ C(X). But Lj ∈ Cj and M ∈ C and Cj ∩ C = ∅. This is a contradiction. Hence

Li ∩ E = ∅ for all i ≥ i0.

Thus {Li}∞i≥i0
is not eventually in E. Hence C(X) is connected im kleinen at M .

■
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