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ABSTRACT: The DESI DR2 BAO data, in combination with CMB and different SNIa datasets,
exclude the flat ACDM model at more than 2.5¢ when analyzed through the wow,CDM
parametrization for evolving dark energy. This simple parametrization may not accurately
capture the behavior of the entire redshift range at late times, which may introduce bias
in the results. We use null tests that probe for deviations from flat ACDM at late times,
independent of any specific dark energy parametrization. We provide several diagnostics for
null tests and discuss their advantages and disadvantages. In particular, we derive diagnostics
that improve on previous ones, such as the popular Oy, diagnostic. The diagnostics are
derived from both background and perturbed quantities. Using the combination of DESI
DR2 BAO and supernova data, with or without CMB data, we find that deviations from
flat ACDM are at ~ 1o confidence level in most of the redshift range (more than lo for a
few small redshift intervals in a few cases). When considering SDSS BAO data instead of
DESI BAO data, in combination with PantheonPlus, with or without CMB data, we find
even smaller deviations. Since spatial curvature can potentially modify the results, we also
test for curvature in the general ACDM model and the general FLRW model. While there is
slight evidence for nonzero cosmic curvature at lower redshifts in a general ACDM model,
there is no statistically significant evidence in a general FLRW model.
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1 Introduction

After the cosmological results of Dark Energy Spectroscopic Instrument (DESI) Data Release
1 (DR1), dynamical dark energy has gained a lot of attention, especially since there is
evidence against the flat ACDM (A Cold Dark Matter) model [1], from combined DESI DRI,
cosmic microwave background (CMB) [2] and type Ia supernovae (SNIa) [3] observations.
The evidence against ACDM is slightly stronger with DEST DR2 data [4]. This evidence is
mostly based on the wow,CDM parametrization and similar 2-parameter parametrizations
of the dark energy equation of state.

Although these parametrizations are useful to test ACDM via data analysis, they may
not capture the correct behavior of dark energy over a large redshift range. Consequently,
they may introduce bias in the test and more parameters may be needed to reduce the bias
(e.g. [5, 6]). Evidence against ACDM should be studied through physically motivated dark
energy models, e.g. quintessence [7-9] (with better or equivalent evidence to fit the data)
or through model-agnostic approaches.

Among the different model-agnostic approaches, a simple but efficient one is the con-
struction of consistency, or null, tests. The basic idea is to construct functions of observables
which are constant in ACDM, or more generally, any Friedman-Lemaitre-Robertson-Walker
(FLRW) model. One of the simplest of these tests is the so-called Oy, diagnostic, which



follows from the Friedman equation in flat ACDM: Oy, = [Hy 2H (2)? —1]/[(142)3 = 1] = Qmo-
Measured deviations of Oy, from a constant would imply that the flat ACDM assumption is
incorrect [10] (see also [11]). In terms of implementing the null tests, typically the observable
— in this example the Hubble rate — is reconstructed in a model-independent way, using,
for example, Gaussian Processes [12, 13]. There are many other such tests which probe
different aspects of ACDM or general FLRW, including the growth of structure and the
Cosmological Principle itself (see e.g. [14-32]).

In this study, we gather together a suite of these tests and reformulate them to be
suitable for testing the standard model using DESI BAO (Baryon Acoustic Oscillations) data,
together with SNIa and CMB data. This work is an extension of the previous work of two of
the authors [33] — in which deviation from a flat ACDM model was studied mainly through
the effective equation of state of dark energy. Here we consider additional diagnostics and
include the updated data from DESI DR2 BAO.

In section 2, we consider various identities in the standard flat ACDM model and also
in more general FLRW models. Using these identities, we define diagnostics, with their
advantages and disadvantages, in section 3. In section 4, we briefly discuss the observational
data that we use in this analysis and the related observables. Employing improved diagnostics,
in section 5 we find the deviations from the standard model corresponding to different
combinations of data. These are derived using the reconstructed functions of different
observables, which are shown in appendix A. Finally, section 6 presents our conclusions. We
also briefly discuss kernel dependence of the reconstructed functions in appendix B.

2 Late-time cosmology

The goal of this section is to derive identities from the Friedmann equations. The late-time
expansion rate in FLRW models (neglecting radiation) is

}Z? = Quo(1+2)? + Qio(1 +2)% + (1 = Qo — Vo) fae(2) (2.1)
pde o o ’LU 2
fde( ) py e [ / dz 112 :| , (22)

where w = pge/pde- In ACDM, fgo = 1.

2.1 Identities for a flat ACDM background

In the flat ACDM model, Qg = 0 and fge = 1in (2.1). If we know 0 and Hy independently,
we know the Hubble time evolution. Alternatively, if we know the Hubble evolution and
one of the two parameters independently, we can find the value of the other parameter. In
addition to that, we can define many combinations of two mutually independent parameters
derived from Q,,0 and Hy. For example:

H?H?(z) — 1
Qo = 2> — = 2.
H?(z) — H?
= QoH2 = —2_—0 2.4
« 0410 (1 + 2)3 1 ( )



H} = H*(2) — o [(1+2)* -1], (2.5)

_ 1_Qm0_H2(z) 3
Qo = Qmo = o — (1 + Z) y (26)

a3 = (1 — Qo) HE = H*(2) — a(1 + 2)3. (2.7)

All these equations are different forms of (2.1) with Qx¢ = 0 and fge = 1.

On the other hand, if we know H(z) with the parameters Q0 and Hy (or any two
mutually independent parameters such as a and Hy) independently, we can test an identity
in the standard model. From now on, we only consider o and Hg among the possible pairs
of mutually independent parameters. The first reason is to avoid many combinations and
equations. The second and more important reason is that the combination of o and Hy
is closer to cosmological observations. For example, a can be computed from early-time
observations such as the CMB (cosmic microwave background), independently of Hy. On
the other hand, Hy can be obtained from local distance ladder observations independent
of a. Two examples of constrained identities are

H?*(z) — H
NS (28)
2 Z)— z 3
A )Hg _%* S (2.9)

These are nothing more than (2.5) written differently.
Eq. (2.1) is basically the first Friedmann equation. Further identities may be derived
from the second Friedmann equation,

2H (2)H'(2) = 3a(1 + 2)?, (2.10)

where prime is d/dz. Equation (2.10) is equivalent to the derivative of (2.7) — and it is
independent of Hy. This is simply because we are using extra information from H’ and
ultimately the degrees of freedom remain the same. Similarly using (2.10) and (2.5), we have

2H(2)H'(2) [1 — (1 + 2)?]
3(1+2)? '

H2 = H*(2) + (2.11)
The above two equations tell us that if we know H and H’, we can get o and H independently
(or any other parameters derived from Q0 and Hp).

If we know either o or Hy alongside H and H’ independently, we can find different
constrained equations. For example, if we know Hy, H and H' independently, we have a
constrained equation,

2H(2)H'(2) [(1 + 2)3 — 1]
3[H?(2) — H] (1+ 2)

=1 (2.12)

Similarly, if we know «, H and H’' independently, another constrained equation is

2H(2)H'(2)

Saiiap ~ b (2.13)



Further constrained equations which are entirely independent of parameters like o and Hy
may be found if we use the extra information from the second Hubble derivative. For example,

(1+2) [H(2)H"(2) + H?(2)]
2H(z)H'(2)

=1 (2.14)

We can derive identities involving integration, related to cosmic distances like comoving
distance. In the standard model, the comoving distance is [25, 34]
Darlz) = ¢ z dy _ cl(1+2)F(z) — F(O)]’ (2.15)
o H(y) Hov/1 — Qi
114 Quo(l+z)?
3'2'3 1= Qo

where F(z) = 2F1[ , (2.16)

is a hypergeometric function. Using (2.15) we can find many identities in the standard
model, such as

Fap(2)G(2) + H(2) o F |5, 31 45 —a/G¥(2)]
(

=1, (2.17)
(L4 2)H(2)2F1 [}, §: 4 oL+ 2)3/G2(2)]
where the Alcock-Paczynski factor is
Fap(2) = - H(z)Du (), (2.18)
and
6(z) = [H2(2) - a1 + )] . (2.19)

Here we used (2.6) and (2.7) in (2.15).

2.2 Identities for perturbations of flat ACDM
In the standard model, the growth of matter perturbations at late times obeys
Om + 2H by, — 4G p b = 0, (2.20)

where py, is the background matter energy density, dy, is the matter density contrast, which
is proportional to the growth function D, and overdots are time derivatives. Then we
can rewrite (2.20) as

(14 2)2D/(2) + (1 + 2)A(2) D), (2) + B(2) D4 (2) = 0, (2.21)
where
"(z 2)3 — 2«
A(z) = (1+ z)i((z)) 1= 2([1(1 ;)(1 +2Z)§], (2.22)
)3
B(z) = —ng(z) = [Of;’(i(i l S (2.23)



The growing mode solution is

111 -1 111
Do) = (42 (oF |5l pimas] ) oR[5 e 22y
3 6 3 6
normalised to D4(0) = 1. The growth rate is
fo) =~ Dy Oz 2Fi3.2 i —aall+2) 7 (2.25)
dln (1 + 2) 11(1 4 2)3 21:‘1[%’1;%1;_@2(1_’_2)—3}
Using (2.6) and (2.10) we find a further identity
4 9.17
6J(z) 21 (5,2 55 —J(2)
flz)—1=— 1(12) [i’ 161 } , (2.26)
2 b1 |:§7 L% _J(Z)}
3H(z) —2(1 H
where J(z) = (2) = 2(1+2) (Z) (2.27)

21+ 2)H'(2)
By eq. (2.24) and eq. (2.25), using also the relation og(2) = 030D+ (2)/D+(0), we find!
11(1 + 2)3 5 Fy [%, 1; 45 —as(1 + z)—ﬂ — 6ag o [g, 2,17 (1 + z)—ﬂ
(1 +2)* 2P 1,154 — '

f(2)os(z) = 030

' 6 5T
(2.28)
The derivative gives
3,5 [g, 2; . —W] [S(1+ 2)H' + H (28 + §' — 25)] » .
oFy (3,14 2D (1 4 o) + 20 (28 + 5 — 25)]

where S = fog and we omitted the redshift dependence for brevity.

2.3 Identities for curved ACDM and FLRW backgrounds

In the general case that includes the possibility of spatial curvature, the ACDM evolution is
given by fge =1 in (2.1) (ko # 0). In order to isolate Qxq, we take a derivative [17, 37-39]:

—22[2(2 4+ 3) + 3|E(2)E'(2) + 3(2 + 1)2E(2)? — 3(2 + 1)*

o = 22(z+1)(z+3) ’ (2.30)
where E = H/Hy. A further derivative gives
2zE(2) [2(z + 1)(2 + 3)E"(2) — 2(22(2 + 3) + 3)E'(2)]
+(z+1) [2(z + 3)E'(2)2 = 3(2 + )| +3(2 + 1)2E(2)? = 0. (2.31)

For a general FLRW model (ko # 0 and fge # 1), the curvature parameter can be
isolated as:
QuoH} _ Di3(2) — D} ()
¢~ DR(2)D%(2)

A derivative eliminates the constant on the left, leading to an identity that is independent

(2.32)

of the value of Qgq:

3 2
Dy (2)Dui(2) Dy (2) + Dy (2) — Du(2)Dip(2) — D (2) Dy (2) D)y (2) = 0. (2.33)
log is the power on a scale R = 8k~ ! Mpc which introduces complications via the dependence on Hy, and
it is better to use a fixed scale, e.g. R = 12 Mpc [35, 36]. We leave this for future work.




3 Diagnostics for null tests

3.1 Null tests of flat ACDM background

We can consider any of the identities in subsection 2.1 and test their validity from any relevant
combination of observed data. Violation of an identity corresponds to the deviation from the
standard model — this is the concept of a null test. We can have many possible null tests.

The popular O, diagnostic. From (2.3), we define the diagnostic

Hy2H?(2) — 1

Om(2) = <1555 -1

(3.1)
The null test is that in the standard model, Oy (2) = Q9. However, it has several dis-
advantages:

e Disadvantage I: it is difficult to quantify whether an evolving parameter is constant or
not where the value of that constant is not known a priori. This is the main disadvantage
in this context.

o Disadvantage II: most cosmological observations provide data which are directly related
to H, not H/Hy, so that explicit Hy dependence is present and we need prior knowledge
of Hy. We can use Hy from observations like the local distance ladder, such as SHOES
observations [40] or tRGB (tip of the red giant branch) [41]. But there is inconsistency
in Hy values from CMB and late-time observations (the ‘Hubble tension’) and so we
should not combine these observations [34, 42, 43]. Alternatively we can reconstruct
Hy from H using interpolation techniques. However, this will introduce extra errors in
the estimate of uncertainty.

e Disadvantage III: a minor disadvantage is that the diagnostic is not well defined at
z = 0, although one can consider the limiting value instead of an exact value.

Similar diagnostics. We can use equations (2.4)—(2.7) and (2.10) to define similar di-

agnostics:
20,) _ g2
€)= b, (32)
Co(2) = HA(2) — o [(1+2)* 1], (3.3)
Cs(z) = Hl(z) — (14 2)3, (3.4)
Cy(z) = H*(2) — a(1 + 2)3, (3.5)
_ 2H(2)H'(2)
Cs5(z) = 314 2)2 (3.6)

where « is defined in (2.4). The null tests are C;(z) = const, where deviations from a constant
value correspond to deviations from the standard model. As with the Oy, diagnostic, all these
diagnostics have Disadvantage I. Only C1 has Disadvantages II and I, like Oy,.



e Disadvantage IV diagnostics Co, ('3, and C4 require the value of . No observations
directly give «, nor can we get it from the reconstruction of observables like H or
Dy, unlike Hy. The reason is that « (like Q) is a derived parameter and it requires
additional model dependence. For example, CMB data can indirectly provide its value,
depending on an early Universe model. In this sense, diagnostics Cs, C'3, and C4 are
not entirely model-agnostic tests of the standard model. However, they are not very
sensitive to any late-time dark energy model.

e Disadvantage V: the diagnostic Cs is better than the others, since Disadvantages I1, 111,
IV do not apply to it. However the main Disadvantage I is present — and it introduces
an extra disadvantage, since it depends on H’. No cosmological observations directly
give H'. We need to reconstruct H and then estimate the derivative, introducing extra
errors.

Other diagnostics. We can define diagnostics from (2.8) and (2.12):

_ H?*(z) - Hj
Dl(Z) - Oé[(l + 2)3 _01]7 (37)
! 3 _
Do)~ ZHOHE) [0+ 27 -1 .

3[H(2)2—H3] (1+2)%

Deviation from D; = 1 corresponds to deviation from the standard model. These diagnostics
have both Disadvantage II (Hy dependence) and III (not well defined at z = 0). Additionally,
D; has Disadvantage IV (o dependence) and Do has Disadvantage V (H' dependence).
Because the main disadvantage, Disadvantage I, is not present, the D, diagnostics are slightly
better than the C; diagnostics, but still not good diagnostics because of the Hy dependence.

Improved diagnostics. Using (2.9), (2.13) and (2.14) we can avoid Disadvantage I:

H?(2) —a(l+2)3

Ai(z) = Hi—a , (3.9)

(o) - 2O 310
Py Py " P 12 P

As(z) = 1F )[géggf;,é)*ﬂ @l (3.11)

The deviation from A; = 1 provides null tests of the standard model. These diagnostics are
better since they avoid the main Disadvantage I and they are well defined at z = 0.

o Disadvantage VI: A3 depends on H”, so we have to reconstruct H and perform two
derivatives, introducing more errors.

The diagnostics up to now do not benefit from cosmological distance data, for example
from BAO. Using (2.17), we define

z z z 1 1'4'—0[ 2 z
By(o) = FAPLOE) + >2F1[3,z,3, /G2 >]’ o)

(L4 2)H(2)2 R[5, 54 —a(1 +2)3/G2(2)]



Disadvantage | Short Description
1 Difficult to define deviation from a priori unknown constant
17 Explicit Hy dependence: extra error in uncertainty estimation
I Not well defined at z =0
v a = QmoH? dependence: early-Universe model dependence
V H' dependence: extra error in uncertainty estimation
VI H" dependence: extra error in uncertainty estimation
Diagnostic | T | II | IIT | IV | V | VI

Onm VvV

Ch ViV Y

Co v v

Cs v v

Cy v v

Cs v v

Dy VI vV

Dy v |V v

Ay v v

Ag v IV

As V|V

By v

By v

Table 1. Summary of background diagnostics and their disadvantages. A good diagnostic mandatorily
should not have Disadvantage I. In each column corresponding to a disadvantage, a tick sign indicates
the presence of that disadvantage.

where G is given by (2.19). This only has Disadvantage IV (« dependence). We can define
a similar diagnostic using (2.17) and (2.10):

z z z 11.4. 2) 3T 1(z
By = ARG 1 3HG) o [LLih-0+27 <>}’ -~
B(1+2)H(2) o Fy [}, 5 4 —(1+2)7371(2)]
where K(z) = [6(1+ 2)H(2)H'(2)J(2)]"*, (3.14)

and J is defined by (2.27). This diagnostic also only has Disadvantage V (H' dependence)

out of 6 possible disadvantages. Hence By and By are better than previous diagnostics.
We summarize the 6 disadvantages of background diagnostics in the upper panel of

table 1. In the lower panel, we show the disadvantages of individual diagnostics.

3.2 Null tests of flat ACDM perturbations

If we know H, o and f, we can a define the diagnostic

6G2(Z> 2F1 [ 27 lb7a _GQ(Z)( + Z)_S/Oé]

G12) = FE) + a3 oy 21 [1, 1,8 -G2(2)(1 + 2)73/a]

(3.15)
3. L 6



Disadvantage | Short Description
1V a= Qmng dependence: early-Universe model dependence
14 H' dependence: extra error in uncertainty estimation
Diagnostic | IV \Y%
G v
Go v
Gs v

Table 2. Summary of perturbation diagnostics and their disadvantages.

Equations (2.6) and (2.25) show that G; = 1 in the standard model. Since it is explicitly
« dependent, it cannot be computed independently of the early-time cosmological model.
Hence it has Disadvantage IV. To achieve a independence, we can use

3K2(z) 2B [4,2 5 -J(2)]

(1 +2)H'(2) y [%, 1; 4 —J(Z)] 7

Ga(z) = f(2) +

(3.16)

where K is defined by (3.14). G2 =1 in the standard model by (2.26). Its dependence on
H' introduces extra errors and it has Disadvantage V.
Using eq. (2.29), we define a diagnostic

N (328 -2 [S(1 4 2) B + H (58 + &' — 25)] o1
3(z) = - ) )
2Py (3,153 2D [S(1+ 2)H' + 2H (28 + §' — 25)]

Table 2 summarises the disadvantages associated with the perturbation diagnostics.

Note that the diagnostics we introduce are designed to test the flat ACDM model within
the framework of general relativity and in the linear regime of perturbations. If any of these
diagnostics show a deviation, it means the flat ACDM model — as a complete framework
— is violated. This model relies on several key assumptions, including general relativity as
the theory of gravity, spatial flatness, and a cosmological constant as a form of dark energy,
among others. Thus, any deviation could result from a failure in one or more of these
assumptions. For example, it could indicate spatial curvature, that dark energy is not a
cosmological constant or even a breakdown of general relativity. However, the diagnostics
themselves do not reveal which assumption is incorrect — they only indicate that the full flat
ACDM model may not hold. This logic applies to all the diagnostics we present, including
those based solely on background data (table 1) and those utilizing both background and
perturbation-level data (table 2).

3.3 Null tests of curvature in ACDM and FLRW backgrounds

We define a diagnostic corresponding to (2.30)

—2z[2(2 + 3) + 3|E(2)E'(2) + 3(2 + 1)2E(2)? — 3(2 + 1)? '

=QOko =
Wio Ko 22(z4+1)(z+3)

(3.18)



Deviation from a constant W corresponds to deviation from the curved ACDM. However,
the quantification of deviation from a constant value whose a priori value is not known is not
a good measure. Therefore we define another diagnostic corresponding to (2.31)

Sko = zE(2) [2(z + 1)(2 + 3)E"(2) — 2(22(2 + 3) + 3)E'(2)]
+(z+1) [2(z + 3)E'(2)2 = 3(2 + 1)] +3(2 + 1)2E(2)?. (3.19)

Deviation from Sk = 0 corresponds to deviation from a general (curved) ACDM.

In a general FLRW model, we can define a diagnostic Sk to test for cosmic curvature:

_ Diy(2)

Sk1 . (3.20)
A deviation from Si1 = 1 corresponds to a deviation from flat FLRW. Interestingly, this is
independent of any dark energy model. Similarly, we define corresponding to (2.32),

Dji(z) — Dy (2)

Wi = "p2 D3, (2)

(3.21)

Deviation from W1 = 0 corresponds to a deviation from flat FLRW. This is also independent
of any dark energy model.
Finally, we define another more general diagnostic corresponding to (2.33)

Wiz = Dp(2)Dar(2) Dy () + D3y (2) — Drr(2)Dji(2) — D (2) Dig (2) Diy(2) . (3.22)

A deviation from Wi = 0 corresponds to deviation from a general FLRW metric, irrespective

of whether curvature is zero or not. This is therefore a test of the Cosmological Principle.
In order to avoid many plots for many diagnostics, we consider a few diagnostics alongside

the O,, diagnostic, to test different cases from actual observations:

Ay, Bi, Bs, G2, G3, Wko, Sko, Ski1, and Wk;.

4 Data and observables

From DESI DR2 BAO [4], we consider six data points for uncalibrated transverse comoving
distance (Dj;) and six uncalibrated points for radial distance (Dp):

- Dy (z) ¢ [ dy

Du() = === [ (4.1)
Du(z) = 2 fd(z) = 15(2), (4.2)

where 74 is the sound horizon at the baryon drag epoch. The Dy and Dy data are at the
same effective redshifts and at each effective redshift they are correlated (see [4] for more
details). We include these correlations in our analysis.

As an alternative to DESI BAO data, we also consider the BAO measurements from
the previous generation spectroscopic surveys of the completed Sloan Digital Sky Survey
(SDSS) [44].

,10,



All the diagnostic variables can be expressed in BAO variables by rewriting H, H’,
H" and Fap as follows:

)= D) )
/ _ cD; (2)
H'(z) = 7”15% ol (4.4)
. ¢|2D3(2) = Du(2) Dy (2)]
H'(z) = ~ raD% () , (4.5)
Fan(z) = 3 E)) (4.6)

We consider the Pantheon+ sample for the apparent magnitude mp of type la supernovae
(SNIa), in the redshift range 0.01 < z < 2.26 [3]. Since we combine BAO and SNIa data in
our analysis, we rewrite BAO observables in terms of the SNIa observables:

R 3 ebms(2)
Du(2) = = (4.7)
~ Beme(Z) (1 + z)bm/ (Z) -1
Dp(z) = [ 1+ 2)2 . ]’ 9
with
. ln(510)’ B = ¢~ b(25+Mp) %, (4.9)
Td

where Mp is the absolute peak magnitude of the SNIa. These equations are based on
the relation

dr(z
mp(z) = Mp + 5logy [ 1\5[;0)

] + 25, (4.10)

where d;, = (1 4+ z)Djy is the luminosity distance.

For CMB data we use Planck 2018 TT, TE, EE+lowE+lensing [2], with Atacama
Cosmology Telescope (ACT) DR6 data of CMB lensing [45-47]. We do not directly use
the full CMB likelihood. Instead, we only use the o and r4 values obtained from the CMB
distance priors [48-50], for the base ACDM model.? This is because we only need these two
parameters in our analysis and they are highly insensitive to late-time dark energy models.
The constraints obtained on these parameters are

a = 14208 £12.2, (4.11)
rq = 147.43 £ 0.25 Mpc, (4.12)
rla,rq] = —0.9, (4.13)

where 7 [a, 4] is the normalised covariance between « and 7.
For the growth rate, we use 11 uncorrelated f data in the range 0.013 < z < 1.4 [52].
We also considered six fog data, obtained from SDSS, mentioned in table IIT of [44].
Error bars of all these data are shown in appendix A.

2To derive CMB distance priors, we use the chain base_ plikHM_TTTEEE _lowl_lowE _lensing [51].
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5 Results

We reconstruct all the relevant observables using Gaussian process regression with zero mean
function and squared-exponential kernel covariance function. The details of the methodology
can be found in [33]. Because of the involvement of Hy, the reconstruction of Oy, can be
done in two ways.

o We do not explicitly use Hy data separately, e.g from SHOES [40] or tRGB [41]. Then we
reconstruct H separately, derived from calibrated BAO data, using (4.3), or calibrated
SNIa data, using (4.3) and (4.8) — or both combined. To reconstruct these calibrated
distances we need r4 from CMB data, as in (4.12). Thus, we need to combine Hy
from late-time local observations and ry from early observations. It is not a good idea
to combine these two kinds of observations because of the inconsistencies due to the
Hubble tension, which has not been resolved. Thus we avoid these combinations.

e We do not explicitly use Hy data, but instead reconstruct Hy from reconstructed
H(z), i.e., Hy = H(0). Then we do not use any late-time local observations for
Hjy. Consequently, we do not need any early-time observations for r4, because of the
ratio H/Hy in the definition of Oy, and since we reconstruct H and Hy from the same
combination of data. This ratio means that we only need uncalibrated BAO or SNIa data
(or both combined, but still uncalibrated) — as can be seen via H/Hy = Dy (0)/Dg(2).
We can not include CMB data either to reconstruct Oy, if we do not include local
observations of Hy. Note that this holds only for a model-agnostic analysis. One can
consider a particular model to get Oy, (z) with the inclusion of CMB data, but here we
consider the model-agnostic reconstruction of all the diagnostic variables in order to
avoid any bias introduced by the model itself.

Figure 1 displays the reconstructed Oy, diagnostic, corresponding to DESI DR2 BAO +
PantheonPlus and SDSS 4+ PantheonPlus combinations of data. The reconstructed mean
of O (z) (blue lines) and the best-fit wyw,CDM model (red lines) are also shown. Shaded
areas correspond to 1, 2, and 30 confidence intervals. The best-fit values of (Q0, wo, wq)
parameters that we obtain in this model, are (0.299, —0.888, —0.17) and (0.240, —0.861, —0.30)
for DESI DR2 BAO + PantheonPlus and SDSS + PantheonPlus respectively. We see that in
both data combinations, there are hints that the reconstructed Oy, is not a constant. It is
interesting that we find a similar trend in Q,,¢ as in previous works such as [53], even though
our result is model-agnostic. We leave this point for future investigation.

However, we can not quantify the deviation of Oy, from a constant because we do not
know the exact value of the constant €2,,9. This is a consequence of the main Disadvantage
I, discussed in section 3.

The same disadvantage is present in diagnostics C1,--- ,Cs, while diagnostics Dy, Do
suffer from 3 other disadvantages (see table 1). Hence we focus on Ay, Az, Bi, and Bs.

The reconstructed As is presented in figure 2, using DESI DR2 BAO + PantheonPlus
+ CMB and SDSS + PantheonPlus + CMB combinations of data. The best-fit values of
(Qmo, wo, w,) parameters are (0.3114, —0.838, —0.62) and (0.3161, —0.881, —0.48) for DESI
DR2 BAO + PantheonPlus + CMB and SDSS + PantheonPlus + CMB, respectively. For
this diagnostic, we know the exact value, Ay = 1, for the ACDM model, so we can measure
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Figure 1. O, diagnostic from DESI DR2 BAO + PantheonPlus and SDSS + PantheonPlus
combinations. Blue lines are reconstructed mean functions of Oy,. Light-blue, green, and grey shading
correspond to 1, 2, and 30 confidence regions. Red lines show the best-fit wOwaCDM model.
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Figure 2. A, diagnostic from DESI DR2 BAO + PantheonPlus + CMB and SDSS + PantheonPlus
+ CMB combinations. Color codes are the same as in figure 1. The black line shows the standard
model value.

the deviations of this model from the reconstructed mean. At higher redshifts (z 2 1), the
deviations are around 1 to 1.5¢ for DESI DR2 BAO + PantheonPlus + CMB. At lower
redshifts, deviation increases with decreasing redshift and at z = 0 it is maximum at more
than 30. For SDSS + PantheonPlus + CMB, the deviations are ~ 20 at redshifts close
to z = 0 and z = 2, while in between, the deviations are < 1o. We observe that, at lower
redshifts, the red lines show larger deviations compared to the blue lines. This indicates
that the deviations are more significant in the flat wow,CDM model than in the GP-based
predictions. Notably, these deviations in the flat wow,CDM model are consistent with the
DESI DR2 BAO results for the same model and the same combination of data.

To complete the discussion of the As results, we also consider the DES-Y5 supernova
dataset [54] as an alternative to PantheonPlus. In figure 3, we show the As diagnostic for
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Figure 3. A, diagnostic from DESI DR2 BAO + DES-Y5 4+ CMB combination of data.
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Figure 4. B; diagnostic using DESI DR2 BAO + PantheonPlus + CMB and SDSS + PantheonPlus
+ CMB combinations.

the combination DESI DR2 BAO + DES-Y5 + CMB. Comparing the left panel of figure 2
with figure 3, we find that the deviations are similar at higher redshifts. However, at lower
redshifts, the deviations are significantly larger for the DESI DR2 BAO + DES-Y5 + CMB
case compared to DESI DR2 BAO + PantheonPlus + CMB. For DESI DR2 BAO + DES-Y5
+ CMB, the deviation exceeds 30 at low redshift, reaching nearly 40 near z = 0. This
behavior is consistent with the trends reported in the DESI DR2 BAO main results.
Figure 4 and figure 5 display the reconstructed B; and By diagnostics, using DEST DR2
BAO and SDSS BAO data combined with PantheonPlus + CMB (B;), or PantheonPlus only
(B2). This is because By is reconstructed from calibrated BAO (or SNIa or combined) data,
whereas By is reconstructed from uncalibrated data. It is evident that B (like As) is only
late-time model-agnostic while By (like As) is both late-time and early-time model-agnostic.
Deviations from the ACDM model are around 1 to 20, except for high redshift (deviations
are a little higher) for the DESI DR2 BAO case. The deviations are well within 1o except
at higher redshifts (around z ~ 1.8), with deviation ~ 20 in the By SDSS case. Note that
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Figure 5. B, diagnostic from DESI DR2 BAO + PantheonPlus and SDSS + PantheonPlus
combinations.
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Figure 6. G, diagnostic from DESI DR2 BAO + PantheonPlus+ f and SDSS 4+ PantheonPlus+ f
data.

the deviations in the By and Bs diagnostics are nearly zero at very low redshift. This is
because both are related to cosmological distances, which are defined to be zero at z = 0. As
a result, different cases show no significant differences near z = 0. Deviations start to appear
gradually as the redshift increases. Also, other quantities contribute to these diagnostics,
making the deviations evolve nonlinearly with redshift. These combined effects are reflected
in the behavior of the B; and By diagnostics.

We present the perturbation diagnostic G2 in figure 6, based on the combinations DESI
DR2 BAO + PantheonPlus+f and SDSS + PantheonPlus+f. For (0, wo, w,), we obtain
the best-fit values (0.302, —0.875,—0.31) and (0.287,—0.892,0.02) for DESI DR2 BAO +
PantheonPlus + f and SDSS + PantheonPlus 4+ f respectively. We find that the ACDM
model is within ~ 1o confidence.

We plot the G3 diagnostic in figure 7, using theSDSS+PantheonPlus+ fog(SDSS) com-
bination of data. The colour codes are the same as in previous figures. The red line is
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Figure 7. @3 diagnostic corresponding to SDSS+PantheonPlus+ fos(SDSS) combination of data.
Colour codes are the same as in figure 1.

DESI DR2 BAO DESI DR2 BAO
2 20 ]
1 10 4
N 0 N e
< g 0 — ey
g l;)‘ —— Sxo=0 (non-flat ACDM)
Wio * 30Wyo
_1< Wyo £ 28AWxo _10<
Wio = AWko
—— mean Wgo
—— (best-fit non-flat ACDM)
_2 . - - - - - . .
0.5 1.0 1.5 2.0 0.5 1.0 1.5 2.0

Z V4

Figure 8. Wiy (left) and Sko (right) diagnostics corresponding to DESI DR2 BAO data.

the best-fit flat wow,CDM model for the same combination of data. The best-fit values
of (Qmo, wo, w,) that we obtain in this model are (0.260, —0.881, —0.27). We find that the
ACDM model is within 1o and 20 confidence regions for z > 0.5 and z < 0.5 respectively.

Now we briefly test for deviations from a curved ACDM. In figure 8, the left panel shows
Wi diagnostics for DESI DR2 BAO data. We can see the deviations from a constant Wi
are not significant at higher redshifts but are moderate at lower redshifts. To exactly measure
deviation from a curved ACDM, we show deviations from it through the Sk( diagnostic, in
the right panel. We see the deviation is moderate at lower redshifts, at around 1 to 20.

Next, we check for deviation from flatness in an FLRW model through two diagnostics
Sk1 (left) and Wiy (right) in figure 9. We find there is no evidence for this.

Finally, we test for deviation from a general FLRW metric (irrespective of curvature)
through the Wgs diagnostic in figure 10. The right panel is the zoomed-in version of the
left panel and is for lower redshifts only. There is no evidence for deviations from a more
general FLRW metric either.
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Figure 9. Sk; (left) and W (right) diagnostics corresponding to DESI DR2 BAO data.
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Figure 10. Wi, diagnostic corresponding to DESI DR2 BAO data.

Each diagnostic has a different deviation at different redshifts. There is no hard and
fast rule to define an average deviation from all these different deviations. Here we propose
a reasonable definition: the average confidence interval (o) is the square root of the total
chi-squared, normalized to the total number of redshift points NV:

o\ 1/2
(o) = (X> with x2=v"C"w. (5.1)

Here v is the vector of deviations from ACDM (or a more general model accordingly) and C
is the covariance from the uncertainty estimation. Table 3 shows (o) for different diagnostics
and data combinations. We find the average deviations range from 0.27 to 1.760.

6 Conclusions

The deviation from the standard ACDM cosmological model can be studied through null
tests, without assuming any model or parametrization, based on diagnostic variables such
Om. This approach is important to avoid any model-dependent bias.
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DESI DR2 BAO + PantheonPlus + CMB
diagnostic | (o)
Ag 1.45
B 1.76

DESI DR2 BAO + PantheonPlus
diagnostic | (o)
By 1.54

DESI DR2 BAO
diagnostic | (o)

Wxko 1.02
Sko 1.12
SK1 0.30
Wk 0.27
Wkao 0.31

Table 3. Average o deviation in different diagnostics.

For the Oy, diagnostic, the standard model is tested through the reconstructed Oy, in
order to check whether the reconstructed value is constant. Even if we see these values are
not constant over a particular redshift interval, we can not measure how much ACDM is
ruled out, because we do not exactly know a priori the value of {2,,,9. This is a significant
problem in probing deviations from the ACDM model in a data-driven reconstruction. We
discussed several other similar diagnostics which have the same problems.

We next discussed how to construct better diagnostics from different identities in the
ACDM model. We considered the advantages and disadvantages of several new diagnostic
variables — and also how one can define customized diagnostics for different purposes. We
provided a detailed methodology for this.

As examples, we focused on four improved diagnostics of the background cosmology —
Ao, Az, B1, and By — and a new perturbation diagnostic GGo. One can define many other
possible diagnostics combining these diagnostics.

With these improved diagnostics, we studied deviations of the ACDM model from the
observed data of DESI DR2 BAO, SDSS BAO, Pantheon+ SNIa, Planck 2018 CMB data
(including ACT DR6 CMB lensing data), and growth rate (f) data. We found that the
deviations are around lo in most of the redshift interval (in a few redshift ranges it is more
than 1o0). These deviations indicate that the evidence for dynamical dark energy is not
particularly strong, and is weaker than that inferred from the wow, parametrization.

We also briefly test for curvature in a ACDM model. We found low evidence (less than
20). Furthermore, there is no evidence for curvature in FLRW or for a deviation from the
general FLRW model — i.e. no evidence for a violation of the Cosmological Principle.
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A Reconstructed functions and error estimations

When we have different data of multiple observables, we need to use multi-task Gaussian
Process (GP) instead of the standard single-task GP — especially if the data have correlations
among different observables. This is the case for BAO observations where Dy and Dy are
correlated. These correlations are very large (of the order of 0.5 for the normalized covariance)
so we cannot neglect them and use single-task GP for each of them separately. Here we
briefly discuss multi-task GP. We use a special kind of multi-task GP where one observable
(D) is related to the derivative of another observable (Dys). For details of the methodology,
we follow [33]. A brief summary is as follows.

We consider a multi-task GP framework, where the function values Y7 = Y (X1) and their
first derivatives Yy = Y/(X3) are modeled jointly. The joint distribution of these quantities
is given by a multivariate Gaussian:

Vi~ N (gl, SH) , (A1)
where
- [y V(X
fi= = | TRV (A2)
Y; Y'(Xs)
[ w(X1)
H1 = = ) (AS)
_M’j 1% (X2)]
[ (0,1)
- X1 X
T gil)] (A4)
[ X1 Xy
In equation (A.4), the covariance matrix blocks are defined as follows:
Y11 =K1+ Chy (function—function), (A5)
Eg’l) = ng’l) + C’{g’l) (function-derivative), (A.6)
T
2511,0) = Kﬁ’o) + C’%’O) = (Zg’l)) (derivative-function), (A7)
2(212’1) = Kéé’l) + C’%’l) (derivative-derivative). (A.8)

Here the K terms represent kernel-based covariance contributions and the C' terms account
for observational uncertainties. The GP is trained by maximizing the likelihood of the joint
observations, which is equivalent to minimizing the negative log-marginal likelihood:

~ o~ 1 -~ 5 ~ 4 o~ N 1 ~ n
—log P(Y1|X1) = =(V1 — ) "S5 (V1 — i) + = log |[Z01| + =+ log(27),  (A.9)
2 2 2

where )2'1 is the combined input vector consisting of X; followed by Xs, and 71 is the
total number of observations, combining both function and derivative measurements. The
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Figure 11. Reconstruction of Dy, (top left), Dy (top right), and the first (bottom left) and second
(bottom right) derivatives of Dy for the data combination DESI DR2 BAO + PantheonPlus. Error
bars are for the DESI DR2 BAO data (orange) and PantheonPlus data (grey). Solid blue lines are
the reconstructed mean values obtained from the multi-task GP. Light blue shading shows the 1o
reconstructed confidence region. Black lines are the best-fit ACDM model. Red lines show the best-fit
wow, CDM model.

predicted mean from this multi-task GP is

= ~ (1,0) S —1 /5 -

B =+ Kiqf )Elll(yl - fin), (A.10)
where u denotes the order of the derivative and u&u) is obtained from a chosen mean function,
which we choose to be a zero mean function. We define kernel structures for prediction at
test input(s) X, involving both function and derivative components, as

Ko =Ko K9V (A.11)
KS’O) — {KS,O) KSJ)] (A.12)
K20 {Kg,m Kg,n]. (A.13)
The covariance prediction is
Cov[F™, FV) = k(") — RGOSR, (A.14)

We use multi-task GP simultaneously on BAO and Pantheon+ data to reconstruct Djy
and its derivatives. Figure 11 shows the reconstructed functions for the DESI DR2 BAO +
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Figure 12. Same as figure 11 but for SDSS + PantheonPlus data.

PantheonPlus combination of data. The top panels show Dys and Dy, while the bottom panels
D' and DY,. Error bars are shown for DEST DR2 BAO data (orange) and PantheonPlus data
(grey). Note that PantheonPlus data actually corresponds to the observable mpg, but the
combination of BAO + PantheonPlus data constrains the 5 parameter, defined in (4.7). For
DESI DR2 BAO + PantheonPlus data this corresponds to § = 0.000519 £ 0.000005. With
this beta, we obtain Dj; from mp for PantheonPlus data, which actually corresponds to the
grey error bars in the top left panel. The solid blue lines correspond to the reconstructed
mean values obtained from the predictions of multi-task GP. The light blue error regions
are the reconstructed 1o confidence regions. Black lines show the best-fit ACDM model,
which has Q0 = 0.312 for the DESI DR2 BAO + PantheonPlus combination. The red lines
display the best-fit wow,CDM model, with best-fit values Q2,0 = 0.299, wy = —0.888, and
wy = —0.17 for DESI DR2 BAO -+ PantheonPlus data.

Figure 12 follows figure 11, but for the SDSS + PantheonPlus combination of data. Grey
error bars are for the PantheonPlus data, with 5 = 0.000526 £ 0.000004. The black lines show
the best-fit ACDM model, with Q2,0 = 0.31. Red lines give the best-fit wow,CDM model,
with parameters Q2,0 = 0.240, wy = —0.861, and w, = 0.30, for SDSS + PantheonPlus data.
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Figure 13. Reconstruction of f. Color codes are the same as in figure 11.
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Figure 14. Reconstruction of S = fog (left) and its first derivative (right). The colour codes are as
in figure 11.

Figure 13 presents the reconstructed smooth function of the growth rate f. The black line
shows the best-fit ACDM model with Q,,0 = 0.276. The red line is best-fit wow,CDM model,
with Q0 = 0.367, wg = 0.7, and w, = —7.2. We do not plot the reconstructed derivatives
of f, since we do not need them for our diagnostic Ga. As a result, we only need a single
(standard) GP instead of a multi-task GP. However, it is important to note that in FLRW
space-time, any perturbation quantity is correlated with any background quantity. Thus,
one can consider multi-task GP for f data together with background data, such as BAO or
SNIa data. We leave this for future study. Since observational data have no correlations
among them, it is a good assumption to reconstruct f separately.

In figure 14, we reconstruct the smooth function of S = fog and its first derivative.
The best-fit values of the ACDM model parameters for the black lines are Q,,0 = 0.265 and
0g0 = 0.861. The red lines are for Q2,0 = 0.30, wg = —0.04, w, = —0.96, and 0gp = 1.10
for best-fit wow,CDM model. We used standard (single-task) GP as in figure 13, for the
same reasonm.
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Figure 15. Comparison of reconstructed functions between different kernels.

B Kernel dependence

Here we show how the reconstructed functions depend on different kernel covariance functions
in the Gaussian Processes. We compare three kernels, squared-exponential (SE), Matérn
7/2 (M7/2), and rational quadratic (RQ):

kernel (SE) = ajzc exp[—d?/21%], (B.1)
4 VTd 14d* TVIB\ g
kernel (M7/2) = o (1 + et ) /1 (B.2)
kernel (RQ) = o2 [ 1+ d—Q - (B.3)
e 2al? ’ '

where d = |z; — x|, and other parameters are standard kernel hyper-parameters. We compare
the results in figure 15 and find these are quite consistent.
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