




































































































3.2 Angular power spectrum 39

The output given by the CAMB_sources software is in the form of a n × n matrix,

C(ℓ) =


C11 . . . C1n

... . . . ...
Cn1 . . . Cnn

 (3.27)

with components Cij(ℓ) = Cℓ(zi, zj).

The galaxy angular power spectrum (without RSD) follows from δg = bδ,
so that (3.25) becomes

Cg
ℓ (zi, zj) = 4π R2

0 b(zi) b(zj)
∫

d ln k Pζ(k) jℓ

(
kχ(zi)

)
Q(k, zi) jℓ

(
kχ(zj)

)
Q(k, zj)

(3.28)

3.2.3 Influence of RSD

The angular power spectrum will also be influenced by the effect of redshift space
distortions. It was shown in (2.109) that the contribution of RSD to the observed
galaxy density contrast is

δRSD = fµ2δm (3.29)

whose angular transform is

aRSD
ℓm (z) = 1

(2π)3

∫
dk
∫

dΩn f(z)µ2 δ(k) eikµχY ∗
ℓm(n). (3.30)

Considering that
∂2

∂(kχ)2 eikµχ = −µ2eikµχ

we can rewrite the angular perturbation as

aRSD
ℓm (z) = − 1

(2π)3

∫
dk f(z) δ(k) ∂2

∂(kχ)2

∫
dΩn eikµχY ∗

ℓm(n). (3.31)

The exponential is expanded using (3.15), and the property of the Legendre polynomial
(3.17) used as before, then let primes denote derivatives with respect to kχ

aRSD
ℓm (z) = −iℓ

2π2

∫
dk f(z) δ(k) j′′

ℓ (kχ)Y ∗
ℓm(n). (3.32)
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40 Two-point correlation function

The influence of RSD on the angular power spectrum can now be determined with
(3.20),

CRSD
ℓ (zi, zj) = 4π R2

0

∫
d ln k Pζ(k) f(zi)Q(k, zi) j′′

ℓ

(
kχ(zi)

)
×f(zj)Q(k, zj) j′′

ℓ

(
kχ(zj)

)
.

(3.33)

3.2.4 Total correlation

The spherical harmonic coefficient of the total correlation including RSD and matter
perturbation can be determined by combining (3.28) and (3.33) such that

Cg obs
ℓ (zi, zj) = 4π R2

0

∫
d ln k Pζ(k) Qi Qj

[
bijℓ

(
kχi

)
bjjℓ

(
kχj

)
+ fij

′′
ℓ

(
kχi

)
fjj

′′
ℓ

(
kχj

)
−bijℓ

(
kχi

)
fjj

′′
ℓ

(
kχj

)
− fij

′′
ℓ

(
kχi

)
bjjℓ

(
kχj

)]
(3.34)

where the subscript i indicates the ith redshift bin is considered. The cross-correlation
between RSD and galaxy density contrast

Cg,RSD
ℓ (zi, zj) = −4π R2

0

∫
d ln k Pζ(k) bi Qi jℓ

(
kχi

)
fj Qj j′′

ℓ

(
kχj

)
(3.35)

with galaxy and RSD perturbations taken at redshift bin zi and zj respectively. Thus
the total correlation can be written in terms of

Cg obs
ℓ (zi, zj) = Cg

ℓ (zi, zj) + CRSD
ℓ (zi, zj) + Cg,RSD

ℓ (zi, zj) + CRSD,g
ℓ (zi, zj). (3.36)
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Chapter 4

Cosmology with Intensity mapping

In order to observe the growth rate of large scale structure formation, one will need to
perform an experiment. This thesis will focus on data expected from future HI intesity
mapping survey called MeerKAT Large Area Synoptic Survey (MeerKLASS) produced
by MeerKAT telescope. The MeerKAT telescope array will eventually be expanded
into what is known as the Square Kilometer Array (SKA). Forecasts were done to
estimate the expected constraints from the first phase called SKA1. The future surveys
will use large telescope arrays, with low-noise wideband receivers to map the matter
distribution over an unprecedented volume and redshift range [28].

HI IM observes the distribution of neutral hydrogen via the intensity of the 21cm
line, without resolving individual galaxies [25]. The emission is a result of a spin-flip
transition in HI, as the proton and electron transition from parallel spin to anti-parallel
spin. The main advantages of this technique, as compared to galaxy surveys, is that
larger volumes can be surveyed in relatively short period of time. There is a one-to-one
relation between observed frequency and redshift, and is therefore very accurate. All
the signal, including the inter-galactic gas is recorded, and therefore is expected to be
a good tracer of matter distribution [35].

The Green Bank Telescope (GBT) has made the first detection of the HI emission at
z ≈ 0.8, [11]. This detection showed the HI IM is indeed feasible, and a tool to study
the large-scale structure of the Universe. It is also difficult to do, where the main
challenges was the astrophysical contamination and the systematics that are present in
the observed HI signal.
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42 Cosmology with Intensity mapping

Fig. 4.1 A simulated full-sky map of the temperature fluctuations expected from HI
intensity mapping. The colour bar is given in mK. Image generated using Healpix

The cross-correlation of intensity maps with galaxy surveys is a robust measure of
the power spectrum which diminishes systematics caused by instrumental effects and
foreground removal, [50]. Results from 21-cm intensity maps acquired from the Parkes
radio telescope was cross-correlated with galaxy maps from the 2dF galaxy survey,
with cross correlation detected at a significance of 5.18 σ, [3]. This technique is called
multi-tracing, and will be considered in future work.

4.1 Neutral hydrogen bias

The nature of dark matter (DM) is such that it does not interact with the electro-
magnetic spectrum, it only interacts gravitationally, and therefore can not be directly
detected in observation. In order to measure the DM perturbations, we use a tracer of
the underlying distribution via visible baryonic matter. Generally one looks at number
counts in a galaxy survey, but there is a high bias due to the point-like distribution of
galaxy numbers. Neutral Hydrogen being the most abundant element in the universe,
not only trace galaxies but also the distribution of the filaments in the large scale
structure. The expected HI density as a function of dark matter mass M can be
determined as in [42],

ρHI(z) =
∫ Mmax

Mmin
dM

dn

dM
MHI(M, z) (4.1)

where the interval of the halo masses [Mmin, Mmax] is dependent on the ability to detect
HI in different sized perturbations i.e. galaxy clusters.
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4.1 Neutral hydrogen bias 43

In order to model the power spectrum of the HI content, we need to know the relation
between the dark matter and HI distributions,

bHI(z) = ρ−1
HI

∫ Mmax

Mmin
dM

dn

dM
MHI(M, z)b(z, M) (4.2)

called the HI bias bHI.

The following function describes the dimensionless HI matter density of the universe,
written in terms of the average HI density ρHI,

ΩHI(z) ≡ ρHI(z)
ρc,0 [Ωm(1 + z)3 + ΩΛ] (4.3)

assuming a ΛCDM flat model and ρc,0 being the critical density at present day (z = 0).

A 2nd order polynomial fit describes the HI content as in [43],

ΩHI(z) = 4.83 × 10−4 + 3.88 × 10−4z − 6.51 × 10−4z2 (4.4)

and from the same paper the HI bias was modeled by the fit

bHI(z) = 6.67 × 10−1 + 1.78 × 10−1z + 5.02 × 10−2z2. (4.5)

The current analytical efforts to model HI bias is based on modeling the halo-matter
bias, by relying on a perturbation theory framework [6]. A particular interest that is
being investigated is the scale dependence of bias, which can be a powerful probe to test
initial conditions of the universe as well as the nature of gravity. It has recently been
shown that the standard cosmological model also shows the halo-bias scale dependence
due to GR effects, and not only due tot non-gaussianities [4]. According to another
recent study based on N-body simulations [13], scale independent bias was found at a
level of 2 − 5% for scales larger than 20Mpc/h, and thus scale dependence was ignored
since we only consider linear scales in this thesis.
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44 Cosmology with Intensity mapping

4.2 Brightness temperature

Since this is not a galaxy survey, the power spectrum is not determined by number
counts. Instead we observe the integrated photons from HI, which can be translated
to temperature fluctuations. To determine the perturbations of HI, we first need to
model the average expected signal.

The mean background temperature brightness T̄b, is modeled by a fit from [43],

T̄b(z) = 5.59 × 10−2 + 2.32 × 10−1z − 2.41 × 10−2z2 mK (4.6)

in order to describe the temperature fluctuations, Tb = T̄b + δTb. The neutral hydrogen
power spectrum P HI is determined by the multiplication of the matter power spectrum
with background HI temperature. Considering a model of HI bias bHI, from (3.7) it
can be shown that

P HI(k) = T̄ 2
b

(
bHI + fµ2

)2
Pm(k) (4.7)

is the final form of the HI Fourier power spectrum including effects of RSD. However a
problem arises when taking the physical observation of the cosmological model, since
there is a degeneracy with the normalisation of the power spectrum, σ8. This means
we can only measure the combination of bσ8 and fσ8 directly [7]. Thus the power
spectrum was adapted as follows

P HI(k) = T̄ 2
b

(
bHIσ8 + fσ8µ

2
)2 Pm(k)

σ2
8

. (4.8)

The total angular correlation (3.36) expected from HI intensity mapping is found
similarly to P (k) by using the average background temperature

CHI
ℓ (zi, zj) = T̄b(zi) T̄b(zj) Cg obs

ℓ (zi, zj) (4.9)

and assuming a model for HI bias bHI.
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4.3 Modeling noise for HI intensity mapping 45

4.3 Modeling noise for HI intensity mapping

It was shown in [29] that the shot noise contribution to the angular power spectrum is
not significant, and is therefore ignored.

Noise can be reduced by decreasing the temperature of the receivers or increasing the
number of measurements taken. The latter can be done by increasing the number of
dishes or time spent observing the sky. The system temperature is a combination of
receiver and sky temperature,

Tsys = Trec + Tsky (4.10)

where Tsky = 66
(

νo

300MHz

)−2.55
[43]. The relation between observed and emitted

frequency for HI observation is assumed νo(z) = 1420 MHz/(1 + z).

4.3.1 Fourier power spectrum

It is well known by the Rayleigh criteria that the angular resolution of an observation
is limited by the diffraction of light. The effect of diffraction is dependent on the size
of the aperture of the instrument that collects the light and wavelength of observation.
Considering a circular aperture, the beam resolution of a dish with diameter D is given
by

θb = 1.22 λo

D
(4.11)

and in this thesis it was assumed the observed wave length for HI is λo(z) = 0.21(1+z)m.
The solid angle in the sky covered by the beam is considered a pixel, and can be written
in terms of beam resolution as

Ωpix(z) ≈ 1.13 × θb(z)2. (4.12)

Pixel variance is determined by the physical properties of the telescope array, and
survey specifications. Taking into account dual polarization receivers, we can model
this variance as

σpix(z) = Tsys(z)√
δν ttot (Ωpix(z)/Ωs) 2NdNb

(4.13)

given the number of dishes in the array Nd, along with the total time observed ttot

over the survey area Ωs. The frequency resolution of the receiver is given by δν, for HI
IM we observed in single dish mode Nb = 1.
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46 Cosmology with Intensity mapping

The certainty of measurement on an object is also dependent on µ. Using the traversal
component of the wave vector, k⊥ = k

√
1 − µ2, instrumental response is given by the

beam in k-space,

W 2(k, µ, z) = exp
−k2

⊥ χ(z)2
(

θb(z)√
8 ln 2

)2
 (4.14)

which corresponds to the resolution of the telescope. The latest telescopes would
provide a very high frequency resolution, which means we can confidently use

δz(δν, z̄) =
(

δν

νs

)
(1 + z̄)2 (4.15)

as approximation for the redshift resolution δz in the radial direction. This is used
to determine the redshift interval when computing pixel volume of the survey using
(2.42). Taking the above mentioned factors into account the instrumental noise for HI
IM is given by

P N(k, µ, z) = σ2
pix(z) Vpix(z, ∆z) W −2(k, µ, z) (4.16)

and for a more detailed description on modeling noise for P (k) when using HI IM refer
to [5].

4.3.2 Angular power spectrum

Similarly to the P (k) analysis, the angular power spectrum will also be influenced by
instrumental noise. The Cℓ is written in terms of a covariant matrix which means the
influence of noise can be quantified using a diagonal matrix, since instrumental noise is
independent in different redshift bins. The noise is modeled as in [15],

Nij(zi) =
4πfskyT 2

sys(zi)
2Nd ttot ∆ν(zi)

δij (4.17)

and the same survey specifications is used as for P (k). Note that ∆ν is the frequency
band of the redshift bin-width assuming the 21cm line of HI, and the relation between
the two can be approximated by (4.15).
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4.4 Survey specifications 47

The telescope beam in spherical harmonic space is given by

B(ℓ, z) = exp
[
−ℓ(ℓ + 1) θ2

b (z)
16 ln 2

]
(4.18)

which is multiplied by the signal to take into account the resolution of the telescope,

CB
ℓ (zi, zj) = Cℓ(zi, zj) B(ℓ, zi) B(ℓ, zj). (4.19)

4.3.3 Foreground cleaning

The above description only addresses the expected instrumental noise from the future
telescope array, but another major contribution to contamination and loss of signal is
called Foreground interference, and should be considered for accurate forecasts.

At 1 GHz the galactic synchrotron emission dominates (around 5-6 orders of magnitude
brighter than the HI signal), but there is also background emission of extragalactic
point sources [5]. Most foregrounds should be spectrally smooth, making it possible
to remove using Principle Component Analysis (PCA). Recent simulation work has
shown that the existing foreground removal methods can recover the true HI power
spectrum to within 5% [44], hence the foreground cleaning was ignored.

However it should be noted when considering foreground cleaning for Cℓ, this assumption
is probably insufficient. It was found after applying the foreground removal transfer
function, about 20 − 40% of signal is lost, and drops significantly more at the edges of
the redshift range [49]. Recent work by [30] has shown that including astrophysical
priors can greatly improve the relative uncertainty of foreground cleaning, and hopefully
recover the loss of signal sufficiently.

4.4 Survey specifications

The unprecedented sensitivity and field of view of the SKA will allow for dramatically
faster survey speeds, making it possible to map the galaxy distribution out to high
redshifts over most of the sky [51].

The resulting survey will be a sample variance-limited observation over a truly
huge volume, allowing the Neutral Hydrogen surveys to greatly improve on current
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48 Cosmology with Intensity mapping

cosmological constraints. This also allows us to probe ultra-large scales and novel wide-
angle effects [1]. The specifications used to describe the different surveys was mainly
sourced from [42] and [8], but other papers was needed to get the full description.

4.4.1 MeerKAT

The area of the sky survey is approximately Ωs = 4 × 103 deg2, and a total time of
t = 4 × 103h is spent combing the sky. The redshift range of MeerKAT is 0 < z < 1.45,
which is split up in two bands: L-band [900 < ν < 1420 MHz] and UHF-band
[580 < ν < 1000 MHz], [37].

The MeerKat array will consists of Nd = 64 dishes with diameter of D = 13.5m.
The receivers fitted is expected to yield a frequency resolution of δν = 50kHz [36],
while functioning at temperatures of around Tsystem = 25 × 103 mK [37].

4.4.2 SKA1

Eventually the MeerKAT array will be upscaled into the first phase of the SKA. The
system temperatue is assumed the same as MeerKAT, Tsystem = 25 × 103 mK [37].
The telescope array will consist of Nd = 194 dishes with slightly larger diameter of
D = 15m. The sky area surveyed is estimated at Ωs = 20 × 103 deg2, for a total
time of t = 104h. The frequency range for the new receivers are also increased, which
means a larger redshift range observed, L-band [950 < ν < 1760 MHz] and UHF-band
[350 < ν < 1050 MHz], [8]. Approximately z ∈ [0, 3].

In HI IM all the dishes will work together to form a single beam, Nb = 1, which
makes it possible to probe the largest of scales.
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Chapter 5

Fisher Forecasts

Fisher forecasting is a simple, computationally inexpensive way of predicting the
constraints on a set of parameters that should be achieved by a given experimental
configuration [7]. This method assumes Gaussianity and neglects systematic biases,
which makes it approximate and idealised. Never the less the method offers a reliable
way of understanding the relative performance of different experimental configurations.

The Fisher analysis takes into account theoretically how much information can be
extracted from a specific survey, and how much each parameter would influence the
cosmological model we are trying to test. This gives us a confidence interval on how
accurately certain parameters could be measured, and hence how confidently we can
exclude different models of gravity.

A fully Bayesian statistical approach, called the ’Internal Robustness’(iR), was applied
to growth rate to find systematics in the latest datasets [40]. This method is not
only sensitive to local minimum, like χ2 comparisons, but by analysing combinations
of subsets in the dataset, the Bayesian model in principle can also potentially find
group outliers and data affected by systematics. The iR method showed that there
is no anomalous behavior in the fσ8 dataset, ensuring internal robustness against
systematics when using this method.
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5.1 Alcock-Paczynski effect

In order to translate a redshift position to coordinates in real space, one needs to assume
a model that describes the observed universal expansion, H(z). If the model is slightly
inaccurate, the distance measurements will be out, and the error induces a distortion in
the correlation function. This phenomenon can be taken into account when forecasting
constraints on cosmological parameters, here we considered the Alcock-Packzynski
effect (AP).

The distance between a pair of galaxies sepparated by an angle dθ is obtained from
FLRW metric as in [48]

dℓ⊥ = (1 + z) DA(z) dθ (5.1)

where DA represents the angular diameter distance at the redshift of the pair. The
separation of galaxies in the radial direction is given in terms of the Hubble rate

dℓ∥ = c dz

H(z) (5.2)

such that integrating over z will recover the comoving distance (2.36). If a fiducial
cosmological model is assumed (denoted by the bars) that is different from reality, we
expect to see a transversal distortion

dℓ̄⊥ = (1 + z) D̄A(z) dθ =
(

D̄A

DA

)
dℓ⊥ = dℓ⊥

f⊥
(5.3)

and radially
dℓ̄∥ = c dz

H̄(z)
=
(

H

H̄

)
dℓ∥ = dℓ∥

f∥
(5.4)

where f∥ and f⊥ is written as a ratio of H and DA with their fiducial counterparts
respectively. Thus the expected induced anisotropy due to the AP-effect can be
expressed as in [9]

F = f∥

f⊥
= D̄A

DA

H̄

H
(5.5)

which is how the distance between two points would be influenced.
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5.2 Fourier power spectrum 51

Considering this effect on the Fourier power spectrum P HI, which is a 3D analysis, the
final form of the correlation function is given by

P HI
a (k) = D̄2

A(z) H(z)
D2

A(z) H̄(z)
P HI(k) (5.6)

since the volume is given by the surface area on the sky ∼ D2
A, times depth of the

survey, H. The factor will cancel to 1 if the assumed cosmology is correct, and
distort the power spectrum if it is inaccurate. Equation (5.6) represent the correlation
function we will be using for the Fourier space Fisher forecast, and therefore we need
to determine the derivatives with respect to the parameters we want to forecast - see A.1.

Given the various different technicalities when it comes to the different mathematical
analyses, it should be no surprise that they require different approaches when deriving
the constraints on cosmological parameters.

5.2 Fourier power spectrum

In order to know how much information can be extracted from a survey, we first need
to determine the k-modes/scales we are able to probe and at what resolution we are
able to observe them. The largest scale that can practically be measured within a
redshift bin is proportional to the volume of that bin. The comoving volume of a
redshift bin Vs with central redshift position zi and bin-width ∆z can be calculated
with (2.42), thus

kmin(zi, ∆z) = 2π

Vs(zi, ∆z)1/3 (5.7)

where the cube root projects the volume to one dimensional length, and 2π is the one
dimensional relation to Fourier space. The minimum k-mode will be used to determine
the smallest mode resolvable, to approximate the discrete nature of sampling modes.
Since we use linear perturbation theory to model the expansion of the universe the
smallest scales considered in this thesis are determined as in [45],

kmax(z) = 0.14 Mpc−1(1 + z)2/3 (5.8)

which approximates the boundary of the linear regime. Hence the k-modes sampled in
each z-bin are k ∈ [kmin, kmax] at intervals of kmin.
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We can add the effect of instrumental noise in the Fisher forecast by adjusting the
survey volume in proportion to the S/N level. The effective volume of the survey is
given by

Veff(k, µ, z, ∆z) = Vs(z, ∆z)
(

P HI(k, µ, z)
P HI(k, µ, z) + P N(k, µ, z)

)2

(5.9)

where P HI (4.7) and P N (4.16) are signal and instrumental noise respectively.

The Fisher matrix computes the the influence of a single parameter on the cosmological
model by taking the derivative of the correlation with respect to the parameter α, in
this case ∂α ln P HI. By numerically integrating over all available k-scales and µ, we
sum together all the information that is theoretically extractable from P HI. Thus the
Fisher formula for P (k) analysis is

Fαβ(zi, ∆z) = 1
8π2

∫ 1

−1
dµ
∫ kmax

kmin
k2 dk

[
∂α ln P HI(k, µ, zi) ∂β ln P HI(k, µ, zi)

]
×Veff(k, µ, zi, ∆z)

(5.10)

given the survey specifications is considered in Veff . It is possible to analyse multiple
parameters simultaneously and determine the cross-correlation between them, making
it possible to make a forecast on a parameter by taking into account the uncertainties
on many different parameters.

5.3 Angular power spectrum

The angular power spectrum looks at different angular correlations at different scales.
In harmonic space this is done by slicing up the redshift range in concentric spherical
shells, and projecting the information in the z-bin on a 2D surface. This means that
the redshift resolution (δz) of the analysis is equal to the redshift bin-width, δz = ∆z,
as opposed to δz ∝ δν in Fourier space.

Similarly to the P (k) analysis, the range of angular scales available in the survey
had to be determined. The maximum angular scale should also be limited by the size
of survey,

ℓmin = π√
4πfsky

(5.11)
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5.3 Angular power spectrum 53

where fsky is the survey area in steradians (2.40).

The smallest angular scales considered are again determined by the boundary of
the non-linear regime. This is calculated by the product of non-linear cutoff in Fourier
space (5.8) and the comoving distance (2.36),

ℓmax(zi) = kmax(zi) χ(zi) (5.12)

thus the range of multipoles are determined ℓ ∈ [ℓmin, ℓmax], at integer increments.

The survey specifications are simply taken into account by adding the Cℓ covariance
matrix (3.27), to the noise determined in (4.17),

Γℓ = CB(ℓ) + N

with superscript B indicating the beam has been applied, (4.18). The new covariance
relation Γ is inverted and multiplied by the derivative-covariance matrices determined
in (A.30) for γ, and (A.35) for f . The derivative matrices are also multiplied by
the beam. The Fisher forecast from Cℓ analysis also sum together the influence of a
parameter on the correlation function over all observed scales. The definition is taken
from [15],

Fαβ =
ℓmax∑
ℓmin

2ℓ + 1
2 fsky Tr

[
∂αCℓ Γ−1

ℓ ∂βCℓ Γ−1
ℓ

]
(5.13)

which has the same form as P (k)′s Fisher formula, if logarithmic derivatives in (5.10)
is expanded, and P HI canceled in Veff . The main difference is P (k) is a 3D analysis as
opposed to projecting the data in a redshift bin to a two dimensional surface, as in
Cℓ. Thus instead of having a survey volume, we only consider the sky fraction of the
survey.

This thesis will only consider growth rate and index of large scale formation in harmonic
space.
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5.4 Constraints

If we assume that the measurements taken follow a normal distribution centered around
the actual parameter value, we can estimate the variance of the distribution by taking
the inverse of the Fisher matrix

σ2
αβ = Fαβ

−1 (5.14)

The operation of inverting the Fisher matrix is a marginalisation over the considered
parameters, which means that the uncertainties on all cosmological parameters are
included in the resulting covariant matrix. Alternatively one can look at an individual
parameters independently, which means all other parameters in the model are assumed
to be known. This is known as the conditional error, and results in the most optimistic
constraints.

By taking the log derivatives in the Fisher formula, ∂ln θ, the constraints are given in
the form of fractional uncertainty,

σln θ = σθ

θ
(5.15)

given the standard deviation σθ on parameter θ.

Prior information

Constraints can be improved by adding prior information from other probes, like CMB
temperature anisotropies, weak gravitational lensing and galaxy surveys. This enables
us to break degeneracies of certain cosmological quantities, which can greatly improve
precision of HI IM measurements [8].

The purpose of this thesis is not to give an extensive forecast of possible cosmological
constraints for the coming decade, but merely what we can expect independently for
MeerKLASS like surveys, hence prior information is ignored.
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Chapter 6

Results

In all forecasts we assumed that the information about the full shape of the power
spectrum can reliably be recovered. To this end the P (k) and Cℓ power spectra
was simulated by the CAMB and CAMB_sources software respectively, which
was manipilated with the help of software from [14]. The simulations assumed a
ΛCDM fiducial cosmology and initial conditions from Planck 2015 [2]. The present day
matter content of the universe is assumed to be Ωm0 = 0.3067, and DE contribution
ΩΛ = 1 − Ωm0 assuming a flat universe. The concordance model assumes that the
growth index of large scale structure formation is constant over time and given by
γ = 0.545, which was assumed in this thesis. Also the present day value of the Hubble
rate was assumed to be H0 = 67.8 km/s/Mpc.

6.1 Fourier power spectrum

The software output from CAMB is the power spectrum for cold dark matter at a
specific redshift, Pm(z, k). The power spectrum is then converted to P HI using (4.8).
For a complete description of the mathematical definitions, and capability of CAMB,
see [17].

Firstly we show the simulated HI Fourier power spectrum, along with the noise
expected from MeerKAT survey specifications. In order to illustrate the influence of µ

on P (k) and noise, at an arbitrary redshift position let µ ∈ [1, 0.5, 0], Fig 6.1a. The
signal from the smaller scales are quickly saturated by the beam. Given µ = 1, the
noise stays constant as a function of scale, and keeps below the expected signal for
both MeerKAT and SKA1 surveys i.e. 0 < z < 3.
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(a) (b)

Fig. 6.1 Solid curves represent the P (k) signal from HI IM at z = 0.5, along with the
noise represented by the dashed curves. Colours represent different pointing directions
(left). The derivatives of various parameters on the power spectrum was investigated
at z = 0.5 and µ = 0.5 (right).

The logarithmic derivatives of P HI were determined with respect to the parameters that
are going to be considered in this thesis (A.1) is illustrated in Fig 6.1b. As expected
the growth rate and growth index are constant as a function of scale, but the plot
shows the influence of these parameters on the model is relatively small compared to
the other parameters. This in turn will make fσ8 and γ more difficult to measure
and hence constrain. The wiggles around k ≈ 0.1 Mpc−1 are caused by the Baryonic
Acoustic Oscillations. This cosmological feature makes it easier to constrain H and
DA, and is often used in other works specifically for this purpose. The derivative with
respect to bHI indicates that relatively good constraints can be expected. For this
reason and the fact that little is still known about the true bias relation, it has been
marginalised over as a nuisance parameter in the more advanced analyses.

Having determined the derivatives, the Fourier space Fisher formula (5.10) was used
to calculate the fractional uncertainty on fσ8. The influence of survey specifications
was considered by varying sky fraction, Fig 6.2a, and survey time Fig 6.2b. The effect
on constraints was quantified by taking the difference between respective fractional
uncertainties.

Given a fractional uncertainty θ, derived using the baseline specifications θβ, and
alternate survey specifications θα,

∆θ = θα − θβ (6.1)
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(a) (b)

Fig. 6.2 Fractional uncertainty on fσ8 from P (k) as a function of redshift. Different
survey specifications were considered, by varying sky fraction fsky (on the left), and
survey time in hours (on the right). Dashed curves was determined by (6.1), and
colour correspond to the specific survey specification considered.

where the baseline specifications selected are t = 4 × 103 hours, survey area fsky = 0.1
(MeerKAT survey specifications). It was found that varying the survey time had less
of an influence on the desired constraints, as compared to the survey size. Referring
to Fig 6.2b, even though the ∆θ increases as a function of z, we expect at most
∆σln fσ8 ∼ 0.005 improvement after doubling survey time. It was shown in Fig 6.2a
that the influence on constraints are larger for lower z (∆σln fσ8 ∼ 0.025), but for
the majority of the range there is also no significant difference between using the
MeerKAT and alternate specifications. Consequently the original survey specifications
are preserved for the rest of the P (k) analysis.

The constraints from P (k) was found to be highly dependent on the redshift bin-
widths, Fig 6.3. This is mostly due to the fact that larger bin sizes would include
larger scale structures in the Fisher analysis, as well as increase the number of smaller
scale observations. Thus the larger the redshift bins, the better the constraints. The
drawback is that the Fisher analysis assumes constant cosmological parameters across
the entire redshift bin, which means even though the constraints have improved by
increasing the bin width, we now assume time dependent variables constant across
larger ranges of z.

In order to compromise between the expected precision and the confidence in the
accuracy of the measurement, this thesis assumed ∆z = 0.1 for all the P (k) analyses.
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Fig. 6.3 Varying redshift bin-width ∆z, was considered on the conditional constraints
of fσ8.

This means we split the survey into bins less than 7% of the total survey size, making
sure we account for the evolution of cosmological parameters with redshift, whilst still
having acceptable constraints from HI IM.

After taking into consideration the influence of survey specifications and bin-width on
the constraints, we determined the conditional errors on the cosmological parameters,
fσ8 and γ. The best expected constraints on the afore mentioned parameters are shown
in Fig 6.4a, since here we assumed all other parameters are known. It was shown that
per redshift bin we expect a less precise measurement on γ as compared to f , due to
the fact that γ relates exponentially to f . In other words since ∂γP (k) < ∂fσ8P (k),
the influence of γ on P (k) is smaller than f and hence the parameter is more difficult
to observe.

A more realistic forecast on the growth rate of large scale structure formation was
achieved by considering the effect of an inaccurate cosmology. The influence of the
AP-effect on fσ8 was determined by marginalising over the H and DA, then it was
compared to the conditional error on fσ8, Fig 6.4b. This shows an expected degradation
of constraints by 3-8% when considering the AP-effect. It was determined that the main
contributor to the increasing uncertainty is DA, as evident from the small influence on
fσ8 constraints from including only the uncertainty in H.
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(a) (b)

Fig. 6.4 Conditional constraints on fσ8 and γ, assuming ∆z = 0.1 (left). Marginal
constraints on fσ8: Marginalisations included the AP-effect [ln fσ8, ln H, ln DA],
comparing to [ln fσ8, ln H] and conditional error [ln fσ8] (right).

(a) (b)

Fig. 6.5 The fractional uncertainty was determined for the parameters H and DA, by
marginalising over

[
ln fσ8, ln H, ln DA, ln bHIσ8

]

A full analysis was considered when H and DA was constrained, Fig 6.5a and 6.5b
respectively. That is to say we have taken into account the uncertainty on bias by
marginalising over bHI as well. From HI intensity mapping we expect better constraints
from H compared to DA, since it has high spectroscopic precision in the radial direction
but uses a low angular resolution configuration. The the precision on the measurement
of H and DA is comparable, but the angular diameter distance achieves this for a
shorter redshift interval. It was found that the constraints could be as low as 2% for
MeerKAT and sub 1% for SKA1, at z ∼ 0.5.

For a comparison to previous measurements of fσ8 from various other surveys (Vipers,
BOSS and SDSS), requires us to also include the uncertainty in the HI bias, Fig 6.6.
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Fig. 6.6 Fractional uncertainty on fσ8 using marginal errors, parameters considered[
ln fσ8, ln H, ln DA, ln bHIσ8

]
. The blue points is a composition of measurements from

previous surveys like BOSS[39], Vipers [34] and SDSS [41].

The full analysis is also used to compare the results from MeerKAT to that of the
completed SKA1. Fig 6.6 clearly indicates that MeerKAT is expected to significantly
improve constraints on f , as compared to previous measurements. Also we find a
constraints on fσ8 to be under 10% for most of MeerKAT’s redshift range. Upon
completion of the first phase of the SKA we forecast σln fσ8 can decrease by 0.02-0.03
over z-range. This means we can expect competitive measurement on f out to z ∼ 2,
which is much further than current measurements.
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6.2 Angular power spectrum

The angular power spectrum simulated by CAMB_sources has bias and RSD
included, thus we applied the average temperature to the correlation matrix (4.9) to
simulate the HI temperature fluctuations. The angular power spectra used in the
spherical harmonic analysis is shown by splitting up the auto- and cross-correlations in
Fig 6.7a and Fig 6.7b respectively. The auto-correlations are defined by CHI

ℓ (zi, zi) and
cross-correlations CHI

ℓ (zi, zj), given i ̸= j. Colours correspond to the varied redshift
bin zi for CHI

ℓ (zi, zi), and zj for CHI
ℓ (zi = 0.05, zj). Expected noise levels are indicated

by the dashed lines, which shows a high signal to noise ratio for auto-correlations.

The logarithmic derivatives of the total-correlations CHI
ℓ (zi, zj) with respect to f

was calculated in (A.35), which was split into the auto- and cross correlations in
Fig 6.7c and Fig 6.7d respectively. This indicates we do expect some extra information
by including the cross terms, and the larger scales will have the greatest contribution.
The cross-correlation of ∂Cℓ/∂ ln f is expected to be smooth, but I was unable to
increase the accuracy of the CAMB simulation due to insufficient computational
recources.

The derivative with respect to γ was also considered (A.30), and following the same
pattern split up into Fig 6.7e and Fig 6.7f. This shows there is some information in
the cross correlations of f and γ.

By using the spherical harmonic Fisher formula (5.13), the constraints on growth rate
was calculated and used to analise the influence of survey specifications on MeerKAT.
Again we considered the variation of sky fraction Fig 6.8a, and time Fig 6.8b, by
looking at bins independently. The difference in survey specifications was quantified
using ∆θ (6.1), indicated by the dashed lines. Similarly to the P (k) analysis, the
constraints from Cℓ is more influenced by survey area as opposed to time. It should be
noted that the influence of sky area is more prominent for the Cℓ analysis compared
to P (k). Up to ∆σln f ∼ 0.62 difference can be expected for low redshifts when using
fsky = 0.2 as opposed to the baseline specification. Doubling the survey time has a
∆σln f < 0.01 influence.
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(a) (b)

(c) (d)

(e) (f)

Fig. 6.7 : Top panel: The auto-correlations CHI
ℓ (zi, zi), was determined (on the left)

along with the cross-correlations CHI
ℓ (zi = 0.05, zj)(on the right). Colours correspond

to varied redshift bin, zi for auto- and zj for cross-correlations. Dashed lines indicate
noise levels. Mid panel: Derivatives taken with respect to ln f of the auto-(on the left),
as well as the cross-correlations (on the right). Bottom panel: Derivatives with respect
to γ for the auto- (on the left) and cross-correlations (on the right).
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(a) (b)

Fig. 6.8 Conditional constraints on f from Cℓ, with varying sky fraction fsky (left),
and survey time in hours (right). Dashed curves determined from (6.1), and colours
corresponds to survey specification considered. Bin-width δz = 0.05.

The influence of cross correlating different redshift bins was determined in harmonic
space, by comparing constraints on f derived from total-correlations and auto-correlations,
Fig 6.9a. The difference is taken as in (6.1), using total-correlations as the baseline
parameter θβ. The analysis has shown that the cross-correlations would improve
constraints on f for lower redshifts ∆σln f ∼ 0.23, but over most of the z-range
∆σln f < 0.01.

Considering only the conditional error on f and using a single z-bin, we compared
expected constraints from the MeerKAT and SKA surveys, Fig 6.9b. It was found that
the improvement on constraints for SKA1 was mostly influenced by the increase in
sky coverage, and not the increase in dish diameter or number of dishes. The most
optimistic results from Cℓ shows we expect constraints on f to be as low as ∼ 9%
for MeerKAT, and ∼ 4% for SKA1. It also shows Cℓ is expected to better constrain
parameters at larger redshifts z > 1, which gives it an advantage over P (k)’s relative
poor ability to constrain at the depths of the survey.

6.2.1 Optimisation

Similarly to P (k), the influence of the redshift bin widths was also considered, but the
relation between δz and constraints on parameters proved slightly more complicated.
The angular correlation and noise are both dependent on δz, as illustrated in Fig 6.10a-
6.10b.
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(a) (b)

Fig. 6.9 Fractional uncertainty on f from the auto- and total-correlation was compared
(left). Auto-correlations from MeerKAT and SKA surveys compared (right).

As δz = 0.1 is reduced the power spectrum increases and eventually converges to
a maximum signal, whereas the noise keeps increasing. Since the non-linear cut-off
is determined by the angular scale ℓmax (5.12), the bin-widths are not constrained by
this limit. It was shown at higher redshifts the survey prefers wider redshift windows
δz ∼ 10−1, as opposed to δz ∼ 10−3 for lower redshifts. Thus by varying the bin width
across redshift will deliver a better signal to noise ratio (S/N) for Cℓ across the z-range.

In order to extract the optimal constraints from Cℓ, the S/N is maximized by looking
at the fractional uncertainty on f in Fig 6.11a, and γ in Fig 6.11b. The central redshift
bin position zi was fixed (corresponding to the different curves) while the bin width δz

was varied. A linear fit is applied to the points and the minimum fractional uncertainty
interpolated. The minimum fractional uncertainty in each bin is used to determine
the coordinate (zi , δz(zi)). This allows us to fit a quadratic curve to these coordinates
and approximate the function δz(z) for maximum S/N, Fig 6.12a. It was found that
the function of optimal bin-width is the same for both f and γ, which is an indication
that our method of optimisation is consistent.
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(a) (b)

Fig. 6.10 Angular power spectrum (solid) along with the noise (dashed). The central
bin position is held constant and colours correspond to different bin-widths δz. Central
redshift positions are zi = 0.05 (left), and zi = 1 (right).

(a) (b)

Fig. 6.11 Different curves correspond to the central redshift positions zi, y-axis is
conditional constraints as a function of δz. Parameters considered are f (on the left)
and γ (on the right).
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(a) (b)

Fig. 6.12 Quadratic fit that approximates maximising S/N for Cℓ (left). Optimal
slicing has been determined for SKA1 by using a variable bin size δz (right).

By using the fit in Fig 6.12a,

δz(z) = 0.0103 z2 − 0.0029 z + 0.0012 (6.2)

we can determine the sequence to find appropriate zi with

zi+1 = zi + δz(zi)
2 + δz(zi+1)

2 (6.3)

then optimally slicing SKA1 range results in around 362 bins, Fig 6.12b.

The optimal bin slicing was used to calculate the best conditional constraints on
f we can expect from using Cℓ. The effect of the optimisation was determined by
comparing the optimised constraints to constraints with constant bin-width δz = 0.05,
for the MeerKAT (Fig 6.13a), and SKA1 (Fig 6.13b) surveys. Again ∆θ was used to
quantify the difference in fractional uncertainty (6.1), using constraints from constant
bin width as the baseline. It was found for lower redshifts σln f decreased by as much
as ∆σln f ∼ 1.84 for MeerKAT and shows a difference of ∆σln f ∼ 0.01 up to z ∼ 1.
This means σln f < 0.1 for the majority of redshift range, given a conditional analysis.
For SKA1 we can expect a decrease of ∆σln f ∼ 0.74 for low z, with a difference of
∆σln f ∼ 0.01 at z ∼ 1. By maximising the S/N the fractional uncertainty from SKA1
can be reduced to σln f ∼ 0.025 for 0.25 . z . 0.75.
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(a) (b)

Fig. 6.13 Difference in constraints on f from optimisation, blue represent constant
bin-width δz = 0.05, compared to δz(z) in red. The difference is given by ∆θ, using
optimised constraints as baseline. For MeerKAT (left) and SKA1 (right).

(a) (b)

Fig. 6.14 Difference in constraints on γ from optimisation, blue represent constant
bin-width δz = 0.05, compared to δz(z) in red. The difference is given by ∆θ, using
optimised constraints as baseline. For MeerKAT (left) and SKA1 (right).
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6.3 Growth index

The fractional uncertainty on γ was analysed at each redshift bin, using conditional
errors and considering a non-linear cut-off ℓmax(zi), (5.12). The difference from
optimising the bin-widths was compared to δz = 0.05 for MeerKAT in Fig 6.14a
and SKA1 in Fig 6.14b. By considering a single z-bin at a time, it was found that for
the MeerKAT survey the fractional uncertainty decreased by as much as ∆σln γ ∼ 3.18
at lower redshift, with a difference of more than ∆σln γ ∼ 0.01 for the entire redshift
range. The constraints on γ reach a minimum of σln γ ∼ 0.10 at z ∼ 0.25.

Similar improvement is expected from optimising the SKA1 survey, with ∆σln γ ∼ 1.28
at lower redshifts which decreases to around ∆σln γ ∼ 0.01 at z ∼ 1.3. Optimising the
constraints from SKA1 will bring the fractional uncertainty σln γ < 0.1 for 0.2 < z < 0.6,
with a minimum uncertainty σln γ ∼ 0.05 at z ∼ 0.25.

The growth index is assumed constant as a function of time, which means we can
combine information across the entire redshift range into a single constraint. The
spherical harmonic Fisher matrix automatically takes into account information from all
z-bins, including the cross-correlation between bins. The constraint σln γ can easily be
computed from the total-correlation by inverting Fγγ . In order to derive the constraint
using the auto-correlation, the cross terms was set to zero in both Cℓ and ∂Cℓ/∂γ

covariant matrices.

It was found that the auto-correlations yielded constraints of σln γ ∼ 0.130 and 0.054
for MeerKAT and SKA1 respectively. Including the cross-correlations showed slight
decrease in fractional uncertainty, with σln γ ∼ 0.119 and 0.049 for MeerKAT and SKA1
respectively, Table 6.1.

σln γ Auto Total ∆σln γ

MeerKAT 0.130 0.119 0.011
SKA1 0.054 0.049 0.005

Table 6.1 Using both auto- and total-correlations, a combined constraint on γ from
Cℓ was determined.

In order to optimise the collective constraint on γ, the Fγγ matrix for each bin was
summed to extract information over all z. The combined Fisher matrices was inverted
to determine σln γ . This constraint on γ neglect the correlation between different bins.
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It was found that conditional constraints on γ, is again σln γ ∼ 0.130 and 0.054 for
MeerKAT and SKA1 respectively, given δz = 0.05. By optimising the S/N ratio the
constraints on growth index have been influenced significantly, with σln γ ∼ 0.013 and
0.005 for MeerKAT and SKA1 respectively, Table 6.2.

σln γ Constant Optimal ∆σln γ

MeerKAT 0.130 0.013 0.117
SKA1 0.054 0.005 0.049

Table 6.2 Effect of maximising S/N on the combined σln γ from Cℓ(zi, zi). Optimal
constraint is calculated using δz(zi), and compared to δz = 0.05.

The combined constraint on γ can also be calculated from Fourier space, by summing
the Fisher matrix across the redshift range. In order to compare this to the optimised
results from Cℓ, we also included the AP-effect (5.1). It was found that the P (k)
analysis produced σln γ ∼ 0.029 and 0.009 for MeerKAT and SKA1 respectively. This
means that σln γ from a Cℓ analysis is about half of the P (k) constraints, if we consider
the uncertainty on the background model. The results are summarized in Table 6.3.

σln γ P (k) Cℓ ∆σln γ

MeerKAT 0.029 0.013 0.016
SKA1 0.009 0.005 0.004

Table 6.3 Summarising the combined conditional constraints on γ, from P (k) and Cℓ.
Marginal constraints from P (k) include the AP-effect, and Cℓ constraints have been
optimised by maximising S/N.

The results from the above tables have been summarised visually for both MeerKAT
(in Fig 6.15a) and SKA1 (in Fig 6.15b).

6.4 Summary

The influence of the anisotropy on P (k) and associated noise was investigated in
Fig 6.1a, showing µ → 0 the S/N decreases rapidly. This is because the P (k) signal
is decreased and noise from the small-scales quickly increase because of the beam.
Derivatives of P (k) with respect to various parameters in Fig 6.1b shows that the
growth rate and growth index contribute less to the power spectrum compared to the
other parameters. Note the derivatives of fσ8 and γ decreases to zero as µ → 0 as
expected.
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(a) (b)

Fig. 6.15 A visualisation of combined constraints on γ, indicating a 1σ and 3σ error
bar. The first three error bars are constraints for Cℓ and the last P (k). Error bars are
center around γ = 0.545 for GR, and rectangle indicate different growth indices for
MG from [23][27]. MeerKAT (left) and SKA1 (right).

Considering the P (k) analysis, it was determined that overall survey area has more of an
influence on constraints, as compared to survey time, Fig6.2a & Fig6.2b. By doubling
the MeerKAT survey time we at most expect a slight difference of ∆σln fσ8 ∼ 0.005 at
the edge of the redshift range. Similarly doubling MeerKAT’s survey area shows only
∆σln fσ8 ∼ 0.01 difference is expected, except for z < 0.1 where ∆σln fσ8 ∼ 0.025.

The effect of changing the redshift bin-width was considered on the fractional uncertainty
of fσ8, derived using the P (k) analysis, Fig 6.3. It was found that increasing bin-
width rendered more precise constraints, but at a significant loss of accuracy. A
binning method was selected that relates bin size to under 10% of the total redshift
range, ensuring we get good constraints whilst considering the time evolution of the
cosmological parameters.

It was shown that the constraints on fσ8 are better than that of γ per redshift
bin, Fig 6.4a. However since γ is constant across time, the combination of information
across the entire survey range makes it a competitive method of analysis, Table 6.3.
The constraints on fσ8 was calculated and it was found the AP-effect has significantly
influenced the fractional uncertainty, Fig 6.4b. The greatest contribution to the
degradation of constraints is the angular diameter distance.

The constraints on the Hubble parameter and angular diameter distance was done
using a full Fisher analysis, showing better constraints are expected on H as compared
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to DA, Fig 6.5a and Fig 6.5b. With similar constraints expected to be as low as 2% and
sub 1% for MeerKAT and SKA1 respectively, DA achieves the same level of constraint
for a significantly shorter interval.

After including uncertainties in the bias and fiducial cosmology, it was shown that the
MeerKLASS survey is expected to greatly improve on previous measurements of fσ8.
Constraints from SKA1 could be as good as 1% at z ∼ 0.4, and have the ability to
constrain f to much greater redshifts than before, Fig 6.6.

Survey specifications was found to have a greater influence in harmonic space compared
to Fourier space. Doubling MeerKAT’s the survey time would have a sub percentage
influence of conditional constraints Fig 6.8b, but doubling the sky area could have a
significant influence at z < 0.1, Fig 6.8a.

The cross-correlations are expected to have little effect on σln f for the majority
of the z-range, Fig 6.9a, and was subsequently ignored. From conditional errors in
Fig 6.9b, we expect constraints on f from MeerKAT to be as low as 9%, and the best
constraint from SKA1 to be ∼ 4%.

In spherical harmonic space both the signal and noise depend on the redshift bin-width,
which offered the opportunity to maximize the S/N and improve constraints, Fig 6.10a
and 6.10b. It was found that lower z prefers narrow bin-widths as opposed to wider
bins at higher redshifts. In order to find the optimum bin-width for each redshift bin,
the fractional uncertainty of f and γ was minimised by varying δz, Fig 6.11a and
Fig 6.11b respectively.

A 2nd order polynomial fit used to approximate the function δz(z) (6.2), that produces
maximum S/N, Fig 6.12a. A numerical method was then used to determine the central
redshift positions zi and the corresponding bin-widths δz(zi), for optimally slicing
z-range, Fig 6.12b.

The optimal bin slicing was used to determine the minimum σln f from Cℓ, and
compared to constraints with constant bin-width, Fig 6.13a and 6.13b. At lower z we
expect a significant improvement on constraints using the optimised bins, ∆σln f of up
to 1.84 and 0.74 for MeerKAT and SKA1 respectively. With this technique σln f < 0.1
for the majority of z-range, hence Cℓ is competitive for z > 0.125.
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The optimisation was also applied to constraints on γ, and then compared to that of
constant bin-width, Fig 6.14a and Fig 6.14b. At lower z a difference ∆σln γ of up to
3.18 and 1.28 can be expected for MeerKAT and SKA1 respectively. Also considering
SKA1, σln γ < 0.1 for a significant proportion of the redshift range.

The information from all redshift bins was summed to determine the combined
constraints on γ. First the contribution from cross-correlations in Cℓ was considered,
and was found to have relatively little effect on decreasing σln γ, Table 6.1.

The influence of optimisation was also considered when calculating the combined
constraint on gamma, Table 6.2. It was found that the optimisation technique could
potentially have a significant influence on constraining γ, with around ∼ 1.3% expected
from MeerKAT and sub 1% for SKA1.

Comparison of the constraints from the Fourier and Harmonic space is summarised
in Table 6.3. To this end the AP-effect was necessarily included in the forecast from
P (k). The marginal constraint on γ was combined from P (k), and shows to be a useful
method of analysis, albeit not as precise as Cℓ.

The combined constraints are visualised and summarised in Fig 6.15a-6.15b, which
shows the best case constraints expected from future HI IM surveys produced by the
MeerKAT and SKA1.
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Discussion and conclusion

7.1 Fourier analysis

The definition of the HI Fourier power spectrum (4.7) makes it easy to see the
dependence of the correlation function on µ. As µ → 0, the amplitude of P HI decreases
since the contribution of RSD declines, Fig 6.1a. Also as µ → 0, the smaller k-scales
becomes saturated with noise given the dependence of k-space telescope beam(4.14).
Thus significantly less information is contributed from smaller scales as the angle of
the wavevector and its projection in the line of sight tends to zero.

By varying the survey specifications it was shown that fsky has a greater influence
on constraints, compared to survey time, Fig 6.2a-6.2b. This means that sampling
more of the sky leads to better statistics and hence constraints. Overall the influence
from varying survey specifications is expected to be minor, considering sub percentage
improvement by doubling fsky and survey time.

Crucially one should consider the effect of z-bin width on time dependent cosmological
constraints, regarding a P (k) analysis, Fig 6.3. In Fourier space the correlation
function assumes constant cosmological parameters across the entire z-bin, which
means if the bins are too large the extraction of a time dependent parameter becomes
highly inaccurate. Larger z-bins bins implies better constraints, since larger scales are
included as well as an increased number of small scales. Hence for P (k) analysis there
is a trade off between accuracy and precision. From Cℓ constraints can more accurately
be extracted by considering far smaller bin-widths, and producing around the same
precision as P (k).
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For independent redshift bins, γ is harder to constrain than fσ8. Because of the
exponential relation between the two parameters (2.89), the growth index has a smaller
influence on the correalation function, see Fig 6.4a. However since γ is independent of
time, we can combine the information from all z-bins to determine a single constraint,
Table 6.3. Thus the constraints on γ derived from HI IM in Fourier space P HI, is a
useful test to compare various gravitational theories.

The effect of assuming an inaccurate fiducial cosmology was considered when constraining
fσ8 in Fourier space. The most significant influence from the AP-effect is the angular
diameter distance, which can be attributed to the low angular resolution of IM. The
high spectroscopic resolution of the HI line, combined with a great frequency resolution
of the MeerKAT telescope, shows only a small influence from H when constraining
fσ8, Fig 6.4b.

By including the uncertainty in bHI and fσ8, the constraints on H (Fig 6.5a) and DA

(Fig 6.5b) are σln θ < 0.1 for the entire z-range. Constraints could be as low as 2%
for MeerKAT, and less than 1% for SKA1. It should be noted that the angular power
spectrum is directly based on observables, therefore in a spherical harmonic analysis
we need not assume a background cosmology and hence neglect the AP-effect.

In order to compare the predicted constraints to measurements from previous surveys,
the uncertainty on the HI bias has to be considered. Bias relates the HI distribution
to the underlying matter perturbations, which means we can compare surveys like HI
IM to galaxy surveys. The full analysis was applied when computing the constraints
on fσ8 for both MeerKAT and SKA1, Fig 6.6. Uncertainty in previous measurements
from various surveys are just above σln fσ8 ∼ 0.1 uncertainty, see compilation in [24].
For both MeerKAT and SKA the forecast suggest that we could probe well below
σln fσ8 ∼ 0.1 over a significant proportion of the z-range, making this a competitive
tool to constrain gravitational theories. We are also able to constrain f accurately at
higher redshifts than ever before using SKA1 and P HI.

It should however be noted that generally Fisher forecasts are over optimistic, and we
expect constraints in this forecast to degrade since we neglected the effect of foreground
cleaning. For example the conditional constraint on fσ8 was ∼ 4% for the BOSS survey,
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then the dataset yielded constraints ∼ 10% [26]. We hope the decrease in constraints
can be compensated for by taking a prior from Planck data and other surveys.

7.2 Spherical harmonic analysis

The simulated angular correlation from HI emission was plotted along with the
instrumental noise associated with intensity mapping. The signal was split into
the auto- (Fig 6.7a), and cross-correlations (Fig 6.7b). This shows that the information
from the auto-correlations have large S/N only for the large scales, since the beam in
harmonic space exclude the smaller scales (4.18).

The influence of survey specifications was evaluated for the Cℓ analysis, Fig 6.8a, and
the sky fraction had a bigger influence compared to time spent observing. The angular
correlations turned out to be more sensitive to the changes in survey specifications
compared to P (k). A larger sky fraction would have a significant difference at low
redshifts (∆σln f ∼ 0.62), if MeerKAT’s fsky could be doubled. However for z > 0.25
almost no difference from sky fraction is expected. As with P (k), only ∆σln f ∼ 0.01
improvement is expected on the Cℓ constraints by doubling the survey time, Fig 6.8b.

One of the main advantages the harmonic space has over Fourier space, is the ability
to extract information on the evolution of the universe by cross correlating z-bins.
The constraint on f was calculated using the total-correlations, and compared to
the constraint derived from auto-correlations, thus determining the influence of the
cross-correlations, Fig 6.9a. The difference was found to be negligible for most of the
z-range, with ∆σln f < 0.01 for z > 0.25.

From CHI
ℓ (zi, zi) the constraints on f was forecast for MeerKAT and SKA1 using

δz = 0.05, Fig 6.9b. It was found that Cℓ analysis has relatively little ability to
constrain z < 1 for the MeerKAT survey. However at higher redshifts Cℓ performs
better than P (k), because the AP-effect is only considered in Fourier space. At z > 1
and z > 0.5 the constraint σln f < 0.1 for MeerKAT and SKA1 respectively. Minimum
constraints are σln fσ8 ∼ 0.09 for MeerKAT and σln fσ8 ∼ 0.05 for SKA1, at z ∼ 1.

The influence of δz on CHI
ℓ and instrumental noise was investigated at zi = 0.05

(Fig 6.10a), and zi = 1 (Fig 6.10b). For large enough δz the effect of RSD vanishes
since the peculiar velocity of sources gets averaged out in the bin, hence the signal
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will increase if smaller bins are selected. It was shown by reducing the bin-width the
angular correlation increases, and eventually converges to a maximum if all information
is extracted. The compromise is that instrumental noise increases with a reduction in
bin size as well. The increase in noise is due to reducing the observed frequency band
∆ν in (4.17).

A method of maximising the signal to noise ratio was considered by looking at
the constraints of the cosmological parameters considered. The minimum fractional
uncertainty in each redshift bin was determined for f (Fig 6.11a) and γ (Fig 6.11b)
by varying δz (15 times). The generated uncertainties are linearly fitted and the
curves are then interpolated to find the minimum fractional uncertainty. The bin-width
corresponding to the minimum constraint is found (called optimised δz) and recorded
along with redshift bin position. The optimum bin-widths as a function of z was the
same for both f and γ, leading us to conclude that the maximisation of S/N is consistent.

The optimised δz was computed at four zi across the z-range, and used to model
the function that describes optimised bins, Fig 6.12a. Using the optimised redshift
bin-width function, the optimal zi and δz(zi) can easily be determined using (6.3),
hence we are able to slice up the z-range as demonstrated in Fig 6.12b. A better fit
for the optimisation function δz(z) can be determined by increasing the number of δz

considered per z-bin, as well as increasing the number of zi optimised across z-range.

The optimal binning was used to determine conditional errors on f and was then
compared to constraints calculated using constant bin widths, Fig 6.13a and 6.13b. It
should be noted that the constant bin-width was arbitrarily chosen, and serves only
as reference for the comparison. But independently of which constant width (δzc) is
selected the optimised constraints will always be more precise. That is because when
δzc ̸= δz(zi), optimal constraints will be better, and when δz(zi) ∼ δzc the constraints
will converge ∼ zi. This is true for every δzc and any parameter considered.

The greatest improvements are expected for low z, with up to ∆σln f ∼ 1.84 difference
in the fractional uncertainty for MeerKAT and ∆σln f ∼ 0.74 for SKA1. Crucially using
the optimisation means that constraints over the majority of z-range is σln f < 0.1, and
could go as low as σln f ∼ 0.06 and σln f ∼ 0.03 for MeerKAT and SKA1 respectively,
demonstrating the competitiveness of Cℓ analysis.
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Using a P (k) analysis and MeerKAT specifications we can see conditional constraints
on f could be as low as σln f ∼ 0.01, Fig 6.4b. But because of the uncertainty in DA

the minimum constraint is expected to increase to σln f ∼ 0.03. Also for the spherical
harmonic analysis the fractional uncertainty remain relatively low for higher z, since
DA does not affect the analysis.

The Cℓ analysis is favoured in cases when constraints on time dependent cosmological
parameters are considered, since the narrow bin widths allows a more accurate
measurement without loss in precision.

Growth index

The optimisation was also demonstrated on conditional constraints on γ, and proved to
be more useful compared to the f case, Fig 6.14a-6.14b. At low redshifts the fractional
uncertainty on growth index can be improved by ∆σln γ ∼ 3.18 for MeerKAT and
∆σln γ ∼ 1.28 for SKA1. Fractional uncertainty could go down as low as σln γ ∼ 0.10
and σln γ ∼ 0.05 for the respective surveys, at z ∼ 0.25.

The combined constraint on γ was computed using information from the entire redshift
range and was used to look at the influence of different methods investigated. The
improvement can be quantified by taking the difference of the fractional uncertainties
∆σln γ, and normalising to the worst constraint σ∗

ln γ,

δσ = ∆σln γ

σ∗
ln γ

. (7.1)

First the auto-correlations from MeerKAT (σln γ ∼ 0.130) and SKA1 (σln γ ∼ 0.054)
was computed and compared to the total-correlations (considering a Cℓ analysis). It
was found that an improvement of around δσ = 0.090 is expected for both MeerKAT
and SKA1 by including cross terms, Table 6.1.

The conditional constraints from optimised bin-widths was compared to constant
z-bin, and showed improvement of around δσ = 0.90 is expected for MeerKAT and
SKA1, Table 6.2. The best constraints that we can expect from CHI

ℓ is σln γ ∼ 0.013
and σln γ ∼ 0.005 for MeetKAT and SKA1 respectively.
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The summed constraints was determined for P (k), and compared to that of the
optimised constraints of Cℓ, Table 6.3. It shows that the angular power spectrum can
produce fractional uncertainty on γ of around half that expected from the Fourier
analysis.

The combined constraints have been used to determine the error bar on γ using
future HI IM and specifications from MeerKAT (Fig 6.15a) and the SKA1 (Fig 6.15b).
The comparison between the different methods of analysis shows that we can expect
future constraints to rule out some theories of MG.

In a real survey the foreground cleaning methods would reduce the information we are
able to extract from a dataset. Hopefully we can recover some of the precision of the
constraints by including prior information.

Constraints could also be improved by taking into account non-linear scales, which is
possible if HaloFit is used in CAMB_sources. By combining information from different
surveys (for instance radio, infrared and optical surveys), we are able to further
constrain these cosmological parameters, called multi-tracing. These suggestions will
be incorporated in future work to hopefully give more realistic and accurate constraints
on the growth rate/index of large scale structure formation.
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Appendix A

Derivatives

In order to compute the Fisher matrices, the derivatives of the correlation function
with respect to the cosmological parameters needs to be computed first.

A.1 Fourier power spectrum

The temperature correlation function for HI IM in the Fourier domain is given by (4.8)
as

P HI(k) = T̄ 2
b

(
bHIσ8 + fσ8µ

2
)2 Pm(k)

σ2
8

(A.1)

and since only HI is considered, the subscript in the bias will be ignored. Taking the
derivative with respect to fσ8 and bσ8 is simply

∂P HI(k)
∂fσ8

= 2µ2 T̄ 2
b

(
bσ8 + fσ8µ

2
) Pm(k)

σ2
8

∂P HI(k)
∂bσ8

= 2 T̄ 2
b

(
bσ8 + fσ8µ

2
) Pm(k)

σ2
8

(A.2)

after applying the chain rule. In order to immediately recover the fractional uncertainty
from the Fisher matrix, the logarithmic derivatives are considered. Hence the derivatives
used in the forecast can be related

∂ ln C

∂ ln θ
= θ

C

∂C

∂θ
(A.3)

http://etd.uwc.ac.za/



86 Derivatives

with C being the correlation function and θ the parameter considered. It easily follows
that the logarithmic derivatives of P HI is then given by

∂ ln P HI(k)
∂ ln fσ8

= 2fσ8µ
2

(bσ8 + fσ8µ2)

∂ ln P HI(k)
∂ ln bσ8

= 2bσ8

(bσ8 + fσ8µ2)

(A.4)

A.1.1 AP-effect

The Alcock-Packzynski effect requires us to also take into account the Hubble rate
H(z), and angular diameter distance DA(z). From (5.6) the new correlation function is

P HI
a (k) = D̄2

A(z) H(z)
D2

A(z) H̄(z)
T̄ 2

b

(
bσ8 + fσ8µ

2
)2 Pm(k)

σ2
8

with the barred variables H̄ and D̄A, represents the assumed fiducial cosmology. A
substitution is performed to simplify the calculation, so to this end let

T = D̄2
A(z)

D2
A(z) ; U = H(z)

H̄(z)
; V = T̄ 2

b

(
bσ8 + fσ8µ

2
)2

; W = Pm(k)
σ2

8
; (A.5)

⇒ P HI
a (k) = T U V W ,

thus by the chain rule we find the logarithmic derivative with respect to parameter θ,

∂ ln P HI
a (k)

∂ ln θ
= θ

P HI
a

U V W ∂T
∂θ

+ T V W ∂U
∂θ

+ T U W ∂V
∂θ

+ T U V ∂W
∂θ


or

∂ ln P HI
a (k)

∂ ln θ
= θ

 1
T

∂T
∂θ

+ 1
U

∂U
∂θ

+ 1
V

∂V
∂θ

+ 1
W

∂W
∂θ

.

(A.6)

First let us consider the expansion parameter H, which technically influences DA by
(2.39) but is considered independent in this case, hence

1
T

∂T
∂H

= 0 = 1
U

∂U
∂DA

(A.7)
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for the P (k) Fisher analysis. Considering the second term,

H

U
∂U
∂H

= H̄
∂U
∂H

= H̄

H̄

∂H

∂H
= 1 (A.8)

is a rather straight forward calculation. Before we compute the last two terms we need
to consider how varying the the expansion parameter will influence the k-mode, and
hence µ. The Hubble rate will only affect the k-mode in the radial direction and so

H

H̄
= k∥

k̄∥
⇒ ∂H

∂k∥
= H̄

k̄∥

determines the distortion of k∥-mode. We can find the influence of k on H by recalling

k2 = k2
∥ + k2

⊥ ⇒ ∂k

∂k∥
= k∥

k

such that

∂H

∂k
= ∂H

∂k∥

∂k∥

∂k
= H̄

k̄∥

k

k∥
(A.9)

then we find the rate of change of µ with respect to k-mode

µ = k∥

k
⇒ ∂µ

∂k
= 1

k∥
−

k∥

k2 = 1 − µ2

kµ
(A.10)

after using the quotient rule and substituting back k∥ = µk. The influence of H on
pointing direction is then given by

∂µ

∂H
= ∂µ

∂k

∂k

∂H
= 1 − µ2

kµ

kµ2

H
=

µ
(
1 − µ2

)
H

(A.11)

which means we can now determine the derivative of the last two terms V and W .
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Only µ is influenced by H in the V term is, thus

H

V
∂V(µ)

∂H
= H

V
∂V(µ)

∂µ

∂µ

∂H

= H

V
∂µ

∂H
2T̄ 2

b

(
bσ8 + fσ8µ

2
)

2µ fσ8

= H

V
µ
(
1 − µ2

)
H

4µ fσ8 V
(bσ8 + fσ8µ2)

=
4fσ8 µ2

(
1 − µ2

)
bσ8 + fσ8µ2

(A.12)

Finally we can look at the influence on the matter power spectrum, which is only a
function of k-scale, hence

H

W
∂W(k)

∂H
= H

W
∂W(k)

∂k

∂k

∂H

= H

W
∂k

∂H

1
σ2

8

∂Pm(k)
∂k

= kµ2

Pm(k)
∂Pm(k)

∂k

(A.13)

after canceling the expansion parameter and σ2
8. It easily follows from (A.6) that

∂ ln P HI
a (k)

∂ ln H
= 1 + 4fσ8 µ2(1 − µ2)

bσ8 + fσ8µ2 + kµ2

P (k)
∂P (k)

∂k
(A.14)

Similarly the derivative with respect to DA can be found, first consider the relation
between the transversal direction and angular diameter distance

DA

D̄A

= k̄⊥

k⊥
⇒ ∂DA

∂k⊥
= −D̄A

k⊥

such that the relation to scale is given by

∂DA

∂k
= ∂DA

∂k⊥

∂k⊥

∂k
= −D̄A

k⊥

k

k⊥
= − D̄A

k
(
1 − µ2

) (A.15)

assuming the Pythagorean relation between k and k⊥.

http://etd.uwc.ac.za/



A.1 Fourier power spectrum 89

Since we have already determined the relation between µ and k, it easily follows

∂µ

∂DA

= ∂µ

∂k

∂k

∂DA

= −1 − µ2

kµ

k
(
1 − µ2

)
DA

= −

(
1 − µ2

)2

µDA

= −
µ
(
1 − µ2

)
DA

(A.16)

which means we can now compute the derivative using (A.6). The first term is then
easily computed

DA

T
∂T

∂DA

= DA

T
∂

∂DA

D̄2
A

D2
A

= −2 DA

T
T

DA

= −2 (A.17)

and it was already shown the T term is also neglected because of the independence of
H. The term dependent on µ is calculated by

DA

V
∂V(µ)
∂DA

= DA

V
∂V(µ)

∂µ

∂µ

∂DA

= DA

V
∂µ

∂DA

4µ fσ8 V
(bσ8 + fσ8µ2)

= µ
(
1 − µ2

) 4µ fσ8 V
(bσ8 + fσ8µ2) .

(A.18)

The final term is calculated as before, using the relation between DA and k, then

DA

W
∂W(k)
∂DA

= DA

W
∂W(k)

∂k

∂k

∂DA

= DA

W
∂k

∂DA

1
σ2

8

∂Pm(k)
∂k

= −
k
(
1 − µ2

)
Pm(k)

∂Pm(k)
∂k

(A.19)

such that the final form of the derivative is given by

∂ ln P HI
a (k)

∂ ln DA

= − 2 +
4fσ8 µ2

(
1 − µ2

)
bσ8 + fσ8 µ2 + k(µ2 − 1)

Pm(k)
∂Pm(k)

∂k
(A.20)
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A.1.2 Growth index

As mentioned in the thesis it is useful to constrain the growth index directly, since
different gravitation theories predict distinctly different values. Thus the derivative
of P HI with respect to γ needs to be calculated, and can be found by relating growth
index to fσ8 using (2.89),

∂ ln fσ8

∂ ln γ
= γ

Ωγ
mσ8

∂ Ωγ
mσ8

∂γ
= γ

Ωγ
m

∂

∂γ
eγ ln Ωm = γ ln Ωm (A.21)

hence it easily follows that after substituting back to f , that

∂ ln P HI(k)
∂ ln γ

= ∂ ln P HI(k)
∂ ln fσ8

∂ ln fσ8

∂ ln γ
= 2fσ8µ

2 ln f

(bσ8 + fσ8µ2)
(A.22)
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A.2 Angular power spectrum

The Fisher forecast from angular power spectrum requires us to determine derivatives
of the total angular correlation C∆

ℓ with respect to the cosmological parameters. It is
easier to compute the derivatives for individual terms in (3.36)

Cg obs
ℓ (zi, zj) = Cg

ℓ (zi, zj) + CRSD
ℓ (zi, zj) + Cg,RSD

ℓ (zi, zj) + CRSD,g
ℓ (zi, zj) (A.23)

and add the results together. In the Cℓ analysis we only consider the growth rate and
growth index in the Fisher forecast, it should be noted that the angular correlation of
the matter power spectrum Cg

ℓ is independent of f and hence γ, so we only need to
consider the cross terms and CRSD

ℓ .

A.2.1 Growth index

Since γ is constant over time the derivative is simpler and will be computed first, now
consider the cross terms defined in (3.35),

Cg,RSD
ℓ (zi, zj) = −4π R2

0

∫
d ln k Pζ(k) bi Qi jℓ

(
kχi

)
fj Qj j′′

ℓ

(
kχj

)
(A.24)

which only have f(z) to consider. Using the relation in (A.21) we can determine

∂ Cg,RSD
ℓ

∂ ln γ
= −4π R2

0

∫
d ln k Pζ(k) bi Qi jℓ

(
kχi

)
Qj j′′

ℓ

(
kχj

)
f(zj) ln f(zj)

= C
g,∂γ

ℓ (zi, zj)
(A.25)

given that ∂γ notation implies a correlation with the derivative of the RSD spherical
harmonic coefficient, ∂γ aRSD

ℓm . The compliment of the cross term is the same as above,
except the ith and jth bins are swapped, C

∂γ ,g
ℓ , thus the transpose of the previous

matrix. The correlation function only considering RSD is given in (3.33), and using
the subscript notation to indicate the z-bin

CRSD
ℓ (zi, zj) = 4π R2

0

∫
d ln k Pζ(k) fi Qi j′′

ℓ

(
kχi

)
fj Qj j′′

ℓ

(
kχj

)
(A.26)
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which means we need to employ the product rule to take into account fi fj. Then we
can write the derivative as

∂ CRSD
ℓ

∂ ln γ
= 4π R2

0

∫
d ln k Pζ(k) Qi j′′

ℓ

(
kχi

)
Qj j′′

ℓ

(
kχj

)
fi fj

(
ln fj + ln fi

)
= C

RSD,∂γ

ℓ (zi, zj) + C
∂γ ,RSD
ℓ (zi, zj)

(A.27)

using the same notation as before. Thus from (3.36) we can determine the derivative
for the total correlation by

∂ Cg obs
ℓ (zi, zj)
∂ ln γ

= C
RSD,∂γ

ℓ (zi, zj) + C
∂γ ,RSD
ℓ (zi, zj) + C

g,∂γ

ℓ (zi, zj) + C
∂γ ,g
ℓ (zi, zj)

(A.28)

and by grouping together terms that has ∂γ in the same position, we can simplify it by

C
RSD,∂γ

ℓ + C
g,∂γ

ℓ = 4π R2
0

∫
d ln k Pζ(k) Qi Qj j′′

ℓ

(
kχi

)
j′′

ℓ

(
kχj

)
fj ln fj

[
bi − fi

]
= C

g obs,∂γ

ℓ (zi, zj)
(A.29)

Hence the simplified form of the derivative is given as the sum of two covariant matrices

∂ Cg obs
ℓ (zi, zj)
∂ ln γ

= C
g obs,∂γ

ℓ (zi, zj) + C
∂γ ,g obs
ℓ (zi, zj) (A.30)

using the total and derivative spherical harmonic coefficients in the correlation,
⟨ag obs

ℓm a
∗ ∂γ

ℓm ⟩, and its transpose.

A.2.2 Growth rate

Similarly we can determine the derivative with respect to the growth rate, to this end
let ∂f denote the derivative of the spherical harmonic coefficient as as before, ∂f aRSD

ℓm .
Thus the derivative of the cross term can be written in terms of δj

i

∂ CRSD,g
ℓ

∂ ln fn

= −4π R2
0

∫
d ln k Pζ(k) bj Qi jℓ

(
kχi

)
Qj j′′

ℓ

(
kχj

)
fn δn

i = C
∂f ,g
ℓ (zi, zj)

(A.31)
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which is the correlation between the galaxy number distribution and RSD if the bins
correspond, or else zero. The derivative of the auto correlation of RSD is written in
terms of the product rule

∂ CRSD
ℓ

∂ ln fn

= 4π R2
0

∫
d ln k Pζ(k) Qi j′′

ℓ

(
kχi

)
Qj j′′

ℓ

(
kχj

)
fn

(
fiδ

n
j + fjδ

n
i

)
= C

RSD,∂f

ℓ (zi, zj) + C
∂f ,RSD
ℓ (zi, zj)

(A.32)

and so using (3.36) we can compute the full derivative

∂ Cg obs
ℓ (zi, zj)
∂ ln fn

= C
RSD,∂f

ℓ (zi, zj) + C
∂f ,RSD
ℓ (zi, zj) + C

g,∂f

ℓ (zi, zj) + C
∂f ,g
ℓ (zi, zj)

(A.33)

and group together similar terms. The simplification is given by

C
RSD,∂f

ℓ + C
g,∂f

ℓ = 4π R2
0

∫
d ln k Pζ(k) Qi Qj j′′

ℓ

(
kχi

)
j′′

ℓ

(
kχj

)
fn δn

j

[
bi − fi

]
= C

g obs,∂f

ℓ (zi, zj)
(A.34)

The derivative with respect to growth rate in the nth bin has the same format as with
γ and is given by

∂Cg obs
ℓ (zi, zj)
∂ ln fn

= C
∂f ,g obs
ℓ (zi, zj) + C

g obs,∂f

ℓ (zi, zj) (A.35)
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