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Abstract. The subdirect product of two finite groups A and B is defined as a subgroup of the direct product A × B. 
Although it is clear that, under appropriate choices of sets of generators S, SA, and SB , the Cayley graph Cay(A× B, S)
corresponds to the Cartesian product Cay(A, SA) � Cay(B, SB) of two graphs, there is no analogue at the level of graph 
product that reflects the notion of subdirect product of groups. This is precisely the problem we discuss here. By using 
the concept of graph bundles and introducing the corresponding pullbacks we define an operation on graph bundles such 
that the Cayley graph of the subdirect product of two groups can be described as the total space of the product of the 
Cayley graphs. This allows us to define the so-called “network K-theory group of a graph”, inspired by the notion of 
topological K-theory, and we are able to investigate an interesting functor from the category of graphs to the category of 
Abelian groups.
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1 Introduction

The origin and motivation of the present contribution can be found in some recent results on the study of the 
combinatorial structures, which appear in quantum information theory and complex dynamical systems [2,4,5]. 
It has long been known that the algebraic combinatorics plays a crucial role in many topics of quantum me-
chanics. The finite group of order 16 of the Pauli matrices offers a significant example of relevant connections
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between algebraic combinatorics, topological algebra, group theory and quantum mechanics. Planat and oth-
ers [24, 25] devoted large part of their investigations to the structure of Pauli groups and developed a series
of generalizations of the usual Pauli group of order 16, involving many ideas from mathematical physics,
representation theory, group theory, and combinatorics.

On the other hand, structural results (at a purely abstract level) provide another framework of generalization
for the Pauli groups on 2-qubits, and [2,4,5] show that the notion of product in graph theory and group theory
can be very useful for topics of quantum mechanics. Note that there is a huge amount of research in recent
years, because the quantum information theory is growing in many directions, especially under the profile of
the connections with topological graph theory and spectral graph theory. Therefore there is also a growing
interest in the literature for those mathematical structures that are helpful to describe qubits.

The products of groups and graphs are, in fact, the main topic of the present paper. There are numerous
examples of graph operations [9, 11, 15, 26] and operations on groups [12, Chap. A, §19, §20]. These two
families of products generally have no direct relation and may exist independently of each other. However,
the connections between algebra and graph theory are numerous, and several studies addressed objects and
products that lie at the intersection of these two research fields; see [5, 6, 8].

One of the most productive directions explored to establish connections between group theory and combi-
natorics involves Cayley graphs. These are classical objects in geometric group theory. In fact, Cayley graphs,
under an appropriate choice of generators, have some geometric and spectral features, which encode many al-
gebraic properties of the underlying group. There is, therefore, a research line on determining whether a prod-
uct of graphs corresponds to a product of groups. Accordingly, the Cayley graph of the product of two finite
groups may or may not coincide with the graph product of the associated Cayley graphs (see [1, 13]). The
present contribution fits precisely this line of research.

We should mention that it is not immediate to recognize the structure of subdirect product among finite
groups; see [12, Chap. A, §19, §20]. In fact, there are several finite groups that present sophisticated structures
and different forms of products. For instance, the aforementioned Pauli group of order 16 (which is a relatively
small size for a finite group) has a very rich structure at the level of Abelian subgroups and quotients. Already
in similar situations, it is difficult to recognize an appropriate structure of product, but once this process of
recognition of a product is clarified, we may easily classify Abelian subgroups and quotients.

In principle, we could extend the notion of subdirect product to categories, which are different from the
category of finite groups (with corresponding group homomorphisms). When we do this, a series of complica-
tions emerge naturally. First of all, we should formalize the meaning of “subdirect product” in a category and
which morphisms of the category we will consider. It is well known that the category of topological groups
(see [16]) possesses homomorphisms of groups that are not necessarily continuous. Therefore we may find
ourselves in situations where certain morphisms preserve a structure in one set but not in another. A more
delicate problem is to select appropriate contexts where products indeed exist. In fact, it is also well known
that there are categories for which this is not always the case; see [16, App. 3].

In the present paper, our focus, from an algebraic point of view, is on the subdirect product of finite groups.
This operation, given two surjective morphisms φ1 : A → C and φ2 : B → C between finite groups, yields
a new finite group A×C B, which is a subgroup of the direct product A×B and is a finite group as well. To
constructA×CB, it is necessary to use the notion of pullback of finite groups along a morphism: in particular,
the subdirect product A×C B can be defined as a pullback involving the surjective morphisms φ1 and φ2. The
notion of pullback is indeed fundamental in category theory, and in general it is an interesting question whether
it is admissible for a prescribed category. For this reason, it is easy to find different definitions of a pullback:
from group theory to differential geometry, and even in cohomological theories [27]. To find a construction
in graph theory that is an appropriate analogue of the subdirect product of two finite groups, we must first
understand how to interpret the surjective morphisms involved in the definitions in terms of graphs. This can
be done via the notion of a graph bundle.

Originally, the graph bundles were introduced in an unpublished manuscript of Pisanski and Vrabec and
deal with a topic of great interest in topological graph theory; see [18, 19, 23]. Clearly, the graph bundles
are inspired by the concept of fiber bundles, which is typical of the algebraic topology; they are objects of
a purely combinatorial nature and have been studied and generalized by many authors; see [20, 21, 22]. More
specifically, an F -graph bundle is a triple (X, p, Γ ), where X, F , and Γ are graphs, and p : X → Γ is
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a surjective graph morphism. The distinctive feature of F -graph bundles is that (similarly to fiber bundles in
topology) the preimage of a neighborhood of a vertex v in Γ under p is isomorphic to the Cartesian product of
the neighborhood itself with F .

The definition of graph bundles (and much more concerning the graphs we use here) can be found in
Section 2, just after the present introduction. The references [17, 28] will be followed to make clear that
we model the results on some common ground between algebraic topology, differential geometry, and graph
theory. The second point to address is the correct interpretation of the concept of the pullback of a graph
bundle along a graph morphism. We devote Section 3 to its discussion, beginning with the introduction of
a pullback graph bundle and continuing with the verification of all the properties that are expected in terms of
commutativity of diagrams. Accordingly, our first main result is Theorem 1. The section ends with our second
main result, the description of the adjacency matrix of a pullback of graph bundles in terms of the original graph
bundle, given in Theorem 2. The corresponding adjacency matrix and morphisms are described by our third
main result, also given in Theorem 2. In Section 4, the subdirect product of graph bundles is introduced (and
denoted by �), and relevant constructions are illustrated, such as its good behavior with respect to pullbacks.
This deals with our fourth main result, Theorem 4. Additionally, a formula of the adjacency matrix is provided,
presenting Theorem 5, which is our fifth main result. After establishing a monoidal structure on graph bundles
over the same base, we introduce the K-theory of a network Γ . The term network is used exclusively in this
context to avoid confusion with the K-theory of a graph when we look at it as a topological space. In fact,
theK-theory involves some algebraic tools with different definitions and meanings depending on the contexts:
it has brought enormous benefits to many branches of mathematics, from the algebraic topology to the index
theory and several areas of mathematical physics. For example, it is a well-known fact that the direct sum
of the topological K-theory groups of a CW complex, tensored with Q, coincides with the direct sum of
its cohomology groups with coefficients in Q. As for the world of graph bundles, there is also a connection
with cohomology: indeed, if the automorphism group of a fiber is abelian, then it is possible to associate to
each equivalence class of a graph bundle an element of H1(Γ,Aut(F )) via its associated voltage function.
However, this correspondence can cause problems when Aut(F ) is not abelian. By instead exploiting the
network K-theory, which is abelian by construction, we might be able to make more explicit a relationship
between cohomology and the purely combinatorial structure of a network. The section ends with Corollary 3,
where it is shown that the network K-theory provides a contravariant functor between the category of graphs
and the category of Abelian groups. Finally, in Section 5, after we recall the notions of Cayley graph of a finite
group and of subdirect product of two finite groups, we explore new connections of these notions with that of
subdirect product of two graphs. First, it is shown in Theorem 7 (our sixth main result) that for a given group
surjection φ : A → B and generating sets S0 for ker(φ) and S1 for B, there exists a generating set Sφ such
that (Cay(A,Sφ), φ,Cay(B,S1)) is a graph bundle with fiber Cay(ker(φ), S0). Then we prove in Theorem 8,
which is our seventh main result, that given two group morphisms φ1 : A → C and φ2 : B → C , the total
space of the subdirect product of the graph bundles associated with these morphisms is the Cayley graph of
the subdirect product of A and B. In other words, with an appropriate choice of generating sets,

Cay(A×C B,Sϕ) = Cay(A,Sφ1
) � Cay(B,Sφ2

).

It should be mentioned that the logic of the investigation of [5, Thms. 3.6] follows the philosophy of invariance
of the operator of Cayley graph via appropriate products, and we propose a similar approach in Theorems 7
and 8 in terms of graph bundles, namely our last two main results.

Open problems are illustrated along the paper, where we found that the principle of analogy with similar
concepts in algebraic topology clashes with concrete examples in graph theory: after all, the discrete structures
naturally require some morphisms that cannot preserve the continuity.

2 Preliminaries on graphs

According to the usual definition of a graph in [7, 10], we look at a graph Γ just as a couple Γ = (VΓ , EΓ ) of
two sets, where the elements of VΓ are called vertices of Γ , and those of

EΓ ⊆ {{x, y} ∣
∣ x, y ∈ VΓ with x �= y

}
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are called edges of Γ . If {x, y} ∈ EΓ , then x and y are said to be adjacent (writing briefly x ∼ y). The
adjacency matrix of a graph Γ is the real matrix AΓ indexed by the vertices of Γ such that the entry avw = 1
if v ∼ w and 0 otherwise. See [10, Chap. 1], or [7, Chap. 1] for details on this well-known notion.

The adjacency matrix AΓ of a graph Γ depends on the choice of an order on VΓ , but its spectrum

spec(AΓ ) = {λ | λ is eigenvalue of AΓ }
does not depend on the presence of an order on VΓ . This makes the spectrum of AΓ a significant tool in
studying the properties of Γ . Note that the spectrum of AΓ is called the spectrum of Γ without ambiguity,
since it is invariant under graph isomorphisms, and is usually denoted by spec(Γ ). In other words,

spec(AΓ ) = spec(Γ ).

The properties of the spectrum of Γ are called the spectral properties of Γ , and their study is the main topic
of spectral graph theory (see, e.g., [7]). It is well known in the literature that some geometric properties of Γ
can be deduced from analytic properties of spec(Γ ); for example, as proved in Theorem 3.2.3 of [10], the
bipartite graphs are characterized by a symmetric spectrum of the adjacency matrix with respect to zero.
Recall some other well-known notions in graph theory, which are useful to our scopes. If we have two graphs
Γ1 = (VΓ1

, EΓ1
) and Γ2 = (VΓ2

, EΓ2
), there are many applications which we may consider, but we are going

to introduce a notion of morphism reported in [21].

DEFINITION 1. (See [21].) A morphism of graphs f is a function f : VΓ1
→ VΓ2

such that for each v ∼ w
in VΓ1

, we have f(v) ∼ f(w) or f(v) = f(w).

In Definition 1, we may abuse the notation and write f : Γ1 → Γ2, keeping in mind that f is formally
defined on the vertices only. Note that Definition 1 as most of the notions which we are going to recall in
Section 2 are typical of topological graph theory. It is useful to mention that similar notions can be found on
some works of Pisanski et al. [22, 23].

Remark 1. Usually, the term a morphism of graphs means a function f : VΓ1
→ VΓ2

such that for each v ∼ w
in VΓ1

, f(v) ∼ f(w), not allowing the case f(v) = f(w). Definition 1 is more general, and if a function f is
a morphism of graphs in the classical sense, then we will say it preserves the edges.

Given a morphism f : Γ1 → Γ2 of graphs, the image of f is the graph f(Γ1) whose vertices are given by
f(VΓ1

) and edges by EΓ2
, that is, by the elements {f(v), f(w)} such that v ∼ w in Γ1. Given a subset S of

VΓ , the induced subgraph of S is the graph ΓS = (S,ES), where ES is the subset of EΓ given by the couples
{x, y} such that x and y are both vertices in S. Many facts of general topology apply to graphs in the present
situation: for instance, the composition of two graph morphisms also is a graph morphism. A morphism
f : Γ1 → Γ2 is injective (resp., surjective) if it is injective (resp., surjective) as a function f : VΓ1

→ VΓ2
.

Given a morphism of graphs f : Γ1 → Γ2 and v ∈ VΓ2
, the fiber f−1(v) is the induced subgraph of Γ1 whose

vertex set is the preimage of v. Moreover, f is an isomorphism of graphs if it is both injective and surjective
and its inverse also is a morphism of graphs. Observe that each isomorphism of graphs preserves the edges.
Moreover, if f : Γ1 → Γ2 is a bijective morphism of graphs that preserves the edges and if |EΓ1

| = |EΓ2
|, then

f is an isomorphism of graphs. An isomorphism of graphs f : Γ → Γ is called an automorphism of Γ , and
the group of automorphisms of Γ is denoted by Aut(Γ ).

2.1 Cartesian product and strong product of graphs

Consider two graphs Γ1 = (VΓ1
, EΓ1

) and Γ2 = (VΓ2
, EΓ2

). A very common construction in algebraic combi-
natorics is given by the graph product; see [5, 26]. It is worth mentioning that the Cartesian product of graphs
fits as a special case of NEPS in the sense of Cvetković and Lučić (see [9, 11]).

DEFINITION 2. (See [5, Def. 2.9].) The Cartesian product Γ1�Γ2 of the o graphs Γ1 and Γ2 is the graph with
vertex set VΓ1

× VΓ2
where (x, y) ∼ (x′, y′) if x ∼ x′ and y = y′ or x = x′ and y ∼ y′.
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Figure 1. From the top left to the bottom right: the Cartesian product K2 � K3; the strong product K2 � K3; the total space C6 of
a 2-covering over K3; and the Möbius ladder M3 with three vertices.

This notion is largely discussed in [15]. The symbol � recalls the Cartesian product of two copies of K2,
which is the graph with two vertices and an edge connecting them. However, it is very easy to produce some
other examples of Cartesian products.

Example 1. Let n be a natural number. A complete graph with n vertices is the graph Kn where |VKn
| = n

and x ∼ y for each x �= y in VKn
. The graph at the top left in Fig. 1 is a Cartesian product K2 �K3.

One of the best properties of the Cartesian products (from a spectral point of view) is that the adjacency
matrix AΓ1�Γ2

is well described via the adjacency matrices of Γ1 and Γ2. This can be done via the notion of
Kronecker product of matrices. Let A = (aij) and B = (brs) be two real matrices of sizes n ×m and p × q.
The Kronecker product A ⊗ B of A and B is the np ×mq-matrix described blockwise as follows: A ⊗ B is
the n×m block matrix where the (i, j)-block is the p× q-matrix

aijB =

⎡

⎣
aijb11 . . . aijb1q

...
. . .

...
aijbp1 . . . aijbpq

⎤

⎦ .

We also recall from [7, 10] that given Γ1 and Γ2, we may fix an order on VΓ1
and another order on VΓ2

. These
orders induce the lexicographical order on VΓ1

×VΓ2
= VΓ1�Γ2

. IfAΓ1
andAΓ2

are the adjacency matrices with
respect to the orders on VΓ1

and VΓ2
, then the adjacency matrix of Γ1 � Γ2 with respect to the lexicographical

order is given by

AΓ1�Γ2
= AΓ1

⊗ I|VΓ2 | + I|VΓ1 | ⊗AΓ2
, (2.1)

where I|VΓi
| is the identity matrix of size |VΓi

| for i = 1, 2. In the present situation, there is a very simple
description of spec(Γ1 � Γ2) via a linear combination: if

spec(Γ1) = {λ1, . . . , λ|VΓ1 | | λ1 � · · · � λ|VΓ1 |},
spec(Γ2) = {μ1, . . . , μ|VΓ2 | | μ1 � · · · � μ|VΓ2 |},

(2.2)

Lith. Math. J., Online First, 2026
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then

spec(Γ1 � Γ2) =
{
λi + μj

∣
∣ λi ∈ spec(Γ1), μj ∈ spec(Γ2),

i = 1, . . . , |VΓ1
|, j = 1, . . . , |VΓ2

|}. (2.3)

Of course, what we just did for two graphs can be extended to finitely many graphs without any problems and
by induction to countably many graphs as well; see [7, 10]. Let us recall some further notions, which will be
useful for the proofs of our main results.

DEFINITION 3. (See [7, §1.4.8]) The strong product Γ1 � Γ2 of Γ1 and Γ2 is defined as the graph with vertex
set VΓ1

× VΓ2
where (x, y) and (x′, y′) are adjacent if one of the following two conditions holds:

(i) x ∼ x′ and y = y′, x = x′ and y ∼ y′; or
(ii) x ∼ x′ and y ∼ y′.

Example 2. Similarly to the Cartesian product K2 �K3, we offer an example of strong product K2 � K3 in
the top right of Fig. 1. These two constructions are very different.

With respect to the same order introduced for the Cartesian product of graphs, the adjacency matrix of the
strong product of Γ1 and Γ2 is described by the formula (see [7, 10])

AΓ1�Γ2
= AΓ1

⊗ I|VΓ2 | + I|VΓ1 | ⊗AΓ2
+AΓ1

⊗AΓ2
.

If we assume (2.2), then (2.3) is no longer a linear combination of the eigenvalues that arise from the spectra
of Γ1 and Γ2, but now there is the mixed term

spec(Γ1 � Γ2) =
{
λi + μj + λiμj

∣
∣ λi ∈ spec(Γ1), μj ∈ spec(Γ2),

i = 1, . . . , |VΓ1
|, j = 1, . . . , |VΓ2

|}. (2.4)

2.2 Covering spaces for graphs

Another fundamental notion in graph theory is the notion of covering graph; see [7, §6.4, §14.2.4] and [14].
This can be understood as the combinatorial equivalent for graphs of covering of a topological space.

Given a vertex v of a simple graph Γ , its neighborhood N(v) is the graph with vertex set {v} ∪Av, where
Av = {w ∈ VΓ | v ∼ w}, and the edge set is {{v,w} | w ∈ Av}. Let p : Γ1 → Γ2 be a morphism of
graphs. The restriction of p to a neighborhood N(x) is the graph morphism p|x : N(x) → p(N(x)) defined
as p|x(y) = p(y). Let v = p(x) and assume that p(N(x)) = N(v). A lifting of p around v is now a graph
morphism

lv,x : N(v) → N(x) such that lv,x = p−1
|x .

DEFINITION 4. (See [14, Chap. 2].) Let Γ̃ and Γ be two graphs with surjective morphism p : Γ̃ → Γ of
graphs, and let k be a natural number. The triple (Γ̃ , p, Γ ) is a k-fold covering of Γ if the following conditions
hold: for each vertex v of Γ,

(i) p−1(v) contains exactly k vertices,
(ii) for each x in Γ̃ , there exists a lifting lv,x : N(v) → N(x).

Example 3. Let Cn = (VCn
, ECn

) be the graph with vertices and edges

VCn
= {1, 2, . . . , n} and ECn

=
{{n, 1}, {i, i+ 1} ∣∣ i = 1, . . . , n− 1.

}
.

Note that C3
∼= K3 and C6 is depicted on the bottom left of Fig. 1. We may consider p : C2n → Cn as

p(x) = [x], where [x] denote the representative in {1, . . . , n} of the class of x mod n. The triple (C2n, p, Cn)
is an example of 2-graph covering of Cn and thus of Definition 4 for k = 2.
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Remark 2. Definition 4 is a natural variation on the topic of covering space in the context of algebraic topology.
Given two topological spaces X̃ and X, a continuous surjective map p : X̃ → X is called a covering map if
for all x ∈ X, there exists an open neighborhood U of x such that

p−1(U) =
⋃

i∈I
Ui, where Ui ∩ Uj = ∅ ∀i �= j, and p|Ui

: Ui → U is homeomorphism ∀i ∈ I. (2.5)

This is a classical notion in homotopy theory and algebraic topology; see [17, Chaps. 17, 19, 20, 21]. Another
excellent reference is given by [28, Chaps. I, II], where the reader can find an approach that is typical of the
transformation groups. The topological space X̃ is called a covering space for X and has been largely studied
in the literature: see [16, Chap. 10, App. 2]. For any point x,

p−1(x) =
{
x̃ ∈ X̃

∣
∣ p(x̃) = x

}

is the fiber over x. The homeomorphic copies (in X̃) of a neighborhoodU satisfying (2.5) are called the sheets,
or leaves, over U .

Given a k-fold covering (Γ̃ , p, Γ ), it is possible to identify the vertices of Γ̃ with the elements of VΓ ×
{1, 2, . . . , k}, and hence the vertices in p−1(v) become

Vp−1(v) =
{
(v, i)

∣
∣ i ∈ {1, . . . , k}}.

Therefore for v,w ∈ VΓ that are adjacent in Γ , it is possible to define the function ψvw : p−1(v) → p−1(w)
assigning to each vertex (v, i) in the preimage of v the unique element (w, j) in p−1(w) such that (v, i) ∼
(w, j) in Γ̃ . More formally,

ψvw : p−1(v) → p−1(w) such that ψvw(v, i) = lv,(v,i)(w) =
(
w, σvw(i)

)
,

where σvw is a permutation on the set {1, 2, . . . , k}. If �EΓ denotes the set of oriented edges of Γ , that is,

�EΓ =
{
(v,w) ∈ VΓ × VΓ

∣
∣ {v,w} ∈ EΓ

}
,

then we may introduce the voltage function

σ : (v,w) ∈ �EΓ 
→ σ(v,w) = σvw ∈ Sk

according to the notions introduced by Gross (see [14, Chaps. 2, 5] for classical results on the voltage graphs
in connection with covering spaces).

Now fix an order on VΓ and φ ∈ Sk. A generalized version of adjacency matrix can be formalized here by

AΓ (φ) =

{
1 if v ∼ w and σ(v,w) = φ,

0 otherwise.

On the other hand, denoting by perm(φ) the permutation matrix of φ, we have that the adjacency matrix
of Γ̃ is given by

A
˜Γ =

∑

φ∈Sk

AΓ (φ)⊗ perm(φ). (2.6)

Problem 1. Differently from what we have seen in (2.3) and (2.4) concerning Cartesian products of graphs and
strong products of graphs, a combinatorial formula that describes spec(Γ̃ ) in terms of spec(Γ ) is not known.
This makes the study of the spectrum of Γ̃ an interesting research topic.

Lith. Math. J., Online First, 2026
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2.3 Graph bundles

We have already noted that the topological notion of covering can be adapted quite well from the context of
the algebraic topology to that of graphs. Then we may go ahead and present the analogue of the notion of
fiber bundle; see [28, Chap. I, §5, §8, §9]. To better understand the notion of a graph bundle, let us recall the
notion of a fiber bundle. Given a topological space, an F -fiber bundle is a triple (E, p,B), where E and B are
topological spaces, p : E → B is a surjection, and for every b ∈ B, there exist a neighborhood N(b) of b and
a homeomorphism fb : p

−1(N(b)) → N(b) × F such that fb(p−1(x)) = {x} × F for every x ∈ N(b). The
map fb is called the local trivialization of the fiber bundle, and its presence ensures that E can be understood
as a topological space that locally is the product of the base and fiber. A classical example of a fiber bundle
is the Möbius strip. This is a [0, 1]-fiber bundle over the circle S1; indeed, given an arch A strictly contained
in S1, the restriction of the Möbius strip to the preimage of A is homeomorphic to A × [0, 1]. Let us see
what happens when we reformulate the above notions for graphs. Starting with a graph X = (VX , EX) and
a surjective morphism p : X → Γ , it is possible to define two graphs with the same vertex set VX : the first
may be denoted by R and is the graph (VX , ER) with edges

ER =
{{v,w} ∈ EX

∣
∣ p(v) = p(w) for v,w ∈ VX

}
;

the second is the graph X̃ = (VX , E ˜X) with edges

E
˜X = EX \ ER.

We obtain an induced map

p̃ : X̃ → Γ such that p̃(x) = p(x),

which is defined as a morphism of graphs for each x ∈ V
˜X .

DEFINITION 5. (See [23, p. 14].) Let F be a graph. An F -graph bundle is a triple (X, p, Γ ), where X and Γ
are two graphs, and p : X → Γ is a surjective morphism of graphs such that:

(i) For each v in Γ , the fiber p−1(v) is isomorphic to F ,
(ii) p̃ : X̃ → Γ is a |VF |-fold covering,

(iii) For all v and w, the bijection ψvw : p−1(v) → p−1(w) induced by the covering (X̃, p̃, Γ ) is an isomor-
phism of graphs.

Given a F -graph bundle (X, p, Γ ), the graph X is called the total space of the bundle, Γ the base space,
F the fiber, and p the projection of the bundle.

Analogies and differences with the algebraic topology, which we have just recalled from [16, 17, 28], be-
come more clear and transparent after Remark 3.

Example 4. Given two graphs Γ1 and Γ2, the triple (Γ1 � Γ2, p, Γi) is a Γj-graph bundle, where i, j = 1, 2,
j �= i, and p(x1, x2) = xi. So the graph K2 � K3 in Fig. 1 is also an example of a graph bundle over
K3 according to Definition 5. Moreover, each k-fold covering (Γ̃ , p, Γ ) can be seen as a graph bundle: in
particular, it is a graph bundle whose fiber is a graph with k vertices and no edges. However, the reverse does
not hold: an example is the K2-graph bundle (Mn, q, Cn). The vertex set of Mn is given by {1, 2, . . . , 2n},
and x ∼ y in Mn if [y] = [x] or [y − x] = 1, n− 1, where [z] denote the representative in 1, . . . , n of the class
of z mod n. The graph M3 is depicted at the bottom right of Fig. 1. Then let q : Mn → Cn be the projection
q(x) = [x]. The triple (Mn, q, Cn) is a K2-graph bundle that is not a covering of Cn.

Remark 3. In the literature (see [3]) an equivalent definition of Definition 5 is given: this is identical to the
definition given in this paper, but points 2 and 3 are replaced by the condition that for all adjacent v,w ∈ VΓ ,
we also have that

p−1(vw) ∼= K2 � F, (2.7)
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Figure 2. The total spaces C6 �K2 and M6,2 of two equivalent graph K2-bundles over C6.

where p−1(vw) is the subgraph ofX induced by the preimages of v andw. This alternative definition highlights
the local structure of Cartesian product in a graph bundle and clearly recalls the local trivializations in the
definition of a fiber bundle. In fact, thanks to (2.7), it is easy to show that for each vertex x in Γ , the graph
p−1(N(x)), which is the subgraph induced by the preimage of N(x), is isomorphic to N(x)�F via a map φb
that preserves the fibers of p and of pr : N(x) � F → N(x), where pr(y,w) = y is the projection on the first
component. Definition 5 is sometimes named as a notion of Cartesian graph bundle, in contrast to some other
types of graph bundles modeled on different type of products. For example, there are the notions of strong
graph bundle in [21], tensor graph bundles [20], lexicographic graph bundles [22], and so on, just by replacing
the graph product in (2.7).

We now introduce an equivalence relation in the space of bundles with the same fiber F and base Γ .

DEFINITION 6. Two F -graph bundles (X, p, Γ ) and (Y, q, Γ ) are equivalent if there is an isomorphism Φ :
X → Y such that the following diagram commutes:

X Y

Γ Γ.

Φ

p q

id

A graph bundle (X, p, Γ ) is called trivial if it is equivalent to the graph bundle (Γ�F, π, Γ ), where π(v, f) = v
for each (v, f) in VΓ × VF .

Remark 4. Definition 6 can be seen as the combinatorial version of the notion of an isomorphism of fiber
bundles [28]. We prefer to use the word equivalent instead of isomorphic since there already exists a notion
of isomorphism of vector bundles (see, e.g., [19]). The definition of an isomorphism of graph bundles is
essentially Definition 6, in which the identity morphism can be replaced by a generic automorphism ψ in
Aut(Γ ). It follows that two equivalent graph bundles are isomorphic, but the reverse does not hold.

Example 5. Let C6 � K2 and M6,2 be the two graphs in Fig. 2. These are the total spaces of two K2-graph
bundles (C6 �K2, r, C6) and (M6,2, r, C6), where r(x) = x for x � 6 and r(x) = x − 6 otherwise. These
two graph bundles are equivalent, and the required isomorphism φ : C6 �K2 → M6,2 is the permutation in
S12 defined by the product of the three disjoint transpositions

φ = (3 9) (4 10) (5 11).

On the other hand, the K2-graph bundle (M6, q, C6) is not equivalent to (M6,2, r, C6).

Remark 5. Note that by [19, Cor. 4] each graph bundle (X, p, T ) is trivial if T is a tree. Recall that a tree
is a graph such that for each couple of vertices v and w, there is a unique ordered list of distinct vertices
vv1 . . . vnw such that two consecutive vertices in the list are adjacent. On the other hand, there are examples
of trivial graph bundles with base different from a tree.

Lith. Math. J., Online First, 2026
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It is possible to understand the notion of graph bundle in terms of the so-called F -voltage functions [23].
In the next remark, we introduce this alternative interpretation.

Remark 6. Given two graphs Γ and F , an F -voltage function φ on Γ is a voltage function φ : �EΓ → Aut(F )
such that φ(v,w) = φvw and φwv = φ−1

vw for each oriented edge (v,w). As proved in [23], it is possible to
construct an F -graph bundle with Γ as a base space in the following way: first, we consider Γ ×φ F as the
graph with vertex set VΓ × VF , where (v1, f1) ∼ (v2, f2) if v1 ∼ v2 and f2 = φ(v1, v2)f1 or v1 = v2 and
f1 ∼ f2. Then we denote by p : Γ ×φ F → Γ the morphism of graphs such that p(v, f) = v for each (v, f) in
VΓ ×VF . Then the triple (Γ ×φF, p, Γ ) is an F -graph bundle. It should be also mentioned that it is possible to
deduce from Pisanski and others [19, 23] that every F -graph bundle (X, p, Γ ) is equivalent to (Γ ×φ F, p, Γ )
for some F -voltage function φ. Indeed, fixing for each v in Γ an isomorphism σv : p

−1(v) → F , it is sufficient
to set φvw = σw ◦ψvw ◦ σ−1

v , and we obtain that (Γ ×φ F, p, Γ ) is an F -graph bundle equivalent to (X, p, Γ ).

We end with some properties of the adjacency matrix on the total space of graph bundles. Thanks to Re-
mark 6, we can assume that each F -graph bundle has the form (Γ ×φ F, q, Γ ) for some F -voltage function ψ.
Indeed, equivalent bundles have isomorphic total spaces and so also the same adjacency matrices.

Lemma 1. (See [18, Thm. 1].) Let (Γ ×φ F, q, Γ ) be an F -graph bundle. For each ψ in Aut(F ), denote by
perm(ψ) its permutation matrix. Then the adjacency matrix of Γ ×φ F is given by the formula

AΓ×φF =
∑

ψ∈Aut(F )

AΓ (ψ)⊗ perm(ψ) + I|VΓ | ⊗AF , (2.8)

where AΓ (ψ) is the matrix with entries 1 if φij = ψ and 0 otherwise.

Proof. The essential idea is to interpret Γ ×φ F as a covering with some additional edges that makes the
preimages isomorphic to F . Then the adjacency matrix is given by the sum of the adjacency matrix of a cov-
ering and a diagonal block matrix where each block is the adjacency matrix of F . For details, see Theorem 1
of [18]. ��

3 Pullback of graph bundles

The notion of pullback originates from algebraic topology and differential geometry in a similar way as prod-
ucts of objects in a category, so it is possible to introduce (for arbitrary categories with products and coproducts;
see [16, App. 3] for terminology) the notion of pullback; see [16, Def. A3.43]. We begin with two graphs Γ
and Γ ′ along with an F -graph bundle (X, p, Γ ′). Fixing a morphism of graphs f : Γ → Γ ′, we introduce
an F -graph bundle over Γ induced by (X, p, Γ ′) and f .

DEFINITION 7. The pullback along f of (X, p, Γ ′) is the F -graph bundle (f∗X, f∗p, Γ ), where f∗X is the
graph with vertex set

Vf∗X =
{
(v, x) ∈ VΓ × VX

∣
∣ f(v) = p(x)

}
,

and (v, x) ∼ (w, y) if one of the following three conditions holds:

(i) v = w, and x ∼ y (type I edges),
(ii) v ∼ w, f(v) = f(w), and x = y (type II edges),

(iii) v ∼ w, f(v) ∼ f(w), and x ∼ y (type III edges).

Finally, f∗p : f∗X → Γ is the morphism defined for each vertex (v, x) in f∗X as f∗p(v, x) = v. We denote
this graph bundle by f∗(X, p, Γ ′).

The following example shows a concrete situation where we can visualize a pullback bundle.
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Example 6. Let p : C6 → C3 be the map introduced in Example 3. If (M3, q, C3) is the K2-graph bundle over
C3 in Example 4, then its pullback bundle along the map p turns out to be the graph bundle (M6,2, r, C6) of
Example 5, whose total space is depicted in the right of Fig. 2. We omit the explicit description of q, since it
follows directly from the construction.

We must now check that Definition 7 is appropriate and meaningful.

Proposition 1. Definition 7 is well posed.

Proof. Note that if (x, v) ∼ (y,w) in f∗X, then x ∼ y or x = y. This implies that f∗p is a surjective
morphism of graphs. It remains to check points (i), (ii), and (iii) of Definition 5.

(i) The fiber f∗p−1(v) is the graph with vertices of the form (v, x) where x is in the preimage of f(v)
and the edges are the edges of type I connecting vertices on the form (v, x) and (v, y) such that x ∼ y.
This is clearly isomorphic to p−1(f(v)) and so to F ;

(ii) Let f̃∗X be obtained from f∗X by deleting the edges of type I. Then f̃∗p : f̃∗X → Γ is a covering
of Γ . Indeed, for fixed (v, x) in f̃∗X , note that for each w ∼ v in Γ , there exists exactly one vertex
(w, yx) in f̃∗X such that (v, x) ∼ (w, yx):
(a) if f(v) = f(w), then yx = x (edge of type II),
(b) if f(v) ∼ f(w), then yx = ψf(v),f(w)(x) (edge of type III), where we must consider the map

ψf(v),f(w) : p
−1(f(v)) → p−1(f(w)), which is the isomorphism in connection with the oriented

edge (f(v), f(w)) induced by the structure of F -graph bundle of (X, p, Γ ′). Denoting by N(v)
andN(v, x) the two neighborhoods of v and (v, x) and by lv,(v,x) : N(v) → N(v, x) the morphism
defined for each vertex w in N(v) by lv,(v,x)(w) = (w, yx), it turns out that f̃∗p

−1

|N(v,x) = lv,(v,x).

(iii) Let v and w in VΓ be such that v ∼ w. If f(v) = f(w), then the map induced by the covering
f̃∗p : f̃∗X → Γ is f∗ψv,w : f∗p−1(v) → f∗p−1(w) such that (v, x) 
→ (w, x). On the other
hand, if f(v) ∼ f(w),, then the isomorphism between the fibers f∗p−1(v) and f∗p−1(w) is given
by f∗ψv,w : f∗p−1(v) → f∗p−1(w) such that (v, x) 
→ (w,ψf(v),f(w)(x)). These maps are clearly
isomorphisms of graphs since ψf(v),f(w) : p−1(f(v)) → p−1(f(w)) is an isomorphism of graphs. ��

Remark 7. We would like to concentrate on the pullback of graph bundle induced by a voltage function. We
would like to highlight that this construction preserves the property of being induced by an F -voltage function.
Let f : Γ → Γ ′ be a graph morphism. Assume that φ is an F -voltage function on Γ ′. Then we define the
pullback along f of φ as the F -voltage function f∗φ : �EΓ → Aut(F ) defined by

f∗φ(v,w) =

{
idF if f(v) = f(w),

φ(f(v), f(w)) otherwise.
(3.1)

Let (Γ ′ ×φ F, p, Γ
′) be the F -graph bundle induced by a voltage function ψ. Let f : Γ → Γ ′ be a morphism

of graphs. Then

f∗(Γ ′ ×φ F, p, Γ
′) ∼= (Γ ×f∗φ F, q, Γ ),

where q(v, f) = v for each (v, f) in VΓ × VF . The required isomorphism Φ : f∗Γ ′ ×φ F → Γ ×f∗φ F is
simply defined as Φ(x, f(x), w) = (x,w).

Example 7. Let Γ = C3 and assume that {a, b} is the vertex set of K2. Define φ(1, 2) = φ(2, 3) = idVK2
and

φ(1, 3) = A, the automorphism of K2 that switches a and b. Let p : C6 → C3 be the covering of Example 3.
The pullback of the F -voltage gain function p∗φ is given by

p∗φ(v,w) =

{
idK2

if (v,w) = (1, 2), (2, 3), (4, 5), (5, 6),

A if (v,w) = (3, 4), (6, 1).
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So the total space of the graph bundle (C6 ×p∗φ K2,pr, C6) has the vertex set VC6
× VK2

, and the vertices
are connected following the law coming from p∗φ. On the other hand, the graph bundle p∗(C3 ×φK2,pr, C3)
is a K2-graph bundle over C6 whose vertex set contains the following elements of VC6

× VC3×φK2
= VC6

×
VC3

×φ VK2
:

Vp∗(C3×φK2) =
{
(1, 1, a), (1, 1, b), (2, 2, a), (2, 2, b), (3, 3, a), (3, 3, b),

(4, 1, a), (4, 1, b), (5, 2, a), (5, 2, b), (6, 3, a), (6, 3, b)
}
.

Then p∗(C3×φK2,pr, C3) and (C6×p∗φK2,pr, C6) are equivalent, and the isomorphismΦ : p∗(C3×φK2) →
C6 ×p∗φ K2 is Φ(v,w, x) = (v, x).

We need to be sure that the pullbacks preserve equivalent graph bundles to have no ambiguities. Fortunately,
this is the case.

Proposition 2. The pullback preserves the equivalence classes. In other words, let (X, p, Γ ′) and (Y, q, Γ ′)
be two equivalent F -graph bundles, and let f : Γ → Γ ′ be a morphism of graphs. Then f∗(X, p, Γ ′) and
f∗(Y, q, Γ ′) are equivalent.

Proof. Denote by Φ : X → Y the isomorphism of graph bundles. Then f∗Φ : f∗X → f∗Y is the morphism
such that for each (v, x) in Vf∗X , f∗Φ(v, x) = (v, Φ(x)). Note that if (v, x) ∼ (v, y) are edges of type I, then
x ∼ y, and so, since Φ is an isomorphism, f∗Φ(v, x) = (v, Φ(x)) ∼ (v, Φ(y)) = f∗Φ(v, y). If (v, x) ∼ (w, x)
are edges of type II, then f∗Φ(v, x) = (v, Φ(x)) ∼ (w,Φ(x)) = f∗Φ(w, x). Finally, if (v, x) ∼ (w, y) are
edges of type III, then, again since Φ is an isomorphism, f∗Φ(v, x) = (v, Φ(x)) ∼ (w,Φ(y)) = f∗Φ(w, x).
Clearly, f∗q ◦ f∗Φ = f∗p. ��
Corollary 1. The pullback of a trivial bundle is trivial.

Proof. By Lemma 2 it suffices to prove that f∗(Γ ′ � F, q, Γ ′) = (Γ � F, r, Γ ), where r(x, g) = x for each
(x, g). Note that (Γ ′ � F, q, Γ ′) = (Γ ′ ×φ F, q, Γ

′), where φ(x, y) = idF for each (x, y), which implies that
f∗φ(v,w) = idF for each (v,w). Thanks to Remark 7, we know that

f∗(Γ ′ � F, q, Γ ′) = f∗(Γ ′ ×φ F, q, Γ
′) = (Γ ×f∗φ F, f

∗q, Γ ) = (Γ � F, r, Γ ). ��
Example 8. TheK2-graph bundle (M3, q, C3) of Example 4 is equivalent to the graph bundle (C3×φK2, r, C3)
of Example 7. Thanks to Proposition 2, the K2-graph bundle (C6 ×p∗φK2, p

∗r, C6) is equivalent to the graph
bundles of Example 5.

As it happens in algebraic topology, differential geometry, and topological algebra, it is possible to observe
functorial properties of the pullbacks. The next proposition is a reminiscence of some classical functorial
properties in [16, Props. A3.33, A3.35, A3.36, Thms. A3.52, Lemma A3.59, Thm. A3.60].

Proposition 3. Given graphs Γ1, Γ2, and Γ3 with graph morphisms f : Γ1 → Γ2 and g : Γ2 → Γ3 and
an F -graph bundle (X, p, Γ3), the pullback of graph bundles satisfies the following functorial properties:

(i) f∗[g∗(X, p, Γ3)] ∼= [g ◦ f ]∗(X, p, Γ3),
(ii) id∗(X, p, Γ3) ∼= (X, p, Γ3).

Proof. Assume that (X, p, Γ1) ∼= (Γ1 ×φ F, q, Γ1) for some F -voltage function φ. Thanks to Example 6, we
know that such φ exists. As a consequence of Lemma 2 and Remark 7, we know that

g∗(X, p, Γ3) = (g∗X, g∗p, Γ2) ∼=
(
g∗(Γ1 ×φ F ), g

∗(q), Γ2
)
= (Γ2 ×g∗φ F, r, Γ2),

where r : Γ2 ×g∗φ F → Γ2 is the morphism such that r(v, g) = v for each (v, g) in Γ2 ×g∗φ F . Note that
f∗(g∗φ) = [g ◦ f ]∗φ: it directly follows from the definition of pullback of a F -voltage function described
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by (3.1). This implies that if we denote by q : Γ1 ×[g◦f ]∗φ F → Γ1 the morphism such that q(v, x) = v for
each vertex (v, x) of Γ1 ×[g◦f ]∗φ F , then

f∗
[
g∗(X, p, Γ3)

]
=

(
f∗(g∗X), f∗(g∗p), Γ1

) ∼= (
f∗(Γ2 ×g∗φ F ), f

∗(g∗p), Γ1
)

= (Γ1 ×f∗(g∗φ) F, q, Γ1) = (Γ1 ×[g◦f ]∗φ F, q, Γ1)

=
(
[g ◦ f ]∗X, [g ◦ f ]∗p, Γ1

)
.

This proves (i). Concerning (ii), note that the morphism induced by the bijection Φ : Vid∗X → VX is defined
by Φ(x, x) = x and is an isomorphism. ��
Corollary 2. Let f : Γ → Γ ′ be a morphism of graphs, and let (X, p, Γ ) be an F -graph bundle. If f(Γ ) is
a tree, then f∗(X, p, Γ ) is trivial.

Proof. Denote by f : Γ → f(Γ ) the morphism defined as f(x) = f(x) for each x in VΓ and by i :
f(Γ ) → Γ ′ the morphism such that i(y) = y for each y in f(Γ ). As a consequence of Proposition 3 with
f = i ◦ f , we have that

f∗(X, p, Γ ) = f
∗(
i∗(X, p, Γ )

)
.

Note that i∗(X, p, Γ ) is trivial, since f(Γ ) is a tree (see also Remark 5). By Corollary 1 its pullback along f
is trivial. This ends the proof. ��

The universal property of Definition 7 is explained by the following result. This is in line with the categori-
cal approach of looking at pullbacks of graph bundles in analogy with corresponding constructions in algebraic
topology, differential geometry, and topological algebra.

Theorem 1. Let Γ and Γ ′ be two graphs, and let f : Γ → Γ ′ be a morphism of graphs. Let (X, p, Γ ′)
be a graph bundle and denote by f∗(X, p, Γ ′) its pullback along f . Then there is a graph morphism F :
f∗(X) → X such that the following diagram commutes:

f∗(X) X

Γ Γ ′.

F

f∗p p

f

Proof. Recall that

Vf∗(X) =
{
(v, x) ∈ VΓ × VX

∣∣ f(v) = p(x)
}
.

Then define F : Vf∗(X) → X as the function such that for each (v, x) in Vf∗(X), F(v, x) = x. First, we have
to prove that F is a graph morphism. Let (v, x) ∼ (w, y) in Vf∗(X).

(i) if (v, x) and (w, y) are vertices of an edge of type I, then v = w and x ∼ y. Then F(v, x) = x and
F(v, y) = y are vertices of an edge in X,

(ii) if (v, x) and (w, y) are vertices of an edge of type II, then v ∼ w, f(v) ∼ f(w) and x = y, and so
F(v, x) = x = y = F(w, y),

(iii) finally, if (v, x) and (w, y) are vertices of an edge of type III, then v ∼ w, f(v) ∼ f(w), and x ∼ y,
and so F(v, x) = F(w, y).

This implies that F is a graph morphism. Moreover, the diagram commutes, since

p
(F(v, x)

)
= p(x) = f(v) = f

(
f∗p(v, x)

)
. ��
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3.1 Adjacency matrix of the pullback of graph bundles

As already mentioned in the previous section, since each equivalence class of F -graph bundles admits a rep-
resentative expressible through an F -voltage function, to compute the adjacency matrix of a pullback bundle,
we will consider a graph bundle (Γ ′ ×φ F, p, Γ

′) and a morphism of graphs f : Γ → Γ ′.
We must invoke the notion Hadamard product of matrices, which can be found in [7, §10.5]: if A = (aij)

andB = (bij) are two matrices of the same size with i ∈ {1, 2, . . . , n} and j ∈ {1, 2, . . . ,m} for given natural
numbers n,m, then the Hadamard product

A ◦B = (cij)

is the matrix of the same size defined by cij = aijbij .
Let Mf be the matrix of size |VΓ ′ | × |VΓ | defined by

(Mf )w,v =

{
1 if f(v) = w,

0 otherwise.
(3.2)

Example 9. Let us take again the 2-fold covering of Example 3. If we fix the order on VC6
and VC3

induced by
the well order of the natural numbers, then we obtain

Mp =

[
0 0 1 0 0 1
1 0 0 1 0 0
0 1 0 0 1 0

]

.

Following the usual matrix notation [7, 10, 14], by MT
f we denote the transpose of (3.2). Note that the

(v,w)-entry of MT
f Mf satisfies

(
MT
f Mf

)
vw

=

{
1 f(v) = f(w),

0 otherwise.
(3.3)

The study of (3.2) is fundamental for the description of the adjacency matrix of a pullback bundle f∗(X, p, Γ )
in terms of (X, p, Γ ) and f .

Theorem 2 [Adjacency matrix for pullback of graph bundles]. Given a morphism of graphs f : Γ → Γ ′
and an F -graph bundle (Γ ′ ×φ F, p, Γ

′), the adjacency matrix of the total space of the pullback bundle
(Γ ×f∗φ F, f

∗p, Γ ) is given by

AΓ×f∗φF =
∑

ψ∈Aut(F )

[AΓ ◦Bf,ψ]⊗ perm(ψ) + I|VΓ | ⊗ F,

where

Bf,ψ =

{
MT
f (I|VΓ | +AΓ ′(ψ))Mf if ψ = idF ,

MT
f AΓ ′(ψ)Mf otherwise.

Proof. Given an automorphism ψ of F , denote byAΓ (ψ) the matrix indexed by VΓ such that (AΓ (ψ))vw = 1
if f∗φ(v,w) = ψ and 0 otherwise.

Thanks to Lemma 1, it suffices to show that for the bundle (Γ ×f∗φ F, f
∗p, Γ ), the matrix AΓ (ψ) is equal

to AΓ ◦Bf,ψ . In particular, the entries

(
AΓ ◦Bf,ψ

)
vw

=
(
AΓ (ψ)

)
vw

(3.4)
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for each couple of vertices v,w in VΓ and for each ψ in Aut(Γ ). Note that if v and w are two nonadjacent
vertices in Γ , then AΓ (v,w) and AΓ (ψ)(v,w) are both 0. So, if v and w are not adjacent, then (3.4) holds.
Assume that v ∼ w and f(v) ∼ f(w). In this case, thanks to (3.3), we find (MT

f Mf )vw = 0. Then for each ψ
in Aut(F ),

(AΓ ◦Bf,ψ)vw =
(
MT
f AΓ ′(ψ)Mf

)
vw

=
(
AΓ ′(ψ)

)
f(v)f(w)

,

which is 1 if φ(f(v), f(w)) = ψ and 0 otherwise. On the other hand, the (v,w)-entry of AΓ (ψ) is 1 if
f∗φ(v,w) = ψ and 0 otherwise. However, since f(v) ∼ f(w), φ(f(v), f(w)) = f∗φ(v,w). This im-
plies (3.4). Finally, assume that v ∼ w and f(v) = f(w). In this case, MT

f AΓ ′(ψ)Mf (v,w) = 0 for
each ψ in Aut(F ), and if ψ �= idF , then AΓ (ψ)(v,w) = 0. So (3.4) holds for each ψ �= idF . On the other
hand, if ψ = idF , then

(AΓ ◦Bf,idF
)vw =

(
MT
f Mf

)
vw

= 1,

since f(v) = f(w), and (AΓ (idF ))vw = 1 for the same reason: it directly follows from the definition of f∗φ.
This ends the proof.

Remark 8. The previous result is coherent with (2.1), (2.6), and (2.8) if f is the identity morphism.

Example 10. Let p : C6 → C3 be the projection of the 2-fold covering of C3 in Example 3, and let (M3, q, C3)
be the graph bundle in Example 4. As shown in Example 8, the graph bundle p∗(M3, q, C3) is equivalent to the
graph bundle (C6×p∗φK2, p

∗q, C6), which is the pullback of (C3×φK2, r, C3) such that φ(1, 2) = φ(2, 3) =
idK2

and φ(1, 3) = α with α �= idK2
∈ Aut(K2). If AC6

(α) denotes the adjacency matrix such that the
(v,w)-entry is equal to 1 if p∗φ(v,w) = α and 0 otherwise, then

AC6
◦Bp,idK2

=

⎡

⎢
⎢
⎢
⎢
⎢
⎣

0 1 0 0 0 1
1 0 1 0 0 0
0 1 0 1 0 0
0 0 1 0 1 0
0 0 0 1 0 1
1 0 0 0 1 0

⎤

⎥
⎥
⎥
⎥
⎥
⎦
◦

⎡

⎢
⎢
⎢
⎢
⎢
⎣

1 1 1 1 1 1
1 1 0 1 1 0
1 0 1 1 0 1
1 1 1 1 1 1
1 1 0 1 1 0
1 0 1 1 0 1

⎤

⎥
⎥
⎥
⎥
⎥
⎦
=

⎡

⎢
⎢
⎢
⎢
⎢
⎣

0 1 0 0 0 1
1 0 0 0 0 0
0 0 0 1 0 0
0 0 1 0 1 0
0 0 0 1 0 0
1 0 0 0 0 0

⎤

⎥
⎥
⎥
⎥
⎥
⎦
= AC6

(idK2
),

and

AC6
◦Bp,α =

⎡

⎢
⎢
⎢
⎢
⎢
⎣

0 1 0 0 0 1
1 0 1 0 0 0
0 1 0 1 0 0
0 0 1 0 1 0
0 0 0 1 0 1
1 0 0 0 1 0

⎤

⎥
⎥
⎥
⎥
⎥
⎦
◦

⎡

⎢
⎢
⎢
⎢
⎢
⎣

0 0 0 0 0 0
0 0 1 0 0 1
0 1 0 0 1 0
0 0 0 0 0 0
0 0 1 0 0 1
0 1 0 0 1 0

⎤

⎥
⎥
⎥
⎥
⎥
⎦
=

⎡

⎢
⎢
⎢
⎢
⎢
⎣

0 0 0 0 0 0
0 0 1 0 0 0
0 1 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 1
0 0 0 0 1 0

⎤

⎥
⎥
⎥
⎥
⎥
⎦
= AC6

(α).

AC6×p∗φK2
= [AC6

◦Bp,idK2
]⊗ I2 + [AC6

◦Bp,A]⊗ I2 + I6 ⊗ I2 ⊗ I2,

where I2 =
[
0 1
1 0

]
is the adjacency matrix of K2.

4 Subdirect product of graph bundles

In this section, inspired by the direct sum of topological vector bundles, we introduce the subdirect product
of graph bundles. We will see that this operation enjoys good properties: besides preserving the equivalence
classes of graph bundles, it admits a neutral element and is associative and commutative. This will allow us to
define the network K-theory of a graph, a purely combinatorial version of topological K-theory.
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16 Y. Bavuma, F.G. Russo, and S. Spessato

Let (X1, q1, Γ ) be an F1-graph bundle, and let (X2, q2, Γ ) be an F2-graph bundle on the same base Γ .
Denote byX1�X2 the total space of the pullback graph bundle q∗1(X2, q2, Γ ). Therefore we have the following
commutative diagram:

X1 �X2 X2

X1 Γ,

Q1

q∗1q2 q2

q1

where the composition of the morphisms of graphs is briefly written as

(q1, q2) = q1 ◦ q∗1q2,
and the map Q1 is induced naturally from the commutativity of the diagram. In analogy with algebraic topol-
ogy, in which we have the operation of direct sums of vector bundles, we will show that X1 �X2 is the total
space of a graph bundle over the graph Γ .

Theorem 3 [Existence of subdirect products for graph bundles]. If we have an Fi-graph bundle (Xi, pi, Γ )
with same base Γ for i = 1, 2, then the triple (X1 �X2, (p1, p2), Γ ) is an F1 � F2-graph bundle.

Proof. First, observe that

(p1, p2) = p1 ◦ p∗1p2 : X1 �X2 → Γ

is a surjective morphism of graphs. Then we split the argument into three steps.
Step 1. Given a vertex v in Γ , its preimage is the induced subgraph of X1 �X2 with vertices

Vw =
{
(x, y) ∈ VX1

× VX2

∣∣ p1(x) = p2(y) = w
}
.

The edges connecting two vertices (x, y) and (x′, y′) in Vw are edges of type I or II as per Definition 7, whereas
there are no edges of type III. However, this is exactly the Cartesian product p−1

1 (w) � p−1
2 (w) of the fibers

of w, which is isomorphic to F1 � F2.
Step 2. The map ˜(p1, p2) : X̃1 �X2 → Γ , where X̃1 �X2 is the graph whose vertex set is VX1�X2

and
the edges are those of type III in X1 �X2, is a graph covering of Γ . Indeed, given w = (p1, p2)(x, y), there
are two lifting maps

lw,x : N(w) → N(x) and lw,y : N(w) → N(y).

Therefore the map lw,(x,y) defined by

lw,(x,y) : z ∈ N(w) 
→ (
lw,x(z), lw,y(z)

) ∈ N(x, y)

is a lifting. Indeed, a vertex (x′, y′) is adjacent to (x, y) if x ∼ x′, y ∼ y′, and p1(x′) = p2(y
′).

Step 3. Now fix two vertices w and z in Γ such that w ∼ z. There is an induced bijection

ψw,z : p
−1
1 (w) � p−1

2 (w) → p−1
1 (z) � p−1

2 (z) such that ψw,z(x, y) = (x′, y′) = lw,(x,y)(z).

From Steps 1 and 2 we have that

ψw,z(x, y) =
(
lw,x(z), lw,y(z)

)
=

(
ψ1
w,z(x), ψ

2
w,z(y)

)
, where ψiw,z : p

−1
i (w) 
→ p−1

i (z), (4.1)

is the isomorphism induced by the graph bundle (Xi, pi, Γ ).
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Figure 3. The graph M6 �M6,2.

The proof now follows by noting (in the final step) that ψw,z = (ψ1
w,z, ψ

2
w,z) is a graph isomorphism

between p−1
1 (w) � p−1

2 (w) and p−1
1 (z) � p−1

2 (z). ��

Mimicking the logic of construction in [12, Chap. A, §19, §20] for groups, we may formulate a similar
notion (which is completely new to the best of our knowledge) in the present context of graph bundles.

DEFINITION 8. The subdirect product of (X1, p1, Γ ) and (X2, p2, Γ ) is the graph bundle

(X1, p1, Γ ) � (X2, p2, Γ )

given by (X1 �X2, (p1, p2), Γ ).

Example 11. Let (M6, q, C6) be the K2-graph bundle of Example 4, and let (M6,2, r, C6) be the K2-graph
bundle of Example 5. Both of them are two graph bundles over C6. Then the subdirect product (M6 �
M6,2, (q, r), C6) is the (K2 �K2)-graph bundle over C6 whose total space is depicted in Fig. 3.

The next result is the invariance under equivalences for Definition 8. This will be useful for calculation of
the corresponding adjacency matrix and spectrum later on.

Lemma 2. Let (Xi, pi, Γ ), i = 1, 2, be graph bundles, and let (Yi, qi, Γ ) be graphs bundles equivalent to
(Xi, pi, Γ ). Then (X1 �X2, (p1, p2), Γ ) is equivalent to (Y1 � Y2, (q1, q2), Γ ).

Proof. Denote by Φi be the bundle isomorphism between Xi and Yi. Then the required isomorphism is
Φ1 � Φ2 : X1 � X2 → Y1 � Y2 defined as Φ1 � Φ2(x1, x2) = (Φ1(x1), Φ2(x2)). We can easily check that
Φ1 � Φ2 preserves the types of edges. ��

Now ware able to show the invariance for the subdirect product of graph bundles. In particular, we prove
that the pullback commutes with the subdirect product.

Theorem 4. Let (Xi, pi, Γ ) be two Fi-graph bundles over the same graph Γ , and let f : Γ ′ → Γ be a mor-
phism of graphs. Then

f∗
(
X1 �X2, (p1, p2), Γ

) ∼= f∗(X1, p1, Γ ) � f∗(X2, p2, Γ ).
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18 Y. Bavuma, F.G. Russo, and S. Spessato

Proof. The vertex set of f∗(X1 �X2) is
{
(v, x, y) ∈ VΓ ′ × VX1

× VX2

∣
∣ f(v) = p1(x) = p2(y)

}
.

On the other hand, the vertex set of f∗X1 � f∗X2 is
{
(v, x, v, y) ∈ VΓ ′ × VX1

× VΓ ′ × VX2

∣
∣ f(v) = p1(x) = p2(y)

}
.

Let Φ be the map defined for each vertex in f∗(X1 �X2) by

Φ(v, x, y) = (v, x, v, y).

Clearly, Φ commutes with the projections: so, if it is an isomorphism of graphs, then it is also an isomorphism
of graph bundles. Since f∗(X1 �X2, (p1, p2), Γ ) and f∗(X1, p1, Γ ) � f∗(X2, p2, Γ ) are both F1 � F2-graph
bundles on the same base Γ , it suffices to show that Φ is a morphism of graph that preserves the edges; indeed,
two graph bundles with the same fiber and base also have the same number of edges. Let us argue according
to the types of the edge as per Definition 7.

(i) Let (v, x, y) ∼ (v, x′, y′). These vertices form an edge of type I for f∗(X1 �X2). In particular, either
x ∼ x′ and y = y′, or x = x′ and y ∼ y′. In the first case, Φ(v, x, y) = (v, x, v, y) ∼ (v, x′, v, y′) =
Φ(v, x′, y′) is an edge of type II for f∗(X1, p1, Γ )� f∗(X2, p2, Γ ). In the second case, it is an edge of
type I.

(ii) Let (v, x, y) ∼ (w, x, y) be an edge of type II. Then Φ(v, x, y) = (v, x, v, y) ∼ (w, x,w, y) =
Φ(w, x, y) is also an edge of type II for f∗(X1, p1, Γ ) � f∗(X2, p2, Γ ).

(iii) Let (v, x, y) ∼ (w, x′, y′) be an edge of type III. Then we have f(v) ∼ f(w) and (x, y) ∼ (x′, y′).
Since (p1, p2)(x, y) = f(v) and (p1, p2)(x

′, y′) = f(w), we find that x ∼ x′ and y ∼ y′. So
the vertices (v, x) ∼ (w, x′) in f∗X1, (v, y) ∼ (w, y′) in f∗X2, and Φ(v, x, y) = (v, x, v, y) ∼
(w, x′, w, y′) = Φ(w, x′, y′) is an edge of type III in f∗(X1, p1, Γ ) � f∗(X2, p2, Γ ).

The result follows. ��
Another interesting property appearing in the present investigations is illustrated below.

Proposition 4 [Universal property of subdirect product of graph bundles]. Let (Xi, pi, Γ ), i = 1, 2, be
Fi-graphs bundles. Let Y be a graph and assume the existence of two morphisms αi : Y → Xi such that
p1 ◦ α1 = p2 ◦ α2 is a morphism preserving the edges. Then there is a morphism α1 � α2 : Y → X1 � X2

such that the following diagram commutes:

Y

X1 �X2 X2

X1 Γ

α1 � α2

Q1

p∗1p2

p1

p2
α1

α2

Proof. Let α : Y → X1 � X2 be the function defined by α1 � α2(y) = (α1(y), α2(y)). This function
clearly makes the diagram commutative, so it remains to prove that α1 � α2 is a morphism of graphs. Since
p1 ◦ α1 = p2 ◦ α2 preserves the edges, we have that also α1 and α2 preserve them. This means that for
each y ∼ z in Y , α1(z) ∼ α1(y), α2(z) ∼ α2(y), and p1(α1(z)) ∼ p1(α1(y)). This is an edge of type III
considering X1 �X2 = p∗1X2. ��
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In the proof of Proposition 4, it is crucial that p1 ◦ α1 = p2 ◦ α2 preserves the edges, since otherwise the
statement fails. For example, if Γ is a point and X1 = X2 = K2, then X1 � X2 = K2 �K2. Assume that
Y = K2 andα1 = α2 = idK2

. Then there is no morphismα1�α2 : Y → X1�X2 such that p∗1p2◦α1�α2 = α1

and p∗2p1 ◦ α1 � α2 = α2.

Remark 9. The notion of section (also called crossed section by some authors) is another common notion in
topological algebra, differential geometry, and algebraic topology. This can be given in general categories:
for instance, if we look at the category of topological groups (with corresponding morphisms) and at [16,
Def. 10.9], then we consider a topological group G acting on a Hausdorff space X and a continuous function
σ : X/G → X is a section if prG,X ◦σ = idX/G, where idX/G is the identity map of the orbit space X/G,
and prG,X is the canonical projection of X onto X/G. From a purely topological point of view, a section
of a fibration (X, p,M) is a continuous function σ : U → X, where U is an open subset of M such that
p ◦ σ = idU . Something similar can be formulated in the context of graph bundles: consider an F -graph
bundle (X, p, Γ ) and a section that is a morphism of graphs β : Y → X, where Y = (VY , EY ) is a graph
such that VY ⊆ VΓ and EY ⊆ EΓ and p ◦ β = idY . A global section is a section such that Y = Γ . Note that
a section preserves the edges, which means that Proposition 4 holds for sections defined on the same Y . In
particular, if α1 and α2 are global sections in Proposition 4, then so is α1 � α2.

4.1 Adjacency matrix of the subdirect product of graphs

Following the strategy of proof in Lemma 1, given an F -graph bundle (X, p, Γ ), we fix for each vertex v ∈ VΓ
an isomorphism σv : p−1(v) → F from the fiber to F . Therefore for two adjacent vertices v ∼ w in X, the
isomorphism ψvw : p−1(v) → p−1(w) can be seen as an isomorphism of Aut(F ) up to composing with σw
and σ−1

v . Let (X1, p1, Γ ) and (X2, p2, Γ ) be two graph bundles with fibers F1 and F2. For each v in VΓ , we
fix

(σv, σw) : p
−1
1 (v) � p−1

2 (v) → F1 � F2.

From (4.1) in the proof of Theorem 3, for two adjacent vertices v,w ∈ VΓ , we have the isomorphism of graphs

ψvw =
(
ψ1
vw, ψ

2
vw

)
,

where ψivw is the isomorphism inXi for i = 1, 2. Note that if we fix some order on VFi
and the lexicographical

order on VF1�F2
, then we get the permutation matrix

perm
(
ψ1
vw, ψ

2
vw

)
= perm

(
ψ1
vw

)⊗ perm
(
ψ2
vw

)
. (4.2)

This fact is a consequence of the notion of Kronecker product of permutations (see [7, 10, 29]).

Theorem 5 [Adjacency matrix for subdirect products of graph bundles]. Let (Xi, pi, Γ ), i = 1, 2, be
Fi-graph bundles, and for each ψi ∈ Aut(Fi), denote by perm(ψi) the permutation matrix of ψi. Then

AX1�X2
=

∑

ψ1∈Aut(F1)
ψ2∈Aut(F2)

AΓ
(
ψ1, ψ2

)⊗ perm
(
ψ1

)⊗ perm
(
ψ2

)
+ I|VΓ | ⊗AF1

⊗ I|VF2 | + I|VΓ | ⊗ I|VF1 | ⊗AF2
.

Proof. From (4.2) and Lemma 1 we find that

AX1�X2
=

∑

ψ1∈Aut(F1)
ψ2∈Aut(F2)

AΓ (ψ
1, ψ2)⊗ perm

(
ψ1

)⊗ perm
(
ψ2

)
+ I|VΓ | ⊗AF1�F2

.

Then to conclude, it suffices to recall that

AF1�F2
= AF1

⊗ I|VF2 | + I|VF1 | ⊗AF2
. ��
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4.2 K-theory from graph bundles

In the next lemmas, we prove some properties about the direct sum of graph bundles: in particular, we will
prove that the set of all the equivalence classes of graph bundles over Γ endowed with the subdirect sum
is an Abelian monoid, that is, it is commutative and associative, and there exists a neutral element. These
properties are the same as those satisfied by vector bundles over topological spaces. We will see how these
properties will allow us to define the concept of network K-theory.

Theorem 6 [Monoidal structure of subdirect product of graph bundles]. Let (Xi, pi, Γ ), i = 1, 2, 3, be
Fi-graph bundles with same base Γ . Then we have the following properties:

(i) Commutativity:
(
X1 �X2, (p1, p2), Γ

) ∼= (
X2 �X1, (p2, p1), Γ

)
;

(ii) Associativity:
(
[X1 �X2] �X3,

(
(p1, p2), p3

)
, Γ

) ∼=
(
X1 � [X2 �X3],

(
p1, (p2, p3)

)
, Γ

)
;

(iii) Existence of a neutral element:

(X1, p1, Γ ) � (Γ, id, Γ ) = (X1, p1, Γ ).

Proof. It will be proved point by point.
Commutativity. Note that

VX1�X2
=

{
(x, y) ∈ VX1

× VX2

∣
∣ p1(x) = p2(y)

}

and

VX2�X1
=

{
(y, x) ∈ VX2

× VX1

∣
∣ p2(y) = p1(x)

}
.

The required isomorphism Φ : X1 �X2 → X2 �X1 is defined by

Φ(x, y) = (y, x).

It is easy to show that this map preserves the edges; in particular, {Φ(x, y), Φ(x′, y′)} is an edge of type I if
{(x, y), (x′, y′)} is an edge of type II; it is an edge of type II if {(x, y), (x′, y′)} is an edge of type I; and it is
an edge of type III otherwise. Since two F -graph bundles on the same base space have the same number of
edges, Φ is an isomorphism. Finally, (p2, p1) ◦ Φ = (p1, p2), and so Φ is a morphism of graph bundles.

Associativity. Note that VX1�[X2�X3] = V[X1�X2]�X3
, and they are both equal to

{
(x1, x2, x3) ∈ VX1

× VX2
× VX3

∣∣ p1(x1) = p2(x2) = p3(x3)
}
.

The map id : VX1�[X2�X3] → V[X1�X2]�X3
is defined by

id(x1, x2, x3) = (x1, x2, x3) (4.3)

and is an isomorphism of graphs. Indeed, suppose (x1, x2, x3) ∼ (y1, y2, y3) in X1 � [X2 � X3]. Then we
have three cases.

(i) If they form an edge of type I, then x1 = y1, and (x2, x3) and (y2, y3) are vertices in the fiber of p1(x1)
along (p2, p3). This is p−1

2 (p1(x1))� p−1
3 (p1(x1)). Then there are two alternatives: either x2 = y2 and

x3 ∼ y3, or x2 ∼ y2 and x3 = y3. In the first case, it is an edge of type I for [X1 �X2] �X3, and in
the second case, it is an edge of type II.
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(ii) If they form an edge of type II, then x2 = y2, x3 = y3, and x1 ∼ y1 with p1(x1) = p1(y1). This is
an edge of type II for [X1 �X2] �X3.

(iii) If they form an edge of type III, then x1 ∼ y1, p1(x1) ∼ p1(y1), and (x2, x3) ∼ (y2, y3). Note
that p1(x1) ∼ p1(y1) implies that also p2(x2) ∼ p2(y2) and p3(x3) ∼ p3(y3) by the definition of
VX1�[X2�X3]. This means that the edge in X2 � X3 that connects (x2, x3) and (y2, y3) is of type III.
Hence x2 ∼ y2 and x3 ∼ y3, which implies that the edge connecting (x1, x2, x3) and (y1, y2, y3) is of
type III in [X1 �X2] �X3.

To conclude that (4.3) is an isomorphism of graphs, it is necessary to prove that all the edges of [X1 �
X2] � X3 are edges on the image of id(X1 � [X2 � X3]). However, it is sufficient to observe that they have
the same number of edges. Indeed, given an F -graph bundle (X, p, Γ ), we have |EX | = EΓ�F . This fact
can be deduced by observing that the adjacency matrix of X has the same numbers of entries equal to 1 of
AΓ ⊗I|F |+I|VΓ |⊗AF . So this implies that given two bundles on the same base space and with the same fiber,
they have the same number of edges. In particular, this happens for [X1 �X2]�X3 and X1 � [X2 �X3]. The
proof of this point ends since ((p1, p2), p3) ◦ id = (p1, (p2, p3)).

Existence of a neutral element. Note that the fibers of the graph bundle (Γ, idΓ , Γ ) are isomorphic to the
trivial bundle with just one vertex. This implies that given a graph bundle (X, p, Γ ), the map Φ : X � Γ → X
defined by Φ(x, v) = x for each (x, v) in VX�Γ is the required isomorphism of graph bundles. ��

Given a graph F , we may denote the n times iterated Cartesian product of F by

Fn = F � F � F � · · · � F︸ ︷︷ ︸
n times

and F 0 =
({1}, ∅).

Inspired by the usual definition of topologicalK-theory of a topological space in [28, Chap. I, §11], denote
by [X] the equivalence class of the Fn-graph bundle (X, p, Γ ). By Lemma 2 we are allowed to define without
ambiguities an operation between equivalence classes as follows:

[X] � [Y ] := [X � Y ]. (4.4)

By Theorem 6 the set of the equivalence classes [X] with respect to (4.4) is an Abelian monoid. On an
Abelian monoid (A,+), its Grothendieck group (G(A),+), or its group of differences, or its group obtained
by symmetrization, is the Abelian group defined onA having binary operation on equivalence classes in A×A
such that (a, b) ∼ (c, d) if there is an element r in A such that a + c + r = b + d + r. Then G(A) is the set
of the equivalence classes with respect to the sum, and the class of the element (a, b) is denoted by a− b. The
operation is defined componentwise, that is, (a − b) + (c − d) = (a + c) − (b + d). The neutral element of
this group is the class with elements (a, a). Using the notation of differences, a− a = 0G(A) for each a in A.
Moreover, the inverse of the element a − b is the element b − a for each couple a, b in A. For instance, the
Grothendieck group of the usual additive monoid of the natural numbers is given by the additive group of the
integers, but it is more interesting to note that given a topological space M , the Grothendieck group of the
monoid of the equivalence classes of vector bundles over M with respect to the direct sum is the well-known
K-theory group of M (denoted by K0(M)). The role of K0(M) in algebraic topology is fundamental under
several aspects to classify manifolds, surfaces, polytopes, and CW-complexes; see [28]. It seems quite natural
to define a K-theory group for a graph induced by its graph bundles.

DEFINITION 9. Let Γ and F be two graphs. The K-theory group of the network Γ (or the network K-theory
group of Γ ) is the groupK0(Γ,F ) defined as the Grothendieck group of the monoid of the equivalence classes
of Fn-graph bundles over Γ and operation �.

Example 12. Let Γ = T be a tree. Then for any F , its group K0(Γ,F ) = Z. Indeed, any graph bundle on
a tree is trivial (see Remark 5). This means that the monoid of the classes of equivalence of vector bundle is
just N: the isomorphism is the one that sends each Fn-graph bundle to n. Therefore the Grothendieck group
is G(N) = Z.
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As it often happens in algebraic topology when we have similar situations, we look whether K0(·, F ) is
a contravariant functor. In this case the answer is positive (of course, from the category of graphs endowed
with graph morphisms to the category of the Abelian groups endowed with group homomorphisms).

Corollary 3. Given the graphs Γ1, Γ2, and F and the network K-theory groups K0(Γ1, F ) and K0(Γ2, F ) as
per Definition 9, for each graph morphism f : Γ1 → Γ2, there is a group morphism K0(f) : K0(Γ2, F ) →
K0(Γ1, F ) such that the following functorial properties are satisfied:

(i) K0(f ◦ g) = K0(g) ◦K0(f),
(ii) K0(idΓ ) = idK0(Γ,F ).

Proof. The group morphismK0(f) is defined byK0(f)([X]− [Y ]) = [f∗X]− [f∗Y ]. The properties follow
by Proposition 3, Theorem 4, and Corollary 1 with routine arguments concerning the Grothendieck group. ��

We end by stating an open problem we encountered in our investigations.

Problem 2. The computation of the network K-theory group K0(Γ,F ) of a graph Γ may appear quite chal-
lenging, especially when the automorphism group of the graph F is particularly wide. On the other hand, it
could be a useful tool for classifying graphs. Furthermore, there seem to be no major difficulties in defining
the concept of reducedK-theory of a network: this, similarly to the classical case, should be easier to compute
and could still retain the information contained in the K-theory group.

5 The Cayley graph of a subdirect product of groups

In this section, we study the Cayley graphs of subdirect products of finite groups. These are graphs constructed
from a group and a set of its generators. Cayley graphs are one of the most widely used tools in graph theory
for the study of groups.

Remark 10. Note from [5, 7, 10, 14] that for a finite group G with set S of generators such that 1G /∈ S, we
say that S is symmetric if for every s in S, s−1 also is in S. Then the Cayley graph of G with respect to S is
the graph Cay(G,S) with vertex set G and x ∼ y if there is an element s in S such that xs = y. Note also
that Cay(G,S) is a well-defined graph since S is symmetric. For a nonsymmetric set S, there is a notion of
Cay(G,S) in terms of a directed graph. It is important to note that for each group G, it is always possible to
find a symmetric generator of S, and so it is possible to define Cay(G,S).

The Cayley graphs defined with different choices of S cannot be isomorphic. This fact is highlighted in
Fig. 4, and (coherently with the notations in [2, 4, 5, 16]) we denote the cyclic group on n elements by Z(n)
(here n is a given natural number).

This observation motivates the search for different generating sets. Indeed, the properties of Cayley graphs
corresponding to different generating sets could reflect distinct properties of the group. Moreover, not all
choices of generating sets may be truly useful (e.g., if S = G \ {1G}, then the Cayley graph is a complete
graph regardless of G). Therefore the choice of S becomes particularly significant in making the Cayley graph
an effective tool. For an example of this fact, see [5].

Figure 4. On the left, Cay(Z(4), {1, 3}); on the right, Cay(Z(4), {1, 2, 3})
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5.1 Subdirect product of groups

In this subsection, we introduce the concept of a subdirect product of groups. To this end, it is necessary to
recall the following proposition.

Proposition 5. (See [12, Chap. A, Thm. 19.1].) Let A, B, and C be finite groups, and let εA : A → C and
εB : B → C be epimorphisms with ΔA = ker(εA) and ΔB = ker(εB). If we consider A × B, Ā = A × 1,
B̄ = 1×B, and

E =
{
(a, b)

∣
∣ a ∈ A, b ∈ B, and εA(a) = εB(b)

}

then E is a subgroup of A × B, and there exist epimorphisms δA : E → A and δB : E → B such that the
following conditions are satisfied:

(i) ker(δA) = E ∩ B̄ ∼= ΔB, and ker(δB) = E ∩ Ā ∼= ΔA,
(ii) ker(δA) ker(δB) = ΔA ×ΔB, and

(iii) E/(ΔA ×ΔB) ∼= C .

Proposition 5 may be visualized as follows: if we have surjective homomorphisms of groups

εA : a ∈ A 
→ εA(a) ∈ C and εB : b ∈ B 
→ εB(b) ∈ C,

then the canonical projections

prA : (a, b) ∈ A×B 
→ prA(a, b) = a ∈ A and prB : (a, b) ∈ A×B 
→ prB(a, b) = b ∈ B

allow us to have the following commutative diagram:

E

A×B B

A C

δB

δA

ι

prB

prA εB

εA

where E embeds naturally in A×B via ι. This commutative diagram shows Proposition 5(iii), that is,

C � E

ΔA ×ΔB
, where ΔA � ker(δA) and ΔB � ker(δB).

DEFINITION 10. (See [12, Chap. A, Def. 19.2].) We say that the subgroup E of A× B from Proposition 5 is
a subdirect product of (groups) A and B with amalgamated factor group C , writing briefly A×C B.

Remark 11. Given three groups A, B, and C and two morphisms φ1 : A → C and φ2 : B → C , it is possible
to define the pullback of B along φ1 by setting

φ∗1B =
{
(a, b) ∈ A×B

∣
∣ φ1(a) = φ2(b)

}

endowed with the componentwise product. Observe that the subdirect product of two groups is nothing but the
pullback of a group in the case where all the morphisms involved are surjective. This is the same approach we
took in our paper when defining the subdirect product of a graph bundle: indeed, we first defined the notion of
the pullback of a graph bundle along a generic graph morphism, and then we called the subdirect product the
pullback obtained through a surjection that, in turn, arises from another graph bundle.
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5.2 Graph bundles and morphisms of groups

In this section, we discuss the Cayley graphs of subdirect products of groups. As previously illustrated, the
choice of generators is crucial for understanding the properties of the group. In particular, we consider gener-
ating sets described by the following definition. Recall that every generating set we consider does not contain
the identity of the group.
DEFINITION 11. Let ϕ : A → B be a surjective morphism between to finite groups A and B. Let S0 and S1
be two systems of generators of ker(φ) and B, respectively, and assume that they do not contain 1A and 1B .
Then the couple (S0, S1) is called admissible if the following conditions hold:

(i) aS0a−1 ⊆ S0 for each a in A;
(ii) For every involution si in S1, there exists an involution s̃i in A such that ϕ(s̃i) = si;

(iii) S0 and S1 are symmetric, that is, for each x in S0 (resp., S1), x−1 also is in S0 (resp. S1).

Given an admissible couple (S0, S1) of generators, it is always possible to find a symmetric subset S̃1 =
{s̃1, . . . , s̃n} of A such that ϕ(s̃i) = si for each i = 1, . . . , n, and s̃i is an involution if si is an involution.
Then the set

Sϕ = S0 ∪ S̃1
is a system of generators induced by (S0, S1).

Note that a system of generators as in Definition 11 is always symmetric. We are ready to illustrate one of
the most important results of the present contribution. We prove that under an appropriate choice of system of
generators, the Cayley graph of the domain of a surjective morphism of groups is the total space of a graph
bundle. In particular, the base of this bundle is the Cayley graph of the image, and the fiber is the Cayley graph
of the kernel. An easy example is the case of a projection from a Cartesian product of groups onto one of its
components. However, our result is far more general, and Example 15 shows some circumstances in which
our result applies.
Theorem 7 [Total spaces of graph bundles as Cayley graphs]. Let ϕ : A → B be a surjective morphism
between two finite groups A and B, and let (S0, S1) be an admissible couple of system of generators for
ker(ϕ) and B. Let Sϕ = S0 ∪ S̃1 be a system of generators of A induced by (S0, S1). Then the triple
(Cay(A,Sϕ), ϕ,Cay (B,S1)) is a Cay(ker(ϕ), S0)-bundle.

Proof. Essentially, the proof consists of verifying that all the requirements of Definition 5 are satisfied. First
note that ϕ : Cay(A,Sϕ) → Cay(B,S1) is a surjective morphism of graphs. Indeed, ϕ is surjective by
assumptions, and it is a morphism of graphs since ϕ(x) = ϕ(xhi) for each hi in S0 and ϕ(x) ∼ ϕ(xs̃i) =
ϕ(x)si for each s̃i in S̃1. To conclude the proof, it suffices to check Definition 5.

Step 1. Given b in B, denote by ϕ−1(b) the subgraph of Cay(A,Sϕ) induced by the elements in the
preimage of b. Let x be in the preimage of v and consider

σb : ϕ
−1(b) → Cay(ker(ϕ), S0) such that y 
→ yx−1.

The map σb is an isomorphism of graphs. Indeed, for each y in the preimage of b, we have that yx−1 is an
element of ker(ϕ). Moreover, σb is bijection. It is necessary to prove that σb and its inverse preserve the edges.
Let y and z be in the preimage of b. They are adjacent in ϕ−1(b) if and only if there is h0 in S0 such that
yh0 = z. Observe that

σb(z) = zx−1 = yh0x
−1 = yx−1xh0x

−1 = σb(y)xh0x
−1 = σb(y)h1,

where h1 is an element of S0, since S0 is admissible. This implies that σb(z) ∼ σb(y). On the other hand, let
σ−1
b (k) = kx, and let k ∼ kh0 in Cay(ker(ϕ), S0). Then

σ−1
b (kh0) = σ−1

b (k)x−1h0x = σ−1
b (k)h2,

where h2 is in S0, because S0 is admissible. Then also σ−1
b preserves the edges.
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Step 2. Denote by ˜Cay(A,Sφ) the graph with the same vertex set of Cay(A,Sφ) but whose edges are in-
duced by S̃1. Let ϕ̃ : ˜Cay(A,Sφ) → Cay(B,S1) be the graph morphism induced by ϕ. Then ϕ̃ is a covering.
To prove this fact, given b in B and x in the preimage of b, it is necessary to show that the restriction of ϕ to
the neighborhoods N(x) and N(b) of x and b, respectively, is an isomorphism of graphs. This follows easily
from

ϕ(xs̃i) = ϕ(x)ϕ(s̃i) = bsi

and from the fact that the map associating to each si the element s̃i is a bijection. Moreover, this implies the
existence for each b ∼ c in B of a bijection ψb,c : ϕ−1(b) → ϕ−1(c). In particular, if c = bsi, then

ψb,bsi(x) = xs̃i.

Step 3. Now ψb,bsi : ϕ
−1(b) → ϕ−1(bsi) is an isomorphism of graphs. Consider x ∼ xh0 in ϕ−1(b). Then

ψb,bsi(x) = xs̃i and ψb,bsi(xh0) = xh0s̃i = ψb,bsi(x)s̃
−1
i h0s̃i.

Since S0 is admissible, s̃−1
i h0s̃i is in S0, and so ψb,bsi preserves the edges. Arguing in the same way, also

ψ−1
b,bsi

= ψbsi,b preserves the edges, which implies that ψb,bsi is an isomorphism. ��

Example 13. Let φ1 : Z(2) × Z(3) → Z(3) be a homomorphism of group φ1(x, y) = y that projects onto
the second factor of the direct product Z(2) × Z(3). Here ker(φ1) = Z(2) × {0}. Then consider S0 =
{(1, 0)} as a generating set for ker(φ1), and let S1 = {1} be a generating set for φ1(Z2 × Z(3)) = Z(3).
Define the S1-transversal section {(0, 1)}, and let Sφ1

= {(1, 0), (0, 1)}. Here the graph bundle (Cay(Z(2)×
Z(3), Sϕ), φ1,Cay(Z(3), S1)) is exactly the 2-fold graph bundle (K2 � C3, p, C3) in Example 4.

With the same approach, we find another construction we have discussed before.

Example 14. Now we consider the homorphism group φ2 : Z(6) → Z(3) defined as φ2(x) = [x], where [x]
is the remainder of the division of x by 3. Observe that ker(φ2) = {0, 3} ∼= Z(2). Fix S0 = {3} as the
generating set for ker(φ2), and choose S1 = {1} so that S̃1 = {1}. Finally, define Sφ2

= {0, 1, 3}. Then the
graph bundle (Cay(Z(6), Sϕ), φ1,Cay(Z(3), S1)) is theK2-graph bundle (M3, q, C3), which we have already
seen in Example 4.

Let φ1 : A1 → B and φ2 : A2 → B be two surjective homomorphisms of finite groups. We then form
the subdirect product of groups A1 ×B A2 with amalgamating subgroup B. We obtain the induced surjective
homomorphism of groups ϕ : A1 ×B A2 → B. Let S1 be a symmetric system of generators of B, and let S0,i
be a symmetric system of generators of ker(φi) such that the couples (S0,1, S1) and (S0,2, S1) are admissible
with respect to φ1 : A1 → B and φ2 : A1 → B, respectively. Finally, for i = 1, 2, fix a system of generators
Sφi

= S̃1,i ∪ S0,i induced by(S0,i, S1). On the other hand, let

S̃1 =
{
(s̃1,1, s̃1,2), . . . , (s̃n,1, s̃n,2)

}
. (5.1)

Moreover, let S0 = S0,1 ∪ S0,2, where

S0,1 = S0,1 × 1A2
and S0,2 = 1A1

× S0,2. (5.2)

Therefore we may also consider

Sϕ = S0 ∪ S̃1, (5.3)

a system of generators of A1 ×B A2. Since for each i = 1, 2, the couple (S0,i, S1) is admissible for φi :
Ai → B, then (S0, S1) also is an admissible couple of A1 ×B A2. In particular, Sϕ is a system of generators
induced by (S0, S1). We are in the position to prove a significant generalization of [5, Thm. 3.6], which is
somehow the main structural result behind several ideas and constructions in [2, 4, 5].
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Figure 5. The graph (K2 � C3) � M3.

Theorem 8 [Invariance of subdirect products by Cayley operator]. Let φ1 : A1 → B and φ2 : A2 → B be
two surjective homomorphisms of groups, and consider the subdirect product of groupsA1 ×B A2 along with
(5.1), (5.2), and (5.3). Then

Cay(A1 ×B A2, Sϕ) = Cay(A1, Sφ1
) � Cay(A2, Sφ2

).

Proof. First note that Cay(A1 ×B A2, Sϕ) and Cay(A1, Sφ1
)�Cay(A2, Sφ2

) have the same set of vertices,
A1 ×B A2.

Let {(x, y), (x′, y′)} be an edge of Cay(A1 ×B A2, Sϕ). Assume that there is an element (h1, 1A2
) in

S0,1 such that (x′, y′) = (x, y)(h1, 1A2
) = (xh1, y). This is an edge of Cay(A1, Sφ1

) � Cay(A2, Sφ2
), and

in particular, it is an edge of type II if we consider the subdirect product as the total space of the graph
bundle φ∗1(Cay(A2, Sφ2

), φ2,Cay(B,S1)). On the other hand, (1A1
, h2) is an element of S0,2 such that

(x′, y′) = (x, y)(1A1
, h2) = (x, yh2). Then the edge {(x, y), (x, yh2)} can be seen as an edge of type I

of the graph bundle φ∗1(Cay(A2, Sφ2
), φ2,Cay(B,S1)). Finally, let (s̃j,1, s̃j,2) be an element in S̃1 such that

(x′, y′) = (x, y)(s̃j,1, s̃j,2) = (xs̃j,1, ys̃j,2). Then the edge {(x, y), (x′, y′)} is a type III edge of the graph
bundle φ∗1(Cay(A2, Sφ2

), φ2,Cay(B,S1)). The result follows. ��
Theorem 8 is a result of invariance, since it allows us to look at “Cay” as an operator from finite groups

to finite graphs with the nice property of transforming a subdirect product of finite groups into a subdirect
product of graph bundles.

Example 15. Let φ1 : Z(3) × Z(3) → Z(3) and φ2 : Z(6) → Z3 be the homomorphisms of groups in Exam-
ples 13 and 14. We now consider the subdirect product of these Abelian groups, namely

Z =
(
Z(3) × Z(3)

)×Z(3) Z(6),

and denote by ϕ : Z → Z(3) the homomorphism of groups induced by (φ1, φ2). In this situation, if S0,1 =
{(1, 0, 0)} and S0,2 = {(0, 0, 3)}, then S0 = {(1, 0, 0), (0, 0, 3)} is the admissible generating set of ker(ϕ).
On the other hand, if S1 = {1} and S̃1 = {(0, 1, 1)}, then the Cay(ker(ϕ), S0)-graph bundle (Cay(Z, Sϕ),
ϕ,Cay(Z(3), S1)) is exactly the graph bundle ((K2 �C3), p, C3)� (M3, q, C3), whose total space is depicted
in Fig. 5.

We end with an open problem: it would be interesting to study the spectrum of the total spaces of the graph
bundles described in the previous paragraphs; in particular, it would be interesting to study applications of their
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spectra to the structural properties of relevant classes of finite groups. A general description does not seem to
be available, exactly as for graph coverings, which are a special case of graph bundles. However, it might be
possible to find spectral results for prescribed families of graphs.

Problem 3. Find spectral properties of the graph bundles that can be constructed as subdirect products of
Cayley graphs as per Theorem 8.

Acknowledgment. We thank referees and editors for appropriate feedback and comments on the original
version of the manuscript.
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