Eur. Phys. J. C (2024) 84:402
https://doi.org/10.1140/epjc/s10052-024-12774-x

THE EUROPEAN ®
PHYSICAL JOURNAL C G

updates

Regular Article - Theoretical Physics

Analytical Gaussian process cosmography: unveiling insights
into matter-energy density parameter at present

Bikash R. Dinda!-2

1 Department of Physical Sciences, Indian Institute of Science Education and Research Kolkata, Mohanpur, Nadia, West Bengal 741246, India
2 Department of Physics and Astronomy, University of the Western Cape, Cape Town 7535, South Africa

Received: 13 February 2024 / Accepted: 7 April 2024 / Published online: 18 April 2024

© The Author(s) 2024

Abstract In this study, we introduce a novel analytical
Gaussian Process (GP) cosmography methodology, leverag-
ing the differentiable properties of GPs to derive key cosmo-
logical quantities analytically. Our approach combines cos-
mic chronometer (CC) Hubble parameter data with growth
rate (f) observations to constrain the 2,0 parameter, offering
insights into the underlying dynamics of the Universe. By for-
mulating a consistency relation independent of specific cos-
mological models, we analyze under a flat FLRW metric and
first-order Newtonian perturbation theory framework. Our
analytical approach simplifies the process of Gaussian Pro-
cess regression (GPR), providing a more efficient means of
handling large datasets while offering deeper interpretability
of results. We demonstrate the effectiveness of our method-
ology by deriving precise constraints on Quoh”, revealing
Qmoh? = 0.139 £+ 0.017. Moreover, leveraging H observa-
tions, we further constrain £,0, uncovering an inverse corre-
lation between mean Hy and 2,9. Our investigation offers a
proof of concept for analytical GP cosmography, highlight-
ing the advantages of analytical methods in cosmological
parameter estimation.

1 Introduction

In 1998, observations of type Ia supernovae provided com-
pelling evidence for the current accelerated expansion of
the Universe, marking the onset of late-time cosmic accel-
eration [1-8]. Subsequent observations, including those of
the cosmic microwave background (CMB) [9-11], cosmic
chronometers (CC) measuring the Hubble parameter [12—
14], and baryon acoustic oscillations (BAO) [15-17], have
independently confirmed this accelerated expansion. The
prevailing explanation for this phenomenon revolves around
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two main classes of models: one posits the existence of dark
energy, a component with a large negative pressure driving
the acceleration [ 18-23]; the other considers modifications to
the general theory of relativity on cosmological scales [24—
36]. Among these models, the ACDM model stands out as
the most popular and successful [37]. In ACDM, the cosmo-
logical constant is identified as the leading candidate for dark
energy, providing a robust framework for understanding the
observed cosmic acceleration.

Despite the considerable success of the ACDM model, it
grapples with both theoretical and observational challenges.
Theoretical concerns include issues of fine-tuning and the
cosmic coincidence problem [38—41]. On the observational
front, the model exhibits discrepancies in derived quanti-
ties such as Hy (the present Hubble parameter) [42—45] and
og parameters, particularly between early-time observations
like the CMB and late-time measurements such as local deter-
minations of Hy and cosmic shear observations of og [46-50].
These inconsistencies have spurred investigations beyond the
ACDM paradigm.

Efforts to address these challenges have led to explorations
of alternative models, including dynamical dark energy mod-
els [21] and early dark energy models [47]. While these
models have shown success to a certain extent, concrete
solutions to the identified problems remain elusive. Conse-
quently, in recent times, there has been a shift towards model-
independent and non-parametric approaches in the analysis
[51-59]. These approaches aim to explore and study vari-
ous cosmological observables, such as the Hubble parame-
ter [52,53] and the deceleration parameter [54-57], without
being constrained by specific theoretical frameworks.

In the literature, certain parametric approaches are col-
loquially labeled as ’model-independent’ because these
parametrizations ostensibly avoid explicit dependence on
specific cosmological models [45,60]. An illustrative exam-
ple is the cosmographic approach, which characterizes the
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expansion of the universe through distinct redshift or time
derivatives of the scale factor or Hubble parameters [60].
However, it is essential to discern that these parametriza-
tions, though not directly rooted in particular cosmological
models, can themselves be considered models.

In this study, when we refer to model-independent analy-
sis, we explicitly denote an approach that is truly free from
reliance on any particular theoretical model or parametriza-
tion. While acknowledging the necessity of foundational con-
cepts such as the existence of standard candles, our pursuit of
model independence extends to a genuine absence of reliance
on any cosmological model governing background expansion
or the evolution of inhomogeneities, whether at the first order
or even at higher-order perturbations [61-65].

To adapt the model-independent methodology, we use
posterior Gaussian process regression (GPR) analysis [58,
59,61,66-81]. GPR is a powerful statistical technique used in
various fields, including cosmology, to model complex data
relationships. In the context of cosmography, GPR enables
the reconstruction of cosmological observables, such as the
Hubble parameter and the growth rate of cosmic structures,
from observational data. Traditionally, GPR involves numer-
ically sampling the Gaussian processes, which can be compu-
tationally intensive, especially with large datasets. However,
with advancements in analytical methods, such as the ana-
Iytical Gaussian process, we can now perform GPR more
efficiently [70].

The analytical approach offers several advantages over
numerical methods. Firstly, it simplifies the computational
burden by avoiding the need for extensive numerical sam-
pling. This makes it particularly advantageous for handling
large cosmological datasets, where computational efficiency
iscrucial. Secondly, analytical GPR provides insights into the
underlying data relationships in a more interpretable manner,
facilitating a deeper understanding of cosmological phenom-
ena [68-70].

Despite its benefits, analytical GPR also imposes con-
straints on the data that can be effectively fitted. These con-
straints arise from the assumptions inherent in the analytical
framework and must be carefully considered to ensure the
reliability of the results. Therefore, while analytical GPR
offers a promising avenue for cosmography, it requires care-
ful validation and verification to ensure its applicability to
specific datasets [61,80,81].

Overall, the integration of analytical GPR into cosmolog-
ical methodologies represents a significant advancement in
our ability to extract meaningful insights from observational
data. By leveraging the simplicity and efficiency of analyti-
cal techniques, we can enhance the accuracy and robustness
of cosmological parameter estimation, ultimately advancing
our understanding of the universe’s fundamental properties
and evolution [68-70].
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Cosmological observations offer valuable insights, shed-
ding light not just on the late-time cosmic acceleration
but also on the current composition of the Universe. Cur-
rently, dark energy constitutes approximately 70% of the
total energy budget, with total matter contributing around
30%. This distribution implies a present matter energy den-
sity parameter, denoted as 0, of approximately 0.3 [9-11].

However, asserting Q2,0 & 0.3 lacks the straightforward-
ness of the evidence for late-time cosmic acceleration in
terms of model-independent analysis. The dominance of dark
energy in the late stages of the Universe’s evolution suffi-
ciently explains the observed acceleration. Determining cos-
mological quantities such as the deceleration parameter (g)
or the Hubble parameter (H) in a model-independent man-
ner can be achieved through a single type of cosmological
observation or by cross-calibrating different datasets [61,82].

For instance, H can be derived exclusively from cosmic
chronometer observations, while ¢ can be obtained from
the derivative of the Hubble parameter data, provided the
derivative is computed using model-independent techniques
[58,59]. However, many background cosmological observa-
tions predominantly involve the Hubble parameter or cosmo-
logical distances, like the luminosity distance. Relying solely
on a single type of observation or calibration between them
is insufficient to determine the precise value of Q. This
limitation arises because neither the Hubble parameter nor
cosmological distances trace the individual energy budget of
each constituent in the Universe.

Cosmological observations closely associated with the
growth rate, denoted as f, of matter inhomogeneities, play
a crucial role in determining the value of the 2,0 parameter
[61-64]. This study aims to integrate these observations with
background cosmological data, particularly insights from
cosmic chronometers. The goal is to ascertain €2y,0 in a man-
ner independent of specific models. This approach becomes
feasible as we will demonstrate that the equation governing
the evolution of inhomogeneity growth explicitly features the
Qmo parameter.

The paper is structured as follows: Sect. 2 outlines the red-
shift evolution of the matter-energy density parameter. Sec-
tion 3 derives the first-order perturbation theory equation for
the matter growth rate. Section4 details the expression for
uncertainty propagation. Section5 briefly discusses cosmic
chronometers and growth rate data. Section 6 delves into the
methodology of Gaussian process regression analysis. Sec-
tion7 presents the constraints on the present matter energy
density parameter. Finally, Sect. 8 concludes the study.

2 Matter energy density parameter

We posit that at late times, the Universe is predominantly
governed by matter and dark energy. In this context, 'mat-
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ter’ encompasses both cold dark matter and baryons. Addi-
tionally, we assume that there is no interaction between
dark energy and matter. With these considerations and under
the assumption of a flat Friedmann—Lemaltre—Robertson—
Walker (FLRW) metric for the background expansion of the
Universe, the evolution of the background matter energy den-
sity, denoted as oy, is derived as follows

pm = pmo(1 +2)3, (1

where pno represents the current value of the matter-energy
density, and z denotes the redshift. Using the above equa-
tion, the evolution of the matter-energy density parameter is
expressed as [72]

P PooHF(1+2)°  QuoHg(142)°

Q= 2 = 2 152 2 )
3MIH? ~ 3M%HGH? H

)

where H represents the Hubble parameter, and Hy is its cur-
rent value. The reduced Planck mass is denoted as My, while
Qmo signifies the present value of the matter-energy density
parameter.

3 Growth of matter inhomogeneties

In the sub-Hubble limit and within the linear regime, employ-
ing first-order linear Newtonian perturbation theory allows
us to investigate the evolution of perturbations in the Uni-
verse. In this context, the differential equation governing the
growth of matter inhomogeneity, denoted as §,,, is presented
as [22,23,72,83,84]:

Sm + 2H8, — 4G ppdym = 0, 3)

where the overhead dot and double-dot signify first and
second-order differentiations with respect to cosmic time ¢,
and G represents the Newtonian gravitational constant. The
differential equation above yields two solutions for §,,: one
associated with the growing mode and the other with the
decaying mode. Our focus is on the growing mode solution,
denoted as D, . This D follows the same differential equa-
tion as in Eq. (3).

We use the notation Q' = % and Q" = %,
where primes and double primes represent first and second-
order differentiations with respect to redshift z. Utiliz-
ing the relations D, = —( + 2)HD/, Dy = (1 +
D?H? DL+ (1 +H2H)D,], and 87G = M*, we
express the differential equation for D as

I+z 3
(1+2)*D+(1 +2) ( 7 H — 1) D), — 5 D+=0.

“

In the context of cosmic structure formation, a crucial
quantity is the logarithmic growth rate f, defined as
dIn D4 _ 1 +zD,

dna D, T

f= 5)

where a represents the cosmic scale factor, and its relation-
ship with redshift is given by 1 + z = a~!. The equation

above can be reformulated as D, = — ]DTJ; f . Differentiating
this equation yields D] = _(lg_:)z [+ = =[]

Substituting these relations into Eq. (4), we obtain a differ-
ential equation for f given as [61]

I+z , 3
—H -2 -Q, =0. 6
I >f+2 m (6)

(1 +z)f’—f2+<
This equation can be rearranged to explicitly express €2,,, in
terms of f, f’, and other relevant quantities, as given below

2 / I
szﬁ[(ZH—(1+Z)H)f—l—Hf2—(1+z)Hf].
(7)

By equating Eqgs. (2) and (7), an expression for Qmng
emerges as

2H[Q+ HHf — A+ 2)(H' f+ Hf")]

QuoH? =
moto 3(1+2)°

. ®)

From this equation, one can estimate the value of Qo HO2 by
knowing the values of H, H’', f, and f’ at a specific redshift
Z.

4 Propagation of errors

Let us define
Wmo = QmoH{ - 9

The accuracy of the estimated W0 using Eq. (8) is contingent
upon the uncertainties in H, H', f, and f’. To quantify this
uncertainty, we employ the propagation of errors, expressed
as

OWmo \* IWmo'\*
Var Wino] :( a;}“) Var[H] + <87“f)> Var[H']

+2 <8W‘“°) (aw‘“°> Cov[H, H']

oH oH’

an() 2 3Wm0 2 /
+< T ) Var[f]+< T ) Var[ ']

dWmo oWmo ,
2 —— | C , 10
() () emtr s ao)
where Var[ Q] denotes the variance in the quantity Q, and

Cov[ P, Q] represents the covariance between two quantities,
P and Q. And we have
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OWmo 4f*H—4HGz+1)f —2f(z+ DH +8fH
oH 3+ 1) ’
(an
OWmo _ 2fH
OH' 3@+ 1?2 (12)
IWmo  2H (2(f +1DH — (z+ 1)H')
= ; 13)
af 3(z+1)3
3 Wino 2H?
= - . 14
of’ 3(z4+1)2 (14)

It’s important to note that in Eq. (10), we specifically
account for the covariance between H and H’, as well as
the covariance between f and f’, excluding other pairs. The
rationale behind this selective consideration will be discussed
in subsequent sections.

5 Observational data

In our investigation, we incorporate data from cosmic
chronometer (CC) observations, comprising a comprehen-
sive set of 32 Hubble parameter measurements distributed
across a range of redshift values (0.07 < z < 1.965).
This dataset, as meticulously detailed in [14], plays a pivotal
role in unraveling the intricacies of cosmic evolution. It’s
noteworthy that among these 32 Hubble parameter measure-
ments, 15 exhibit correlations, and we judiciously integrate
these covariances into our analytical framework,! enhancing
the precision of our analysis. The mean values and standard
deviations of the observed Hubble parameter can be found
in Table 1. It’s noteworthy that for the last 15 redshift points
marked with asterisks, non-zero covariances are present.

We have plotted the observed Hubble parameter data,
along with their associated errors represented by error bars,
in Fig. 1.

Additionally, our study encompasses growth rate observa-
tions, as elucidated by [62]. These observations encapsulate a
collection of 11 uncorrelated data points about the growth rate
parameter f within the redshift range 0.013 < z < 1.4. The
table provided in Table 2 presents the mean values and stan-
dard deviations of the logarithmic growth rate f. In the cor-
responding table, the survey names and cosmological tracer
labels are provided alongside the observed f values at various
redshifts. It is assumed that within these data, there exists no
correlation between different redshift points, or any existing
correlations are deemed negligible.

We have plotted the logarithmic growth rate data, along
with their associated errors represented by error bars, in
Fig.2.

! The covariances can be accessed at the following link: https://gitlab.
com/mmoresco/CCcovariance/ [85-88].
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Table 1 The Hubble parameter’s observed values, along with their 1o
uncertainties, are documented at 32 redshift points, specifically from
cosmic chronometers (CC) observations. Notably, at 15 of these redshift
points marked with asterisks, correlations exist among each pair of
observations, indicating the presence of covariances

Sr. No z H+ AH [kms™! Mpcfl] References
1 0.07 69.0 + 19.6 [89]
2 0.09 69.0 + 12.0 [90]
3 0.12 68.6 + 26.2 [89]
4 0.17 83.0 £ 8.0 [90]
5 0.2 72.9 +29.6 [89]
6 0.27 77.0 £ 14.0 [90]
7 0.28 88.8 +36.6 [89]
8 0.4 95.0 £ 17.0 [90]
9 0.47 89.0 + 50.0 [91]
10 0.48 97.0 £ 62.0 [92]
11 0.75 98.8 £+ 33.6 [93]
12 0.88 90.0 £ 40.0 [92]
13 0.9 117.0 £23.0 [90]
14 1.3 168.0 £ 17.0 [90]
15 1.43 177.0 £ 18.0 [90]
16 1.53 140.0 £ 14.0 [90]
17 1.75 202.0 £ 40.0 [90]
18 0.1791* 7491 £5.57 [85]
19 0.1993* 74.96 £ 6.37 [85]
20 0.3519* 82.78 + 14.65 [85]
21 0.3802%* 83.0 £ 143 [85]
22 0.4004* 7697 £ 11.12 [85]
23 0.4247* 87.08 + 12.47 [85]
24 0.4497* 92.78 £ 14.07 [85]
25 0.4783* 80.91 + 10.23 [85]
26 0.5929%* 103.8 £ 14.0 [85]
27 0.6797* 91.6 £ 9.5 [85]
28 0.7812%* 104.5 £13.3 [85]
29 0.8754* 125.1 £ 171 [85]
30 1.037* 153.7 £20.4 [85]
31 1.363* 160.0 £ 32.9 [85]
32 1.965% 186.5 £ 49.8 [85]
Cosmic chronometer data (H in km s~ Mpc™?)
2507
' HxAH
2001
|
N 150 \ I
= |
LR |'
50 M
0.0 0.5 1.0 1.5

V4

Fig. 1 Observed Hubble parameter data from cosmic chronometer
observations with associated error bars representing 1o uncertainties
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Table 2 The observed values of f along with their 1o uncertainties are documented at 11 redshift points, aligning with various survey data

Sr. No. Survey Name z fEASf References Cosmological tracers
1 ALFALFA 0.013 0.56 £ 0.07 [94] HI extragalactic sources
2 2dFGRS 0.15 0.49+0.14 [95,96] galaxies
3 GAMA 0.18 0.49+0.12 [97] multi-tracer: blue & red galaxies
4 WiggleZ 0.22 0.60 = 0.10 [98] galaxies
5 SDSS 0.35 0.70 £0.18 [99] luminous red galaxies (LRG)
6 GAMA 0.38 0.66 £+ 0.09 [97] multi-tracer: blue & red galaxies
7 WiggleZ 0.41 0.70 £ 0.07 [98] galaxies
8 2SLAQ 0.55 0.75+£0.18 [100] LRG & quasars
9 WiggleZ 0.60 0.73 £0.07 [98] galaxies
10 VIMOS-VLT Deep Survey 0.77 0.91 £0.36 [96] faint galaxies
11 2QZ & 2SLAQ 1.40 0.90 £0.24 [101] quasars
Growth rate data Table 3 Target redshift points St no Redshift point
1.1 I f+aAf
1 0.15
1.0 2 0.18
— 3 0.22
= 08, I I 4 0.35
06! | l ] 5 0.38
6 0.41
0.4 “ 7 0.55
0.0 0.5 1.0 8 0.60
4 9 0.77
10 1.40

Fig. 2 Logarithmic growth rate data with associated error bars repre-
senting 1o uncertainties

6 Methodology

We employ analytical (posterior approach) Gaussian process
regression (GPR) analysis [58,59,61,66—81] to reconstruct
H and H’ at specific redshift points from the observed Hub-
ble parameter data. Similarly, utilizing analytical GPR, we
reconstruct f” at the same redshift points from the observed
growth rate (f) data. We utilize analytical GPR for its
convenience in handling observational data linearly related
to GPR. Initially, we determine the posterior distributions
of H, f, and their derivatives. Subsequently, we compute
the mean and standard deviations at specific target redshift
points, along with the covariances between each pair of these
points. These computations are vital for determining Wi i.e.
QmoHO2 through Eq. (8), where we require H, f, and their
derivatives at the same redshift points. We align the observed
redshift points of the f data with our target redshift points
of interest, except for the lowest redshift point (z = 0.013).
Particularly, we select 10 redshift points within the range
0.15 < z < 1.4 based on the f data, excluding the lowest
one. These target redshift points are detailed in Table 3.
This selection is motivated by several considerations.
Firstly, to calculate Wy,o using Eq. (8), we require all four

quantities-H, H’', f, and f’-to be available at the same red-
shift points. Secondly, the chosen redshift range is situated
within both the redshift ranges of the H and f data and
employing interpolation techniques such as GPR can yield
reliable results when interpolating from a specified range
of redshifts to a subset range of redshifts. Thirdly, we have
the flexibility to select either the observed H data or the
observed f data to directly substitute into Eq. (8) for com-
puting QmoHOZ. This approach allows us to incorporate at
least one quantity directly obtained from observational data
instead of relying solely on reconstructed values. For this
purpose, we opt to use the observed f data in Eq. (8).

As mentioned earlier, in our investigation, we opt for the
posterior approach of Gaussian process regression (GPR)
analysis for its efficiency in computational time and straight-
forward applicability. Let’s delve briefly into the workings of
GPR analysis and its application in reconstructing a function
and its derivatives, specifically the first order, at target points
along with associated errors from a given dataset.

Consider a dataset featuring n observational data points
denoted by vectors X and Y, representing observation coordi-
nates and mean values of a quantity, respectively. The dataset
also incorporates observational errors through the covariance
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Reconstructed H (in km s~ Mpc~!) from GPR

H £ AH from GPR
160‘ —— mean f from GPR
§ H=NAH from GPR (at target points)
1401
N 120/
T
1001
801
601, . . .
0.0 0.5 1.0 1.5

z

Fig. 3 Reconstructed values of the Hubble parameter along with asso-
ciated errors obtained from analytical Gaussian Process Regression
(GPR). The green line and light-blue regions denote the mean func-
tion and lo uncertainty region, respectively. Blue error bars represent
the mean and standard deviation values of the reconstructed Hubble
parameter at target redshift points mentioned in Table 3

matrix C, denoted as C = Cov[Y, Y]. GPR analysis facili-
tates the prediction of mean values and covariances for the
same quantity at different target points X, represented by
vectors Y, and Cov[Y, Y.], leveraging a kernel covariance
function and a mean function. In this context, we assume a
zero mean function to eliminate model dependence, enhanc-
ing the versatility of our approach. The predicted values are
computed through the expressions given by [66—69]:

Y*:K(X*,X)[K(X,X)—i—C]_l Y, (15)
Cov[Yy, Yi] = K(X,, X4)

— K(X4, X)[K(X, X) + CI7 K (X, X,),
(16)

where K is the kernel matrix based on a specific kernel
covariance function. We adopt the squared-exponential ker-
nel, where the covariance between two arbitrary points x;
and x; is expressed as:

(j—xj )2

k(xl',.xj):(szce_ 22 (17

where oy and [ are the corresponding kernel hyperparame-
ters, and we incorporate optimal values for these hyperpa-
rameters in predictions for Egs. (15) and (16). Determining
these optimal values involves minimizing the negative log
marginal likelihood (log P(Y|X)), as presented in [68]:

1
log P(Y|X) = —EYT [K(X,X)+C]'Y
1
—3 log [K (X, X) +C| - glog @n). (18)

where |K (X, X) + C| represents the determinant of the
K (X, X) 4+ C matrix.

In Fig. 3, we have plotted the reconstructed values of the
Hubble parameter and the associated errors obtained from
analytical GPR. The green line and the light-blue regions

@ Springer

Reconstructed f from GPR

f+ Af from GPR
1 —— mean f from GPR
. 0 3§ fxAffrom GPR (at target points)

0.6

0.0 0.5 1.0
Z

Fig. 4 The reconstructed values of the logarithmic growth rate (f)
obtained from analytical Gaussian Process Regression (GPR) analysis.
The green line represents the mean function, while the light-blue regions
indicate the 1o uncertainty region. Blue error bars depict the mean and
standard deviation values of the reconstructed f at the specified target
redshift points mentioned in Table 3

represent the corresponding mean function and the 1o uncer-
tainty region, respectively. The blue error bars represent the
mean and standard deviation values of the reconstructed
Hubble parameter at the target redshift points mentioned in
Table 3.

InFig. 4, we have plotted the reconstructed values of f and
the associated errors obtained from the analytical GPR anal-
ysis. The green line and the light-blue regions represent the
corresponding mean function and the 1o uncertainty region,
respectively. The blue error bars represent the mean and stan-
dard deviation values of the reconstructed f at the target
redshift points mentioned in Table 3.

Furthermore, GPR extends its predictive capabilities to
the gradient of a quantity. The mean vector and covariance
matrix corresponding to the first derivative are articulated by
[68]:

Y =[K'(X, X)I" [KX. X)+C]7'Y, (19)
Cov[Y], Y]] = K" (Xx, X4)
—[K' X X1 KX, X) +CT7 K/ (X, X,

(20)
where prime and double prime denote the first and second

derivatives, respectively. k' (x, x,) and k" (x4, x4) represent
the partial derivatives of the kernel function:

ok (x, x4)
k/ N = 9
(x, x4) o,
0%k (x4,
K (g, xy) = 0k (X, x4) 1)
0X40Xx

where the notation k denotes the matrix element of the main
matrix K. Additionally, the covariance matrix between the
quantity and its first derivative is given by [68]:

COV[Y*, Y;] = K,(X*, X*)

— KX, X" [K(X, X) + CI7' K'(X, X.).
(22)
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Reconstructed & (in km s~ Mpc~?) from GPR

801

— 1
N 60
N—
N

Sk

40+

91+ A(%) from GPR
—— mean %! from GPR
201 I % tA(%) from GPR (at target points)
0.0 0.5 1.0 1.5

z

Fig. 5 Reconstructed values of H' i.e. ‘fg obtained from analytical

Gaussian Process Regression (GPR) analysis. The green line denotes the
mean function, while the light-blue regions represent the 1o uncertainty
region. Blue error bars indicate the mean and standard deviation values
of the reconstructed H' at the specified redshift points mentioned in
Table 3

Reconstructed & from GPR
0.6 =

9+ A(%) from GPR
—— mean & from GPR

i g—zf + A(:—;) from GPR (at target points)

1
AT

0.0 0.5 1.0

dz

Fig. 6 Reconstructed values of f/, denoted as %, with associated

errors. The green line represents the mean function, while the light-
blue regions indicate the 1o uncertainty region obtained through ana-
lytical Gaussian Process Regression (GPR). Blue error bars denote the
mean and standard deviation values of f’ at specified redshift points
mentioned in Table 3

In Fig. 5, we have plotted the reconstructed values of H’
ie. ‘fl—lj and the associated errors obtained from analytical
GPR. The green line and the light-blue regions represent the
corresponding mean function and the 1o uncertainty region,
respectively. The blue error bars represent the mean and stan-
dard deviation values of the reconstructed H’ at the target
redshift points mentioned in Table 3.

In Fig.6, we present the reconstructed values of f’ i.e.
Z—’; along with their associated errors obtained through ana-
lytical Gaussian Process Regression (GPR). The green line
depicts the mean function, while the light-blue regions indi-
cate the 1o uncertainty region. Blue error bars denote the
mean and standard deviation values of the reconstructed f’
at the specified redshift points mentioned in Table 3.

In summary, GPR proves to be a versatile tool, not only
predicting the function and its derivatives but also provid-
ing insights into their covariations. This comprehensive pre-
dictive capability enhances the utility of GPR in our study,
allowing for robust analyses and accurate reconstructions.

7 Results

After conducting GPR analysis, we now possess the recon-
structed values of H, H', Var[H], Var[H'], and Cov[H, H']
at each redshift point of interest, as mentioned earlier. Simul-
taneously, we have the reconstructed values of f, f/, Var[ ],
Var[ f'], and Cov[ f, f’]. Note that, we utilize the observed
values of f and Var[ f] in Egs. (8) and (10) instead of their
reconstructed counterparts from GPR. Although this step is
not strictly necessary, it offers the advantage of incorporating
true observational data directly, thereby mitigating potential
errors that may arise during the reconstruction process, as
mentioned earlier. However, a complication arises as follows:
we need Cov[f, f'] in Eq. (10) and we know these values
between the reconstructed f and f’ from GPR using Eq. (22),
but we do not know the values if we use observed f instead of
the reconstructed f. That means we do not know the covari-
ances between the observed f and the reconstructed f”.

To address this issue, we assume that the normalized
covariance between the observed f and the reconstructed
f' is equivalent to that between the reconstructed f and the
reconstructed f’. Here, the normalized covariance, denoted
by plf. f'1, is defined as Cov[f, f'1 = plf, f'1- Af - Af',
where A A represents the standard deviation of a quantity
A, given by AA = /Var[A]. We use the errors from the
observed f data for Af and the reconstructed values from
GPR for Af’. This approach enables us to obtain covariances
between the observed f and the reconstructed f.

The reconstruction of H and H’, as well as the recon-
struction of f and f’, involves distinct datasets, leading
to the absence of covariances between these two groups.
Therefore, the only non-zero covariances are Cov[H, H']
and Cov[f, f]. This explains why we have exclusively
taken these two covariances into account in Eq. (10). How-
ever, it is important to note that this assumption may not
hold strictly true because theoretically, H and f are related
through Eq. (6), implying correlations between H, f, and
their derivatives. However, in our simplified methodology
utilizing posterior GPR analysis, where the observed data is
linearly related to GPR, imposing such correlations would
require multi-tasking of GPR, which is challenging. There-
fore, for the sake of simplicity, we assume either no correla-
tion or negligible correlation [81].

Finally, utilizing these computed values, we derive
Wmo(zi) and AWpo(z;) at each redshift point z; through
Egs. (8) and (10) respectively. From these results, we fur-
ther obtain Q0/2(z;) and A(Qmoh?)(z;) at each redshift by
applying the relations:

@ Springer
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Fig. 7 The reconstruction process yields values for Qmoh2(zi) and
A(Qmoh?)(z;) at 10 distinct redshift points denoted by z;, depicted
as blue error bars. The two horizontal dashed-black lines delineate the
maximum allowable region for Q2,042 where all 1o error bars converge.
The lower and upper horizontal black lines correspond to Qmoh® ~
0.115 and Qmoh® & 0.157, respectively
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Qumoh*(zi) = (23)

2°

A(Qmoh?) (z1) = 24)

27

where we express the present value of the Hubble parameter
as Hy = 100 4 km s~ Mpc~!.

In Fig.7, the reconstructed values of Qmohz(zi) and
A(Qmoh?)(z;) are depicted with blue error bars. The two hor-
izontal dashed-black lines define the maximum region that
all error bars commonly share. This region is crucial, as any
single value of Qu0h? falling within it is supported by all 10
reconstructed values of Qmoh?(z;) at a lo confidence level.
It’s worth noting that the lower and upper horizontal black
lines correspond to Qmoh? ~ 0.115 and Qmoh? ~ 0.157
respectively. At a 20 confidence level, this region would
expand, and so forth.

According to the first-order Newtonian perturbations
within the background FLRW metric, Qmoh? should be a
constant. Therefore, if observations align completely with
this underlying theory and the first-order Newtonian per-
turbation theory, the derived values of Qmoh? should be a
constant regardless of the redshift point of the observed data.
However, considering the presence of error bars, the data pro-
vides a region of possible values for 20k at each observed
redshift, depending on the confidence interval. At a specific
confidence level, all observed regions of Qm0h2 at different
redshift points should intersect. The presence of an overlap
region between the horizontal dashed-black lines in Fig.7
confirms the consistency between the first-order Newtonian
perturbations, the background FLRW metric, and the cosmic
chronometers and growth rate data. This also underscores the
utility of Eq. (8) for a simultaneous consistency test of the
FLRW background metric and first-order Newtonian pertur-
bations.

Given that the reconstructed values of Qmoh2(z;) at each
redshift z; align with the notion that Qmoh? remains constant

@ Springer

Table4 The estimated value of the Qmoh? parameter and the associated
lo error

Qmoh? = 0.139 £ 0.017

across these points, we can view these reconstructions as 10
distinct measurements of the same quantity, Qmohz, each
with associated errors. With this interpretation, we employ
standard parameter estimation techniques to calculate the
Qmoh? parameter and its associated error. The mean value
and variance of the 0/ > parameter are computed using the
following relations [102,103]

3 Qmohz(zzl')
I Var[Qmoh i
Quoh® = S P—— 2lhnth 1Gi) (25)
J VarQmoh?1(z))
1
Var[Qmoh?] = : (26)

1
Zi Var[Qmoh?](z;)

respectively and the standard deviation is determined as
A(Qmoh?) = /Var[Qmoh?]. These equations emphasize
assigning higher weight to Qmoh?(z;) with lower variance.
The estimated value of Qmoh? and its associated 1o error are
presented in Table 4.

Now to estimate the value of 20, we have to break
the degeneracy in Q,0h” by using the measured value of
Hy. For the Hy value, we first compute it from the cosmic
chronometer data itself. What we do we use the same pro-
cedure GPR analysis to compute H at z = 0. We find the
value as Hy = 67.2+£4.7. We also consider two other values
of Hy from two different observations. One is from the tip
of the Red Giant Branch (tRGB) measurements which cor-
respond to Hy ~ 69.8 £ 1.9 [104]. The other one is from the
SHOES measurement which corresponds to Hy = 73.2+1.3
[105]. From these H values, we compute 7 and Ah using
the relations given as

H
h= — 27)
100 km s™" Mpc™
AH,
Ah 0 , (28)

~ 100 km s~ Mpc—!

respectively. Now, from the values of Quoh?, A(Qmoh?), h,
and Ah, we compute Q2y,0, Var[Q2mo] using the relations

Qmoh?

Qo = (IZ_(;) (29)
Var[@.] 9Q2mo 2V [Quoh?] + 0Qmo 2V (]
ar = | — ar ar

"1 9 (Qmoi?) mo oh
1 4(Qmoh?)?
= o Varl2uoh] + 2—2Var[h], (30)

respectively and we find AQpyp as AQmo = +/ Var[Q2mo]. We
list all these estimated values in Table 5.
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Table 5 The estimated values of the Q5,0 parameter and the associated
1o error correspond to three different sets of 42 and Ah

Observation h+ Ah Qmo £ AQmo
CC (using GPR) 0.672 £ 0.047 0.308 £ 0.057
tRGB 0.698 +£0.019 0.285 £ 0.038
SHOES 0.732 £0.013 0.259 £+ 0.033
1.0 N — cc+f
A N CC+f+tRGB
0.8 —-==- CC+f+SHOES
E 0.6
<)
a 0.4
0.2
0.01 S

Fig. 8 Probability distribution for 2,0. The continuous black, dotted
blue, and dashed red lines represent the constraints on Qo for the
combinations of "CC+{’,’CC+f+tRGB’, and ’CC+f+SHOES’ data sets,
respectively

From the estimated values of the Q2,0 and A2, we plot
the Gaussian probability distribution for Qo (denoted as
P (2m0)) in Fig. 8. The solid-black, dotted-blue, and dashed-
red lines correspond to the constraints on 2, for the com-
binations of *CC+f’, *CC+{f+tRGB’, *CC+f+SHOES’ data
sets respectively. We see that the higher the values of Hy, the
lower the values of Q0.

8 Conclusion

In this investigation, we amalgamate Hubble parameter data
from cosmic chronometers (CC) observations with growth
rate data obtained from growth rate (f) observations to derive
constraints on the Q2o parameter. Formulating a consistency
relation for the combined parameter Q04 in terms of the
Hubble parameter, its derivative, the growth rate ( f), and the
derivative of f at a specific redshift z, we base our analysis
on the assumption of a flat FLRW metric governing the back-
ground expansion of the Universe and the first-order Newto-
nian perturbation theory for the evolution of matter inhomo-
geneity. This relation serves as a valuable tool to scrutinize
the consistency of the FLRW metric and first-order pertur-
bations within the Newtonian perturbation theory, remain-
ing independent of any particular cosmological model or
parametrization.

Moreover, our investigation showcases the potential of
analytical Gaussian Process (GP) cosmography as a valuable
methodological advancement. By utilizing the differentiable

properties of GPs, we derive the necessary quantities ana-
Iytically, offering significant computational advantages over
traditional numerical methods. The analytical approach not
only simplifies the computational burden but also provides
deeper interpretability of results, facilitating a more compre-
hensive understanding of cosmological phenomena.

Employing Gaussian process regression (GPR) analysis,
we compute the Hubble parameter, its derivative, and asso-
ciated errors from cosmic chronometer observations. Simi-
larly, we employ GPR to determine f, f’, and their associ-
ated errors from growth rate measurements. Utilizing these
reconstructed values in conjunction with the consistency
relation, we constrain the Qmoh? parameter, resulting in
Qmoh? = 0.139 £ 0.017.

Subsequently, leveraging Hy observations, we further con-
strain the Q2,0 parameter. Initially, we use GPR to compute
Hy directly from cosmic chronometer observations, yield-
ing Qmo = 0.308 £ 0.057 for Hy = 67.2 £+ 4.7. We then
consider the tip of the Red Giant Branch (tRGB) obser-
vation, corresponding to Hyp =~ 69.8 £ 1.9, resulting in
Qmo = 0.285+0.038. Finally, utilizing the SHOES measure-
mentof Hy (Hp = 73.241.3), we find Qo = 0.2594+0.033.
Notably, the study reveals an inverse correlation between the
mean values of Hy and Q0.

In summary, this investigation confines the Q0 param-
eter by integrating cosmic chronometers and growth rate
observations, with or without additional Hubble constant
measurements. Importantly, this is achieved in a completely
cosmological model-independent manner, facilitated by the
consistency relation governing the Qo0h? parameter. The
model-independent methodology applied here, namely ana-
lytical Gaussian process cosmography, plays a crucial role
in deriving constraints on 2,9 without reliance on specific
cosmological models or parametrizations. By utilizing ana-
lytical Gaussian process regression to reconstruct cosmolog-
ical observables, such as the Hubble parameter and growth
rate, this approach ensures robust and interpretable results
that align with the background FLRW metric and the first-
order evolution of matter inhomogeneity in the Newtonian
cosmological perturbation theory.
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