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ABSTRACT: The turnover at the peak of the Fourier matter power spectrum encodes a
fundamental signature of matter-radiation equality in the early Universe. This delivers
a potential standard ruler, independent of baryon acoustic oscillations and therefore able
to break parameter degeneracies and improve precision. Furthermore, the turnover scale
is independent of redshift and clustering bias, allowing for stacking of the signals from
redshift bins. In practice, the very large scale of the turnover means that sample variance
and systematics are serious impediments to its detection. Detections of the turnover and
measurements of its scale have been made in the WiggleZ, eBOSS, Quaia, and DESI surveys.
Upcoming surveys should improve the detection significance and reduce errors on the turnover
scale. We use MCMC forecasts for turnover detection in a spectroscopic Euclid-like survey
and a futuristic MegaMapper-like survey. In addition to the power spectrum, we include
the signal from the bispectrum in equilateral configurations. These surveys are forecast to
detect the turnover at ~60 (Euclid-like) and ~150 (MegaMapper-like), with precision on
the turnover scale of ~4% and ~2%. The inclusion of the bispectrum delivers a modest
improvement of ~10-17% in the constraints on the turnover scale.
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1 Introduction

The matter power spectrum P, (k, z) is a fundamental tool in cosmology that describes the
clustering of matter across different scales. For the standard ACDM model of cosmology, it
has a prominent large-scale feature corresponding to the peak in P, (k, z). The turnover that
occurs at this peak is imprinted by the physics of the matter-radiation transition. Detecting
and measuring this feature is of great scientific value for several reasons [1-11]. Firstly, the
turnover scale kg provides a standard ruler set by well-understood early-Universe physics,
independent of the BAO (baryon acoustic oscillation) sound horizon. A precise measurement
of kg can constrain the comoving Hubble horizon at equality and thus the physical matter
density, Q,0h%. In combination with distance data (e.g. type Ia supernovae), the turnover
can even yield an alternative route to measure the Hubble constant Hy, helping to address
the long-standing H( discrepancy, or to constrain the effective number of relativistic species
Neg without relying on CMB (cosmic microwave background) or BAO calibrations.

The transition at equality from growth (P, ~ k™) to decay (P, ~ k™ %), where ng
is the primordial spectral index measured by Planck [12], imprints the peak or turnover
in P, approximately at

keq = teq Heq = Hov/20mo (1 + 2eq)"?, (1.1)

where we used the Friedmann equation.

The observed turnover scale kg is not exactly equal to the theoretical equality scale keq
due to several physical effects. The baryonic component introduces additional complexity
through the coupling with photons via Thomson scattering, which affects the growth of
perturbations differently than pure cold dark matter [13, 14]. Additionally, the finite thickness
of the last scattering surface and the details of recombination modify the effective transfer
function [15]. An empirical relationship between the turnover and equality scales follows
from detailed numerical calculations [2]:

ko 0.194 keq 0.685—0.121 log(wpo)
1hMpc—! w£0321 [1 hMpc_l]

, (1.2)



where wyy = Qpoh? is the physical baryon density and log = log,g. This empirical relation
captures the weak but non-negligible dependence of the turnover scale on the baryon density,
arising from the baryon-photon coupling that affects the growth of perturbations on scales
comparable to the sound horizon at recombination. The logarithmic correction term in
equation (1.2) reflects the fact that higher baryon densities lead to more efficient Silk damping
on small scales, which slightly shifts the effective turnover position [14]. For the Planck
2018 cosmological parameter w, = 0.0224 [12], this relation predicts ko ~ 0.85 ke, indicating
that the observed turnover occurs at somewhat smaller wavenumbers (larger wavelengths)
than the naive equality scale.

Observationally detecting the turnover is challenging since the turnover occurs at ultra-
large scales, requiring surveys of enormous volume and careful control of systematics. Cosmic
variance on these scales is large, and many Fourier modes must be sampled to robustly identify
the turnover. Several detections and measurements of the turnover have been achieved to
date. The first tentative detection of the turnover, in the WiggleZ Dark Energy Survey,
was made by [3]. More recently, measurements of ky were made in the extended Baryon
Oscillation Spectroscopic Survey (eBOSS) quasar sample, by [9], in the Quaia quasar catalog
by [10], and in the Dark Energy Survey Instrument (DESI) survey, luminous red galaxy
and quasar samples, by [11].

Here, we investigate possible improvements from future surveys. We make MCMC
forecasts of the precision on kg that could be delivered by spectroscopic surveys similar
to Euclid Ha [16] and MegaMapper Lyman-break galaxies [17]. In addition to the power
spectrum monopole used in previous work, we add the information from the monopole of
the equilateral bispectrum, whose turnover is at the same scale kg. In order to constrain ko,
we use a model-independent fit to the power spectrum shape around the turnover, using an
asymmetric parabola model, which can capture the asymmetric behavior around the turnover
that follows from the physics of the matter-radiation transition.

Our fiducial model is flat ACDM with parameters: Hy = 67.66, 2,0 = 0.3111, Qg =
0.049, ng = 0.9665, and og = 0.8102, corresponding to the Planck 2018 results from CMB
observations using TT, TE, EE + lowE + lensing + BAO, as reported in the last column of
table 2 in [12]. To compute the matter power spectrum at z = 0, we use the CLASS code.

2 Theoretical background on the turnover scale

The linear matter power spectrum is
Pon(k, ) = D2() P (k,0), (2.1)

where D is the growing mode of the linear growth factor, normalized to D(0) = 1. It is clear
that the turnover is independent of redshift evolution. So we can focus on the present-day
matter power spectrum, P, (k,0) = Ak™T?(k), where A is related to the primordial power
spectrum normalization, typically expressed through og or As [12]. The matter transfer
function T'(k) encodes the effects on density perturbations of the transition from radiation-
to matter-domination, occuring at the equality epoch, aeq = £2r0/Smo, corresponding to a
redshift of zeq ~ 3400. This transition in the background dynamics imprints a key feature
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Figure 1. Matter power spectrum (left), galaxy monopole power spectrum (right).

in Pp,(k,0) [15, 18-20] (see figure 1): modes which are inside the comoving Hubble horizon
at equality, k > keq, are suppressed relative to the super-horizon modes, k < keq. The
super-horizon modes experience little to no processing of their primordial spectrum, so that
P,, ~ k™ and hence T'(k) ~ 1. By contrast, the subhorizon modes are processed by the
effects of radiation, with T'(k) ~ k2.

It is clear that kg is independent of redshift in the matter power spectrum. The same
holds for the monopole of the galaxy power spectrum, since the turnover is on a very large
scale — which means that galaxy bias b is scale-independent in the vicinity of the turnover.
Scale-independence can be assured if the maximum mode kp .y in the analysis lies well within
the linear regime. Then the galaxy monopole power is given by

BO(2) = [ duPythnm = [P+ 3020 + 276)| Patha), 22)

where the linear growth rate is f = —dln D/dIn(1 + z). At the late times relevant for galaxy
observations, we can use the analytical expressions [21, 22] (see figure 2)

111 -1 111
D(z) = (142)"" (2F1 [ 1 —mD o) [ LM s z>—3} | (2.3)
3776 3776
2F1(3,2 5 —m(l+2)7 1-9Q
f(z)=1- Gm 5 [3 0 }, where m = ——"9 (2.4)
11(1 + 2) 2F1{%,1;%;—m(1+z)_3] Qo

This allows us to compute the matter power at z = 0 only once, using CLASS, and then the
galaxy monopole requires only evaluations of hypergeometric functions.

In order to detect the power spectrum turnover, we employ a widely used asymmetric
parabola model [3, 8-10], which provides a flexible parametrization that can capture the
asymmetric behavior around the turnover expected from the physics of matter-radiation
equality:

Plo® for k< ky, log [k /k
B (k,0) = {P(iﬁmz SEENY here @ = 0 [/ )
0

. 2.5
for & > ko, oglho/(LhMpe ]~ 2D
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Figure 2. Growth factor (left) and growth rate (right).
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Figure 3. Monopole of redshift-space power spectrum with 1o errors for Euclid-like survey at redshift
z =1 (left) and z = 1.5 (right) computed with CLASS (solid black) and compared to the asymmetric
parabola best-fit model in equation (2.5) (dashed green and 1o shading).

It has four parameters: Py sets the peak amplitude, kg is the turnover scale, and «, 8 control
the curvature below and above kg, respectively (see figure 3). Since the model is only able to
fit the power spectrum accurately enough near the turnover, we impose the limits

0.006 < k/(hMpc™!) < 0.035. (2.6)

We note that in equilateral configurations, the monopole of the galaxy bispectrum is
proportional to [P, (k)]?, which has a turnover at the same scale ko as P, (k). Therefore,
the equilateral bispectrum provides additional constraining power on the turnover. However,
since we are dealing with large scales, we do not expect a large improvement in signal-to-noise
from the bispectrum.

The tree-level bispectrum is sufficient for the large scales that we consider. This requires
second-order perturbations and, in particular, a second-order bias model. We use the simplest,

local-in-density, bias model [23]:

1 1
0g = b0m() + 50 0m(2) + 502 [%(1)}2, (2.7)



where by is the quadratic bias and d,,(;2) are the first- and second-order matter density
contrasts. An improved bias model would include tidal bias in equation (2.7) [24]. In
equilateral configurations, the tidal bias is scale-independent, so that it does not affect the
turnover shape or scale. Therefore, for simplicity, we neglect the tidal bias when generating
mock data.

The equilateral bispectrum is then given by [23]

B (k, 1, v) = 4438{63f4v6u2(u2 - 1)°
+ (Fi? + 40){ Fu?[T(4bf? — 2t + 8b%) + 84by + 4 fpi® + 56b]
+16b(Thy + 4b) | — bfv*(u? = 1) [T(5£° 18 + 4862 f1i® + 320%)
+ 8(56bb2 + 3Fu2(Thy — fu® + 6b) + 36)}

+3f204(u? — 1)? [4(7172 +3fu® 4 6b) — 7(f2ut - 8b2)} }[Pm(k)]2 . (2.8)

We omit the z dependence for simplicity. Here v = cos ¢, where ¢ is the azimuthal angle in
redshift space. The monopole of the equilateral redshift-space galaxy bispectrum is

i 1 1 27 )
BEO) = o / pBeauil
! (k) 21 Jo dM 0 d(b g (k7 K, ¢)
= L 3 4 9 9
1470 [9f 14f* + 63 f%(14b* + Tby + 6b)

+ 210 (76 + 146%by + 9b%) + 6306 (Thy + 4b) | [Pon (k)2 (2.9)

3 Error covariances
The auto-covariance in the redshift-space galaxy power spectrum is given by [25]

472

Cov[Py](k, z, p) = V2 AR AL

{Pgwt(k, z,u)}2 , (3.1)

where

Pk, 2, 1) = Py(k, 2, p1) + (3.2)

ng(z)

The shot noise term is defined by the comoving background galaxy number density ng4, and
V' is the comoving survey volume of the redshift bin with width Az, centred at z:

V(z) = 4?ﬁfsky {’I“?)(Z +Az/2) —r3(z — Az/2)} , (3.3)

where r is the comoving radial distance to redshift z and fg.y, is the survey sky fraction.
Using linear propagation of uncertainty, we get the auto-covariance in the monopole (omitting



z-dependence),

Cov[P\V)(k) = V/-c2 N / du P‘“’t(k: u)]2

272 2 1
= T igon, (024 Zp 2>Pmk
anEVAk[Jrng( MR (k)

wnd (044 307+ SR 2 4 o) PaOP) B0

Although the variance in the galaxy power spectrum depends on both Ak and Ap, the
covariance in its monopole only depends on Ak = (kmax — kmin)/Ng. Here Ny is the number
of k-bins and knin = 27V ~1/3 is the minimum wavenumber in a given redshift bin. We set
N = 5, which is adequate for our constraints on the parameters.

The auto-covariance of the redshift-space equilateral bispectrum is [25]

. a4 T [P;Ot(kaﬂ)}?)
COV[B;qullKk',,UJ, ¢) — Sequﬂ o

V A AuAG’ (3:5)

where sl = 6. Next, using the linear propagation of uncertainty, we get the auto-covariance
in the monopole:

. 27r 3 3 1 3
equil(0 _ tot _ tot
CoBEON) = o [ [ 50 [’ = g [ an [P )

3 2 1
S — I 3 2) Pk
203V AR +3"9< Tl gl) Peh)

+15n2 (315b4 1 42063 F + 378b2 2 + 180bf3 + 35 f4) [P (K)]2

+1125n) (3003b6 + 6006b° f + 90096 f2 + 85806 3

4500502 4 + 1638bf5 + 231 f6) [P (K)]? (3.6)

We compute Péo)(kj, z;) using equation (2.2) at a particular redshift bin z; and wavenum-
ber bin k;. We use CLASS to compute P, (k;,0) and then we put this in equation (2.1)
to compute P, (kj,z;) with the help of equation (2.3). Then we use equation (2.4) and
the linear bias b(z;) from a specified survey to compute the monopole of the galaxy power
spectrum using equation (2.2). Similarly, we compute Cov[Pg(O)] at same z; and k; bins
using equation (3.4) according to a particular survey. Since there is no actual observa-
tional data, this is our fiducial or reference data with error bars. In a similar way, using
equation (2.2) and all other required previous equations, but replacing the present matter
power spectrum by our fitting model described in equation (2.5) at the same z; and k;.
This is our model (the ‘fit") to be constrained. To constrain the model parameters, we
define the individual y? at z; and k;. We then sum over all bins to get the total x? of



Survey Redshift Range Sky Area (deg?)

Euclid-like 09<2z<18 15,000
MegaMapper-like 21<2z<5.0 20,000

Table 1. Specifications for Euclid- and MegaMapper-like surveys.

the monopole power spectrum,

2
(P40, )0 — PO (y, )|
r Cov [Pg(o)] (kj, 2)

Xp = (3.7)

We minimize this x? (equivalently, maximize the likelihood, In£ ~ —x?/2) to get con-
straints on the model parameters corresponding to Euclid- and MegaMapper-like sur-
veys.

Similarly, we compute x? for the bispectrum monopole,

0 0 2
) {Bg(; Ny, 20)® — B (kj, Zi)}
ij Cov |:Bg :| (l{ij, Zi)
Finally, we get the combined constraints on the model parameters by minimizing the total
chi-square,

Xt = XP + X5 - (3.9)

We neglect the cross-covariance between the power spectrum and bispectrum. This is
expected to have a negligible impact on the signal-to-noise — since we avoid small scales, by
imposing k/(hMpc™t) < 0.035, and since we consider only equilateral configurations [25-27].

To forecast the detectability of the turnover, we simulate mock observations for spec-
troscopic galaxy surveys similar to Euclid [16] and MegaMapper [17]. These surveys cover
complementary redshift ranges in mapping the large-scale structure of the Universe from
z ~1to z ~ 5, as shown in table 1. The survey number densities and clustering biases
are given in appendix A.

To maximize the information extraction from these surveys while maintaining computa-
tional tractability, we implement a redshift bin width Az = 0.2 bins across the full redshift
range of each survey. This binning choice balances several competing factors: finer bins
would better capture the redshift evolution of galaxy bias and number density, but would also
increase computational cost and potentially suffer from reduced signal-to-noise in individual
bins. Our Az = 0.2 choice provides sufficient resolution to capture the key evolutionary
trends while ensuring adequate galaxy counts per bin for robust statistical analysis.

4 Results

We use the emcee sampler [28] to perform the chi-square minimization (maximum likelihood
analysis) to infer the turnover scale and quantify parameter uncertainties. To start with, we
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Figure 4. Triangle plot of parameter constraints from the power spectrum monopole of a Euclid-like
survey (all redshift and & bins combined).

first minimize the chi-square associated with the monopole of the galaxy power spectrum
defined in equation (3.7), and consequently, we find constraints on the asymmetric parabola
model parameters corresponding to the Euclid-like survey. The triangle plot is shown in
figure 4. We see that the mean values of a and § are around 60 away from zero values.
This confirms the detection of the turnover in the power spectrum. The turnover scale is
ko/(hMpc™!) = 0.017421’8:88821 (at 1o confidence level), corresponding to ~ 4.9% precision.

Similarly, we minimize the chi-square in equation (3.7) according to the MegaMapper-like
survey to get constraints on the model parameters using only power spectrum estimation.
These are shown in figure 5. We see that turnover detection is at ~13.5¢ significance, with
ko/(hMpc™1) = 0.0175070:50932 (1), corresponding to ~ 2.3% precision, less than half of
the Euclid constraint. The mean values are consistent with each other.

Next, we include constraints from the monopole of the bispectrum by minimizing the
total chi-square defined in equation (3.9). For the Euclid-like survey, the combined power
spectrum + bispectrum constraints on the parameters are shown in figure 6. The addition of
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Figure 5. As in figure 4, for a MegaMapper-like survey.

the bispectrum improves the turnover detection significance, but not by much, as expected.
The improvement in the standard deviation in kg is ~ 10%.

Finally, we repeat the power spectrum + bispectrum analysis with the Megamapper-
like survey, with parameter constraints shown in figure 7. In this case, inclusion of the
bispectrum improves the detection significance to 14.60 and tightens the precision to 1.9%,
an improvement of ~ 17%.

We summarize the main results in table 2. Detection significance means the detection
of an actual peak in the power spectrum. This is only possible when « and 8 are both
positive. We quantify this as the minimum of (o — 0)/Aq, (5 — 0)/AS (in units of o).
The power spectrum falls more rapidly for k > ky compared to k < kg. Therefore, we can
see that in all the results, § > « (mean values). Thus detection significance is effectively
a/Aa. Precision on the turnover is Aky/kg, where we use the root-mean-square average
over the slight skewness in errors. We do the same for detection significance through the
symmetrization of standard deviation in «.
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Survey Statistics S]i)git:;ic(f;:;e ko/(hMpc™1) ;?;;Z?j;
Euclid-like PS 6.10 0.01742 + 0.00086 4.9%
MegaMapper-like PS 13.50 0.01750 4 0.00041 2.3%
Euclid-like PS+BS 6.40 0.01738 £ 0.00077 4.4%
MegaMapper-like ~ PS+BS 14.60 0.01747 + 0.00034 1.9%

Table 2. Forecast results for Euclid- and MegaMapper-like surveys, using power spectrum (PS) and
bispectrum (BS) monopoles.

,10,
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Figure 7. As in figure 6, for a MegaMapper-like survey.

5 Conclusion

The matter power spectrum and consequently the monopole of the galaxy power spectrum
have a peak value at a physical scale, given by the turnover wavenumber kg. This turnover
scale carries rich information about the early Universe that can be extracted at late times from
galaxy counts. Specifically, the turnover scale is strongly degenerate with the radiation-matter
equality scale, which in turn can provide constraints on cosmological parameters like Hy
and 2,0, independent of BAO and other observations.

Importantly, the turnover scale in the galaxy monopole power is independent of redshift
evolution, since galaxy bias and average redshift-space distortions remain scale-independent
on the linear scales relevant to the turnover. This allows us to stack the signal over the
redshift range of the survey.

Recent results, using samples from the WiggleZ, eBOSS, Quaia and DESI surveys, have
already provided detections of the turnover and constraints on the turnover scale. Upcoming
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surveys, like those planned for Fuclid or proposed for MegaMapper, can improve these
constraints.

We performed an MCMC forecast for the turnover constraints from surveys similar to
Euclid and MegaMapper, using the monopoles of the redshift space galaxy power spectrum.
In each case, we stack the signals by combining the data in all redshift bins. The Euclid-like
survey is forecast to constrain the turnover scale kg at ~5%, with a detection significance of
~60. The deeper and wider MegaMapper-like survey delivers more than double the precision
on kg, with ~ 130 detection significance.

When we include the monopole of the equilateral bispectrum, whose turnover is at the
same scale as that of the power spectrum, the detection significance and the precision on
the turnover scale increase appreciably, but not strongly, as expected. The constraints on kg
from the combination of power spectrum and bispectrum improve by 10% for the Euclid-like
survey and by 17% for the Megamapper-like survey.

We did not consider other bispectrum shapes since their monopoles do not give direct
access to the power spectrum turnover. The equilateral case is special in that the bispectrum
monopole is of the form B[P(k)]?, where B is scale-independent, as shown in equation (2.9).
The squeezed bispectum monopole is of the form [By + Bok; ? + Bk *| P(kr) P(ks), where B,
are scale-independent and k;, < kg (see [29]). This implies that a turnover in the squeezed
bispectrum monopole will not be at the turnover scale of the power spectrum monopole.
The same holds for flattened (and other) configurations. (An example of the 3 cases is
shown in figure 4 of [30].)

There is a caveat that is relevant for upcoming surveys: in high-redshift surveys with wide
sky area, there are important corrections to the power spectrum, arising from wide-separation
effects (i.e. wide-angle and unequal-time) and relativistic effects [31] (see also [32-36]). These
effects come into play for k& < kg, but they have a mostly negligible impact on the scales that
we use to detect the turnover, 0.006 < k/(h/Mpc) < 0.035, and in the redshift range that we
consider, 0.9 < z < 5. However, in very high-redshift bins, the lensing corrections for the
MegaMapper-like survey have a non-negligible impact on the scales close to the minimum
scale 0.006 h/Mpc (see figure 2 in [31]). This could lead to a bias in the recovery of the true
turnover scale, and we plan to investigate these corrections in future work.

Finally, we emphasize that our forecasts are optimistic, since they do not include the
survey window function and observational systematics. These introduce problems, such as
spurious density fluctuations, mode-coupling and non-diagonal covariance, on scales around
the turnover. The measured galaxy overdensity is contaminated on very large scales by
non-cosmological fluctuations due to survey and instrumental systematics, including: Galactic
dust extinction and stars mistaken for galaxies; masked regions of the sky and incompleteness;
variations in observing conditions; spatially varying selection effects; imaging and redshift
errors. Details on window functions and systematics relevant to turnover detection may
be found in [5, 9, 10].
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z ng/ {10*3 h3 Mpcf?’} V/ {h*?’ Gpcg}

0.9 1.56 3.65
1.0 1.26 4.03
1.1 1.02 4.36
1.2 0.82 4.65
1.3 0.67 4.90
1.4 0.54 5.12
1.5 0.44 5.30
1.6 0.36 5.45
1.7 0.29 5.58
1.8 0.24 5.68

Table 3. Comoving number density and comoving volume of redshift bins for a Euclid-like survey.

A Survey properties

The comoving number densities and linear and quadratic biases for the two surveys are
shown below, using [37].

The comoving number density and clustering biases for a Euclid-like survey can be
approximately described by smooth functions of redshift z, valid in the range 0.9 < z < 1.8
(see table 3):

ng(2) = [1.292130 — 2.774073 (= — 1) + 2.779457 (= — 1)? — 1.196857 (= — 1)?|

x 1073 b3 Mpc 3, (A.1)

b(z) =0.7(1+2), (A.2)
bo(z) = —0.7367 4 0.137508 (z — 1) + 0.149621 (z — 1)?

= —0.4132 — 0.6585 b(z) + 0.3053 b(2)?. (A.3)

The comoving number density in table 4 and clustering biases for the MegaMapper-like
survey can be approximately described by smooth functions of redshift z, valid in the range
21 < z < 5.0:

1.926388  0.900645  0.256561  2.759545

ng(2) = | ~0.401657 + ———— — o1 Gt o 107 h® Mpc ™2,
(A.4)
b(z) = 0.49 (1 + 2) +0.11 (1 + 2)?, (A.5)
ba(2) = 0.30 — 0.79 b(=) + 0.20 ()2 + 2(3 . (A.6)
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z ng/ {10*3 h3 Mpc_ﬂ V/ {h*3 Gpcﬂ

2.1 2.27 8.09
2.2 1.81 8.15
2.3 1.42 8.20
2.4 1.13 8.22
2.5 0.92 8.23
2.6 0.77 8.23
2.7 0.67 8.22
2.8 0.60 8.19
2.9 0.55 8.16
3.0 0.50 8.12
3.1 0.46 8.07
3.2 0.41 8.02
3.3 0.37 7.96
3.4 0.32 7.90
3.5 0.28 7.83
3.6 0.25 7.7
3.7 0.21 7.70
3.8 0.19 7.62
3.9 0.17 7.55
4.0 0.15 7.48
4.1 0.13 7.40
4.2 0.12 7.32
4.3 0.11 7.25
4.4 0.10 7.17
4.5 0.09 7.09
4.6 0.08 7.02
4.7 0.07 6.94
4.8 0.06 6.86
4.9 0.05 6.79
5.0 0.03 6.71

Table 4. Comoving number density and comoving volume of redshift bins for a MegaMapper-like
survey.
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