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This also depicted the lecturer and other students intervening to correct and rectify 

errors and misconceptions made by other students through open discussion. Patterns and 

themes emerging out of the discussions in in-depth interviews were noted.   

4.7 RELIABILITY 

Reliability is concerned with questions of stability and consistency of the study 

(Singleton & Straits, 2005). Cohen, Manion and Morrison (2000) define reliability as “a 

synonym for consistency and replicability over time, over instruments and over groups 

of respondents” (p.117). Hence reliability means obtaining trusted information in that 

one could obtain the same results if can be in a position to do similar research. This 

research has used a range of data generation methods such as students’ written work, 

audio and video recordings of class discussions and in-depth interviews, which have 

been used and tested by other researchers in the field of mathematics education. In this 

study data collection processes were first piloted and later implemented in the main 

study.  

Cohen et al. (2000) assert that “for research to be reliable it must demonstrate that if it 

were to be carried out on a similar group of respondents in a similar context (however 

defined), then similar results would be found” (p. 117). This research was triangulated 

in terms of the data collection process, investigator process and theoretical process.  

With regard to the class discussion and in-depth interviews there were audio and video 

recordings in the form of a CD, which could be replayed by the researcher, supervisors 

or anyone who wished to do so in order to assess the suitability of the analysis. Such a 

process improves the reliability and credibility of the results.  

4.8 TRIANGULATION 

Triangulation refers to the use of multiple perspectives against which to check one’s 

own position (Kelly, 2006). Cohen and Manion (1986) claim that triangulation 

“attempts to map out, or explain more fully, the richness and complexity of human 

behaviour by studying it from more than one standpoint” (p.254). They further explain 

that in qualitative research triangulation aims to enhance the credibility and validity of 
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the results.  In this research three basic types of triangulation were used, as outlined by 

Kelly (2006): 

• Data source triangulation. This entails gathering data through several sampling 

strategies so that slices of data at different times and social situations, as well as 

on a variety of people, are gathered.  The mixing of data types, known as data 

triangulation, is often thought to help to validate claims that might arise from an 

initial pilot study (Olsen, 2004). If the results of a study can be reproduced under 

similar research methods, then the research instruments are considered to be 

reliable (Joppe, 2000).  This research used two sources of data, namely the pilot 

study, as well as the main study to find out the extent to which results are 

consistent over of a certain period of time.       

• Investigator triangulation. This refers to the use of several researchers or 

evaluators, which is useful to draw attention to previously unnoticed researcher 

effects, which are effects of the researcher on the research context. Supervisors 

assisted the researcher to pay attention to issues that he did not notice in his data 

analysis.  

This type of triangulation also occurs when researcher presents research papers 

at national and international conferences, since it helps to receive feedback from 

reviewers and conference participants.  

The researcher also did paper presentations on different phases of the study at 

university seminars where he received comments from other doctoral students 

and various specialists in the field of science and mathematics education. This 

allowed for interpretive validity.  

Mbekwa (2003) claims that interpretive validity “refers to the meaning, which 

research participants attach to all the objects, events and behaviours in the 

research setting” (p.92).    
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• Theory triangulation. This refers to the use of multiple perspectives to interpret a 

single set of data, and this also employs a number of different theories to explain 

the conclusions of the research. This research integrates socio-cultural and 

APOS theories to explain and analyse the findings of the study.   

To ensure reliability in a qualitative research, examination of trustworthiness is crucial 

(Joppe, 2000). The use of the three types of triangulation in this study was to establish 

reliability and validity, which most writers on case study research methods consider to 

be vital, especially studies that seek explanatory outcomes (Hitchcock & Hughes, 1995). 

4.9 VALIDITY  

In a broader sense, reliability and validity address issues about the quality of the data 

and appropriateness of the methods used to carry out a research project. Validity 

addresses whether the research explains or measures what the researcher intends to 

measure. Thus validity tries to verify whether research tries to answer the research 

questions in a suitable manner.  

4.9.1 Content validity  

This research used the ACE teaching cycle which covered all trigonometric functions in 

detail in classroom discussions. Data were collected in the form of students’ written 

work, audio and video recordings in the form of class discussions, which showed that 

the content was a fair representation of the wider issue of the derivatives of 

trigonometric functions.  

Cohen, Manion and Morrison (2000) claim that:  

For content validity, the researcher should ensure that the elements of the main issue 

to be covered in the research are both fair representation of the wider issue under 

investigation and that the elements chosen for the research sample are themselves 

addressed in depth and breadth. (p.109) 
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4.9.2 Descriptive validity  

Mbekwa (2003) states that descriptive validity “refers to the factual accuracy of the 

researcher’s account of what happened in the research setting” (p.92). In qualitative case 

study research the most important advantage presented by using multiple sources of 

evidence is the development of bringing together lines of inquiry, a process of 

triangulation and confirmation (Yin, 2009). The use of multiple sources of evidence in 

case studies allows an investigator to address a broader range of historical and 

behavioural issues (Yin, 2009). This research used three types of triangulation such as 

many sources of data collection, investigator triangulation and theory triangulation to 

supplement weaknesses that one instrument might have.  

4.9.3 Theoretical validity  

Mbekwa (2003), states that theoretical validity “refers to the linking of observations and 

the results of the research to existing theory” (p.93). He further argues that theoretical 

validity focuses on theory that exists in the community of a particular practice 

(Mbekwa, 2003). Theoretical validity in this study is addressed in the form of 

integrating two theoretical frameworks, namely socio-cultural and APOS theories, to 

analyse errors in the learning of derivatives of trigonometric functions. Vygotsky’s ZPD 

was also used to address students’ errors. The combination of two theories brings in 

theory triangulation, which strengthens the validity of the study.  

This research used the literature of other researchers such as Orton (1983a); Orton 

(1983b); and Kiat (2005) to develop a conceptual framework to classify students’ 

misconceptions and errors in their learning of derivatives of trigonometric functions.  

Kanjee (1999) emphasises that “researchers usually develop questions with the 

assistance of people knowledgeable in the subject area” (p.293). In construct validity, 

which is theoretical validity (Mbekwa, 2003) emphasis is in the meaning of the 

responses to one’s measuring instrument (Singleton & Straits, 2005). Class discussions 

and in-depth interviews were audio and video recorded for this research study to allow 

relevant people such as supervisors to replay them to establish valid understanding of 

data analysis.   
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4.10 RESEARCH ETHICS   

Central to the case for ethically sound research is the principle that research participants 

are able to consent freely to their involvement in research (Henn, Weinstein, & Foard, 

2006). In this study students were informed about the purpose of research and they 

agreed to participate. The researcher made it clear that for ethical reasons, the 

participants’ identities would be confidential.  

The participants were informed that their participation was voluntary, and that they 

were free to withdraw at any time they wished.    

Christians (2000) states that:  

Proper respect for human freedom generally includes two necessary conditions. 

Subjects must agree voluntarily to participate. That is without physical or 

psychological coercion. In addition, their agreement to participate must be based on 

full and open information. (pp. 138-139) 

Pseudonyms have been used to keep students’ names anonymous. Confidentiality 

means that the researcher holds the data in confidence, and keeps it from public 

consumption (Henn et.al, 2006). All personal data should be secured or concealed and 

made public only behind a shield of anonymity (Christians, 2000).  

The students’ written tasks were kept in the researcher’s custody where no one else had 

access to it. The CDs from audio and video recordings and in-depth interviews were 

used for data analysis only behind a shield of anonymity.  

4.11 SUMMARY  

This chapter discussed research methods of this study. The discussion involved 

qualitative research, a case study, research participants, research instruments, data 

collection and data analysis. It also discussed issues pertaining to qualitative research 

such as reliability, triangulation, validity and research ethics. The following chapter 

presents results of the pilot study, as well as the main study.     
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CHAPTER FIVE  

RESULTS OF THE STUDY  

5.1 INTRODUCTION 

This chapter presents results from the analysis of the data of the pilot study, as well as 

the main study. The pilot study was conducted to test the suitability of the framework in 

data analysis. Errors that were displayed by students in all tasks were classified as 

interpretation, arbitrary, procedural, linear extrapolation and conceptual errors, as 

discussed below.  

• Interpretation errors:  These errors arise when students fail to interpret the 

nature of the problem correctly owing to over-generalisation of certain 

mathematical rules involved in the problem. 

• Arbitrary errors: These errors arise when students behave arbitrarily and fail to 

take account of the constraints laid down in what is given.  

• Procedural errors: In these errors students fail to carry out manipulations or 

algorithms although they understand concepts in the problem.  

• Linear extrapolation errors: These errors happen through an over-

generalisation of the property )()()( bfafbaf +=+ , which applies only when 

f is a linear function.  

• Conceptual errors: These errors occur owing to failure to grasp the concepts 

involved in the problem or failure to appreciate the relationships involved in the 

problem.   

5.2 RESULTS FROM THE PILOT STUDY 

As indicated in chapter four there were twenty students who participated in the pilot 

study. This section presents results that were obtained from data analysis of the pilot 

study. It also covers a discussion of errors displayed by students in the three written 

tasks in the pilot study.  
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It further discusses results related to the students’ work as gathered from audio and 

video recordings and students’ responses from in-depth interviews. It ends with a 

frequency table showing students’ errors in the three written tasks from the pilot study.  

5.2.1 Interpretation errors displayed by students in the three tasks  

Three students avoided a constant multiple rule. They used a product rule instead of a 

constant multiple rule. The constant multiple rule states that the derivative of a constant 

times a function, is equal to the constant times the derivative of the function. Constant 

Multiple Rule: If g is a differentiable function and c is a real number; 

 f(x) = c·g(x) then, f '(x) = c· g '(x). 

One student added a coefficient with an index in the application of the power rule. For 

example, the student wrote that the derivative of )23ln( 3 +x is 26ln x . Five students 

confused the product rule with the logarithmic rule. The following figure shows an 

example of the kind of the confusion between the product rule and a logarithmic 

function. 

 

Figure 5.1 Example of an interpretation error 
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As shown in figure 5.1 the five students did not apply the rule which showed 

understanding of differentiating the logarithmic function )23ln( 3 += xy   as 

2
3 9

23
1 x

xdx
dy

⋅
+

=  to obtain 
23

9
3

2

+
=

x
x

dx
dy as the correct derivative. 

 Instead they applied the product rule which was inappropriate for this problem. They 

also differentiated 33x  incorrectly as they wrote 26x  as the derivative of 23 3 += xy  

instead of 09 2 +x .  

They also wrote 1as the derivative of ln .They also applied the second order derivative 

and differentiated one expression twice. 

Two students did not know how to multiply )ln3( r by )3( 2r . One student used a wrong 

Leibniz’s notation in the two functions.  For example in differentiation of the two 

functions )1ln3(3 −= rry and 
u

ey
u

+
=

1
 he wrote 

dx
d  instead of 

dr
d and

du
d . Four 

students did not know how to interpret x2tan in order to apply the chain rule. They 

differentiated 2tan x as if it was x2tan .  

Thirteen students differentiated the middle term of xxy x ln3)3(ln3ln ++=  incorrectly. 

Three of these thirteen students applied the power rule. They wrote that the derivative of 

xy )3(ln= is 1)3(ln −= xx
dx
dy . This is an interpretation error, which originates from over-

generalisation of the power rule. Four of these thirteen students wrote that the derivative 

of xy )3(ln=  is 3ln)3(ln x

dx
dy

= . Two of these thirteen students wrote that the derivative 

of xy )3(ln= is x

dx
dy )3(ln= .  

This is an interpretation error which originated from an over-generalisation of 

aa
dx
dy x ln= as the derivative of xay = and the derivative of xey = is equal to xe

dx
dy

= . 
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They also demonstrated confusion with regard to the properties of logarithms and 

differentiation of logarithmic functions. For example in the term 3lnx , they applied the 

property xyx y lnln = . The term 3lnx  requires the application of the power rule as the 

base is a variable and the index is a constant, and therefore the derivative of 3lnxy = is
13ln3ln −x  . This error is an interpretation error, which originates from an over-

generalisation of the logarithmic property xyx y lnln = . Four students confused the sum 

and the difference rule with the product rule. They also did not distinguish between 
3cosecx and 3x ecxcos .  

5.2.2 Arbitrary errors displayed by students in the three tasks 

One student transcribed the problem incorrectly. One student did not attempt to 

differentiate the third term of xxy x ln3)3(ln3ln ++= . One student did not write 

question 2. Another student did not write question 3. Two students did not write 

question 4. The students were required to differentiate the functions defined by: 

2. xxy x ln3)3(ln3ln ++=   

3.
x

xy
cos1

sin
+

=   

4. )ln(tan4cot xxy +=   

The above errors show that these students did not know how to differentiate these 

problems. Another student left a minus sign in the derivative of a cosecant function but 

showed the minus sign in her answer.   

Her solution was as follows: 

)3(cos3)3cot()3(cos2

3)3(cos2)3cot()3(cos

22224

22223

++++−=

++++=

′+′=

xecxxxecx
dx
dy

xxecxxxecx
dx
dy

uvvu
dx
dy
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One student transcribed questions and left them without any attempt to differentiate.  

One student omitted one term in her solution and rewrote )5(cos 24 xy = as

)5(cos4 xxy = . Another student rewrote )5(cos 24 xy = as 42 )]5([cos xy = . One student 

rewrote )5(cos 24 xy = as 42 )5cos( xy = .  

5.2.3 Procedural errors displayed by students in the three tasks  

One student showed an error in differentiation as he wrote 23x
dx
dy

=  instead of

13 2 += x
dx
dy  as the derivative of xxy += 3 . One student multiplied variables and 

constants incorrectly, for example, in multiplication of 22 32 xx ⋅ she obtained 26x  

instead of 46x . Five students failed to manipulate algebraic differentiation. Four 

students did not write the correct formula of the quotient rule, and they also 

demonstrated poor application of brackets. One student failed to factorise completely. 

Six students did not manipulate differentiation of trigonometric functions and 

logarithmic functions. They did not know correct procedures of differentiation although 

they understand concepts.   

Six students showed a lack of closure as they failed to cancel in their last step in order to 

leave their answers in the simplest form. Four students demonstrated poor 

understanding of cancellation with regard to trigonometric identities and a lack of 

understanding of manipulation of trigonometric functions that are presented in fractional 

form.  

Two students did not know derivatives of trigonometric functions such as sine and 

cosine functions and they did not manipulate multiplication of trigonometric functions.  

5.2.4 Linear extrapolation errors displayed by students in the three tasks  

Two students demonstrated linear extrapolation error as they multiplied an algebraic 

expression by ln and differentiated the expression by using the sum and difference rule. 
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Their error shows an over-generalisation of the distributive property as they treated the 

logarithmic function xln  as an ordinary variable.  

The following figure shows an example of the kind of linear extrapolation error that 

students displayed in the differentiation of a logarithmic function.  

 

Figure 5.2: Example of a linear extrapolation error displayed by students in 

differentiation of a logarithmic function  

5.2.5 Conceptual errors displayed by students in the three tasks  

Three students did not know the constant multiple rule. They applied the product rule 

instead of the constant multiple rule. One student confused the appropriateness of the 

product rule and the chain rule. Two students ignored ln , in )23ln( 2 += xy  and they 

only differentiated 23 2 += xy . 

Another two students showed poor understanding of Leibniz notation such as
dx
d . 

Another two of the twenty students revealed that they did not know that division by zero 

is not allowed. For example, in differentiation of 2x , using first principles, they failed to 

simplify h
hxh

h

2

0

2lim +
→   by taking h  in the numerator as a common factor and 

cancelled. Instead, they applied direct substitution where they divided by zero.  
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Two of the twenty students did not see the difference in multiplication of two algebraic 

terms and multiplication of a logarithmic function and an algebraic term.  

Three students did not notice that the nature of the middle term of 

xxy x ln3)3(ln3ln ++=  does not require the application of the power rule.  In this case 

the base is the constant and the index is the variable and, therefore, the power rule is not 

appropriate. This is a conceptual error, which originated from the over-generalisation of 

the power rule. Two students wrote that the derivative of xy )3(ln= is x

dx
dy )3(ln= . This 

is a conceptual error, which originated from over-generalisation of the derivative of 

xey = is xe
dx
dy

= . Four students did not understand that 2e  is a constant function. This is 

a conceptual error that originated from the over-generalisation that a variable represents 

an unknown.  
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Table 5.1 below shows errors that were revealed in the three tasks of the pilot study.  

Students’ errors in the three tasks of the pilot study 

Students’ 

written work  in 

Task 1  

No. of 

interpretation 

errors 

No. of 

arbitrary 

errors  

No. of 

procedural 

errors 

No. of linear 

extrapolation 

errors 

No. of 

conceptual 

errors 

No. 

of no 

errors 

Question 

  

1 0 4 7 0 0 8 

2 4 1 6 2 3 6 

3 3 1 8 0 3 8 

Students’ 

written work  in 

Task 2 

      

Question  1 0 0 0 0 2 14 

2 2 0 2 0 2 12 

3 1 1 1 0 2 14 

4 4 0 4 0 0 12 

Students’ 

written work  in 

Task 3  

      

Question  1 0 0 10 0                          0 6 

 2 8 2 3 0                            5 2 

 3 2 1 2 0                       0 10 

 4 0 0 3 0                          0 12 

 5 1 4 3 0                        0 7 

 6 1 5 4 0 4 3 

 7 2 2 3 0                                0 10 

Total number of 

errors 

28 21 56 2 21 124 

Table 5.1: Frequency table of students’ errors in the three tasks of the pilot study  
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From the summary above it can be seen that most errors were procedural. This was 

followed by interpretation errors. The students showed equal number of arbitrary and 

conceptual errors. The least errors were linear extrapolation.   

5.2.6 Results related to students’ work as reflected from the audio and video 

recordings 

In audio and video recordings students demonstrated errors that were already identified 

in their written work. Students demonstrated different approaches in their calculations 

and also expressed their opinions about certain techniques of differentiation. They also 

asked questions for clarity and in-depth understanding of differentiation rules. For 

example one student asked: “How do we see that a problem requires application of the 

chain rule?” The researcher referred the question to the class. Another student’s 

response was that we should use the chain rule when we cannot apply other rules. No 

student in the class could provide a satisfactory answer for this question. The researcher 

as the lecturer referred the students to the self-study learning material which describes 

the chain rule. The lecturer also explained the chain rule as a composite function rule 

using the following four examples to illustrate that: 

1. xy =  ; 

2. 3)2( += xy ; 

3. 34 )13( += xy ; 

4. xecy 4cos=  

Another student asked the difference between the product rule and the sum rule. The 

researcher’s response was to find out from the same student the meaning of a sum and a 

product. The student’s response showed that she knew the sum and product as the 

answer of addition and multiplication, respectively. The researcher explained the two 

rules, namely the sum and difference rule, and the product rule by means of examples.  

5.2.7 Students’ responses from in-depth interviews  

Six students were interviewed.  Their responses showed that five of them studied the 

first principles of differentiation as part of their high school curriculum.  
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Four also studied the power rule. Only one among the interviewees studied first 

principles, the power rule, graphs, and the application of differentiation in high school 

studies. Five students claimed that they did not work with fractions in their studies of 

the first principles of differentiation in high school level.  

The students’ responses indicated that the use of classroom discussions in learning 

activities had assisted them to develop regular practice to learn differential calculus. 

They also learnt to practise in groups and learnt from their mistakes and the mistakes of 

other students. 

Students’ responses showed that they enter universities with instrumental understanding 

as a key way of learning mathematics. The fact that they are satisfied with a table of 

derivatives without showing proof shows that they are not familiar with tracing the 

origin of differentiation rules.   

They highlighted that an advantage of the use of structural discussion of learning 

activities was to practise examples where students were able to consult the solutions 

when they were unable to solve them. They explained that their understanding had 

developed through classroom discussions with other students and interaction with the 

lecturer.  

5.2.8 Outcome of the pilot study 

The pilot study indicated that the framework developed for the classification of errors is 

adequate to analyse students’ written work to identify errors that are displayed by 

students.  

The pilot study also assisted the researcher to change the focus of observation to overt 

behaviour of students rather than looking for errors as these can be observed adequately 

in students’ written activities.  

The interviews were also suitable for the study to be taken further to the main study. 

The following section presents results that were obtained from data analysis of the main 

study. 
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5.3 RESULTS FROM THE MAIN STUDY 

There were thirty participants who participated in the data collection of the main study. 

The first assessment task was to use the first principles of differentiation to find the 

derivative of xcos .  

5.3.1 Arbitrary errors displayed by students in Task1  

Five students only wrote the formula of the first principles of differentiation to find the 

derivative of xcos . One student skipped some steps in her solutions. For example, she 

did not show that 01coshlim
0

=
−

→ hh
and 1sinhlim

0
=

→ hh
. She skipped to

xxx sin)1(sin)0(cos −=− .  

5.3.2 Linear extrapolation errors displayed by students in Task1  

This section presents linear extrapolation errors displayed by a student in Task 1. One in 

twenty students multiplied in 
h

xhx
h

)cos()cos(lim
0

−+
→

to obtain
h

xx
h

)cos(coshcoslim
0

−+
→

.  

5.3.3 Conceptual errors displayed by students in Task1  

This section presents conceptual errors displayed by students in Task 1. For example, 

one in twenty students did not manipulate 

xx
h

x
h
x

hh
sin1sinsinhlimsinsinhsinlim

00
−=⋅−=−=

−
→→

. She showed a problem in 

understanding of special limits.  

Two students wrote incorrect compound angle formulae. For example, they wrote

BABABA sinsincoscos)cos( +=+ .  
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Table 5.2 below shows errors displayed by students in Task 1.  

Students’ errors in task 1 

 Students’ 

written work  in 

Task1  

No, of 

arbitrary 

errors  

No. of linear 

extrapolation 

errors 

No. of conceptual 

errors 

No 

errors 

Question  1 6 1 3 20 

Table 5.2: Frequency table of students’ errors in Task1  

5.4 RESULTS FROM ANALYSIS OF STUDENTS’ SECOND ASSESSMENT 

TASK (TASK 2)  

5.4.1 Interpretation errors displayed by students in Task 2  

One student demonstrated poor understanding of the constant multiple rule in 

differentiation of 43xy = . For example, her solution was as follows: 

33 44

dx
dyxx

dx
dy

dx
dy

+=  

3)4(3 43 ⋅+= xx
dx
dy  

312x
dx
dy

=  

If this method was followed accurately it would come to the correct answer as the 

derivative of 3 is 0 , but this method is laborious and superfluous and hence the more 

economical rule is the constant multiple rule.  

Four students treated 2
3

4xy = as a composite function of a trigonometric function. They 

applied the constant multiple rule and the power rule to obtain 2
1

6x
dx
dy

= , and then they 

differentiated xy 4= again to obtain 4=
dx
dy . This error originates from an over-

generalisation of the differentiation of a composite function of trigonometric functions, 

which applies only on trigonometric functions and not on algebraic terms such as x4 . 
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One student wrote 2
1

6x as equal to x6 and obtained xxy sin6 ⋅= , as is clear from 

Figure 5.3 below, then they differentiated xxy sin6= as the original problem. The 

following figure shows an example of the student who demonstrated an interpretation 

error in differentiation of xxy sin4 2
3

= . 

 

Figure 5.3: Example of the student who demonstrated an interpretation error in 

differentiation of xxy sin4 2
3

=  

One student differentiated 2
3

4xy =  to obtain 2
1

6x
dx
dy

= and differentiated 2
3

xy = again 

to obtain 2
1

2
3 x

dx
dy

= . This error originates from an over-generalisation of the 

differentiation of the composite function of trigonometric functions which does not 

apply in algebraic terms. She also wrote that the derivative of 42sec xy = is

34 4)tan( xx
dx
dy

= . This originates from the fact that the derivative of xy tan=  is 

x
dx
dy 2sec= and from an over-generalisation of the symmetric property of equality: if 

ba = then ab = . One students failed to apply the sum and the chain rule to differentiate

xxy 5ln7sin +=  instead they applied the product rule. Four students differentiated 

xy 7cottan3=  as a product of two functions. As a result, they applied the product 

rule instead of the chain rule.  
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5.4.5 Conceptual errors displayed by students in Task 2  

Two students did not know that the derivatives of xy tan= is x
dx
dy 2sec= . One student 

wrote x
dx
dy 2sec−=  as the derivative of xy tan= and another one wrote xx

dx
dy tansec=

as the derivative of xy tan= . One student converted xsec  into
xsin

1
.  He applied the 

quotient rule and as a result he reached an incorrect solution as
x
x

x sin
cos

sin
1

⋅ .
  

One student used incorrect identities as she wrote 
x
xx

cos
sincot = and

x
ecx

cos
1cos = , 

which were incorrect as the correct identities are xcot =
x
x

sin
cos and

x
ecx

sin
1cos = ,

 
respectively. Eight students did not apply trigonometric identities in simplification of 

trigonometric functions, as shown in Figure 5.5. 

 

 

Figure 5.5 Example of a student who did not substitute appropriate trigonometric 

identities in simplification of trigonometric functions. 
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They wrote the following as their solutions:  

)sec(2 4x
dx
dy

= )tan(sec 4x  as the derivative of 42sec xy = ;
dx
dy )(cos)(cot3 442 xecxx −=

.4cotcotcos)(cot3 344442 xxxecxx
dx
dy

⋅⋅−=  

Table 5.3 below shows errors that were displayed by students in Task 2 in the main 

study 

Students’ errors in Task 2 

Students’ written 

work in  Task 2  

No. of 

interpretation 

errors 

No. of 

arbitrary 

errors  

No. of 

procedural 

errors 

No. of linear 

extrapolation 

errors 

No. of 

conceptual 

errors 

No 

error

s 

Question 1.1 1 2 14 0 6 1 

1.2 6 5 13 0 0 7 

Question  

 

2.1 0 1 2 0 1 24 

2.2 0 2 0 0 1 27 

2.3 0 3 1 0 2 25 

Question  3.1 1 7 12 0 8 0 

3.2 1 5 16 1 0 0 

3.3 4 2 12 0 0 12 

Total number of 

errors 

13 27 68 1 18 96 

Table 5.3: Students’ errors in Task 2 

5.5 RESULTS WITH REGARD TO THE STUDENTS’ THIRD FORMATIVE 

ASSESSMENT TASK (TASK 3)  

Errors displayed by students in Task 3 were classified into four categories, namely 

interpretation, arbitrary, procedural and conceptual errors, as discussed earlier in 5.1.     

5.5.1 Interpretation errors displayed by students in Task 3  

Fourteen students fused two functions into one function. They treated 323 +xex as the first 

function and xcos as the second function.  

One student did not know the derivative of xy 2sec= , as a result she wrote that the 

derivative of xy 2sec=  is x
dx
dy tan= .  
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This error originated from over-generalisation of the symmetric property, which states 

that for any quantities a  and b , if ba = , then ab = . This is not the case in derivatives.  

One student wrote that the derivative of xxy 222 sec)(sec−= is x
dx
dy 2tan−= and also 

wrote that the derivative of xy 2sec= is 2)tan(sec xx
dx
dy

= . This originated from the 

algebraic over-generalisation such as if ba = then 22 ba = .  

5.5.2 Arbitrary errors displayed by students in Task 3  

Two students did not show any logic in their differentiation of .cos. 323 xexy x+= They 

did not apply logarithmic differentiation correctly to obtain

xexy x coslnlnlnln 323 ++= + . Two students only transcribed the problem without 

any attempt to do calculations.  

Two students transcribed the problem incorrectly and also showed illogical steps in their 

calculations of xxey
2tan2sec −= . The first one transcribed the problem as xxey tan2sec −=  

instead of xxey
2tan2sec −= . The second one transcribed the problem as xxey 2tan2sec −=

instead of xxey
2tan2sec −= . One student left ex ln)32( +  without differentiating it.  

5.5.3 Procedural errors displayed by students in Task 3  

One student showed poor understanding of identities as he wrote θθ tancot = . As a 

result he substituted θcot with θtan . One student failed to multiply radical 

trigonometric functions correctly. He manipulated 
1

sin
cos2
1

cos
1 x

xx
−
⋅⋅ incorrectly. 

As a result he obtained 
x
x

cos
sin− instead of

x
x

cos2
sin−  . One student failed to apply the LCD 

correctly in xexy x cos323 += . Two students differentiated exy ln32 += incorrectly. 

They did not apply the sum rule.   
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They also treated exy ln32 += as if it required the application of the product rule, 

treating 32 +x as the first function and eln as the second function. They wrote that the 

derivative of ex ln)32( + is eln2 .  

5.5.4 Conceptual errors displayed by students in Task 3  

Eight students did not know that 1ln =e , hence they applied the product rule to 

differentiate ex lntan 2 . They also did not understand the concept of a natural logarithm 

( )ln x . Hence they differentiated xcosln
2
1 as

x

x
xx

cos

sin
2
1

sincosln
2
1 −

+−⋅ .  One student 

did not know that 2
1

2
1

cos)(coscos xxx ≠= , and she differentiated xcosln

incorrectly. For example, her solution was as follows: 

 )cos(ln x
dx
d

 

= )sin(
cos
1 x

x
−⋅ .  

Two students showed errors in simplification of trigonometric functions as they did not 

apply LCD correctly.   

One student showed errors in differentiation of trigonometric functions when integrated 

with logarithmic functions. His solution indicated that he did not distinguish between 

the power rule and the logarithmic differentiation. He differentiated 3ln x as 2ln3 x

instead of
x
3 . He wrote that the derivative of 32ln += xey is 1ln32 ⋅+= ex

dx
dy

.  

They also differentiated xy cosln= as 
1

sin
cos2
1 x

x
−
⋅ instead of

x
xx

sin
cos2
1

cos
1

−⋅ . One student did not substitute 
x
x

cos2
sin− with

2
tan x− . 
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One student differentiated the following function as: xy 2secln=  

xxxx
x

x tansecln2tansec
sec

1secln2 =⋅⋅=  instead of writing x2secln as xsecln2 first 

and then differentiate xsecln2 as xxx
x

tan2tansec
sec

12 =⋅⋅ . 

One student showed poor understanding of the chain rule as she differentiated x2secln

as xxxx tansecsec2secln 2 ⋅⋅ . She also differentiated x2tan− as )2tan(sec2 xx − instead 

of xx 22 sec22sec −=⋅− . 

One student differentiated xex
2tan2 lnsecln −+ incorrectly as she wrote that

exxecxx
xy

y ln)tan(tancossec2
sec

1 2
2 −+⋅⋅=

′

 
is the derivative of xex

2tan2 lnsecln −+ .  
      

This solution indicated that this student did not know that the derivative of xsec  is

xx tansec . One student wrote
xsin

1 as the derivative of xsec . One student wrote xsec as 

the derivative of xtan , while another one student differentiated x2tan− as

xx 2sectan2 −⋅− . The error is to write a minus sign in front of x2sec . One student 

showed poor understanding of the chain rule as they differentiated x2tan− as 

xx 22 sectan− instead of xx 2sectan2− . One student wrote that the derivative of x2sec

is xec2cos− .  

One student wrote that the derivative of x2tan−  is xxx 22 sectan2tan ⋅− . One student 

wrote that the derivative of xtan is xcot . Two students wrote that the derivative of 

x2tan− is xx 2sec0secln −⋅ . Two students did not know how to differentiate a 

composite function from a trigonometric function such as x2tan− .  One of these two 

students wrote xsec−  as the derivative of x2tan− . Another one of these two students 

wrote xx 222 sec)(sec− as the derivative of x2tan− , and also wrote that the derivative of 

x2sec is 2)tan(sec xx . This originated from the algebraic over-generalisation that if

ba =  then 22 ba = .  

 

 

 

 



 
 

89 
 

Table 5.4 below shows errors displayed by students in Task 3. 

Students’ errors in each question of Task 3 

Students’ 

written work in 

Task 3  

No. of 

interpretation 

errors 

No. of 

arbitrary 

errors  

No. of procedural 

errors 

No. of 

conceptual 

errors 

No errors 

Question  1 0 0 1 01 0 

Question 2 15 6 4 13 4 

Question 3 02 3 0 12 6 

Total number 

of errors 

17 9 5 26 10 

Table 5.4: Students’ errors in Task 3 

5.6 RESULTS RELATED TO STUDENTS’ WORK AS REFLECTED FROM 

THE AUDIO AND VIDEO RECORDINGS  

In the audio and video recordings three students showed their solutions on a whiteboard, 

whilst representing their groups. The students demonstrated errors that were already 

identified from students’ written work. The lecturer intervened by explaining 

appropriate procedures, describing concepts that were interpreted incorrectly as the 

students expressed themselves explaining their understanding of the derivatives of 

trigonometric functions.   

One student argued that her understanding is that logarithmic differentiation is applied 

only when the base of the function is in the form of a variable, and the index is also a 

variable. In the case of xexy x cos323 += , all the terms are not in a transcendental form. 

This student’s question indicated that she confused the application of the chain rule with 

the application of the logarithmic differentiation rule. This problem contains three 

functions whilst the students were familiar with differentiation of two functions which 

make it easy for them to apply the product rule.  

One student questioned why we do not apply the power rule to differentiate 3ln xy = . 

His question might be asked for clarity purposes or else it might show that this student 

did not know the difference between the power rule and logarithmic differentiation. 

This question might symbolise poor conceptualisation.  
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The lecturer explained that in the case of a natural logarithmic function we do not apply 

the power rule. In the explanation the lecturer made examples of 3x  and 3ln x  showing 

techniques of differentiating these two different functions. He further explained that the 

first function 3x  requires the application of the power rule with its derivative equal to 
23x and the second function 3ln x requires application of logarithmic differentiation to 

obtain its derivative which is equal to
x
3 .This intervention assisted the student working 

on audio and video recordings to rectify her mistake.  The lecturer also intervened by 

correcting errors as he explained the appropriate procedure involved in cancelling 

trigonometric functions under addition.  

One student raised a question, which reflected a conceptual error. He wanted to know 

whether it is appropriate to substitute x2sec with xtan . 

 This question showed that the student did not understand that although the derivative of 

xy tan= is x
dx
dy 2sec= , the derivative of x2sec is not xtan . The lecturer explained the 

appropriate procedure of obtaining the derivative of xy 2sec= . One student suggested 

further simplification of 

xxexxxy
2tan22 sec]sectan2tan2[ −−=′ to xxexxy

2tan22 sec]sec1[tan2 −−=′ .The 

lecturer explained that to remove a common factor would be an undesirable closure, as 

it is the opposite of simplification.  

One student requested the use of the product rule to differentiate this problem. The same 

student attempted the problem by using the product rule in audio and video recorded 

observations. The student showed that she had poor understanding of the standard 

derivatives.  
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5.7 STUDENTS’ RESPONSES FROM IN-DEPTH INTERVIEWS  

The interviewees’ responses regarding what they learned about differentiation in high 

school revealed that all of them studied limits and the first principles of differentiation.  

All the interviewees stated that their learning of limits and the first principles of 

differentiation focused on the use of real numbers such as 0;1; 2; 3. They claimed that 

they did not study the application of infinity.     

The interviewees explained that their high school learning of differentiation was a basis 

for what they learnt in an extended curriculum programme. From their responses the 

interviewer noticed that they entered an extended curriculum programme with different 

levels of understanding with regard to differentiation. Eight interviewees stated that they 

only studied the limits and the first principles of differentiation, whereas five 

interviewees claimed that they also studied differentiation rules such as sum and 

constant rules.  

One interviewee was unable to recall what she did in high school, as she studied high 

school mathematics in Afrikaans. As a result she could not translate the Afrikaans 

mathematical concepts into English which is a language of learning and teaching at this 

University of Technology. 

All the interviewees revealed that they did not use the application of the first principles 

of differentiation to prove standard derivatives of trigonometric functions. They 

clarified that they only learnt the application of the first principles of differentiation in 

algebraic functions.  

The interviewees’ responses regarding the fact that learning material supplementing 

their study guides contributed to their understanding of differentiation revealed that they 

gained a deep understanding through the use of the learning material. They claimed that 

the material had a variety of questions, which kept them practising. The material also 

had detailed solutions that assisted them to trace their steps when they made certain 

mistakes in their solutions. They also added that it assisted them to be able to work as 

individuals when they were alone at home.  

 

 

 

 



 
 

92 
 

One student, Esi (pseudonym), claimed that “the material assists us as we get questions 

first and try to solve them at home and later the lecturer gives us solutions. In that way 

we see our mistakes and gain understanding”.   

Twelve interviewees stated that collaboration contributed fruitfully to their learning. 

They claimed that in groups students brought their expertise and as a result they helped 

one another as they corrected their mistakes during their process of practicing 

differentiation.  They also said that in groups some students asked questions, which 

others may not have thought of, hence all the group members would benefit. One 

student claimed that in her case she gained much understanding when she explained a 

mathematical problem on her own.  

She stated that the more students asked questions for clarity, the more she understood 

through discussion and explanation by other group members.    

Two interviewees showed that they prefer to work as individuals as opposed to groups, 

but that they also consulted others when they were unsure. They claimed that as 

individuals, they used their pace, as well as solutions from the learning material to deal 

with their misunderstandings. They also reworked certain problems until they gained 

understanding.  

All the interviewees confirmed that classroom discussion assisted them to understand 

the derivatives of the trigonometric functions. One student Sama (pseudonym) claimed 

that “classroom interaction contributes to them as the lecturer send us to the whiteboard 

that help us to keep on practicing as we do not know when we are going to be chosen to 

go to the whiteboard”.  

They also claimed that class discussions assisted them and that the practical experience 

of doing calculations on the whiteboard was useful. They also highlighted that when 

they made mistakes on the whiteboard the lecturer intervened immediately to correct 

them, which helped them because of the immediate feedback. They claimed that as they 

also questioned the students doing the calculations on the whiteboard, it assisted them to 

gain a deep understanding of differentiation.   
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They also claimed that class discussion assisted them because at times students 

explained the issue better than the lecturer. They supported this by saying that at times 

the students brought different approaches to a problem, which were not taught by the 

lecturer. Hence they gained a deep understanding. 

The interviewees’ responses regarding the difficult part of their learning differentiation 

indicated that many of them encountered a problem in understanding of logarithmic 

differentiation. Three interviewees pointed out the quotient rule and the chain rule as 

their difficult sections. Four interviewees indicated that they did not know when to 

apply the logarithmic differentiation or the product rule. One claimed that she did not 

know logarithmic differentiation because she was absent from class on the day that it 

was presented.  

5.8 SUMMARY 

This chapter discussed the results of the analysis of the data that was reported without 

interpretation. The following final chapter deals with the interpretation and discussion 

of the results. It also presents the conclusion of the study and recommendations for 

further research avenues.   
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CHAPTER SIX  

SUMMARY OF RESULTS, RECOMMENDATIONS AND CONCLUSION 

6.1 INTRODUCTION 

The aim of this study was to explore errors that were displayed in the learning of 

derivatives of trigonometric functions by students who are registered for mathematics in 

an extended curriculum programme. The significance of this study was to identify errors 

and find ways of social interactions among students and lecturers that can help students 

to gain understanding in their learning of derivatives of trigonometric functions. This 

chapter provides a summary of the results, limitations, significance, avenues for further 

research, recommendations and a conclusion.  

This chapter also reflects and summarises the results which were presented in Chapter 

five. The results were presented in five categories or errors, namely interpretation, 

arbitrary, procedural, linear extrapolation and conceptual errors. This chapter also 

discusses students’ responses from the audio and video recordings and in-depth 

interviews. The following section relates the results of the main research questions of 

the study.  

6.2 Relating the results to the first research question 

The first research question of the study was:  

What kind of errors that are displayed by students in their learning of derivatives of 

trigonometric functions?   

6.2.1 Interpretation errors displayed by students in three written tasks.  

Few students displayed interpretation errors that were based on poor understanding of 

concepts. For instance, when differentiating, they treated constants such asπ  ; e and 

3ln as variables. Students from school level have experience of learning numerals such 

as 1; 2; 3... As a result they are not familiar with constants such asπ  ; e and 3ln .  
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Students were confused about what to do with the index and a coefficient, and instead of 

multiplying a coefficient with an index in the power rule, they added them. This might 

originate from the laws of indices “in the case of multiplication if the bases are the same 

we take one base and add the indices”. For example the multiplication law of indices 

says that symbols nmnm xxx +=⋅ . This implies that 52323 xxxx ==⋅ + . An APOS 

justification is that these students studied laws of indices as early as Grade eight. In 

subsequent years problems involving laws of indices reinforced students’ understanding 

of exponents. By repeated manipulation and encapsulation of the laws of indices, 

students reached an object level of understanding exponents. As late as Grade twelve, 

the power rule of differentiation was introduced.  Less opportunity was provided for 

high level mental constructs for the power rule to develop for the students beyond an 

action level.    

These students are familiar with laws of indices from their high school syllabus, 

compared to the power rule in differentiation. Hence, laws of indices are recalled soon 

in their minds when they deal with differentiation. This suggests that these students 

were still at stage one of the four stages of the ZPD model. That is, students can only 

work with assistance of more knowledgeable peers or a lecturer.  They need the 

assistance of more knowledgeable students and the lecturer to gain understanding of the 

constant multiple rule.  

According to the APOS theory, the students require specific teaching; they need to 

perform mathematical tasks, discuss their results, and listen to the explanations of 

fellow students and the lecturer. That is, the lecturer should use the ACE teaching cycle 

to make sense of mathematical meanings in terms of what they are working on.   

Students confused the product rule with the logarithmic rule. This originates from poor 

conceptualisation of a natural logarithm )(ln x . The students’ solutions showed that they 

did not know xln as a natural logarithm; they assumed that xln is any other variable. As 

a result, they did not apply properties of a natural logarithm; instead they applied the 

product rule. For these students there is no difference between )2ln(sin +x and

)2(sin +xx . 
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This suggests that there should be a thorough explanation of concepts and their 

properties before the introduction of the rules of differentiation. This also suggests that 

these students probably did not understand self study activities that were based on the 

properties of logarithmic functions. These students should be taught the concept of a 

natural logarithm and its properties, as well as the difference between natural 

logarithmic functions and algebraic functions.  

The errors of students in this study showed that these students were taught at a higher 

level of understanding than their actual level of understanding. This suggests that 

lecturers should try to find out students’ prior knowledge with regard to the topic that is 

taught. This also becomes an eye-opener to lecturers as it gives possible errors that may 

be expected in the learning of derivatives of trigonometric functions. These findings 

might assist lecturers to develop instructional strategies that will assist students not to 

get into the trap as discussed above.  

Students displayed interpretation errors that are based on poor understanding of 

differentiation rules such as the power rule; the constant multiple rule and the chain 

rule. These errors originated from over-generalisation of differentiation of a composite 

function of trigonometric functions, which apply only to trigonometric functions and not 

to algebraic functions. This suggests that in the introduction of a composite function and 

the chain rule, lecturers should explain the difference between the product rule and the 

chain rule. This should also cover what characterises application of the product rule and 

the chain rule in the given function.    

Students committed interpretation errors that originated from the over-generalisation of 

the symmetric property of equality that says that if ba = then ab = . They also 

committed errors that originated from the algebraic over-generalisation that if ba = , 

then 22 ba = . These students knew that the derivative of xy sec=  is xx
dx
dy tansec= and 

they deduced that the derivative of xy 2sec= must be 2)tan(sec xx
dx
dy

= .  

 

 

 

 



 
 

97 
 

The same applies in the derivative of xy tan= is x
dx
dy 2sec= , therefore, they assumed 

that the derivative of xy 2tan= is xx
dx
dy 222 sec)(sec= . They assumed that the process of 

differentiation is reversible, that is, if the derivative of xy tan=  is x
dx
dy 2sec=  and, 

therefore the derivative of =y x2sec is x
dx
dy tan= which is not the case. In the case of 

differentiation of trigonometric functions the symmetric property of equality does not 

apply. There is no definite clue on how these students arrived at the process of 

reversibility as part of their response.  A possibility is that these students applied a 

reversal manipulation that is derived from their schema level, as they recalled that if 

xy tan=  then x
dx
dy 2sec= . This is possible since they had chosen the xy tan=  function 

and not anyone of the five trigonometric ratios. This error could have arisen since: 

1. These students did not have the relevant mental structure in place that would   have 

allowed them to achieve success at this stage; 

2. These students treated the notion “sec” as a function; and  

3. They did not have an effective chain rule schema for trigonometric functions.  

This might also originate from over-generalisation of trigonometric identities such as

xx 22 sectan1 =+ . Another reason might be poor understanding of trigonometric 

identities. This suggests that lecturers should highlight in their teaching that 

differentiation is not reversible. This also suggests that lecturers should also explain the 

relevance of using trigonometric identities when teaching derivatives of trigonometric 

functions.    

Students displayed interpretation error as they treated xexy x cos323 += as if it required 

the application of the product rule instead of the logarithmic differentiation. They 

treated 323 +xex as the first function and xcos as the second function. Their error was to 

fuse two functions into one.  
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The nature of this problem tempts students to think of the product rule. They had been 

working with the product rule for a long time when they are faced with differentiation 

of two functions joined by a multiplication sign. Now that they came across three 

functions joined by a multiplication sign the product rule rings first in their minds. As a 

result, they fused two functions into one function in order to be able to apply the 

product rule. This suggests that these students were still at an action level of APOS 

theory with regard to the logarithmic differentiation, as they reacted to the stimuli 

incorrectly. They knew that they were required to differentiate, but did not know the 

appropriate differentiation rule.      

This error shows a lack of emphasis in teaching what characterises application of 

logarithmic differentiation in a given function. This suggests that lecturers should 

explain the nature of functions that require application of logarithmic differentiation. In 

their explanation they should show the difference between problems that require 

application of the product rule in contrast to problems that require application of 

logarithmic differentiation. The lecturer gained an experience in this study as some of 

the findings and recommendations are also applicable even in his teaching.         

6.2.2 Arbitrary errors displayed by students in three written tasks 

Students demonstrated arbitrary errors that originate from poor understanding of 

differentiation rules. They did not know the appropriate procedures to be applied in 

order to differentiate given functions. These students knew that they had to apply the 

power rule but they still confused the power rule with the product rule. This indicates 

that these students were still working between the action level and the process level of 

APOS theory. The power rule had not been interiorised to shift students from an action 

level to a process level. They need repeated actions through the ACE teaching cycle in 

order to reach a schema level of applying the power rule in differentiation of algebraic 

functions.   

Students showed arbitrary errors in differentiation of trigonometric functions. The 

conclusion here is that these students were still working at an action level of APOS 

theory.  
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They reacted to the stimuli as they wrote the derivative of a trigonometric function 

incorrectly. The mental construction of applying the product rule in differentiation of an 

integrated problem had not yet been developed. This indicates that they had not yet 

reached the scheme level of the product rule to differentiate trigonometric functions.   

Students only transcribed problems and left them without any attempt of calculation. 

There is no exact explanation for this reaction. A possibility is that these students did 

not have a clue on how to start differentiation of this type of problem. This indicates 

that these students are working at a pre-mature stage of an action level of APOS theory, 

as they did not react to external stimuli, which was to find the derivative of

xxy sin4 2
3

= .  

Some students were still working at an action level of APOS theory as they understood 

what was required by the instruction. This indicates that they reacted to external stimuli, 

but did not know the appropriate procedure to follow in order to reach the correct 

solution, which suggests that these students had not yet acquired a schema level of the 

product rule to differentiate problems such as xxy sin4 2
3

= . 

The students displayed arbitrary errors that originate from poor understanding of 

concepts. This suggests that these students did not understand that signs of each term 

change when multiplied by a minus sign. The lecturer should engage students in a 

variety of activities that allow their fellow students to discuss, explain and make sense 

of mathematical concepts, which are learned in that particular situation. This study 

utilised activities involving concepts and derivatives of trigonometric functions.  As the 

students became engaged in the process of knowing that each expression changes its 

sign when multiplied by a minus sign, they will shift from one level or stage to the 

second level. According to the Vygotsky’s ZPD they will shift from stage 1 where they 

learn with the assistance of more knowledgeable fellow students and/or the lecturer to a 

second stage, where they will work independently without any support. This shows 

clear progress of students as they move from one level to another level. Even in my 

practice students showed improvement and understanding as we continue working with 

a variety of activities in derivatives of trigonometric functions. 
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Some students did not know the relationship between the sine function and the cosecant 

function, which shows that some arbitrary errors originate from poor conceptualisation 

of trigonometric concepts.  This also suggests that the teaching of derivatives of 

trigonometric functions should be sequenced starting from concept development and 

proceeding according to action, process, object and schema levels of the APOS theory. 

Several students’ arbitrary errors revealed that these errors arise from poor 

understanding of basic concepts of differentiation and poor understanding of appropriate 

procedures of differentiation. 

6.2.3 Procedural errors displayed by students in three written tasks  

Few students demonstrated poor cancellation. This error indicated that these students 

were working at a schema level of the APOS theory, as they demonstrated 

understanding of differentiation of trigonometric functions. They only made a mistake 

in the cancellation.    

Some students did not change a plus sign when multiplied by a minus sign. They also 

failed to simplify and showed poor understanding in the use of brackets in manipulation 

of trigonometric functions. They did not apply brackets to show multiplication signs. A 

few students demonstrated poor understanding of differentiation rules. They failed to 

apply the power rule correctly. They also displayed procedural errors that originate from 

poor understanding of derivatives, as they wrote that the derivative of ecxy cos=  is 

xecx
dx
dy cotcos= instead of xecx

dx
dy cotcos−= . These students were working at a 

schema level as they showed careless mistakes of omitting a minus sign from their 

answers. They also substituted xcot with xtan . This error showed that these students 

did not know that xcot and xtan are only reciprocals and not identities. These students 

were still working at an action level of the APOS theory with regard to trigonometric 

reciprocals.  
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The students showed poor understanding of closure as they simplified further by 

removing the highest common factors, which is the opposite of leaving the answer in 

the simplest form. This indicates that these students had not yet developed the scheme 

level of APOS theory. Some students showed that they were at an action level of the 

APOS theory with regard to application of the power rule. Their response indicated that 

they knew that they had to apply the power rule, but they applied it incorrectly. They 

also revealed errors when it came to simplification. They did not apply LCD to simplify 

fractional trigonometric functions and a fractional algebraic term. They multiplied the 

numerators and left out the denominators. Many students differentiated radical 

expression incorrectly. For example, they failed to apply the chain rule in differentiation 

of  )7cot( xy =  . The fact that they did not apply the chain rule indicated that these 

students had not yet developed the mental constructs of the chain rule. It did not occur 

to them that they had to apply the chain rule. This indicates that they were working at an 

action level of the APOS theory as they did not react to stimuli to apply the chain rule.    

The students did not know that eln  is equal to one. This research revealed that poor 

conceptualisation led to application of inappropriate procedures. These students reacted 

to the stimuli as they differentiated the given function, but owing to poor understanding 

of the concept ey ln= , they followed incorrect procedures and reached an incorrect 

answer. They might have been working at an action level with regard to the 

understanding of ey ln= . 

6.2.4 Linear extrapolation errors displayed by students in three written tasks  

Students demonstrated an error that originated from over-generalisation of distributive 

property. These students did not have an understanding of the compound angle formulae 

of a cosine function. This indicates that they were working at an action level of the 

APOS theory with regard to the compound angle formulae of a cosine function. The 

conclusion based on the high school syllabus, the National Curriculum Statement 

(NCS), was that this student had already passed Grade twelve at a schema level of the 

APOS theory with regard to the compound angle formulae of a cosine function.  
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They were expected to enter first-year university level with the understanding that

)cos( hx + sinhsincoshcos xx += . The fact that these students did not know the 

compound angle formulae of a cosine function confirms claims in the literature that 

several students enter universities under-prepared to study mathematics at first-year 

university level.   

Some students demonstrated a linear extrapolation error with regard to the radical 

function such as )5ln()7sin( xxy += . This error originated from ba× = a b× . 

This applies in multiplication of non-negative real numbers that are written in a radical 

form, and does not apply to addition and subtraction of non-negative real numbers that 

are written in a radical form. These students were working at an action level of the 

APOS theory with regard to the differentiation of the radical trigonometric function.  

Their reaction indicated that they knew that they had to differentiate, but did not know 

how to differentiate a radical trigonometric function.  This suggests that lecturers should 

revise commutative property of non-negative real numbers that are written in a radical 

form under the four basic operational signs.  This will help students to understand where 

commutative property holds and where it does not hold.  

6.2.5 Conceptual errors displayed by students in three written tasks  

Few students showed poor understanding of the special limit 1sinhlim
0

=
→ hh

. This indicates 

that these students were working at a process level of the APOS theory with regard to 

understanding special limits of trigonometric functions. This might happen owing to the 

fact that limits of trigonometric functions are only introduced at university level. These 

students studied limits of algebraic functions only in high school mathematics. As a 

result they might be working at a schema level of the APOS theory with regard to limits 

of algebraic functions, but they had not developed mental structures to work at an object 

level of the APOS theory regarding limits of trigonometric functions.  

Some students were working at a process level of the APOS theory with regard to 

understanding a compound angle of a cosine function.  
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They knew a compound angle formula of a cosine function, but not in totality as they 

made the mistake of writing a plus sign instead of a minus sign.    

Some students did not know the derivative of trigonometric functions. They might be 

working at an action level of the APOS theory, as they did not know what should be 

done to differentiate xy tan= . Few students wrote that the derivative of xy tan= is

x
dx
dy 2sec−= . These students might have been working at an object level of the APOS 

theory, as they wrote the correct derivative with an error of writing a minus sign in front 

of x2sec . The students did not see a relationship between the derivative of a secant 

function and a tangent function, while having the correct answer.  

Students demonstrated poor understanding of trigonometric reciprocals. They might be 

working in an action level of the APOS theory, as they did not have mental structures 

that are in place with regard to the trigonometric identities. These students did not know 

the derivative of a secant function. 

The students did not understand the difference between 44 tansec xx and )tan(sec 4x . 

These students might have been working at a process level of the APOS theory, as they 

reacted to the stimuli of finding the derivative correctly, but struggled with the 

application of the chain rule. This suggests that the schema level of the chain rule was 

not yet developed with regard to derivatives of trigonometric functions.   

Some students did not know the difference between the composite functions and two 

functions joined by a multiplication sign. They differentiated 43cot xy = incorrectly. 

Their errors showed that they did not know that the derivative of 4cot xy =  is

42cos xec
dx
dy

−= .  These errors show that these students did not have meaningful 

understanding of trigonometric reciprocals. It may be argued that these students entered 

an extended curriculum programme under-prepared with regard to the learning of 

derivatives of trigonometric functions.  
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One may argue that they did not have a sufficient basis of trigonometry from high 

school level. Hence, it is difficult for them to grasp derivatives of trigonometric 

functions. One may argue that even in ECP programme they did not obtain sufficient 

understanding of derivatives of trigonometric reciprocals. This suggests that the lecturer 

should put emphasis in derivatives of trigonometric reciprocals. This probably can be 

done by increasing activities and exercises that involved derivatives of trigonometric 

function in tutorial tests as well as in formative assessments.   

Students did not know that they may substitute trigonometric functions with their 

trigonometric identities in the process of simplification. One may argue that they did not 

know trigonometric identity. Some students committed errors that originated from the 

algebraic over-generalisation that if ba =  then 22 ba = . These students knew that the 

derivative of xy sec= is xx
dx
dy tansec= and deduced that the derivative of xy 2sec=

must be 2)tan(sec xx
dx
dy

= . The same applies to the derivative of xy tan= is equal to

x
dx
dy 2sec=  , therefore, they assumed that the derivative of xy 2tan=  is equal to

xx
dx
dy 222 sec)(sec= . The process of differentiation is not reversible, and this study 

does not consider this, but other researchers may take this further by trying to find out 

what makes students think that differentiation may be reversible. Probably, as indicated 

earlier, students’ understanding of trigonometric identities might create a situation 

where students may think that the process of differentiation is reversible.  

At the second level of the APOS theory, an individual who has a process conception of 

a transformation can reflect on, describe, or even reverse the steps of the transformation 

without actually performing those steps (Weyer, 2010). These students did not try to 

differentiate trigonometric functions such as x2sec . They merely assumed that the 

derivative is xtan . Perhaps this may be addressed through student-student and student-

lecturer interactions in terms of more knowledgeable fellow students or their lecturer.  
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6.3 Relating the findings to the second research question  

The second research question of the study was:  

In what ways can social interactions address students’ errors and advance them from a 

basic level to an advanced level of understanding in their learning of derivatives of 

trigonometric functions? 

This question refers to application of the four levels of the APOS theory and the model 

of the four stages of Vygotsky’s zone of proximal development. The APOS theory is 

linked to the ACE teaching cycle where students work with mathematical tasks in the 

form of activities in classroom discussions interacting with more knowledgeable fellow 

students and lecturers to gain an understanding of the work that they do.  

The aim of working with mathematical tasks is to gain an understanding of what 

students learn through the assistance of more knowledgeable fellow students and 

lecturers who help them to solve mathematical problems that they were unable to solve 

as individuals independently. For this study students should gain understanding of the 

first principles of differentiation as their first stage and move to gain understanding of 

the rules of differentiation and, lastly, be able to integrate all rules of differentiation to 

find derivatives of complex trigonometric functions.  

6.3.1 Students’ responses in audio and video recordings 

In audio and video recordings students showed their solutions on a whiteboard whilst 

representing their groups. The students demonstrated errors in their solutions as they 

showed their approaches of differentiating the two problems by applying logarithmic 

differentiation and the product rule.  

Students demonstrated on the whiteboard while the audience (other students) intervened 

trying to assist when the one at the whiteboard made a mistake. They also questioned 

for clarity purposes when they were not certain of what was happening. The lecturer 

also intervened while students committed some errors in their solutions.    
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Students showed arbitrary and conceptual errors in differentiation of xexy x cos323 += , 

as they omitted some concepts in their solutions. This suggests that the students should 

be referred to the logarithmic rules that were supplied to them as self study activities.  

One may suggest more activities and exercises that may bring students’ attention to the 

understanding of logarithmic functions. In a class discussion the students’ arguments 

revealed that they confused the three rules of differentiation, namely the product rule, 

the chain rule and the logarithmic differentiation rule. 

Students showed arbitrary errors as they transcribed the problem incorrectly. The 

lecturer intervened by showing the students the correct original form of the problem.  

This student showed understanding of the problem, but revealed conceptual error as 

they did not know that xex 22 tanlntan −=− . This originated from the fact that they did 

not know that 1ln =e . The lecturer intervened by requesting the attention of the entire 

class. He explained the appropriate procedure of differentiating xe
2tanln − for the whole 

class. Students demonstrated an interpretation error, which originated from the poor 

understanding of cancellation.  

6.3.2 Students’ responses from in-depth interviews  

All the interviewees stated that their learning of limits and the first principles of 

differentiation in high school only dealt with the use of real numbers.  They claimed that 

they did not study application of infinity. Some interviewees stated that they only 

studied the limits and the first principles of differentiation whereas others claimed that 

they also studied differentiation rules such as sum and constant rules. 

All the interviewees revealed that they did not use the application of the first principles 

of differentiation to prove standard derivatives of trigonometric functions. They stated 

that they only learnt the application of the first principles of differentiation in algebraic 

functions. The interviewees claimed that the learning material used in class discussions 

as a supplement to their study guides assisted them as it had a variety of questions, 

which enabled them to practice.  
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At the same time the material included detailed solutions which assisted them to check 

when they had made certain mistakes in their solutions. They also added that it assisted 

them to be able to work on their own when they were at home.  

Regarding the role that collaboration played in their learning of differentiation, twelve 

interviewees revealed that collaboration was useful. They claimed that all students 

brought their various proficiencies to the groups; as a result they helped as they 

corrected their mistakes while practicing their differentiation.  They also brought along 

the idea that in groups some students asked questions that as an individual one never 

thought of, and hence all group members would benefit. Students claimed that they 

gained deep understanding when they explained a mathematical problem on their own 

to other students. They added that when some students asked questions for clarity, they 

would understand the content even more through discussions and explanations from 

group members.    

They also claimed that class discussions assisted them as it was easier to remember 

because of the practical experience of doing calculations on the whiteboard. They also 

highlighted that when they made mistakes on the whiteboard the lecturer would 

intervene immediately to correct them, which helped them, since they received 

immediate feedback. They claimed that as they also questioned the student who did 

calculations on the whiteboard, it helped them to understand differentiation even better.   

They also claimed that class discussions assisted them because at times students 

explained issues clearer than the lecturer. They supported this by saying that at times the 

students brought different approaches to a problem, which were not taught by the 

lecturer, and this helped with understanding. This supports Vygotsky’s ideas that peer 

collaboration also helps students to explore other solution strategies through trial and 

error. They discussed and argued to convince one another with regard to their strategies. 

Hence they made mathematical meaning among themselves through explaining their 

thinking and interpretation.   
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6.4 SIGNIFICANCE OF THE STUDY  

The purpose of this study was to explore errors that were displayed by students in their 

learning of derivatives of trigonometric functions. Differentiation is regarded 

internationally as the section which presents the most problems to first year 

mathematics students in universities of technology (Naidoo & Naidoo, 2007). 

Differentiation is the core concept of an extended curriculum programme and dominates 

in the current syllabus. 

In South Africa high school syllabus in differentiation covers first principles of 

differentiation, power, sum or difference and a constant multiple rules. It also covers 

equations of tangents to graphs of functions, sketching graphs of cubic polynomial 

functions using differentiation to determine stationary points and points of inflection. It 

also covers solving practical problems concerning optimisation and rates of change, 

including calculus of motion.  

In a university differentiation covers derivatives of algebraic, exponential, logarithmic 

and trigonometric functions. Students enter universities with only the understanding of 

differentiation of algebraic functions. This implies that they only come across 

derivatives of other functions such as exponential, logarithmic and trigonometric for the 

first time in their first year level at universities.  

The current syllabus of differentiation in an extended curriculum is dominated by the 

derivatives of trigonometric functions. However, students demonstrate poor 

understanding of differentiation in general and in derivatives of trigonometric functions 

in particular. Derivatives of trigonometric functions also serve as a foundation for the 

understanding of integration. Integration is the core in calculus syllabus studied in the 

second semester in all fields of engineering. Currently there are no studies reported that 

focused on analysis or exploration of errors and misconceptions in derivatives of 

trigonometric functions.  

Researchers may find the results of this study useful with regard to the identification of 

errors that were displayed by the students when learning derivatives of trigonometric 

functions.  
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The understanding of errors displayed by students in the learning of mathematics may 

assist mathematics teachers. Mathematics teachers and lecturers may be able to predict 

possible mistakes that students may do and to develop some techniques of addressing 

those errors in their teaching of mathematics in general and of derivatives of 

trigonometric functions in particular.  

6.5 LIMITATIONS AND FURTHER RESEARCH OF THE STUDY 

Due to the nature of this study only on a group of thirty students in an extended 

curriculum programme were involved. Research of this nature is also necessary for 

various levels of learning mathematics. The study focused on students’ errors in 

derivatives of trigonometric functions although algebraic, logarithmic and exponential 

functions were integrated to build complexity. However, there may be other obstacles 

that hinder students’ progress in their learning of derivatives of trigonometric functions. 

The full spectrum of differential calculus should be researched as well. A variety of 

similar case studies will make a remarkable contribution to the understanding of errors 

in differential calculus across all levels. Future researchers may try other theoretical 

frameworks to similar studies on other topics of mathematics.   

6.6 RECOMMENDATIONS   

The results of this study suggest that lecturers should identify students’ errors in order 

to be able to design learning activities that will perhaps enhance students’ understanding 

of derivatives of trigonometric functions. Errors that were displayed by students in this 

study originated from their prior learning of mathematics. This suggests that errors 

should be a focus of lectures at all levels in order to assist students to gain meaningful 

understanding of their learning of derivatives of trigonometric functions.   

As indicated in the literature review, few university lecturers have researched errors of 

students in their learning of mathematics in undergraduate courses. As a result, this 

study attributes causes of poor performance of students in mathematics to the kind of 

errors that were displayed by students in their learning of derivatives of trigonometric 

functions. 
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As students who participated in this study demonstrated, there were various errors made 

regarding interpretation, arbitrary, procedural, linear extrapolation and conceptual, 

which suggests that lecturers should pay special attention to students’ errors in order to 

develop teaching strategies that will address errors. This can be done by encouraging 

students to self-reflect by trying on their own to identify their errors during class 

discussions.  

The study revealed that students commit several errors due to poor conceptualisation. 

As a result, poor understanding of concepts leads to poor interpretation, which leads to 

procedural and linear extrapolation errors. Results of this study also allow the researcher 

to recommend emphasis on key concepts when teaching derivatives of trigonometric 

functions. This can be achieved by establishing relational understanding in the learning 

of derivatives of trigonometric functions.   

Results of the study have also revealed that students tend to apply rote learning, and 

hence memorise rules of differentiation without trying to make sense of what is actually 

happening. This suggests that lecturers should focus their teaching in development of 

relational understanding to strengthen students’ memorisation. Perhaps the application 

of the first principles of differentiation to develop standard derivatives may help 

students to develop insight into their learning of derivatives of trigonometric functions. 

The results of the study also allow the researcher to recommend the use of a variety of 

activities to supplement learning activities that are normally practiced by students taken 

from the prescribed text books and study guides.   

Many students demonstrated arbitrary errors, which are based on carelessness such as 

transfer errors where students failed to transcribe problems as they were given. This 

may be attributed to a lack of emphasis on the importance of transcribing problems first 

as they appear. 

On the other hand one may link arbitrary errors with anxiety that normally happens 

when students have fears of tests. Several arbitrary errors originated from conceptual 

errors as students changed the nature of the problem owing to poor interpretation errors 

such as xx 66 2
1
= .  
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Lecturers should focus their teaching on identification of errors. Once errors are 

identified, learning activities should be designed in such a way that students are able to 

address their errors through student-student interactions and student-lecturer interactions 

whether inside or outside classroom discussions.  

The use of Vygotsky’s ZPD and the APOS theory to analyse data appears valuable as a 

framework that can assist lecturers in the teaching of mathematics, in general and 

derivatives of trigonometric functions, in particular.   

The use of the ACE teaching cycle also give students opportunities to understand the 

importance of student-student interactions and lecturer-student interactions in 

discussions, debates and arguments inside  and outside of the classroom pertaining to 

the learning of derivatives of trigonometric functions. 

The use of both the APOS and Vygotsky’s ZPD requires individual attention to obtain 

students’ explanations, discussions and debates on how and why they performed to 

reach their solutions. This requires extra time such as individual consultations, which 

may not be available owing to demands of other courses that students registered for in 

their extended curriculum programme.      

6.7 SUMMARY 

This chapter has summarised the entire project. The results were discussed, while 

factors that caused errors among students in an extended curriculum programme were 

highlighted. Limitations, significance and avenues for further research were also 

mentioned. Recommendations have been made to suggest possible ways of improving 

students’ performance in derivatives of trigonometric functions.  

With the benefit of an improved understanding of errors as forthcoming from this study, 

reasons uncovered, and with implementation of its recommendations, one may make a 

substantial contribution towards addressing errors that are displayed by students in their 

learning of derivatives of trigonometric functions.  
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Appendix 1  

Interviews for the pilot study and the main study and some students’ respondent 

In-depth interviews  

Explanation of the purpose of the interview: This interview is for my PhD study in 

mathematics education at UWC. Feel free to express yourself and be open as much as you 

can. I am going to ask questions about your experience of learning differential calculus 

during this research project. 

First interviewee 

Researcher: To what extent did you learn differential calculus in high school? 

Beauty:  First principle and power rule. 

Researcher: How was the level of complexity?  

Beauty: We did not do problems involving fractions like
12 −x

x . 

Researcher: Did you learn other differentiation rules like the product, quotient, chain, 

implicit and the logarithmic in high school? 

Beauty: No 

Researcher:  How do you perceive collaboration on the learning of differential calculus? 

Beauty: It helped a lot as we discuss sometimes you get confused but as the lecturer 

and/or researcher and other students explain then you can see your mistakes, and find the 

right way of doing it (a mathematical problem). 

Researcher: To what extent did you do self-study activities in high school? 

Beauty: We had text books and other material like study and master mathematics? 

Researcher: Which new strategies that you come across here that you did not learn in high 

school? 
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Beauty: The advice of practicing examples prior the lesson presentations in the classroom. 

Researcher: Did you find self-study material helpful?  

Beauty: Yes 

Researcher: How? 

Beauty: It helps to read on your own and pay more attention in the classroom once the 

lecturer or other student try to solve what was a problem in a practice?   Then I also ask 

questions when I do not understand. 

Researcher: Find the derivatives of the following xe ;  x2  ; 2x ; xx   

Beauty:  xe ; x2 ln x; 2x; apply ln both sides of the equation.  

Researcher: find the derivative of the following tan x; cos x; sin x; sec x; cosec x; cot x 

Beauty: Sec² x; - sin x; cos x I forgot the two sec x and cosec x; for cot x is cosec x cot x 

Researcher: Thanks a lot. This is the end. 

Second interviewee 

Explanation of the purpose of the interview: This interview is for my PhD study in 

mathematics education at University of Western Cape. Feel free to express yourself and 

be open as much as you can. I am going to ask questions about your experience of 

learning differential calculus during this research project. 

Researcher: To what extent did you learn differential calculus in high school? 

Sweetness: first principle and logarithms but we did not do ln. 

Researcher: How was the level of complexity? 

Sweetness: Fractions were not involved.  

Researcher:  Did you learn other differentiation rules like product, quotient, chain, 

implicit and logarithmic in high school? 
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Sweetness: No  

Researcher:  How do you perceive collaboration on the learning of differential calculus? 

Sweetness: It helps as we work as students alone I feel free to ask questions for clarity 

more that I can ask in the classroom. 

Researcher: Which section of differential calculus that was easy to understand by only 

using self-study material?  

Sweetness: Product rule and quotient rule, because you write the formula like first 

function times the derivative of the second function plus the second function times the 

derivative of the first function and simplify. 

Researcher: What about other sections like chain rule; implicit and logarithmic? 

Sweetness: They were a bit difficult but through classroom collaboration I grasped and 

understood the procedures for all differentiation rules.  

Researcher: Are you comfortable now in all sections? 

Sweetness: Yes; I do not have a problem now. 

Researcher: Find the derivatives of the following xe ; x2  ; 2x ; xx   

Sweetness:  xe ; x2 xln ; x2 ; I have forgotten this one that is xx  

Researcher: Find the derivatives of the following xtan ; xcos ; xsin ; xsec ; ecxcos and 

xcot     

Sweetness:  -sin x; cos x; tan sec² x; and I do not know the rest? 

Researcher: Can you predict what make you do not to know the derivatives of the 

reciprocals? 

Sweetness: They are not common in examples and exercises as the other three 

trigonometry ratios.  
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Researcher: Thanks a lot. This is the end. 

Third interviewee       

Explanation of the purpose of the interview: This interview is for my PhD study in 

mathematics education at the University of Western Cape. Feel free to express yourself 

and be open as much as you can. I am going to ask questions about your experience of 

learning differential calculus during this research project. 

Researcher: To what extent did you learn differential calculus in high school? 

Mahesh: We did first principle and we applied power rule although we were not expose to 

the concept power rule.  

Researcher: Did you also apply fractions in first principle like
12 −x

x ?  

Mahesh:  Yes 

Researcher: Which grade were you doing? 

Mahesh: Standard grade but attending higher grade. 

Researcher:  Did you learn other differentiation rules like product, quotient, chain, 

implicit and logarithmic in high school? 

Mahesh: No 

Researcher:  How do you perceive collaboration on the learning of differential calculus? 

Mahesh: It is beneficial although at times some students tend to ask something out of 

order. 

Researcher: Like what? Can you make an example?  

Mahesh: Questions like why do we waste time by proving something like derivative of 

cot? 

Researcher: Do you think that question was out of order? 
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Mahesh: Yes because we prove it because we want to know it? 

Researcher: Find the derivatives of the following xe ;  x2  ; 2x ; xx   

Mahesh:   xe ; x2 ln2; 2x; xx  =1  

Researcher: Can you justify?  Why   xx  = 1? 

Mahesh: Because the derivative of x is one 

Researcher: What if we write as y = xx   

Mahesh: We apply ln? 

Researcher: How? Can you explain? 

Mahesh: lny = ln xx  

              →ln y = x ln x 

              →1/y.y′ = x.1/x + lnx.1 

              →1/y.y′ = 1 + ln x  

              → y′= (1 + ln x) xx   

Researcher: That is it. Then may you tell me the derivatives of the following trigonometry 

identities? Cos x; tan x; sin x; sec x; cosec x; cot x? 

Mahesh: -sin x; sec²x; cos x; secx tanx. There was clear facial appearance showing doubt 

about this one. For cosec Yoo this one I do not know it. For cot x is –cosec x.  

Researcher:   Which section of differential calculus that was easy to understand by only 

using self-study material?  

Mahesh: Product rule and quotient rule.  

Researcher: What are about chain rule, implicit and logarithmic differentiation? 
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Mahesh: I understood other sections only after explanations and more examples and 

exercises done in the classroom?  

Researcher: Thanks a lot.  This is the end. 

Fourth interviewee       

Explanation of the purpose of the interview: This interview is for my PhD study in 

mathematics education at the University of Western Cape. Feel free to express yourself 

and be open as much as you can. I am going to ask questions about your experience of 

learning differential calculus during this research project. 

Researcher: To what extent did you learn differential calculus in high school? 

Bethany:  We studied limits.    

Researcher: What else? 

Bethany:  Only limits?   

Researcher: What about first principle? 

Bethany: No we did not study first principle. 

Researcher: Did you study derivatives of problems like 2x + 1+x  

Bethany:  Yes we studied it as 2 1+x    

Researcher: How did you start this?  

Bethany:   Using power rule and told that the derivative of a constant is zero.  

Researcher:  Did you use self-study material to learn mathematics in high school? 

Bethany:    No 

Researcher:   Which sections did you find easy to learn using self-study material alone?        

Bethany: Product and quotient rule. 
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Researcher:  What about other sections of differential calculus?  

Bethany: I understood other sections after classroom lessons and collaboration with the 

lecturer and other students.     

Researcher:  How do you perceive collaboration on the learning of differential calculus? 

Bethany: It is good since we learn from mistakes of us and other students?  

Researcher: What do you mean by us and other students? 

Bethany: I learn when the lecturer corrects my mistakes and when the lecturer correct 

mistakes of other students. It also helps us to get more explanation in a classroom? 

Researcher:  Find the derivatives of the following xe ;  x2  ; 2x ; xx   

Bethany: xe ; x2 ln x; sorry sir x2 ln 2; 2x ; I cannot remember this one xx ?  

Researcher: What if we write y = xx ? 

Bethany: Yes I see it now. 

Researcher: What is it?  

Bethany:    We apply ln both sides of the equation. 

                      lny = ln xx  

              → ln y   = x ln x 

              →1/y.y′ = x.1/x + lnx.1 

              →1/y.y′ = 1 + ln x  

                 → y′ = (1 + ln x) xx   

Researcher: Find the derivatives of the following Cos x; sin x; tan x; sec x; cosec x and 

cot x    
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Bethany:    D tan x = sec²x; D sin x = cos x; D cos x = -sin x; sec x =   ….; cosec x = 

cosec² x cot x; cot =….;   

Researcher: Can you predict what makes you not know the derivatives of the reciprocals?  

Bethany:   Yes, I do not learn them.   

Researcher: Thanks a lot.  This is the end.  

Fifth interviewee       

Explanation of the purpose of the interview: This interview is for my PhD study in 

mathematics education at the University of Western Cape. Feel free to express yourself 

and be open as much as you can. I am going to ask questions about your experience of 

learning differential calculus during this research project. 

Researcher: To what extent did you learn differential calculus in high school? 

Bhedi: Graphs; first principle; word problems and power rule. 

Researcher:  Did you learn other differentiation rules like the product, quotient, chain, 

implicit and the logarithmic in high school? 

Bhedi: No 

Researcher:  Are you familiar with self-study approach on the learning of mathematics? 

Bhedi: Yes; we worked with many texts books and other learning material like answer 

series. 

Researcher: Did you work as a group in learning mathematics? 

Bhedi:  No 

Researcher: How do you perceive collaboration on the learning of differential calculus? 

Bhedi: It keeps us updated, that is always practicing and alert and it also builds a 

confidence as we get corrections on our calculations. 
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Researcher: Which section did you find it difficulty in differential calculus? 

Bhedi: Chain rule and logarithmic differentiation. 

Researcher:  Find the derivatives of the following xe ;  x2  ; 2x ; xx   

Bhedi: Got everything right except xx he thought until the researcher wrote it a y = xx . 

Researcher: Find the derivatives of the following Cos x; sin x; tan x; sec x; cosec x and 

cot x    

Bhedi: Got everything right except the reciprocals in sec x ≈  sec x cot x instead of sec x 

tan x in cosec x ≈ cosec x cot x instead of –cosec x cot x and cot x ≈ cosec ² x instead of -

cosec² x .  

Researcher: Thanks a lot.  This is the end.  

Sixth interviewee       

Explanation of the purpose of the interview: This interview is for my PhD study in 

mathematics education at the University of Western Cape. Feel free to express yourself 

and be open as much as you can. I am going to ask questions about your experience of 

learning differential calculus during this research project. 

Researcher: To what extent did you learn differential calculus in high school? 

Palma: Nothing  

Researcher: What about first principle?     

Palma: No I did not do it 

Researcher: What about power rule? 

Palma: I did nothing on differentiation. 

Researcher: Did you not learn something like the derivative of ?122 2 ++ xx   

Palma: No  
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Researcher: Did you not learn even the derivative of a constant? 

Palma: No 

Researcher:  How do you perceive collaboration on the learning of differential calculus? 

Palma: It was helpful as all questions have answers and the solutions have detailed steps. 

The extra self-study material, tutorials, sample tests and the university study guide help us 

to know what to expect in the examinations. The classroom interaction helps us to get 

clarity on what we do not understand.      

Researcher: Find the derivatives of the following xe ;  x2  ; 2x ; xx   

Palma: Did everything correct except xx ; did this one correct only after it was written as 

y =  xx  

Researcher: Find the derivatives of the following xcos ; xsin ; xtan ; xsec ; ecxcos and 

xcot  

 Palma: Got everything right except for xsec  

Researcher: Thanks a lot.  This is the end.  

 

 

 

 

 

 

 

 

 

 


